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A Wigner-distribution-like (WDL) function based on the strong-field approximation (SFA) theory is used to investi-
gate the ionization time of the photoelectron emitted from the initial states with different magnetic quantum number m in
elliptically polarized electric fields. The saddle-point method is adopted for comparisons. For different m states, a discrep-
ancy exists in the WDL distributions of the photoelectrons emitted in a direction close to the major axis of the laser field
ellipse. Based on the saddle-point analysis, this discrepancy can be ascribed to the interference between electrons ionized
from two tunneling instants. Our results show that the relationships between the tunneling instants and kinetic energy of
photoelectrons are the same for different m initial states when the Coulomb potential is not considered. Our work sheds
some light on the ionization-time information of electrons from different magnetic quantum states.

Keywords: strong-field ionization, Wigner-distribution-like, ionization instant

PACS: 33.80.Rv, 33.80.Wz, 42.50.Hz

1. Introduction

The strong-field ionization of atoms is described as elec-
tron tunneling through the potential barrier.['! It has been
found that the strong-field ionization probability in circularly
polarized field depends on the electronic rotation which is de-
termined by the initial state and can be described by the mag-
netic quantum number m.!>3 Counter-rotating photoelectrons
with respect to the rotation of the laser field will lead to higher
ionization rate than co-rotating photoelectrons when it is in
tunneling regime.*~7! The relative helicity between the elec-
tron and laser field plays an important role in the strong-field
ionization. This effect has been confirmed by both theory and
experiment especially in noble gas atoms.[>>3-12] Recently,
the sensitivity of the strong-field ionization on magnetic quan-
tum number has been investigated in the elliptically polarized
fields.!'3-1°1 And the initial momentum at the tunnel exit has
been proved to have a great influence on the instantaneous ion-
ization rate in the elliptically polarized fields.!>!7-2!]

On the other hand, it is known that the tunneling instant of
the photoelectron is an important topic, for instance, the cor-
respondence between the tunneling instant and the emission
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angle of the photoelectron is employed as the basis of the atto-

14.22-251 Very recently, based on the theoretical

clock scheme.!
calculations and experimental measurements, this one-to-one
correspondence has been found to be broken down in the el-
liptically polarized fields under some special conditions.>]
Since the electrons in the initial states with different magnetic
numbers have different ionization probabilities in an ellipti-
cally polarized field,*-717-18.28-311 the question arises whether
they have different tunneling instants. To our knowledge, there
have been few relevant reports at present.

In order to answer the above question, we use a Wigner-
distribution-like (WDL) function3>=*] based on the strong-
field approximation (SFA) theory to investigate the time—
energy distribution of the photoelectrons in elliptically polar-
ized laser fields with different ellipticities. Then the relation-
ships between the tunneling instant and kinetic energy of the
photoelectrons can be obtained for different magnetic quantum
number initial states. Moreover, our analysis shows that this
relation is the same under the same laser conditions for differ-
ent magnetic quantum initial states, which is qualitatively in

agreement with the saddle-point result.
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2. Theory

The strong-field approximation theory is adopted in our
work. The first term of the S-matrix element in the length
gauge is given as

S5 = _i/j; At (xp(0) - E(0)| 93 (1)). (M

Here r - E(¢) is the interaction potential between the laser field
and the electron in the length gauge and |@; (t)) = | @) e is
the atomic ground state with ionization potential I,. x,(7) is
the Volkov state, which is expressed by

|%a»:;;;m{up+Aanm

—i/;[p—h;(f)]zdr}.

Here A(t) is the vector potential and the corresponding elec-
tric field E(t) = —d A(t)/dt.

To obtain the relation of ionization time and the kinetic
energy of the photoelectron, the WDL function which is de-
scribed in detail in Refs. [32-34] is used,

piz _l . / / /
fle, 2,9 = S*(t+1,0)S(t—1,0)

X 672i(p2/2)t’ dt/, (2)

where §’ can be given by

m<p+A(t)lT~E(t)I<Po>

N4
X exp{i/; {p-A(r)—kA(;)z} dr+ilpt}, 3)

where p?/2 is the photoelectron kinetic energy, v is the nor-

S = —i

malization volume, and 6 is the photoelectron emission angle
with respect to x axis in this work, the definition of which is
given in Fig. 1.

In this work, our calculations are performed for Xe atoms
in elliptically polarized laser fields with a fixed peak laser in-
tensity of 1 x 10'* W/cm?. The ionization potential of Xe atom
is 12.16 eV. The initial wave function @, which is the super-
position of different orbits (i.e., 3p, 4p, and 5p),*>! has a form
as follows:

@ =Y CiNir" e 5y, 4)
i

where the coefficients of C;, N;, &;, and n; are extracted from
the literature.'3>! Y, represents the spherical harmonic func-
tion with the orbital angular quantum number of [ = 1 and
magnetic quantum numbers of m = 1, 0, and —1. The dif-
ference of m = 1 and m = —1 states is mainly from the
dipole transition. Here, we take the 3p orbit of @3y, (1) =

C1N1r26_‘51’Y1i1 in Eq. (4) as an example. And the corre-
sponding dipole transition amplitude in Eq. (1) can be given
by

(p+A(1)|rE(t)|@3p. (1)) < E(t)y3p. (), )
where y3;,, (p) is given by
56 —[p+ A sin(on — 0.) e X%
& it A@py o)
581 — 3887 [p+ A()] +5[p+ A(1)*
{lp+ AP +&)
X cos(@p — o) e 1%, (6)

Vip. (P) = Fi

Here, upper and lower signs of + (F) represent the results for
m=1and m = —1 states, respectively, and ¢, (¢) is the angle
between the vector p+ A(¢) (E(t)) and the positive x axis. It
can be seen that the analytical expressions of the dipole transi-
tion amplitudes of m = %1 states are complex conjugates. The
same characteristics are also in the 4p and Sp states.
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Fig. 1. (a) The angle-resolved kinetic energy distribution of photoelec-
trons emitted from Xe atoms in an elliptically polarized electric field
with ellipticity € = 0.6 and Ey = 0.0535 a.u. The major (minor) axis
of the laser polarization ellipse is along the vertical (horizontal) axis.
(b) The track of polarization of electric field with € = 0.6. 6 is defined
as the angle between the positive x axis and emission direction of the
photoelectron. The magenta arrow indicates the rotation direction of
electric field vector.

The vector potential of the laser electric field is given by

Ey . wt
Ar) = msmz <2n)
x [ecos(wr)e, —sin(wr)e,). ™)

Here, w is the laser frequency and n = 16 is the number of
the optical cycles (o.c.) contained in the involving laser pulse.

093301-2



Chin. Phys. B 33, 093301 (2024)

€ and E| are the ellipticity and peak amplitude of the electric
field. ey and ey are the unit vectors along the x and y axes,
respectively.

For a long laser pulse with n = 16 o.c., the ionization
characteristic is similar for each single optical cycle close to
the center of the laser pulse. For clarity, the analyses based
on the WDL functions and the saddle-point method only focus
on the temporal range of 7.8 o.c.< ¢ < 8.5 o.c., which locates
around the peak of the pulse envelop employed in our calcula-
tions. The major (minor) axis of the laser polarization ellipse
is along the y axis (x axis) is presented in Fig. 1(b). And the
angle-resolved kinetic energy distribution of the photoelectron
in the elliptically polarized electric field described by Eq. (7)
is plotted in Fig. 1(a). Atomic units (a.u.) are used unless
otherwise indicated.

3. Calculations and discussion

According to Refs. [26,27], there can be two tunneling
instants of the photoelectron emitted in a direction close to the
minimum yield while one tunneling instant exists in the di-
rection of the maximum yield. Therefore, we mainly focus
on the photoelectrons emitted in both directions of the min-
imum yield (corresponding to 8 = 90°) and maximum yield
(6 = 180°) in this paper as examples.

In Fig. 2, we first give the WDL distributions of the pho-
toelectrons ionized from Xe atomic ground states with m = 1
and —1 by elliptically polarized laser fields with different el-
lipticities at the emission angle 6 = 90°. The black lines de-
note the electron energy spectra. For comparison, the tun-
neling instants of the photoelectron obtained by the saddle-
point method are also plotted in Fig. 2. The solution of
the tunneling instants satisfies the saddle-point equation of
[p+ A(ts)]?/2 = —I,. Here ty = ty + it; is the complex time in
saddle-point equation where 7y (f;) represents the real (image)
part of the complex time. According to the saddle-point calcu-
lation, there are two tunneling instants for photoelectrons with
special kinetic energies Ex < E; and these two instants merge
into one when Ey > E.. For a monochromatic laser field, the
expression of E can be analytical given by

(1—€2)(e? A% +21,)

E.= o : @®)

where Ag = Eo/ @V 1 + €2 is the peak amplitude of laser vector
potential. The detailed derivation of Eq. (8) is shown in Ap-
pendix A. In the conventional saddle-point calculations, under
the same laser parameters, the correspondences between the
tunneling instant and kinetic energy are the same for m = 1
and m = —1 states because the saddle-point equation is unre-
lated to the initial state of an atom.

As shown in Fig. 2, the WDL distributions show differ-
ent structures for the laser fields with different ellipticities. In

Figs. 2(a)-2(d), for relatively smaller ellipticities € = 0.5 and
€ = 0.6, two symmetric stripes corresponding to two tunnel-
ing instants are presented in the WDL distributions. The elec-
trons emitted from these two instants with the same kinetic
energy can interfere. The corresponding interference struc-
ture with positive and negative stripes appears at the vicinity
of t = 8.25 o.c., which is consistent with the photoelectron en-
ergy spectrum (black lines). For € = 0.5, the visible ionization
stripes mainly focus in the lower-energy region of Ex < 15 eV
(20 eV) for m = 1 (m = —1) state at the times deviating far
from 8.25 o.c. As shown in Figs. 2(a) and 2(b), these ioniza-
tion stripes qualitatively agree with the saddle-point curves,
indicating that the tunneling instants in this energy region for
m =1 and —1 states are identical.
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Fig. 2. The WDL distributions of the electron ionized from different mag-
netic quantum states of Xe atoms by 800-nm elliptically polarized laser fields
with ellipticities € = 0.5 [(a) and (b)], 0.6 [(c) and (d)], 0.7 [(e) and ()], 1 [(g)
and (h)] for & = 90°. The distributions in the left and right columns are for
m =1 and —1 states, respectively. The red solid curves denote the saddle-
point solutions of Re[ts] and the black lines represent the electron energy
spectra.

When the ellipticity increases to € = 0.6, the visible
stripes expand to the energy of Ex ~ 25 eV (30 eV) form =1
(m = —1) state. And the ionization stripes where two tunnel-
ing instants merge into one become visible. From Figs. 2(c)
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and 2(d), it seems that the saddle-point results (red lines) are
in agreement with the stripes in the lower-energy region for
both m states and then deviate from the stripes of m = 1 state
with increasing kinetic energy. In other words, two ionization
stripes of m = 1 state merge into one at Ey ~ 16 eV earlier
than those of m = —1 state at Ex ~ 24 eV. According to our
analysis, this “merging” of two ionization stripes of m = 1
state at Ex ~ 16 eV actually corresponds to the constructive
interference of the photoelectrons emitted from two tunnelling
instants. This can be confirmed by the energy spectra as plot-
ted in Fig. 3 and further explanation is given below. When
€ = 0.7, the ionization stripes in the lower-energy region of
Ex <~ 10eV (12 eV) for m = 1 (m = —1) state are relatively
weak, leading to very weak interference of the low-energy
spectrum. Meanwhile, the visible ionization stripes mainly lo-
cate at the vicinity of r = 8.25 o.c. and shift to the relatively
higher-energy region ranging from about 10 eV to 20 eV. Here,
the WDL distributions for m = 1 and —1 states also exhibit a
difference. This difference is ascribed to the same reason as
that shown in Figs. 2(c) and 2(d). In the case of € = 1, for
both m states, the ionization stripes appear in the vicinity of
8.25 o.c. And the maximum value of the ionization stripe for
each Ey is at time ¢t = 8.25 o.c., which is consistent with the
saddle-point calculations.

To shed more light on the above-mentioned difference be-
tween the WDL distributions of m = 1 and —1 states in the
vicinity of E., the energy spectra are calculated by the saddle-
point method and the SFA theory (i.e., numerical calculation
of Eq. (1)) in logarithmic scale, respectively, in the left and
right columns in Fig. 3 with the same conditions as in Fig. 2.
From Fig. 3, one can find that the ionization probability from
m = 1 state is higher than that from m = —1 state in the low-
energy region, namely that the counter-rotating electrons with
respect to the rotation of the electric field are preferred for tun-
neling ionization compared to the co-rotating electrons, which
is in agreement with previous studies.>!”-!8! In the saddle-
point calculations of Fig. 3, we consider the electrons only
emitted in the temporal range of 7.8 o.c.< r < 8.5 o.c. and
plot the corresponding saddle-point solutions (blue lines). As
shown in the left column of Fig. 3, the energy spectra in the
energy region less than E, exhibit multi-peak structures due to
the interference of electrons ejected at two tunneling instants.
In contrast, in the energy region Ex > E. for € < 1 and whole
energy region for € = 1, the energy spectra show smoother
curves because an electron with one tunneling instant is in-
volved for a given Ey in these cases, resulting in no interfer-
ence. Further, in the energy region close to E,, there is a broad
peak structure coming from the constructive interference for
m = 1 state while a dip structure as marked by an arrow from
the destructive interference for m = —1 state. According to
Eq. (A10), this difference of the energy positions of the in-

terference minima and maxima between m = 1 and m = —1
states indicates that the term of (p+ A(t)|r - E(t)|@o) plays
an important role in the interference since the term of eiSp(t)
is independent of the magnetic quantum number m. To clearly
demonstrate the interference in the energy spectrum, we plot
the phase difference of the transition matrix element, i.e.,
equation (A10), between two saddle-point solutions for both
m states in Fig. 4. As clearly shown in Fig. 4, the phase dif-
ference changes with increasing kinetic energy and is different
for both states. One can find that for a given m state, the dips
of the energy spectrum correspond to the energies at which
the phase difference is equal to ~ . This is in accordance
with the destructive interference condition. It is worthwhile
to mention that an abnormal dip (spike) of the energy spectra
of m =1 (m = —1) state appears at about E.. This is caused
by the saddle-point method since there is a phase-difference
jump when these two solutions are very close, which may be
similar to the problem of two saddle points in the calculation
of cutoff of the higher-order above-threshold ionization en-
ergy spectrum by the standard saddle-point approximation. 3!
However, this does not influence our conclusion.
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Fig. 3. The energy spectra obtained by the saddle-point method and numer-
ical calculation of Eq. (1) in logarithmic scale in the left and right columns,
respectively. The parameters are the same as in Fig. 2. The blue lines denote
the saddle-point solutions.
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Phase difference of Eq. (A10) between two saddle-point solutions: sm=1;0om=—1
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states. The other parameters are the same as in Fig. 3. The short-dashed lines and solid lines represent the energy spectra obtained by the saddle-point method
for m =1 and —1 states, respectively. The green dashed lines are given to guide the eye.
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Fig. 5. The WDL distributions of photoelectrons at emission angle
6 = 180°. The other parameters are the same as in Fig. 2. The red
lines represent the saddle-point solutions and the black lines denote the
energy spectra.

In the right column of Fig. 3, the energy spectra are ob-
tained by the numerical calculations of Eq. (1). Here, we con-
sider the electrons ionized from the whole laser pulse, which

results in the regular ATT-peak structures of the energy spectra
compared to the saddle-point results. By comparing the en-
ergy spectra in the left and right columns in Fig. 3, one can
find that the corresponding spectra calculated by the saddle-
point method and the SFA theory for the same m state are
similar although there are some shifts of the positions of the
peaks (dips) of the energy spectra when € < 1. For exam-
ple, for m = 1 state, one broad peak structure in the vicinity
of Ex ~ 16 eV in Fig. 3(d) corresponds to the structure in the
vicinity of Ex ~ 17 eV in Fig. 3(c), which results from the in-
terference enhancement. This indicates that the “merging” of
two ionization stripes presented in Fig. 2(c) in the vicinity of
Ey ~ 16 eV actually corresponds to the interference structure
where two tunneling instants remain. The similar scenario also
occurs in the case of € =0.7.

Due to the fact that the tunneling instant is dependent
of the emission angle of the electron in an elliptically polar-
ized electric field, the WDL distributions of the electrons at
6 = 180° are also presented in Fig. 5 with the same laser pa-
rameters as those in Fig. 2. In contrast to Fig. 2, all the ioniza-
tion stripes focus at the vicinity of + = 8 o.c. regardless of the
ellipticity. More precisely, the maximum ionization probabil-
ity at each Ey exactly corresponds to the time of t = 8 o.c. at
which the instantaneous electric field is along the major axis
of the laser polarization ellipse. The energy spectra (black
lines) show regular ATI-peak structures, which are totally dif-
ferent from the multi-peak structures shown in Figs. 2(a)-2(d)
originating from the interference between the electrons emit-
ted from two tunneling instants. The above-mentioned fea-
tures mean that there is only one tunneling instant in this case,
which is well consistent with the saddle-point results (horizon-

tal lines). It can be concluded that the tunneling instants are
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the same for these two different m states when the ionization
occurs when the laser field reaches the maximum.

For a comprehensive understanding on the characteristics
of photoelectrons from different magnetic quantum number
states, we also calculate the WDL distributions of photoelec-
tron from m = O state although its contribution is negligible
compared to the other two states in an elliptically polarized
field. It is known that there is no electron distribution for m =0
state in the x—y plane, i.e., the plane of the laser field polariza-
tion considered in this paper. Therefore in the calculation of
m = 0 state, we focus on the photoelectrons emitted along a
direction in the polar angle of 85° between the emission angle
and the positive z axis and the azimuthal angles of 6 = 90°
and 6 = 180° as defined in Fig. 1. The WDL distributions for
m = 0 state are plotted in Fig. 6 with the same laser parame-
ters as those in Fig. 2, which are similar to the corresponding
distributions of m = 1 and —1 states as presented in Figs. 2
and 5.
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Fig. 6. The WDL distributions of photoelectrons from m = 0 state ejected
along the direction in the polar angle of 85° and the azimuthal angle of
6 =90° (left column) and 6 = 180° (right column). The other parameters
are the same as in Figs. 2 and 5. The red lines represent the saddle-point
solutions and the black lines denote the energy spectra.

From Figs. 2, 5, and 6, it can be concluded that when

the Coulomb potential is not considered the ionization times
of photoelectrons emitted from different m states are the same
under the same laser conditions, which are independent of the
helicity of the initial-state electron with respect to the rotation
of the electric field vector.

Furthermore, we investigate the wavelength dependence
of the WDL distribution for different magnetic quantum num-
ber states. In Fig. 7, the WDL distributions of photoelec-
trons ionized from different initial states at 6 = 90° are given
in the elliptically polarized laser fields with € = 0.6 for dif-
ferent wavelengths 400 nm [Figs. 7(a)-7(c)] and 1200 nm
[Figs. 7(g)-7(i)]. For comparison, the corresponding WDL
distributions for 800 nm discussed above are also presented.
In the case of 400 nm, although the photoionization belongs
to the multi-photon regime, two symmetric broad ionization
stripes, together with the corresponding interference structure
appearing at the vicinity of + = 8.25 o.c., are still visible in
the WDL distributions. This indicates that two ionization in-
stants for special energy Ex < E. can be approximately satis-
fied, which are also in agreement with the saddle-point results.
When the wavelength of the electric field varies, the changes
of the WDL distributions for three magnetic quantum number
states follow the same tendency. From Fig. 7, one can find
that in one given wavelength case, the ionization stripes in the
WDL distributions of m = 1, 0, and —1 states are qualitatively
consistent with each others except for the interference struc-
tures originating from two tunneling instants. In addition, for
0 = 180° in the cases of 400 nm and 1200 nm, the ioniza-
tion stripes of m = 1, 0, and —1 states also mainly focus at
the vicinity of + = 8 o.c. (not shown here), indicating that the
ionization times are the same for different magnetic quantum
states.

From Fig. 7, we can find that for the same m, the en-
ergy of the peak of the WDL distribution gets closer to E.
with increasing wavelength. In order to explain this reason,
we calculate the relationship between the energy and emission
angle of electrons by the semiclassical relation of p = —A(¢)
in Fig. 8. As shown in Fig. 8, when the wavelength is 400 nm
(800 nm, 1200 nm), the energy of the electrons emitted from
the angle of 6 =90° is 2.2 eV (8.8 eV, 20 eV), which is qual-
itatively consistent with the energy corresponding to the max-
imum WDL distribution. This is in accordance with the un-
derstanding that the electrons with highest yields usually have
zero velocity after tunneling under the adiabatic condition.
Furthermore, compared with the corresponding E., it is ob-
vious that the above-mentioned energies are closer to E. with
increasing wavelength, which actually indicates the ionization

features in the tunneling regime.
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Fig. 7. The WDL distributions at the emission angle 8 = 90° in the laser electric field with ellipticity € = 0.6 for different wavelengths 400 nm [(a)—(c)],
800 nm [(d)—()], and 1200 nm [(g)—(i)]. The red lines represent the saddle-point solutions and the black lines represent the energy spectra.
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Fig. 8. The relationships between the energy and emission angle of pho-
toelectrons obtained by semi-classical method for three different wave-
lengths (400 nm, 800 nm, and 1200 nm). The corresponding E_ is also
given in the panel. The parameters are the same as in Fig. 7.

4. Conclusion

We use the Winger-distribution-like function based on the
SFA theory to calculate the time—energy distribution of pho-
toelectron ionized from initial p orbital with different mag-
netic quantum numbers in elliptically polarized electric fields.

When the photoelectron is emitted along the direction of the
major axis of the laser polarization ellipse, there is a difference
between the WDL distributions of different m states in the en-
ergy region close to the critical energy where two tunneling
instants merge into one. According to saddle-point analysis,
this difference can be attributed to the interference between
electrons emitted from two tunneling instants. In this case, the
relation between the tunneling instant and the emission angle
for different m states is identical. When the electron is emit-
ted along the direction of the minor axis of the polarization
ellipse, the ionization time corresponding to the maximum of
the electric field is not only the same for different magnetic
quantum states but also well consistent with the saddle-point
results. Our study sheds some light on the tunneling instant
of electrons emitted from different magnetic quantum number

states.

Appendix A: Saddle-point solution for emission
angle of 90°

For the emission angle of 6 = 90°, the components of the
momentum are py = 0 and py, = /2Ey. For simplicity, the
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vector potential of a monochromatic laser field is employed,
whose components along x and y axis are Ay = Ag€ cos @t and
A, = —Apsin 0t, respectively. Here Ay = Ey / ®V/1+ €2 is the
amplitude of laser vector potential.

One can substitute the complex time #; = #y + if; into the
saddle-point equation of [p+ A()]* + 2I, = 0. Then both real
and image parts of the saddle-point equation can be given as
follows.

The real part of saddle-point equation satisfies

(py — Ao sin ot cosh wt; )* — A cos® wg sinh?* wx;
+ £2A3(cos® oty cosh® ot; — sin” wrg sinh? wt;)

121, =0. (A1)

The image part of saddle-point equation satisfies

(py — Ao sin ot cosh @t; )Ag cos Wty sinh wr;

+ SZA% cos Wty cosh wt; sin wty sinh wt; = 0. (A2)

If cos w1y # 0, equation (A2) is rewritten as

Py

coshot; = ——2————.
' (1-¢€2)Apsinwr

(A3)

Combined with Egs. (A1) and (A3), we can obtain

—A§(1 —€*)%sin wro + [(AF +21,) (1 — €2)
+(1—€)p;]sin® oty — p; =0. (A4)

By solving Eq. (A4), we can get

sin? wty =

—2A%(1—¢€?)
(A5)
Obviously, for a given Ey, equation (A5) has two solutions of
fo in each half optical cycle because of sin® wfy < 1. When 1
is given, the image time ¢#; can also be determined by Eq. (A3).
Accordingly, the right-hand of Eq. (AS) should be less
than 1. Then the below condition is obtained:
(1—€%) (A} +21,)
2¢?

If cos wrg = 0, then sin Wty = 1 in this work. Under this

Ex < . (AO6)

condition, equation (A1) can be simplified as

(1 — &?)Ad cosh® wt; — 2pyAg cosh wr;

+ p}+ 243 + 21, = 0. (A7)

In order to obtain real solutions of above equation, the inequal-
ity should be satisfied as follows:

py — (1—€*)(p} + A5 +21,) > 0. (A8)
Substituting p, = +/2Ey into Eq. (A6), we have
1—¢€?)(e2Aj+2],

2¢2

(A3 + 2y +2E) + /(A3 + 2y + 2B, — 8AZE

One critical energy E. = (1 — €)(€?A3 + 21,) /2€? is set.
Based on above analysis, it can be found that there are two tun-
neling instants when Eyx < E, while only one tunneling instant
exists when Eyx > E. within half an optical cycle.

Further, we apply the saddle-point approximation to
Eq. (1) to carry out the integration over time. The transition
matrix element is given as follows:

) 2mi 1/2
S = _1; { E(ty) [p+ A(ty)] }
< (p+ Alty)|r - E(t) | @o) e 7).

(A10)

Here, the action S, (t;) = [*. [p+ A(7))? /2d7 + It and s de-
notes the number of the saddle-point solution.
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