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We investigate the topological phase transition in the Su–Schrieffer–Heeger model with the long-range hopping and
quasi-periodic modulation. By numerically calculating the real-space winding number, we obtain topological phase dia-
grams for different disordered structures. These diagrams suggest that topological phase transitions are different by select-
ing the specific disordered structure. When quasi-periodic modulation is applied to intracell hopping, the resulting disorder
induces topological Anderson insulator (TAI) phase with high winding number (W = 2), but the topological states are de-
stroyed as the disorder increases. Conversely, when intercell hoppings are modulated quasi-periodically, both TAI phase and
the process of destruction and restoration of topological zero modes can be induced by disorder. These topological states
remain robust even under strong disorder conditions. Our work demonstrates that disorder effects do not always disrupt
topological states; rather, with a judicious selection of disordered structures, topological properties can be preserved.

Keywords: topological insulator, quasi-periodic modulation
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1. Introduction
In the past decades, the search for novel topological

phases of matter has been a fundamental theme.[1,2] It is
well-known that topological insulators host topological invari-
ants for bulk states and nontrivial edge modes, which have
been widely explored in both condensed matter and artifi-
cial systems.[3] Generally, topological insulators are robust
against weak disorder perturbations due to symmetric pro-
tection. However, under strong disorder conditions, a topo-
logical nontrivial phase of a lattice band may transition into
a trivial insulator due to Anderson localization.[4–6] The Su–
Schrieffer–Heeger (SSH) model stands as one of the paradig-
matic examples of topological insulators, possessing two non-
trivial in-gap edge states characterized by a nonzero winding
number.[7] This model exhibits rich physical phenomena, such
as topological soliton states[8,9] and robust edge modes.[10–13]

On the other hand, the effects of disorder are almost un-
avoidable in condensed matter and artificial systems. There-
fore, research into localization transitions is an important topic
in condensed matter physics and has been extensively stud-
ied since the pioneering work of P. W. Anderson. Ander-
son localization is a ubiquitous phenomenon in which the
single-particle state becomes localized in a randomly disor-
dered medium.[14,15] This phenomenon has been observed in
a wide range of physical platforms, including electrons in cold
atoms[16,17] and microwave cavities.[18,19] Compared with ran-
dom disorder, quasi-periodic disorder can lead to exotic local-
ization features. These features include a cascade of delocal-
ization transitions,[20,21] and a variety of localization transi-

tions between extended, localized, and critical states.[22,23]

Recently, great effort has been devoted to understand-
ing the interplay of topology and disorder, which brings new
perspectives. A significant breakthrough is that a disorder-
induced topological phase is dubbed as topological Ander-
son insulator (TAI).[24,25] In addition, the TAI phase transition
has been studied in various theoretical models,[26–38] it was
not until 2018 that its experimental observation was reported
in two different artificial systems, i.e., the one-dimensional
cold atomic wires[39] and two-dimensional photonic waveg-
uide arrays.[40] Generally, some interesting questions arise
here. In particular, are the topological phase transitions in dif-
ferent disordered structures the same? And, what is the fate of
the topological states under different disordered structures?

In this paper, we investigate the topological properties in
the SSH model with long-range hopping under different dis-
order structures. We consider two different disorder struc-
tures. When the quasi-periodic modulation is applied to in-
tracell hopping, the quasi-periodic disorder can induce TAI
with high winding number (W = 2). Conversely, if the quasi-
periodic modulation is applied to intercell hopping, the topo-
logical states remain robust, even in the strong disorder condi-
tion.

2. Hamiltonian
We consider an extended SSH model with quasi-periodic

modulation, which can be described by the Hamiltonian

ℋ = ∑
m=1

vm(c
†
m,Bcm,A +H.c.)
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+ ∑
m=1

wm(c
†
m+1,Acm,B +H.c.)

+J ∑
m=1

(c†
m+2,Acm,B +H.c.). (1)

The system consists of L unit cells, each containing two atoms
labeled by A and B, as shown in Fig. 1. m is the index of the
unit cell. c†

m,A (c†
m,B) is the creation operator for a particle on

the A (B) sublattice of the mth cell, and cm,A (cm,B) is the cor-
responding annihilation operator. J is the long-range hopping
amplitude. Here, we consider the quasi-periodic modulated
intracell and intercell hopping, respectively,

vm = v+∆m, wm = w+λm, (2)

with

∆m = ∆ cos(2πβm+φ), λm = λ cos(2πβm+φ), (3)

where v and w are the site-independent intracell and intercell
tunneling energies, ∆ and λ are the strength of the quasi-
periodic modulation, β is an irrational number to ensure the
quasi-periodic modulation, and φ ∈ [0,2π) is an arbitrary
phase. The Hamiltonian ℋ satisfies the chiral symmetry with
Sℋ = −ℋS. Here, the chiral operator S = IL ⊗σz, where σz

is the Pauli matrix (sublattice space), and IL is a L× L iden-
tity matrix. In the clean case (∆ = λ = 0), the long-range
hopping J can lead to topological phase transition, accompa-
nied by high winding number.[37,41,42,45] If ∆ = λ = J = 0, the
Hamiltonian Eq. (1) reduces to a standard SSH model. When
the intracell hopping amplitude v exceeds the intercell hopping
amplitude w, the system undergoes a topological phase tran-
sition accompanied by the vanishing of the zero-energy edge
modes and the nontrivial winding number[7–13] under the open
boundary conditions (OBCs).

J

m/ m/ m/ m/

vLv3v2v1 w1 w2

Fig. 1. Schematic of the SSH model of L unit cells. The black dotted
box represents the unit cell. wm and vm represent the m-dependent inter-
cell hopping and the intracell hopping, respectively. J is the long-range
hopping amplitude.

In the absence of disorder, the winding number can well
character the topological phase transition of the SSH model
in the momentum space. If quasi-periodic modulation is in-
troduced (∆ ̸= 0 or λ ̸= 0), the system will lose translational
invariance. One can apply the open-bulk winding number to
character the bulk topology. The real space winding number is
defined as[37,38,43,44]

W =
1

2L′ Tr′(SQ[Q,X ]), (4)

where X = diag(1,1,2,2, . . . ,L,L) is the coordinate operator
and Q = ∑

′
n (|ψn⟩⟨ψn|− |ψ̃n⟩⟨ψ̃n|). n is energy indicator and

|ψ̃n⟩ = S|ψn⟩. The Q matrix is the homotopically equivalent
flat band version of the Hamiltonian ℋ under OBCs[32,37] and
the chiral operator S = diag(1,−1,1,−1, . . . ,1,−1). To mit-
igate the boundary effects, the chain is divided into three in-
tervals with lengths l, L′, and l, where L = L′+2l. The focus
of the analysis is on the middle interval with length L′. The
symbol Tr′ represents the trace over the middle interval length
L′. W serves well for disordered systems because it does not
require the translation invariance and is quantized to an inte-
ger in the limit of L → ∞, while a modest size is enough in the
practical calculation.

In this paper, we set w as the unit energy (w = 1), β =√
5−1
2 (golden ratio) and φ = 0. In the following, we will dis-

cuss the topological properties of this generalized SSH model
both in the quasi-periodic modulated intracell case and the
quasi-periodic modulated intercell case respectively.

3. Quasi-periodic modulated intracell case
In this section, we first explore the topological phase tran-

sition with only quasi-periodic modulated intracell hopping
(∆ ̸= 0 and λ = 0).

In Fig. 2(a), we present the topological phase diagram
revealed by the real-space winding number W in the J–∆

plane. As shown in Fig. 2(a), for the absence of the modu-
lation ∆ = 0, the system is in the clear limits and the topo-
logical phase with a high winding number W = 2 can be in-
duced by the long-range hopping J. With the increase of ∆ ,
the system shows rich topological phase transitions. The topo-
logical phase diagram can be divided into three different re-
gions, i.e., 0 < J < 0.35, 0.35 < J < 0.65 and J > 0.65. When
0 < J < 0.35, the system shows a topological phase transition
from W = 1 to W = 0 by increasing ∆ . For the case J = 0.3,
for small value of ∆ , W keeps unit and the values of EL and
EL+1 remain zero, as shown in Fig. 2(b). When ∆ > 1.55, the
two zero modes EL and EL+1 start to break into nonzero pairs,
accompanied by the jump of the winding number W to zero,
as shown in Fig. 2(b). This process indicates the topological
zero modes are destroyed by disorder. For 0.35 < J < 0.65,
the system undergoes a transition from a topologically trivial
phase to a topologically nontrivial phase, and then returns to
a topologically trivial phase. A clear picture can be obtained
by the winding number and the four energies as a function of
∆ for J = 0.5, as shown in Fig. 2(c). For small ∆ , the system
initially resides in a topologically trivial phase, corresponding
to W = 0. When 0.45 < ∆ < 0.8, two pairs of topological
zero modes are induced, corresponding to the TAI phase with
W = 2. When 0.8 < ∆ < 1.4, one of the two pairs of zero
modes disappears, accompanied by the jump of the winding
number to 1. As ∆ further increases, the system reverts back
to the topologically trivial phase with W = 0. For J > 0.65, the
topological phase transition for W = 2 →W = 1 →W = 0 oc-
curs by increasing ∆ . For the case J = 0.3, for small value of
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∆ , two pairs of zeros modes exist and W = 2. As ∆ increases,
one of the two pairs of zero modes is destroyed, accompa-
nied by the jump of the winding number to 1. With further

increasing ∆ , the two zero modes EL and EL+1 start to break
into nonzero pairs and the system is in the topologically trivial
phase.
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Fig. 2. (a) Topological phase diagram in the J–∆ plane. The colorbar shows the value of the winding number W . (b) Two energies EL and EL+1
in the center of the spectrum, and the winding number W as a function of the modulation strength ∆ under OBCs with J = 0.3. Four energies
EL−1, EL, EL+1 and EL+2 in the center of the spectrum, and the winding number W as a function of the modulation strength ∆ under OBCs
with (c) J = 0.5 and (d) J = 1.3. Other parameters: φ = 0 and v = 0.64.

4. Quasi-periodic modulated intercell case

From the previous results, we can conclude that regard-
less of the value of J, under the strong disorder condition,
the topological states will be destroyed. In this section, we
mainly discuss quasi-periodic modulated intercell case (λ ̸= 0
and ∆ = 0). Similarly, we will mainly discuss the fate of
topological states by changing the quasi-periodic modulation
amplitude λ . In Fig. 3(a), we present the topological phase
diagram revealed by the real-space winding number W in the
J–λ plane. The topological phase diagram can also be divided
into three different regions, i.e., 0 < J < 0.35, 0.35 < J < 0.65
and J > 0.65. In the region where 0 < J < 0.35, the system

is initially in a topologically nontrivial phase with W = 1.
However, when ∆ surpasses a critical value, the system tran-
sitions into the topologically trivial phase, accompanied by
winding number W jumping from 1 to 0. By increasing λ ,
the disorder induces the emergence of the zero modes, co-
inciding with a sudden jump of winding number W from
0 to 1. This indicates that the zero modes can be bro-
ken and recovered with the increase of the ∆ , as shown in
Fig. 3(b). For 0.35 < J < 0.65, the clean system exhibits
topologically trivial characteristics. With the increase of λ ,
the topological zero modes emerge and winding number W
jumps from 0 to 1, as shown in Fig. 3(c). This indicates
that the system has undergone a TAI transition. In addition,
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Fig. 3. (a) Topological phase diagram in the J–λ plane. The colorbar shows the value of the winding number W . Two energies EL and EL+1 in
the center of the spectrum, and the winding number W as a function of the modulation strength ∆ under OBCs with (b) J = 0.3 and (c) J = 0.5.
(d) Four energies EL−1, EL, EL+1 and EL+2 in the center of the spectrum, and the winding number W as a function of the modulation strength
λ under OBCs with J = 1.3. Other parameters: φ = 0 and v = 0.64.
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W keeps unit by increasing λ . For J > 0.65, two pairs of zero
modes exhibit, corresponding to W = 2. When λ > 1.1, one
of the two pairs of edge modes disappears, accompanied by
the jump of the winding number to 1, as shown in Fig. 3(d)
for J = 1.3. One can see that the two zero modes EL and
EL+1 never break into nonzero pairs, even in strong disorder
situation. If disorder averaging is considered, the conclusion
remains unchanged. See Appendix A for the results.

To more directly reflect the changes in the topological
state, we plotted the spatial distribution of the eigenfunctions
corresponding to the middle four energy levels at two parame-
ter points (λ = 0.8 and 1.5) around the topological phase tran-
sition point. For a clear comparison, we included the varia-
tion of W with disorder strength λ , as shown in Fig. 4(a). In
Fig. 4(b), it can be observed that when λ = 0.8, the eigenfunc-
tions corresponding to the middle four energy levels are all
topological edge states. There should be two pairs of degener-
ate zero modes in the system, and the corresponding winding
number W = 2, which is consistent with the results in Fig. 4(a).
However, when λ = 1.5, as shown in Fig. 4(c), two of the
eigenfunctions corresponding to the middle four energy lev-
els are disrupted by the disorder, leaving only two topological
edge states. In this case, there is only one pair of degener-
ate zero modes in the system, and the corresponding winding
number W = 1, which is also consistent with the results in
Fig. 4(a).

0 1.0 2.0 3.0 4.0 5.0
1.0

1.5

2.0

0 200 400
0

0.4

0.8

0 200 400

(a)

(b) (c)

0

0.4

0.8

Lattice site Lattice site

|ψ
|2

W

Fig. 4. (a) The winding number W as a function of the modulation
strength λ under OBCs with J = 1.3. Wave function distribution of the
middle four energies EL−1, EL, EL+1 and EL+2 with (b) λ = 0.8 and (c)
λ = 1.5. Other parameters: L = 200, φ = 0 and v = 0.64.

5. Conclusion
To conclude, we studied TAI in SSH model with long-

range hopping under different disorder structures. In quasi-
periodic modulated intracell case, we find the TAI phases with
high winding number W = 2 can be induced by disorder. The
topological phase only exists in a finite range with the increase
of disorder. In quasi-periodic modulated intercell case, TAI
with W = 1 can be induced. In a specific parameter range of
J, the topological zero modes exhibit a process of destruction

followed by restoration with increasing disorder. We find the
topological states robust against strong disorder perturbation.
These results indicate that disorder does not always disrupt
the topological states; instead, the judicious selection of dis-
ordered structures can help preserve the topological states. If
another value of β is considered, the conclusion remains un-
changed. See Appendix B for the results.

Appendix A: Disorder-averaged topological
phase diagram

In this appendix, we present the disorder-averaged topo-
logical phase diagram. Furthermore, we define the disorder-
averaged winding number W = 1/Nc ∑

Nc
c=1 W is the number of

the disorder realization by choosing different phases φ . Here,
we consider Nc = 20.

Figures A1(a) and A1(b) show topological phase dia-
grams of quasi-periodic modulated intracell case and intercell
case, respectively. From Figs. A1(a) and A1(b), the results
show that disorder averaging has little impact on the topologi-
cal phase diagram.
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Fig. A1. (a) Topological phase diagram in the J–∆ plane with quasi-
periodic modulated intracell case. (b) Topological phase diagram in the
J–λ plane with quasi-periodic modulated intercell case. The colorbar
shows the value of the disorder-averaged winding number W . Other
parameters: L = 200, Nc = 20 and v = 0.64.

Appendix B: β =
√

2−1

In this appendix, we present the topological phase dia-
gram with β =

√
2− 1. Figures B1(a) and B1(b) show the

topological phase diagrams of quasi-periodic modulated in-
tracell case and intercell case, respectively. From Fig. B1(a),

J
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Fig. B1. (a) Topological phase diagram in the J–∆ plane with quasi-
periodic modulated intracell case. (b) Topological phase diagram in the
J–λ plane with quasi-periodic modulated intercell case. The colorbar
shows the value of the winding number W . Other parameters: L = 200,
β =

√
2−1, φ = 0 and v = 0.64.
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the results show that when quasi-periodic modulation is ap-
plied to intracell hopping, the resulting disorder induces TAI
phase with high winding number, but the topological states are
destroyed as the disorder increases. Conversely, Fig. B1(b)
shows that when intercell hoppings are modulated quasi-
periodically, these topological states remain robust, even under
strong disorder conditions.
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