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TOPICAL REVIEW — Quantum computing and quantum sensing
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Counterdiabatic driving (CD) offers a fast and robust route to manipulate quantum systems, which has widespread
applications in quantum technologies. However, for higher-dimensional complex systems, the exact CD term involving the
spectral properties of the system is difficult to calculate and generally takes a complicated form, impeding its experimental
realization. Recently, many approximate methods have been proposed for designing CD passages in many-body systems. In
this topical review, we focus on the CD formalism and briefly introduce several experimental constructions and applications
of approximate CD driving in spin-chain models with nuclear magnetic resonance (NMR) systems.

Keywords: nuclear magnetic resonance, quantum simulation, quantum state engineering

PACS: 03.67.—a, 42.50.Dv, 82.56.-b

1. Introduction

Quantum information technology has ability to surpass
traditional technologies because of intrinsic and intriguing fea-
tures like coherence and entanglement, which involves a wide
range of applications, ranging from quantum computation!!!
and quantum cryptography!? to quantum sensing.!® Precise
control of quantum systems is a fundamental prerequisite for
realizing the quantum advantage. However, quantum systems
inevitably suffer from noise and errors, resulting in a deviation
from the ideal control, so it is a non-trivial task to implement
high-quality coherent control. Despite lots of control strate-
gies robust to environmental noise and experimental imperfec-
tions have been made,!*! advances in precise and fast quan-
tum control applicable to multi-qubit systems are still widely
needed.

Due to the robustness against weak variations of a quan-
tum system, quantum adiabatic processes have been used in a
variety of applications, including quantum state manipulation,
quantum simulation and quantum computing.[-'! Neverthe-
less, a primary constraint of this method arises from adher-
ing to the adiabatic theorem,!'>!3] which requires the system
Hamiltonian to change slowly enough. Consequently, there
exists a trade-off between the evolution time and decoherence
processes. “Shortcut to adiabaticity” (STA) provides a method
for constructing nonadiabatic schemes to accelerate the quan-

14—

tum adiabatic process.!'*"'8! Following several years of pro-
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gresses, the STA-based techniques have been applied in a wide

[19-29] see Refs. [30,31] for a recent review.

range of fields;

As one of the most successful strategies in STA, counter-
diabatic driving (CD) , also known as transitionless quantum
driving, can eliminate nonadiabatic transitions by supplement-
ing the original Hamiltonian with an auxiliary CD field,[!4-16]
which has been verified both experimentally and theoretically
in few-level systems.[!9-222932.331 However, for larger sys-
tems, it is generally difficult to diagonalize the Hamiltonian
in the whole Hilbert space and obtain the explicit form of the
CD term. Furthermore, the CD term usually involves complex
interactions in a multi-qubit system.[34-36]

To address these issues, recently various strategies have
been employed to approximately construct CD driving in
many-body systems with a realizable form.36* With the
merits of outstanding controllability, NMR has been a reliable
physical platform to perform quantum simulation and quan-
tum information processing.!>>-%8! In this topical review, we
only focus on the CD method and introduce the recent imple-
mentations of approximate CD driving for many-body systems
on NMR systems. The rest of the paper is organized as fol-
lows. In Section 2, we concisely outline the basic theory of
CD driving and recent progress of approximate CD driving.
Section 3 presents a quick overview of NMR quantum sys-
tems. Next, Section 4 introduces three experimental realiza-

tions of approximate CD shortcuts using NMR: (i) preparing
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the Greenberger—Horne—Zeilinger (GHZ) states by partially
suppressing the nonadiabatic transitions; (ii) realizing local
CD shortcuts in a nonintegrable spin-1/2 chain based on vari-
ational approach; (iii) transferring quantum state via Floquet-
engineered CD driving. Finally, a brief summary and outlook
are presented in Section 5.

2. Counterdiabatic driving

The CD driving was independently proposed by Demir-
plak and Rice,l'*!3 and by Berry.['%! There are also other
basic methods of designing STA such as the invariant-based
inverse engineering!!”! and fast-forward scaling,!'%%1 which
have a close relation with the CD method. The essence of the
CD driving is presented in what follows. Consider an arbitrary
quantum system evolves under the time-dependent Hamilto-

Ho(1) = Y E(1) [n(1)) (n(1)], (1

in which |n (7)) denotes the n-th instantaneous eigenstate with
eigenvalue E, (¢). In this paper, we set i = 1 for simplicity. If
the variation of Hy(t) is slow enough, compared to the energy
gap, such that the adiabatic condition

[(m (1) 9 Ho |n (1))
[Ex (1) — En (1))

<1 ()

is satisfied for n # m, then an initial eigenstate |n (0)) will re-
main the instantaneous eigenstate during the evolution. In the
adiabatic limit, the adiabatic state govern by Hy(¢) reads

%, (1)) = e 1o ' En(t")— Jo dt' (n(t")|i(t")) In(1)), 3)

where the first term and the second term in the exponential
represent the dynamical phase and the geometric phase, re-
spectively. If the change of the Hamiltonian is nonadiabatic,
undesirable quantum transitions will take place.

Berry found that these nonadiabatic transitions can be ex-
actly canceled by introducing an additional term to the original
Hamiltonian, and thereby the speed of adiabatic evolution can

[16

be accelerated.!! Suppose there exists a Hamiltonian H(t) to

be determined and the adiabatic state |\, (r)) is the exact solu-
tion of the Schrodinger equation

d
i ¥ () = H(O) [ (0)). )

The new Hamiltonian H (¢) can be easily derived as
H(t) = Ho(1) + Hea(?), (5)

with the CD operator defined as

Hea(r) = 1) (1= [n(0)) {n() ) [(1)) {n(1)]. (6)

If a quantum system is initialized in an eigenstate |n(0)) and
steered by this designed Hamiltonian H (z), it will track along
the same eigenstate |n(r)). This approach enables the sup-
pression of non-adiabatic effects and facilitates time evolution
beyond the adiabatic condition.

However, for larger complex systems, it is difficult to ob-
tain spectral properties of the system and implement highly
nonlocal many-body interactions. This gives rise to the fast
development of approximate CD methods, i.e., replacing the
exact CD term with a simple and achievable form under ex-
perimental constraints. For instance, resorting to a set of re-
stricted operators in auxiliary control fields, Ref. [41] obtained
the optimal approximations to the CD field by minimizing a
quadratic cost function, and demonstrated that the short-range
few-body interactions could produce an effectively adiabatic
dynamic. In the case of the infinite range Lipkin—-Meshkov—
Glick model, Ref. [43] provided a hybrid strategy to achieve
nearly perfect CD driving across the phase transition by com-
bining the STA and optimal control, eliminating the knowl-
edge of the spectrum information and complicated drivings.

Considering the difficulties in diagonalizing Hamilto-
nian and realizing the nonlocalities of the exact CD term
in complex quantum systems, the variational approach, an
important advance in addressing these obstacles, was pro-
posed to construct approximate local CD shortcuts without

[36] The variational approach has

using spectral information.
been used to speed up the many-body systems like the p-spin
model,["%7! Lechner—-Hauke—Zoller lattice gauge model,!”!
Hubbard model,[”3! and has great potentialities in quantum op-
timal control and quantum chaos.!”*73 The relationship be-
tween the variational approach and the algebraic approach
has been elaborately investigated.% Inspired by the varia-
tional approach, employing the Lanczos algorithm to con-
struct the CD Hamiltonian with the Krylov basis was also
suggested.!”®77] Another alternative method to determine the
approximate CD field is using Floquet engineering, i.e., peri-
odic driving, which can avoid extra interactions not included in
the initial control setup by fast modulating the original Hamil-
tonian of the system in time.[*64378] Recently, the strategy
combining the Floquet engineering and variational method has
been explored to speed up adiabatic evolution,*’! which in-
herits the advantages of both techniques: avoiding the need
for spectral information and simplifying complex control re-
quirements. The latest progress in studies of approximate CD
driving was summarized and discussed in Ref. [79]. Readers
interested in this topic can refer to it for further information.

3. Quantum simulation with NMR

Excellent reviews on NMR quantum computing can be
found in Refs. [80—82]. Here we deal only with the liquid-state
NMR and briefly introduce the fundamental steps of quantum
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simulation with NMR, including the initial state preparation,
effective Hamiltonian generation and readout. Conventionally,
NMR experiments are performed in a static magnetic field By,
where nuclei spins are thermally prepolarized (we only con-
sider nuclear spin-1/2 in this paper), and two possible spin ori-
entations | 1) and | J) can represent two orthogonal states |0)
and |1) of a quantum bit, respectively. Under the weak cou-
pling approximation, the Hamiltonian of a liquid-state NMR
system can be well described as!3"!

TT;
2

Hxvgr = )

z nJij 2z
. O; +276i Gj’ @)

i<j

where the Larmor frequency @; = ¥;Bo with ¥ being the gy-
romagnetic ratio of the i-spin, and J;; is the scalar coupling
constant between spins i and j. Note that even for the homonu-
clear molecules, nuclei having the same gyromagnetic ratios,
they can be well distinguished in experiments, as the nuclear
shielding effect can induce frequency shifts. Figure 1 displays
two frequently used NMR samples.

13 g 19p T, (s)
100 MHz 160.7 Hz —194.4 Hz ¥C 1.1
400 MHz 47.6 Hz 'H 1.2
376 MHz F 1.3

180 19p 19p 19p T, (s)

100 MHz —297.6 Hz —275.6 Hz 39.1Hz '3C 7.9

372.7 MHz 64.6 Hz 51.4Hz YF 44
371.7 MHz —129.1 Hz “F 6.8

YR 370.4 MHz “F 4.8

Fig. 1. Molecular structures and parameters of two representative sam-
ples: (a) diethyl-fluoromalonate and (b) iodotrifluoroethylene at room
temperature on a Bruker Avance II 400 MHz spectrometer.

The first step of performing quantum computation or sim-
ulation is to initialize the quantum system into a well-defined
state, generally taken as the state |00- - - 0). However, it is hard
to generate a genuine pure state for the NMR system, on ac-
count of the highly mixed ensemble and low polarization. In-
stead, the standard solution in NMR is to prepare a pseudo-
pure state (PPS)[3]

I—e¢
PPPS:7I+€‘00~~~0><00...0‘ (8)

from the equilibrium state with a non-unitary process. Here
€ ~ 107 is the polarization and the identity matrix I con-
tributes nothing to the NMR spectra. Consequently, the dy-
namics of a PPS behave similarly to that of a genuine pure
state. Up to now, many methods have been developed to pre-
pare the PPS in NMR, such as temporal averaging,3*8 line
selective, 80! and so on.

Subsequently, an effective Hamiltonian can be generated
by applying an external radio-frequency (RF) field

Hy= —Z%Bl[cos(a)er—¢)If—sin(a)rft—|—¢)liy} 9)

in the presence of the intrinsic Hamiltonian Axmr, where B,
oy, @, t represent the amplitude, frequency, phase, and time
length of the RF pulse, respectively. If we consider a time-
dependent Hamiltonian, e.g., adiabatic or CD driving, the evo-
lution operator can be expressed as U(T) = T (e~i /o H(0dr),
where 7 denotes the time-ordering operator. For experimen-
tal implementation, the continuous passage can be discretized
into M segments,!3>-8] and the time interval 8t = T /M tends
to zero such that the piecewise Hamiltonian in the m-th interval
H |ty can be assumed to be constant. Thus, the time evolution
operator is given by U(T) = [[M_, e "#lmld 1f H(r) con-
sists of L local components H(t) = Y'X_ H(t), the exponential

e~ 1Hmld! can be decomposed with the Trotter expansion!®’]

—iH[t] 5t e 1 Hklm]dr | O(8%). 10)

L
c =
k=1

Then, each term e~ Fklm]8t ¢

an be further implemented with
the NMR pulse techniques.3-%21 By this way, the dynamics
of the paradigmatic many-body systems like the Ising model,
Heisenberg model and quantum Rabi model have been investi-
gated in NMR. 23638391 Figure 2 illustrates a pulse sequence
used to generate the effective CD driving in NMR experi-
ments. The segment duration Ot determines the quality of
the approximation. In principle, we can resort to high-order
Trotter’s formula for high-accuracy dynamics. For large-size
systems, multiple-pulse sequences may give rise to systematic
errors and decoherence effects. To address this issue, a com-
monly used method is the gradient ascent pulse engineering
(GRAPE) technique,®® which can produce robust and high-

fidelity coherent control in experiments.58-61]
Initial state preparation STA passage Readout
I I .
: " Repeat L times ol
— — — — — — — — — — — — — — -
| | I
vo o) B K x B X H
| I
w o) il W X e |
1o | i
I : :
o o [ | .
i
I

X
I
1

T13 T23 T12

_ _ alt)]
o1 =288 Bl1] [, = atan (S

P3=T—P3

ITI' I7r/2

Fig. 2. Schematic pulse sequence for generating CD driving in three-qubit
experiments. The color rectangles represent the hard pulses applied to in-
dividual qubits. Time durations 72, 723 and 73 represent free evolutions
under the intrinsic Hamiltonian. This figure is adapted from Ref. [42].

As the last step, a suitable set of measurements is typi-
cally performed to extract the required information. The NMR
signal is detected by the free induction decay of the transver-
sal magnetization of spins. The errors in experiments usually
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come from the imperfections of the initial state preparation,
RF pulses, and inhomogeneity of magnetic fields. To get the
complete form of a density matrix, one can perform quantum
state tomography!®) by measuring a complete set of basis op-
erators. Nevertheless, for large-size systems, it is challenging
to perform a complete quantum state tomography due to the
exponentially growing resources.

Below, we will briefly introduce several implementations
and applications of approximate CD driving in spin-chain sys-
tems using NMR quantum information processor.

4. Implementations of approximate CD driving
with NMR

4.1. Quantum entangled states preparation by partially
suppressing the nonadiabatic transitions

Entanglement is one of the fundamental signatures of
quantum physics,°°! which stays at the heart of quantum com-
putation, quantum metrology, and so on. As a matter of con-
cern, speeding up the generation of entangled state is highly
desirable in experiment. Recently, we devised a practical pro-

[42

tocol for preparing the GHZ state in experiments.!*?! Consider

a three-spin Ising model in an external magnetic field

N N
Ho(t) = ~B(1) Y. of —J(1) Y. 0707, (11)

i=1 i=1
with a periodic boundary condition, the ground state of
this system can be adiabatically driven from the prod-
uct state [|0)+|1)]%* to the GHZ state by switching from
B> J to B<J.
body interactions }.;; chjy and six three-body interactions

The exact Heq(t) involves six two-

Vit jtk Gi"cf o;. Since the inherent multi-body interaction is
absent in NMR, we have to simulate it with RF pulses and
two-body interactions.®> Errors accumulated from imperfect
operations will increase the difficulties in experiments.

In fact, the CD field can be simplified, if we only accel-
erate the adiabatic evolution for a part of the eigenstates, as
shown in Refs. [39-41]. For convenience, we can represent
H¢q(t) in the instantaneous eigenstate basis {|n(¢))} from the
Schrodinger picture with the transformation R=1Y,,, |m(t)) (m|,
namely,

R'HR = 1Y [7) (a|(n(t)[n(t))

n
+i Y [7) (| (n(t) i(r)). (12)
n#m
Here {|m)} denotes a set of time-independent basis states
satisfying the orthogonal completeness relation. The second
term in Eq. (12) prevents all nonadiabatic transitions, where
(n(t)|m(t)) suppresses the nonadiabatic transition from the m-
th eigenstate to the n-th eigenstate. |77) (7| is a matrix where
all elements are zero with the exception of the m-th row and

the n-th column being 1. Provided that there exists an avail-
able Hamiltonian Hyqq(1) = Y; 0k (1) O with 04 (t) being the
time-dependent coefficient of the restricted operator Oy. In the
instantaneous eigenstate basis {|n(r))}, Hyq(t) can be written
as

R'HuaR =Y, ) (il (n(1)| 0 (1) Ok |m (1)) . (13)

n,m.k

If R"H,qqR nullifies the undesired transition in Eq. (12), i.e.,

Y (n(t) ow(t)Oxlm(1)) = i{n(t)rin(t)), n#m,  (14)
k
the shortcut from the m-th eigenstate to the n-th eigenstate can
be constructed effectively. To ensure the feasibility of experi-
ment, here only two-body interactions in the exact CD field,

— Z Y Y ~2 Z Y Y ~Z Z Y Y <2
{Ok=1...6} = {0103, 0103,0503,0,05,0501,05 07 },

were used to design the approximate CD passage. The addi-
tional Hamiltonian is expressed as

Haga (1) = = Y10, oa(1) O, (15)
where N, denotes the number of the auxiliary operators. Both
Hy(t) and Hygq(¢) commute with the operator X = ]_[f’:l o},
so they can be simultaneously block diagonalized in the two
eigenspaces X1 of X with the eigenvalues 1. Any ini-
tial state in either an orthogonal invariant subspace, driven by
Hy(t) + Hagq(t), would remain in the same subspace. There-
fore, we only need to suppress the transitions between the
ground state and other three excited states in the same sub-
space.

According to Eq. (14), three linear equations can enable
the system to evolve exactly along the ground state and ulti-
mately end with the GHZ state. If the number of auxiliary op-
erators is large, the coefficient matrix of the linear equations
may have a rank lower than the number of variables, poten-
tially leading to multiple solutions. However, it is essential to
ensure that the functions of coefficients are finite and smooth.
In Figs. 3(a) and 3(b), we can see that some couplings near the
boundary tend to be infinity, a scenario unattainable in exper-
imental conditions, necessitating the exclusion of such solu-
tions. A special case is obtained by imposing a constraint that
046 =0, and o 35(f) can be solved exactly. As shown in
Fig. 3(e), the final fidelity driven along this constructed Hamil-
tonian Hy(t) + Hyqa () tends to 1 quickly, which has the same
precision as Hy(t) + Heq(¢). Furthermore, the number of aux-
iliary interactions H,gq(¢) is greatly reduced compared with
the exact CD scheme. If the number of the operators {Oy} is
limited, such as setting @ 3 5.6 = 0, the approximate shortcuts
can still be constructed. The resulting fidelity is lower than
that achieved with the exact CD protocol, but still higher than
the case driven by the original Hamiltonian.
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(a) 5 (b) o (e) 1.0 =) 000 ()
001
ezttt R 010
PR N 02 G ofs i 011
& o 0.8} PRE e I
- g —2 a2 / ’,,"'/ htt
=5 s D | . - 111
0 0.5 1.0 0 0.5 1.0 lL:/ 0.6 Ve ‘,.’ ‘_,.—"'; 000001010011100 101110111 000001010011100 101110111
(c)1.0 (d)2 / . - (h)ooo (i)
0.8 L ong I 001
2 . .- 010
0.4 LT D - .-
02 s I P S it
. - P -
0 0 bt 0.2} ‘ 111oonomnmonummlnnm 000001010011100 101110 111
0 0.5 1.0 0 0.5 1.0 0 0.5 1.0
t/T t/T t/T

Fig. 3. (a)-(d) Time-dependent parameters 0% (t) on the conditions: (a) 0t 34 =0, (b) o136 =0, (¢) 046 =0, (d) 01 356 = 0, respectively. (e) Quantum
state fidelity of the evolved state with different protocols: no additional Hamiltonian (black dashed line), two auxiliary operators (blue dashed line), three
additional operators (orange squares) and exact CD field (red solid line), respectively. (f)-(i) Experimental density matrices for the initial state |000) (left
part), and the GHZ state (right part), where the real parts are presented in (f), (g) and imaginary parts in (h), (i). The figures are adapted from Ref. [42].

Our experiment used the diethyl-fluoromalonate dis-
solved in d-chloroform to simulate the three-spin chain, which
consists of 3C, 'H, '°F nuclear spins and with relevant param-
eters presented in Fig. 1(a). Starting from the PPS, the initial
state [|0) +|1)]* was produced by applying a y-direction /2
pulse to three spins. To implement the approximate STA pas-
sage driven by H(t) = Hy(t) + Haaa(t), the continuous evolu-
tion was discretized into many segments, in each interval the
evolution operator can be approximately implemented by the
Trotter’s formula.®”] Finally, we performed the state tomog-
raphy on the final states, and the reconstructed density matrix
Pexp are shown in Figs. 3(g) and 3(i1). The result of the ex-
perimental fidelity was about 0.94. By partially nullifying the
nonadiabatic transitions, the GHZ state was successfully pre-
pared in experiments, and this method can effectively alleviate
experimental resources.

4.2. Local CD driving for a nonintegrable system based on
variational approach

As described in Eq. (6), the CD term requires a spectral
decomposition of the original Hamiltonian Hy. However, it
is usually difficult to diagonalize the Hamiltonian in complex
systems. Consider a nonintegrable spin-1/2 chain in presence
of a transverse and a longitudinal magnetic field

N N N
Hy=JY ofof +h. Y of+hY o} (16)
i=1 i=1 i=1
Due to the absence of analytical solutions, obtaining the exact
CD term in a larger system becomes infeasible.
Recently, the variational method was proposed to approx-
imately obtain the best-possible CD term allowed by available

1361 which can elimi-

resources and experimental constraints,
nate the need for exact diagonalization and has aroused great
interest. [4753.70.71.76.77.911 By rotating the system to the moving
frame with U[A(7)] = X, |n(A(2))) (7
tonian in this frame reads Hy' = Hy — ifh, where Hy =
U'HyU =Y, E, () [fi) (] is diagonalized and A) = iUTd, U
is the adiabatic gauge potential in this moving frame. The

, the effective Hamil-

exact CD term here can be rewritten as H.g = ;LA;L, and

Aj =i(d,U)U" denotes the adiabatic gauge potential in the
lab frame. Note that the adiabatic gauge potential 4, satisfies
the equation

[ia;LH() — [.A;L,H()} ,H()] =0. (17)

Provided that there exists a trial adiabatic gauge poten-
tial A3 in an allowed subspace, rather than in the whole
Hilbert space, it has been proved that the optimal A} can
be obtained by minimizing the operator distance D?* (A} ) =

Tr[ (G (Ax) — Gy (Aj))z] , and here G, is defined by
G2 (X3) = dyHo +i[ Xy, Ho). (18)

This process is equivalent to minimizing the Hilbert—Schmidt
norm of the operator Gy, (A3 )

S (A;) =Tr[G3(A3)] (19)

with respect to A;. Then, the demand for diagonalizing the
Hamiltonian can be eliminated. Detailed information about
the variational method can be found in Refs. [36,92]. To
demonstrate the validity of this method, we experimentally
constructed the local CD shortcuts for this nonintegrable spin
chain.[47]

In our experiments, we utilized '*C-iodotrifiuoroethylene
dissolved in d-chloroform as a four-qubit quantum system to
realize the nonintegrable spin chain. The molecular struc-
ture and important parameters of the sample are presented in
Fig. 1(b). The ground state of the Hamiltonian (16) can be
created from a product state by adiabatically driving J and A,
from zero to a finite value while keeping %, fixed. The initial
state at time ¢ = 0 is the product state |¥(0)) = [1111), which
can be readily prepared from the PPS in experiments. Without
loss of generality, the coupling J and transverse magnetic field
h, are changed according to the specific functions

he(t) = hy fA(2), J(t) =JrA() (20)

with A(0) = 1 and A(T) = 1. Since this system (16) is real and

satisfies time-reversal symmetry, the adiabatic gauge potential

is always strictly imaginary, ! such as {o}, 6757, ...}.
For controlling the nonlocal interactions is highly de-

manding in experiments, we adopted the local and simplest
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adiabatic gauge potential A; = B(r)¥,;0;. Hence, by sub-
stituting it to Eq. (18), we obtained the operator G (A} ),
of which the Hilbert—-Schmidt norm can be calculated as a
quadratic form about the variable 8. Minimizing the action
S (Aj3) with respect to B results in the optimal solution

B(t) = e/ (202 + 212> +4J%) . @1)
Thus the approximate CD Hamiltonian can be given by
~ N )
H(t)=Hy+hy) o] (22)

i=1

with () = A(t) - B(t). To evaluate the performance of the
driving protocol H(t), we also inspected the fidelities of the
evolved state |¥(¢,,)) with the instantaneous ground state. As
shown in Fig. 4(a), the system follows the instantaneous state
almost perfectly. As a comparison, only using Hy(z) to drive
the system under the same condition, the final fidelity dropped
to only about 0.1 in experiments. It shows that this method
gives an enhancement of ~ 10 times over the adiabatic evolu-
tion.

An alternative to constructing the feasible shortcuts
from existing CD protocols is to perform suitable unitary
transformations.?*%3-%4 In experiments, we also rotated the

Hamiltonian (22) by the unitary evolution operator U (0) =
[1;¢'%% /2 with a time-dependent angle () = arctan (hy/h,),
and thus the auxiliary operators Y. 6! could be removed. The
effective Hamiltonian turns into

N 1 hyhy — hyh,

H = h, —
;(Z 2 R+h

+\/ 13 +hiof,

which is structurally equivalent to the original one (16). It is
important to highlight that this real CD protocol (23) will only
drive the system along the instantaneous eigenstate of a gauge-

v4 2 =2
)oi +Joio},

(23)

equivalent Hamiltonian, rather than the original Hamiltonian.
However, the vanishing A (¢) at the boundaries can lead to the
coincidence of these two evolutions and generate identical re-
sults. Thus we also obtained the desired final state by utilizing
H, but at intermediate times this system will not stay in the
eigenstate of Hy. As shown in Fig. 4(a), the experimental fi-
delity with the real CD protocol A firstly descends and then
increases up to the level as the imaginary CD protocol H. Our
experiments demonstrate that this variational method provides
a promising approach for rapid quantum-state control in intri-

cate and noisy quantum systems.

(a) 10() @O OIO 9 T Q lQ é(b) T T IL T T (C) T T T T T
A " "
0.8} {1z ' Z[ "
W Hy(t) z \\ 2
= - o -~ ) A 38
& 0.6r H O H(t) b E E { l
£ y . 2 l L 2
S oaf oM@ 1 g ’ g B i L L e
o E l e l el L L Lk
0.2 1 E § o
| | l
2 ;R U | o L L
1 1 1 1 1 1 1 1 1 1 1 1 1
00 0.5 1.0 —300 —150 0 150 300 —300 —150 0 150 300
Time t/T NMR frequency (Hz) NMR frequency (Hz)

Fig. 4. (a) Experimental instantaneous fidelities with three different driving strategies: (i) the native Hamiltonian Hy(t) (green squares), (ii) the
image driving A (purple circles), and (iii) the real driving 7 (blue diamonds). (b) and (c) '*C spectra of the evolved states (taking the PPS as
the reference spectrum) after the 7r/2-readout pulse applied to the third qubit with (b) the image driving A, and (c) real driving . Here we take

A(t) = sin? (Z sin? (X)). The figures are adapted from Ref. [47].

4.3. Quantum state transfer via Floquet-engineered CD

driving

Floquet engineering provides an appealing route to quan-
tum state manipulation, especially in complicated quantum
systems. Recently, the idea of exploiting Floquet engineering,
periodically modulating the parameters in Hy to effectively
mimic the dynamics of CD driving, was proposed, [46:48:49.74]
which could avoid complicated interactions terms in quantum
many-body systems. Inspired by these works, we designed
the nonadiabatic and minimal-control quantum-state transfer
(QST) in experiments. As shown in Fig. 5(a), the system in-

volves two qubits weakly coupled to a Heisenberg chain

N-2
Ho(t) =Ja(t)or02+00 Y ojoji1+Jp (1) on 10N, (24)

Jj=2
where the couplings satisfy the weak-couplings condition
Ja(t) < Jo. Our goal is to transfer an arbitrary quantum state
|w) = al0) +b[1) (|a|*> + |b|> = 1) from the qubit A to qubit
B. During the process of QST, the number of excited spins is
conserved. Due to the weak-couplings condition, the whole
system will evolve in an invariant Zeno subspace consisting of
the initial state, and thus Hy(¢) can be effectively simplified as
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a 4 x 4 Hamiltonian[%!

HE(1) = Ja (£ HE + Jp (1) HE. (25)

The parameters a and b were encoded with the eigenstates
{|n(z))} of the simplified H{(t), and the perfect QST could
be realized by adiabatically driving along their instantaneous
eigenstate and accumulating the relative phases appropriately.

(a)

® d&d -4 @
[ ] . [ | |
1 2 3 4 e o N-1 N

= T
& 00sf () N,—10 ]
— 0.06 J
z 0.04
-E .
aé 0.02
— 0 L L 1 f L I L L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Time t/T
I~ T
T 00sf (o) - N,=20
T 0.06
£ 0.04 Lk
< 0.02} R TR
o A T
= ol— - ARV A A ! IRUARCA Lo
- 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Time t/T

S oosf@ N,=10 ]
I 0.06 i
-
z
°
]
ER

0.4

0.5
Time t/T

0.6

Fig. 5. (a) The schematic of QST with Floquet driving. (b)—(d) Infidelity
1 — F(r) with the periods (b) N; = 10, (c) N; = 20 and (d) N, = 40.

The exact CD field HS;(¢) can be calculated from {|n(z))}
in principle. However, upon returning to the full Hilbert
space, this CD term involves nonlocal operators and time-
dependent couplings. For example, control over a four-spin
system H¢, () requires numerous three-body and four-body
interactions. Here HS,(¢) is proportional to the commutator
of Hf and H3, described as

with F,4(¢) being the strength of the CD field. To simulate
the dynamics driven by HS,(¢), the effective CD term can be
constructed by H? and H5,1¥! ie.,

Hieqy(1) = c1(0)HY + 2 (1) Hy, @7

with the control functions ¢ »(¢) taking the form of a truncated
Fourier series

Y [Assin(lor) + By cos(lor)]. (28)

1
Here o, [, and {A;, B, } denote the fundamental frequency, the
truncated term, and the amplitudes, respectively.

To reproduce the CD evolution, the evolution time 7" will
be divided into N; periods with the duration T = T'/N;. During
the n-th period, the Magnus terms for H,(r) and Hg () can
be calculated as

My(T) = —TFq (ta +17/2) w +O(T3),
Mgea(t) = —TAB [, Hy] +0(7%/?),

respectively. Once the leading terms of the Magnus expan-
sion generated by Hpeq(f) coincide with those generated by
H¢,(t) up to a desired order, we can obtain the smooth con-
trol functions {A;(¢),B;(¢)} through interpolation in different
periods,!*¥! followed by determining the redesigned marginal
couplings. This approach can significantly reduce experimen-
tal challenges by circumventing the need for controlling many-
body interactions.

It should be noted that a smaller period 7 signifies a higher
sampling frequency of the dynamics of Hc4(¢). As shown in
Fig. 5, the adiabatic path can be ultimately tracked provided
N, is large enough, but this typically needs a higher oscilla-
tion frequency and stronger couplings. If the limitation of
adiabaticity was somewhat relieved, the fidelity also quickly
approaches 0.99 with a relatively low frequency and appro-
priately weak couplings in Hgeq(?). Our experiments chose
13C-iodotrifluoroethylene dissolved in d-chloroform as a four-

HE() = Fea(t) - [HS, HS] 26
cd ed\t) 55 s A2l (26) qubit quantum system. Two sets of reconstructed density
@ _ © o C] ® 08 ©
0000 0000 0000 1 0000 § 0.1 -
t r 0,
0101 o101 ¢ 06 0101 1o o o
s - 04 04
1010 1010 1010 1 1010 0.05 \o R
9
- r 02 0 %
1 1 111 11 — . N
0000 001 100 111 o000 o1 oo 1L || 0000 0101 1010 1111 0000 0101 1010 1111 £ ol \
®) @ 0} ® £ %
0000 y 0000 ] e 0000 [ W] Qoo0 [ o =
-0.2 0.2
1 6'
0. 22
0101 0101 04 0101 1 o101 G -0.05 0-99 995 - ________.- o
1010 | 10107 0g 1010 1010 06
1 i 0 111 1 08 .
0000 0101 1010 1111 0000 0101 1010 1111 0000 0101 1010 1111 0000 0101 1010 1111 -0.1 -0.05 0 0.05 0.1
. . " . Sn /7
Initial state Final state Initial state Final state ‘ y 72‘

Fig. 6. (a)—(h) Experimental reconstructed density matrices of the initial states: (a), (b) [¥(0)) = cos(%)|0000) + sin (5)[1000), (e), (f) |[¥(0)) =

cos (§)]0000) + eln/3 sin(%)]1000) and the final states (c), (d) and (g), (h). Here the upper and under figures denote the real and imaginary parts,
respectively. (i) QST fidelity vs. the deviations of two designed marginal couplings 1; »(¢). The figures are adapted from Ref. [51].
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matrices for the initial and final states in experiments are dis-
played in Figs. 6(c)-6(j). To examine that the target states
were sent to the end of spin chains, we obtained the reduced
density matrices of the receiving spin by tracing over the send-
ing and inner spins, of which the fidelities were all above
0.99. The results presented in Fig. 6(i) indicate that, despite
marginal couplings with relative errors of 10%, the final fi-
delity remains above 0.97, highlighting the robustness of our
scheme in the presence of errors. In a larger system, the va-
lidity and robustness of this scheme can be maintained as long
as the inner coupling strength is strong enough. These exper-
imental results confirm the feasibility of a fast QST protocol
by approximatively counteracting the nonadiabatic transitions
using Floquet-engineering techniques.

5. Summary and outlook

The CD driving in principle allows one to realize arbitrar-
ily fast adiabatic processes with the help of an additional CD
term, but a crucial issue emerges in many-body scenarios is
that we need the spectrum properties of the system and com-
plex resources to realize the interactions absent in the natural
Hamiltonian. Here we concentrate on the constructions of the
approximate CD method in spin chain systems, and provide
a brief overview of its recent experimental applications using
an NMR quantum processor. These experiments demonstrate
the usefulness of the approximate CD technique for quantum
computation and simulation via current quantum technology.
It should be stressed that there still exist some questions to be
further explored. For instance, the minimum required infor-
mation and resource for constructing approximate CD driving
in complex systems are not yet clear.

For quantum approximate optimization algorithm
(QAOA), the idea of counterdiabatic QAOA (CD-
QAOA)P6-1011 hag been explored for the Ising spin models,
p-spin model, portfolio optimization and protein-folding prob-
lem. This method utilizes the additional approximate CD oper-
ators along with the Hamiltonian and mixing terms to design a
better circuit ansatz. These additional free parameters enhance
the degrees of freedom, facilitating access to broader parts of
the Hilbert space of the Hamiltonian with a reduced circuit
depth than the standard QAOA. The CD-QAOA method only
requires the operator form of the CD driving, thereby avoiding
the tough calculation of the time-dependent CD coefficients.
The performance of CD-QAOA using higher-order CD terms
was also studied.!'%! It is an interesting future direction to
explore the extra advantages of CD-QAOA and its challenges
in experiments, such as the sensitivity to the initial parameters.

In addition to quantum computing, in the field of quantum
thermodynamics, exploiting the CD driving to boost the effi-
ciency of quantum heat engine has been proposed. ['0>-108] The
maximal efficiency of heat engines may be achieved through

the adiabatic process, but this results in the zero output power
in the adiabatic limit. The tradeoff between efficiency and
power is one of the focal problems in finite-time quantum ther-
modynamics. Reference [103] proposed to enhance the output
power along with the CD driving by eliminating quantum fric-
tion and reducing the cycle time, which has been experimen-

tally demonstrated with a trapped unitary Fermi gas as a work-

ing substance.l'® In a quantum Otto-type refrigerator!!%6]

based on a superconducting qubit coupled to two resonant cir-
cuits, the CD technique also can counteract nonadiabatic exci-
tations and allow a large improvement of the thermodynamic
efficiency of the refrigerator. In the near future, more attention
should be paid to utilizing many-body effects and the approx-
imate, experimentally realizable CD scheme to improve the
efficiency of quantum heat engine and refrigerator.

Other subjects related to the CD formalism are not in-
cluded in the main text. Interested readers are advised to refer
to the reviews[>%31.71 for details of this subject and other ap-
proaches to STA.
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