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Evolutionary dynamics of tax-based strong altruistic reward and
punishment in a public goods game
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In public goods games, punishments and rewards have been shown to be effective mechanisms for maintaining indi-
vidual cooperation. However, punishments and rewards are costly to incentivize cooperation. Therefore, the generation of
costly penalties and rewards has been a complex problem in promoting the development of cooperation. In real society,
specialized institutions exist to punish evil people or reward good people by collecting taxes. We propose a strong altruistic
punishment or reward strategy in the public goods game through this phenomenon. Through theoretical analysis and nu-
merical calculation, we can get that tax-based strong altruistic punishment (reward) has more evolutionary advantages than
traditional strong altruistic punishment (reward) in maintaining cooperation and tax-based strong altruistic reward leads to
a higher level of cooperation than tax-based strong altruistic punishment.

Keywords: evolutionary game theory, strong altruism, punishment, reward
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1. Introduction
How cooperative behavior develops has always been a

question that has plagued the human race.[1–5] When self-
interest conflicts with collective interest, some individuals will
cause the collective goods to be damaged to maximize their
interests, thus resulting in the “tragedy of the commons”,[6,7]

which is the so-called social dilemma.[8] Undoubtedly, indi-
viduals in a population will always choose to defect without
other factors interfering, thus making cooperation and not nat-
ural selection. In recent decades, many scholars have stud-
ied what enables cooperation to emerge and be maintained
among some individuals. Evolutionary game theory is com-
monly used to explore this question and has been widely ap-
plied in fields such as biology, physics, and economics.[9–19]

Scholars typically study public goods games,[20–24] which is
the classic multi-player prisoner’s dilemma, and point out that
incentives and punishments are effective mechanisms, thus en-
abling humans to overcome these challenges because the lure
of rewards and the cost of punishments promotes cooperation
among selfish individuals.[25–35] However, punishments and
rewards come at a high cost to incentivize cooperation, so that
second-order free-riding can occur. Therefore, finding effec-
tive incentives to promote cooperative behavior is necessary.
To address social dilemmas, researchers have proposed several
mechanisms, such as imitation,[36,37] Moran,[38,39] aspiration-
driven,[40,41] reward,[42,43] and punishment.[44,45]

Sasaki and Unemi[46] suggest that a reward fund for coop-
erative behavior can avoid conflicts between contributors and
second-order free-riders. Cooperation with free-riders can be
well maintained under certain conditions when a strong altru-
istic rewarder exists in a public goods game (PGG). As an

alternative strategy, pool punishment is considered as a po-
tential way to avoid exploiting free-riders, and such a punish-
ment pool contributes to both the public and punishment pools.
Based on this research, we can propose a strong altruistic pun-
isher that punishes not only the defector but also the cooper-
ator. To the best of our knowledge, few scholars have so far
studied the evolutionary dynamics of cooperation in strongly
altruistic punishing groups.

In real life, governments set up specialized punishment
and reward agencies, and collect a fixed share of the tax value
to punish evil people or reward people of good character, such
as mercenaries.[47] Previous scholars have examined several
models that contain taxes in PPGs. For example, Wang et
al.[48] introduced tax factors in pure punishment and pure re-
ward, and their study proved that tax-based pure punishment
(reward) is more effective than traditional pure punishment
(reward) in solving cooperation problems. Shen et al.[49] pro-
posed a tax-based model for rewarding cooperators, and com-
prehensively analyzed strong and weak altruism strategies.
Their results proved that strong altruism rewards cooperators
more frequently than weak altruism rewards cooperators. This
paper proposes a tax-based model of punishers and rewarders,
and introduces strong altruistic strategies to analyze coopera-
tion.

Therefore, we introduce the tax factor into the strong al-
truistic punishment strategy and the strong altruistic reward
strategy. We argue that each participant must provide a fixed
tax amount per capita incentive to incentivize strong altruistic
punishment and strong altruistic reward enforcement. The rest
of this paper is organized as follows. In Section 2, we present
two mathematical models based on the PGG game: tax-based
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strong altruistic punisher and tax-based strong altruistic re-
warder, and analyze them theoretically utilizing replicating
equations. Then, in Section 3, we provide the main theoret-
ical results and verify them numerically. Finally, in Section 4,
we summarize our findings.

2. Models and methods
2.1. Public goods game

This paper considers a group of individuals in an infinite
and well-mixed population, where the group with population
size M (M > 1) participates in the PGG. Each individual has
two choices in this game, where the individual either chooses
to cooperate by contributing a fixed cost c (c > 0) to the public
pool or chooses to defect by contributing nothing to the public
pool. The total contribution from cooperators in the population
is multiplied by the enhancement factor r (1 < r < N) and then
distributed equally among all participants in the population.
Therefore, if every participant chooses to cooperate, everyone
in the population receives the maximum benefit (r−1)c. On
the contrary, cooperators incur costs, so the defect choice is
optimal for participants seeking higher payoffs. If everyone
does it, then they do not get the payoff.

2.2. Tax-based strong altruistic punishment

Next, we consider another strategy, tax-based strong al-
truistic punishment. Tax-based strong altruistic punishers
must also contribute c to the common pool. They also have
to contribute to the punishment pool a certain amount of
HSP (HSP > 0), which makes every defector impose a penalty
ω (ω > 0). Under the strong altruism condition, they must
charge penalty ε (ε > 0) on second-order free-riders (cooper-
ators). For simplicity of calculation, we assume ω > ε . To
increase the intensity of cooperation, we introduce a tax factor
into the model to improve the punisher’s punishment. Specif-
ically, all participants in the population must pay a certain
amount of tax A into the tax pool. The total tax in the tax
pool is divided equally among all punishers. Based on this de-
scription, the desired payoffs of the C, D, and SP strategies in
the population are

ΠC =
rc(MC +MSP +1)

M
− c−A− εMSP,

ΠD =
rc(MC +MSP)

M
−A−ωMSP,

ΠSP =
rc(MC +MSP +1)

M
− c−A−HSP +

AM
MSP +1

,

(1)

where MC, MD and MSP denote the number of individuals in
the population who adopt strategies C, D and SP, respectively.
ωMSP and εMSP are the number of penalties that defectors and
cooperators receive from each strong altruistic punisher in the
population, respectively. In particular, when A = 0, it reverts
to the case of a traditional strong altruistic punishment.

2.3. Tax-based strong altruistic reward

Let us examine another strategy next: tax-based strong
altruistic reward. Like tax-based strong altruistic punishers,
tax-based strong altruistic rewarders need to contribute c to the
common pool, and they also have to contribute to the punish-
ment pool a certain amount of HSR (HSR > 0). Accordingly,
for each additional reward, the cooperators’ payoffs increase
by γ (γ > 0), and they also, conditional on their strong altru-
ism, cause the payoffs of the strong altruistic rewarders to in-
crease by η (η > 0). Here, we assume that γ > η . In order to
increase the intensity of cooperation, we introduce a tax factor
into the model to improve the rewarder’s reward. Specifically,
all participants in the population must pay a certain amount of
tax A into the tax pool. The total tax in the tax pool is divided
equally among all rewarders. Based on this description, the
desired payoffs of the C, D, and SR strategies in the popula-
tion are

ΠC =
rc(MC +MSR +1)

M
− c−A+ γMSR,

ΠD =
rc(MC +MSR)

M
−A,

ΠSR =
rc(MC +MSR +1)

M
− c−A−HSR

+
AM

MSR +1
+ηMSR,

(2)

where MC, MD and MSR denote the number of individuals in
the population who employ strategies C, D, and SR, respec-
tively. γMSR and ηMSR are the total number of rewards re-
ceived by cooperators and strongly altruistic cooperators from
each strongly altruistic rewarder in the population, respec-
tively. In particular, when A = 0, it reverts to the case of a
traditional strong altruistic reward.

2.4. Replication equations

We then examined the evolutionary dynamics of each of
the three strategies C, D, and J (J = SP or SR) using the
replication equation,[50] their frequencies being x1, x2, and
x3, respectively, where the conditions are x1,x2,x3 > 0 and
x1 + x2 + x3 = 1. Thus, the replication equation is

ẋ1 = x1 (FC− F̄) ,

ẋ2 = x2 (FD− F̄) ,

ẋ3 = x3 (FJ− F̄) ,

(3)

where FC, FD, and FJ are the expected payoffs to C, D, and J,
respectively, and F̄ = x1FC+x2FD+x3FJ denotes the expected
payoffs to the population. Therefore, the expected payoffs for
C, D, and J, respectively, are as follows:

FL =
M−1

∑
MC=0

M−MC−1

∑
MD=0

(
M−1

MC

)(
M−MC−1

MD

)
×xMC

1 xMD
2 xM−MC−MD−1

3 ∏
L
, L =C,D,J, (4)
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where
(

M−1
MC

)(
M−MC−1

MD

)
xMC

1 xMD
2 xM−MC−MD−1

3 de-

scribes the probability of having MC cooperators, MD defec-
tors, and MJ tax-based strong altruistic punishers or rewarders
among M−1 participants.

3. Results

We have used numerical calculations to investigate the
evolution dynamics of the three strategies C, D, and J (J = SP
or SR) separately and further analyzed them according to the
resulting conditions. Here, we first begin by considering tax-
based strong altruistic punishment. The computational proce-
dure in Appendix A demonstrates the theoretical analysis of
the system. Figure 1 shows the flowchart within simplex S3 at
the tax value. Figure 1(a) shows the case without a tax, i.e.,
A = 0, and Fig. 1(b) shows the case with a tax, i.e., A = 0.2.
The comparative analysis is then performed with and with-
out a tax to see how including a tax promotes and sustains
cooperation. Consider first the case of no tax, i.e., A = 0
(Fig. 1(a)). When A = 0, by analyzing the whole dynamical
system, we get the unstable points as G1 and G2 at the DP-
edge and CP-edge, respectively, and also the three vertices
C (1,0,0), D(0,1,0), and SP(0,0,1) respectively are analyzed
for stability. We can get that only D(0,1,0) is stable, so all in-
dividuals of the whole system move towards the state of the
defector (vertex D). This suggests that in the absence of taxes,
the strong altruistic punishers are not punishing enough to sus-
tain the emergence of cooperation. The strongly altruistic pun-
isher contributes c to the common pool and contributes HSP to
the punishment pool. The higher costs cause the strong altruis-
tic punisher not to survive, which causes the model to change
to a classical two-strategy game. In the end, only the defec-
tor survives. However, when the tax is large enough to offset
the cost of punishment, the strong altruistic punisher receives
a sizeable compensation that makes it superior to other strate-
gies, thus allowing the strong altruistic punisher to exist and to
be able to coexist with the cooperator. With the introduction
of taxes (Fig. 1(b)), the system will move towards the coex-
istence of cooperators and strong altruistic punishers so that
cooperation can survive. Here, it can be seen that the intro-
duced tax factor can remove defectors (first-order free-riders)
from the population. Still, there is no way to eliminate coop-
erators (second-order free-riders). Thus, taxes not only enable
strong altruistic punishers to survive but also effectively deter
defectors and enable cooperators to survive. In particular, we
denote by G3 the boundary equilibrium point on the side of
CP, i.e., (1− v1,0,v1), and 0 < v1 < 1. It is determined by the

real root v1 of the function HSP =
A[1−(1−x3)

M]
x3

+ ε (M−1)x3

and is stable when v1 >
1

(ω−ε)(M−1)
(M−r)c

M . Thus, our numer-
ical results are consistent with theoretical results suggesting

that tax-based strong altruistic punishment has an evolution-
ary advantage over strong altruistic punishment in maintaining
cooperation.

CD

SP

G2
G1

CD

SP

G3

(a) A/ (b) A/.

Fig. 1. The triangles represent the state space S3 = {(x1,x2,x3) :
x1,x2,x3 ≥ 0, and x1 + x2 + x3 = 1}, where x1, x2, x3 are the frequen-
cies of C, D, and SP, respectively. Filled circles represent stable fixed
points, and open circles represent unstable fixed points. The tax value
of the left-hand graph is (a) A = 0 and the tax value of the right-hand
graph is (b) A = 0.2. The other parameters in the model are M = 15,
r = 3, c = 1, HSP = 2.5, ω = 0.7 and ε = 0.5.

Next, we consider tax-based strong altruistic reward. The
computational procedure in Appendix B demonstrates the the-
oretical analysis of the system. Similarly, Fig. 3 shows the
flowchart within simplex S3 at the tax value. Figure 3(a) shows
the case without a tax, i.e., A = 0, and Fig. 3(b) shows the
case with a tax, i.e., A = 0.2. When A = 0, by analyzing the
whole dynamical system, we get the unstable points as G4 at
the DR-edge, and the three vertices C (1,0,0), D(0,1,0), and
SR(0,0,1) are also analyzed for stability. We can get that
only D(0,1,0) is stable, so all individuals of the whole sys-
tem move towards the state of the defector (vertex D). This
suggests that cooperation can be inhibited and that the re-
wards provided by strong altruistic rewarders are not suffi-
cient to sustain the emergence of cooperation. The strongly
altruistic rewarder contributes c to the common pool and HSR

to the reward pool. The higher costs make the strong altru-
istic rewarder unviable, leading to the model’s degeneration
into a classic two-strategy game. In the end, only the defec-
tor (D) survives. With the introduction of the tax (Fig. 3(b)),
the strong altruistic rewarder receives a substantial compensa-
tion that makes it superior to other strategies when the tax is
large enough to offset the cost of the reward, thus allowing the
strong altruistic rewarder to exist and to be able to coexist with
the cooperator. The system will evolve to a state where cooper-
ators and tax-based strong altruistic rewarders coexist, which
can show that cooperation in the group can be maintained. In
particular, we have a bounded equilibrium (1− v2,0,v2) and
0 < v2 < 1 denoted by G5. It is determined by the real root v2

of the function

HSR =
A
[
1− (1− x3)

M]
x3

+η (M−1)x3− γ (M−1)x3,

and is stable when v2 > 1
γ(M−1)

(M−r)c
M . Thus, our numerical

results are consistent with theoretical results suggesting that
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strong tax-based altruistic rewards have an evolutionary ad-
vantage over strong altruistic rewards in maintaining coopera-
tion.
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(a) A/ (b) A/.

Fig. 2. Time evolution of the three strategies C, D, and SP for differ-
ent tax values A. Other parameters: M = 15, r = 3, c = 1, HSP = 2.5,
ω = 0.7, and ε = 0.5. Initial conditions: (x1,x2,x3) = (0.8,0.1,0.1).
The tax value of the left-hand graph is (a) A = 0 and the tax value of the
right-hand graph is (b) A = 0.2.

CD

SR

G4

CD

SR

G5

(a) A/ (b) A/.

Fig. 3. The triangles represent the state space S3 =
{(x1,x2,x3) : x1,x2,x3 ≥ 0, and x1 + x2 + x3 = 1}, where x1, x2,
x3 are the frequencies of C, D, and SR, respectively. The tax value of
the left-hand graph is (a) A = 0 and the tax value of the right-hand
graph is (b) A = 0.2. The other parameters in the model are M = 15,
r = 3, c = 1, HSR = 2.5, γ = 0.7, and η = 0.5.

(a) A/ (b) A/.
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Fig. 4. Time evolution of the three strategies C, D and SR for differ-
ent tax values A. Other parameters: M = 15, r = 3, c = 1, HSR = 2.5,
γ = 0.7, and η = 0.5. Initial conditions: (x1,x2,x3) = (0.8,0.1,0.1).
The tax value of the left-hand graph is (a) A = 0 and the tax value of the
right-hand graph is (b) A = 0.2.

Finally, this paper compares tax-based strong altruistic
punishment with tax-based strong altruistic reward. The the-
oretical results show that equilibrium point (1− vI ,0,vI) on
side CI is stable if vI >

1
θI(M−1)

(M−r)c
M , where the values of

I = 1 or 2, θ1 = ω− ε and θ2 = γ . v1 and v2 are respectively
determined by functions

HSP (x3) =
A
[
1− (1− x3)

M]
x3

+ ε (M−1)x3,

HSR (x3) =
A
[
1− (1− x3)

M]
x3

+η (M−1)x3− γ (M−1)x3.

Based on these two functions, it can be obtained that the value
of v1 at the boundary equilibrium of CP-edge is greater than
the value of v2 at the boundary equilibrium of CR-edges. From
Figs. 2(b) and 4(b), it can be seen that the frequency of coop-
erators in Fig. 4(b) is greater than the frequency of cooperators
in Fig. 2(b). Therefore, this result can also be derived from the
numerical analysis. It is confirmed that tax-based strong al-
truistic reward can lead to higher cooperation levels than tax-
based strong altruistic punishment.

4. Conclusion
In this paper, we consider separately strong altruistic pun-

ishment and strong altruistic reward, and introduce tax factors
into the model to analyze them. In the real world, the govern-
ment gives a fixed share of the tax value to specialized pun-
ishing and rewarding institutions, causing these institutions
to punish offenders or reward people of good character. In
this article, we consider the same taxes in the field of evo-
lutionary games as they would in real life. Our study finds
that strong altruistic punishment (reward) is sensitive to taxes,
which can lead to a situation where cooperators and punishers
(rewarders) coexist, as shown in Figs. 1(b) and 3(b). Cooper-
ative behavior is incentivized by including taxes and the equal
distribution of tax revenues to the strong altruistic punishers
(rewarders).

This study’s results suggest that tax-based punishment
(reward) has an evolutionary advantage over traditional tax-
based punishment (reward). Tax-based punishment (reward)
can effectively promote the emergence of cooperative behav-
iors. When there is no tax, individuals in the population all
turn to the defection strategy, resulting in the cooperation strat-
egy not surviving and the defection strategy becoming domi-
nant. This result suggests that sufficient tax compensation can
promote the emergence of cooperation. Most studies on PGG
indicate that punishment is a powerful tool to prevent free-
rider behavior and that punishment is stronger than rewards.
However, our study shows that tax-based strong altruistic re-
ward is more vital to promoting cooperation than tax-based
strong altruistic punishment when the tax conditions are all the
same. This illustrates the strong altruistic reward of taxes that
better promotes cooperation. Overall, the tax-based model of
strong altruistic punishment (reward) considered in this paper
promotes cooperation and contributes to a better future study
and understanding of the issue.

Appendix A: Tax-based strong altruistic pun-
isher

By calculating Eq. (4), we can obtain the expected returns
for C, D, and SP as
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FC =
rc [(M−1)x1 +(M−1)x3]

M
− (M− r)c

M
−A− ε (M−1)x3,

FD =
rc [(M−1)x1 +(M−1)x3]

M
−A−ω (M−1)x3,

FSP =
rc [(M−1)x1 +(M−1)x3]

M
− (M− r)c

M
−A−HSP +

A
[
1− (1− x3)

M
]

x3
,

(A1)

where (M−1)x1 and (M−1)x3 denote the expected num-
ber of cooperators and strong altruistic punishers, respectively,
for individuals in the M − 1 population, ε (M−1)x3, and
ω (M−1)x3 denote the expected fines for cooperators and
defectors, respectively, and (1− x3)

M denotes the probability
that there are no punishers in the population.

Because of x1 = 1− x2 − x3, we rewrite the replicated
equation of Eq. (3) as{

ẋ2 = ψ1 (x2,x3) = x2 [x3 (FC−FSP)− (1− x2)(FC−FD)] ,

ẋ3 = ϕ1 (x2,x3) = x3 [x2 (FC−FD)− (1− x3)(FC−FSP)] ,

(A2)

where
FC−FD = ω (M−1)x3− ε (M−1)x3−

(M− r)c
M

,

FC−FSP = HSP− ε (M−1)x3−
A
[
1− (1− x3)

M
]

x3
.

(A3)

Based on the above equations, we analyze the existence
and stability of the equilibrium in further detail in Appendices
A1 and A2, respectively.

A1. The existence of equilibria

Equilibrium of the system is determined by the roots of
ψ1 (x2,x3) = 0 and ϕ1 (x2,x3) = 0. The three vertex immobi-
lizers of (1,0,0), (0,1,0), and (0,0,1) are obtained by com-
putation. Next, we study the simplex S3.

(1) The CD-edge (x3 = 0,0 < x1,x2 < 1,x1 + x2 = 1)
Because of x3 = 0 and x1+x2 = 1, the system of equations

described by Eq. (A2) reduces to ẋ2 = x2 (1− x2)(FD−FC) =

x2 (1− x2)
(M−r)c

M > 0. Thus, there is no fixed point on the
CD-edge, and the dynamic direction runs from C to D.

(2) The DP-edge (x1 = 0,0 < x2,x3 < 1,x2 + x3 = 1)

Because of x1 = 0 and x2 + x3 = 1, the system
of equations described by Eq. (A2) reduces to ẋ3 =

x3 (FSP− F̄) = x3 (1− x3)(FSP−FD), solving FSP = FD has

HSP =
A[1−(1−x3)

M]
x3

+ω (M−1)x3− (M−r)c
M . Therefore, there

exists a boundary equilibrium (0,1−µ1,µ1), where 0 < µ1 <

1 and HSP =
A[1−(1−µ1)

M]
µ1

+ ω (M−1)µ1 − (M−r)c
M . Other-

wise, there is no fixed point.
(3) The CP-edge (x2 = 0,0 < x1,x3 < 1,x1 + x3 = 1)
Because of x2 = 0 and x1 + x3 = 1, the system

of equations described by Eq. (A2) reduces to ẋ2 =

x2 (FD− F̄) = x2 (1− x2)(FSP−FC), solving FSP = FC has

HSP =
A[1−(1−x3)

M]
x3

+ ε (M−1)x3. Therefore, there exists a
boundary equilibrium (0,1−ν1,ν1), where 0 < ν1 < 1 and

ν1 is uniquely determined by equation HSP =
A[1−(1−ν1)

M]
ν1

+

ε (M−1)ν1. Otherwise, there is no fixed point.
(4) The interior of the simplex S3 (0 < x1, x2, x3 < 1,

x1 + x2 + x3 = 1)
Solving FD = FC has x3 = 1

(ω−ε)(M−1)
(M−r)c

M . Similarly,

solving FSP = FC has HSP =
A[1−(1−x3)

M]
x3

+ε (M−1)x3. Thus,
there exists an interior immovable point (1−ρ1−σ1,ρ1,σ1),
where 0 < ρ1,σ1 < 1 and, 0 < ρ1 + σ1 < 1, σ1 =

1
(ω−ε)(M−1)

(M−r)c
M and HSP =

A[1−(1−σ1)
M]

σ1
+ ε (M−1)σ1.

Otherwise, there is no fixed point.

A2. The stabilities of equilibria

By Eq. (A2), we get the Jacobian matrix as

J =


∂ψ1 (x2,x3)

∂x2

∂ψ1 (x2,x3)

∂x3
∂ϕ1 (x2,x3)

∂x2

∂ϕ1 (x2,x3)

∂x3

 , (A4)

where



∂ψ1 (x2,x3)

∂x2
= (2x2−1)(FC−FD)+ x3 (FC−FSP)+ x2

[
(x2−1)

∂ (FC−FD)

∂x2
+ x3

∂ (FC−FSP)

∂x2

]
,

∂ψ1 (x2,x3)

∂x3
= x2

[
(FC−FSP)+(x2−1)

∂ (FC−FD)

∂x3
+ z

∂ (FC−FSP)

∂x3

]
,

∂ϕ1 (x2,x3)

∂x2
= x3

[
(FC−FD)+(x3−1)

∂ (FC−FSP)

∂x2
+ x2

∂ (FC−FD)

∂x2

]
,

∂ϕ1 (x2,x3)

∂x3
= (2x3−1)(FC−FSP)+ x2 (FC−FD)+ x3

[
(x3−1)

∂ (FC−FSP)

∂x3
+ x2

∂ (FC−FD)

∂x3

]
.

(A5)

We analyze the stability of the immovable points of the vertices (1,0,0), (0,1,0), and (0,0,1), as well as the boundary
immovable points and the interior immovable points on the CP-edge and DP-edge. This analysis will be carried out by studying
the Jacobian matrix. Here, we denote the fixed points

(
x0

1,x
0
2,x

0
3
)
, where 0≤ x0

1,x
0
2,x

0
3 ≤ 1 and x0

1 + x0
2 + x0

3 = 1.
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•
(
x0

1,x
0
2,x

0
3
)
= (1,0,0):

The Jacobian matrix is

J =

(
(M− r)c

M
0

0 AM−HSP

)
, (A6)

and thus (1,0,0) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1,0):

The Jacobian matrix is

J =

− (M− r)c
M

HSP−AM

0 AM−HSP−
(M− r)c

M

 , (A7)

and thus (0,1,0) is stable if HSP > AM− (M−r)c
M . While if

HSP < AM− (M−r)c
M , (0,1,0) is unstable.

•
(
x0

1,x
0
2,x

0
3
)
= (0,0,1):

The Jacobian matrix is

J=

HSP +
(M− r)c

M
−ω (M−1)−A 0

(ω− ε)(M−1)− (M− r)c
M

HSP− ε (M−1)−A

 ,

(A8)

and thus (0,0,1) is stable if

HSP < A+min
{

ω (M−1)− (M− r)c
M

,ε (M−1)
}
.

While if

HSP > A+min
{

ω (M−1)− (M− r)c
M

,ε (M−1)
}
,

(0,0,1) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1−µ1,µ1) on the DP-edge, where

HSP =
A
[

1−(1−x3)
M
]

x3
+ω (M−1)x3− (M−r)c

M and 0 < η1 < 1:
The Jacobian matrix is

J =

 (1−µ1)

[
(ω− ε)(M−1)µ1−

(M− r)c
M

]
a12

µ1

[
(ω− ε)(M−1)µ1−

(M− r)c
M

]
a22

 ,

(A9)

where

a12 = −(1−µ1)

{
(M− r)c

M
+ ε (M−1)µ1

+
A
[
Nµ1(1−µ1)

M−1+(1−µ1)
M
]

µ1

}
,

a22 = µ1

{
ω (M−1)− ε (M−1)µ1−

(M− r)c
M

+
A(1−µ1)

[
Mµ1(1−µ1)

M−1+(1−µ1)
M
]

µ12

}
.

Here, based on the first order Taylor series expansions for a12

and a22, we can obtain

a12 =−(1−µ1)

[
(M− r)c

M
+ ε (M−1)µ1

]
,

a22 = µ1

[
ω (M−1)− ε (M−1)µ1−

(M− r)c
M

]
,

and the Jacobian matrix then simplifies to

J =

 (1−µ1)

[
(ω− ε)(M−1)µ1−

(M− r)c
M

]
−(1−µ1)

[
(M− r)c

M
+ ε (M−1)µ1

]
µ1

[
(ω− ε)(M−1)µ1−

(M− r)c
M

]
µ1

[
ω (M−1)− ε (M−1)µ1−

(M− r)c
M

]
 , (A10)

and the eigenvalues of the matrix are HSP−AM−ε (M−1)µ1

and

(1−µ1)

[
HSP−AM+

(M− r)c
M

− ε (M−1)µ1

]
.

Since

(1−µ1)

[
HSP−AM+

(M− r)c
M

− ε (M−1)µ1

]
> 0,

so (0,1−µ1,µ1) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (1−ν1,0,ν1) on the CP-edge, where

HSP =
A[1−(1−ν1)

M]
ν1

+ ε (M−1)ν1 and 0 < ν1 < 1:
The Jacobian matrix is

J =

 (M− r)c
M

− (ω− ε)(M−1)ν1 0

ν1

[
(ω− ε)(M−1)vP−

(M− r)c
M

]
a22

 , (A11)

where

a22 = ν1

{
ε (M−1)(1−ν1)

+
A(1−ν1)

[
Mν1(1−ν1)

M−1−1+(1−ν1)
M]

ν2
1

}
.

and thus (1−ν1,0,ν1) is stable if ν1 > 1
(ω−ε)(M−1)

(M−r)c
M .

While if ν1 <
1

(ω−ε)(M−1)
(M−r)c

M , (1−ν1,0,ν1) is unstable.

•
(
x0

1,x
0
2,x

0
3
)
= (1−ρ1−σ1,ρ1,σ1) in the interior of sim-

plex S3, where σ1 =
1

(ω−ε)(M−1)
(M−r)c

M , HSP =
A[1−(1−σ1)

M]
σ1

+

ε (M−1)σ1 and 0 < ρ1,σ1 < 1:
The Jacobian matrix is

J =

(
0 a12
0 a22

)
, (A12)

090205-6



Chin. Phys. B 33, 090205 (2024)

where

a12 = −ρ1

{
(ω− ε)(M−1)(1−ρ1)+ ε (M−1)σ1

+
A
[
Mσ1(1−σ1)

M−1−1+(1−σ1)
M
]

σ1

}
,

a22 = σ1

{
(ω− ε)(M−1)ρ1 + ε (M−1)(1−σ1)

+
A(1−σ1)

[
Mσ1(1−σ1)

M−1−1+(1−σ1)
M]

σ2
1

}
.

Here, based on the first order Taylor series expansions for a12

and a22, and we can obtain

a12 =−ρ1 [(ω− ε)(M−1)(1−ρ1)+ ε (M−1)σ1] ,

a22 = σ1 [(ω− ε)(M−1)ρ1 + ε (M−1)(1−σ1)] ,

and the Jacobian matrix then simplifies to

J =

(
0 −ρ1 [(ω− ε)(M−1)(1−ρ1)+ ε (M−1)σ1]

0 σ1 [(ω− ε)(M−1)ρ1 + ε (M−1)(1−σ1)]

)
,

(A13)

and thus (1−ρ1−σ1,ρ1,σ1) is unstable.
In particular, the traditional strong altruistic punishment

equilibrium is stabilized as follows.
•
(
x0

1,x
0
2,x

0
3
)
= (1,0,0):

The Jacobian matrix is

J =

(
(M− r)c

M
0

0 −HSP

)
, (A14)

and thus (1,0,0) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1,0):

The Jacobian matrix is

J =

− (M− r)c
M

HSP

0 −HSP−
(M− r)c

M

 , (A15)

and thus (0,1,0) is stable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,0,1):

The Jacobian matrix is

J =

HSP +
(M− r)c

M
−ω (M−1) 0

(ω− ε)(M−1)− (M− r)c
M

HSP− ε (M−1)

 ,

(A16)

and thus (0,0,1) is stable if

HSP < min
{

ω (M−1)− (M− r)c
M

,ε (M−1)
}
.

While if

HSP > min
{

ω (M−1)− (M− r)c
M

,ε (M−1)
}
,

(0,0,1) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1−µ1,µ1) on the DP-edge, where

0 < µ1 < 1:
The Jacobian matrix is

J =

 (1−µ1)

[
(ω− ε)(M−1)µ1−

(M− r)c
M

]
−(1−µ1)

[
(M− r)c

M
+ ε (M−1)µ1

]
µ1

[
(ω− ε)(M−1)µ1−

(M− r)c
M

]
µ1

[
ω (M−1)− ε (M−1)µ1−

(M− r)c
M

]
 , (A17)

and the eigenvalues of the above matrix are HSP− ε (M−1)µ1 and (1−µ1)
[
HSP +

(M−r)c
M − ε (M−1)µ1

]
, so (0,1−µ1,µ1) is

unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (1−ν1,0,ν1) on the CP-edge, where 0 < ν1 < 1:

The Jacobian matrix is

J =

 (M− r)c
M

− (ω− ε)(M−1)ν1 0

ν1

[
(ω− ε)(M−1)ν1−

(M− r)c
M

]
ε (M−1)ν1 (1−ν1)

 , (A18)

so (1−ν1,0,ν1) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (1−ρ1−σ1,ρ1,σ1) in the interior of simplex S3:

The Jacobian matrix is

J =

(
0 −ρ1 [(ω− ε)(M−1)(1−ρ1)+ ε (M−1)σ1]

0 σ1 [(ω− ε)(M−1)ρ1 + ε (M−1)(1−σ1)]

)
, (A19)

and by the central prevalence theorem, we can judge
(
x0

1,x
0
2,x

0
3
)
= (1−ρ1−σ1,ρ1,σ1) to be unstable.
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Appendix B: Tax-based strong altruistic rewarder
By calculating Eq. (4), we can obtain the expected returns for C, D and SR as

FC =
rc [(M−1)x1 +(M−1)x3]

M
− (M− r)c

M
−A+ γ (M−1)x3,

FD =
rc [(M−1)x1 +(M−1)x3]

M
−A,

FSR =
rc [(M−1)x1 +(M−1)x3]

M
− (M− r)c

M
−A−HSR +

A
[
1− (1− x3)

M
]

x3
+η (M−1)x3,

(B1)

where (M−1)x1 and (M−1)x3 denote the expected num-
ber of cooperators and strong altruistic rewarders, respec-
tively, for individuals in the M−1 population, γ (N−1)x3 and
η (N−1)x3 denote the expected rewards for cooperators and
strong altruistic rewarders, respectively, and (1− x3)

M denotes
the probability that there are no strong altruistic rewarders in
the population.

Because of x1 = 1− x2 − x3, we rewrite the replicated
equation of Eq. (3) as{

ẋ2 = ψ2 (x2,x3) = x2 [x3 (FC−FSR)− (1− x2)(FC−FD)] ,

ẋ3 = ϕ2 (x2,x3) = x3 [x2 (FC−FD)− (1− x3)(FC−FSR)] ,

(B2)

where
FC−FD = γ (M−1)x3−

(M− r)c
M

,

FC−FSR = HSR−
A
[
1− (1− x3)

M
]

x3
−η (M−1)x3 + γ (M−1)x3.

(B3)

Based on these equations, we analyze the existence and
stability of the equilibrium in further detail in Appendices B1
and B2, respectively.

B1. The existence of equilibria

Equilibrium of the system is determined by the roots of
ψ2 (x2,x3) = 0 and ϕ2 (x2,x3) = 0. The three vertex immobi-
lizers of (1,0,0), (0,1,0) and (0,0,1) are obtained by compu-
tation. Next, we study the simplex S3.

(1) The CD-edge (x3 = 0,0 < x1,x2 < 1,x1 + x2 = 1)
Because x3 = 0 and x1 + x2 = 1, the system of equations

described by Eq. (B2) reduces to ẋ2 = x2 (1− x2)(FD−FC) =

x2 (1− x2)
(M−r)c

M > 0. Thus, there is no fixed point on the
CD-edge, and the dynamic direction runs from C to D.

(2) The DR-edge (x1 = 0,0 < x2,x3 < 1,x2 + x3 = 1)

Because x1 = 0 and x2 + x3 = 1, the system of equa-
tions described by Eq. (B2) reduces to ẋ3 = x3 (FSR− F̄) =

x3 (1− x3)(FSR−FD), solving FSR = FD has HSR =
A[1−(1−x3)

M]
x3

+ η (M−1)x3 − (M−r)c
M . Therefore, there ex-

ists a boundary equilibrium (0,1−µ2,µ2), where 0 < µ2 < 1

and HSR =
A[1−(1−µ2)

M]
µ2

+η (M−1)µ2− (M−r)c
M . Otherwise,

there is no fixed point.
(3) The CR-edge (x2 = 0,0 < x1,x3 < 1,x1 + x3 = 1)
Because x2 = 0 and x1 + x3 = 1, the system of equa-

tions described by Eq. (B2) reduces to ẋ2 = x2 (FD− F̄) =

x2 (1− x2)(FSR−FC), solving FSR = FC has HSR =
A[1−(1−x3)

M]
x3

+ η (M−1)x3 − γ (M−1)x3. Therefore, there
exists a boundary equilibrium (1−ν2,0,ν2), where 0 <

ν2 < 1 and ν2 is uniquely determined by equation HSR =
A[1−(1−ν2)

M]
ν2

+η (M−1)ν2− γ (M−1)ν2. Otherwise, there
is no fixed point.

(4) The interior of the simplex S3 (0 < x1, x2, x3 < 1,
x1 + x2 + x3 = 1)

Solving FD = FC has x3 = 1
γ(M−1)

(M−r)c
N . Similarly,

solving FSR = FC has HSR =
A[1−(1−x3)

M]
x3

+ η (M−1)x3 −
γ (M−1)x3. Thus, there exists an interior immovable point
(1−ρ2−σ2,ρ2,σ2), where 0 < ρ2,σ2 < 1, 0 < ρ2 +σ2 < 1,

σ2 =
1

γ(M−1)
(M−r)c

M and HSR =
A[1−(1−σ2)

M]
σ2

+η (M−1)σ2−
γ (M−1)σ2. Otherwise, there is no fixed point.

B2. The stabilities of equilibria

By Eq. (B2), we get the Jacobian matrix as

J =

 ∂ψ2 (x2,x3)

∂x2

∂ψ2 (x2,x3)

∂x3
∂ϕ2 (x2,x3)

∂x2

∂ϕ2 (x2,x3)

∂x3

 , (B4)

where



∂ψ2 (x2,x3)

∂x2
= (2x2−1)(FC−FD)+ x3 (FC−FSP)+ x2

[
(x2−1)

∂ (FC−FD)

∂x2
+ x3

∂ (FC−FSP)

∂x2

]
,

∂ψ2 (x2,x3)

∂x3
= x2

[
(FC−FSP)+(x2−1)

∂ (FC−FD)

∂x3
+ z

∂ (FC−FSP)

∂x3

]
,

∂ϕ2 (x2,x3)

∂x2
= x3

[
(FC−FD)+(x3−1)

∂ (FC−FSP)

∂x2
+ x2

∂ (FC−FD)

∂x2

]
,

∂ϕ2 (x2,x3)

∂x3
= (2x3−1)(FC−FSP)+ x2 (FC−FD)+ x3

[
(x3−1)

∂ (FC−FSP)

∂x3
+ x2

∂ (FC−FD)

∂x3

]
.

(B5)
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We analyze the stability of the immovable points of the
vertices (1,0,0), (0,1,0) and (0,0,1), as well as the boundary
immovable points and the interior immovable points on the
CR-edge and DR-edge. This analysis will be carried out by
studying the Jacobian matrix. Here, we denote the fixed points(
x0

1,x
0
2,x

0
3
)
, where 0≤ x0

1,x
0
2,x

0
3 ≤ 1 and x0

1 + x0
2 + x0

3 = 1.
•
(
x0

1,x
0
2,x

0
3
)
= (1,0,0):

The Jacobian matrix is

J =

(
(M− r)c

M
0

0 AM−HSR

)
, (B6)

and thus (1,0,0) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1,0):

The Jacobian matrix is

J =

− (M− r)c
M

HSR−AM

0 AM−HSR−
(M− r)c

M

 , (B7)

and thus (0,1,0) is stable if HSR > AM− (M−r)c
M . While if

HSR < AM− (M−r)c
M , (0,1,0) is unstable.

•
(
x0

1,x
0
2,x

0
3
)
= (0,0,1):

The Jacobian matrix is

J =

HSR +
(M− r)c

M
−A−η (M−1) 0

γ (M−1)− (M− r)c
M

HSR−A+(γ−η)(M−1)

 , (B8)

and thus (0,0,1) is stable if

HSR < A+min
{

η (M−1)− (M− r)c
M

,η (M−1)− γ (M−1)
}
.

While if

HSR > A+min
{

η (M−1)− (M− r)c
M

,η (M−1)− γ (M−1)
}
,

(0,0,1) is unstable.

•
(
x0

1,x
0
2,x

0
3
)
= (0,1−µ2,µ2) on the DR-edge, where HSR =

A[1−(1−µ2)
M]

µ2
+η (M−1)µ2− (M−r)c

M and 0 < µ2 < 1:
The Jacobian matrix is

J =

 (1−µ2)

[
γ (M−1)µ2−

(M− r)c
M

]
a12

µ2

[
γ (M−1)µ2−

(M− r)c
M

]
a22

 , (B9)

where

a12 =−(1−µ2)

 (M− r)c
M

− (γ−η)(M−1)µ2 +
A
[
Mµ2(1−µ2)

M−1−1+(1−µ2)
M
]

µ2

 ,

a22 = µ2

(γ−η)(M−1)µ2 +η (M−1)− (M− r)c
M

+
A(1−µ2)

[
Mµ2(1−µ2)

M−1−1+(1−µ2)
M
]

µ2
2

 .

Here, based on the first order Taylor series expansions for

a12 =−(1−µ2)

[
(M− r)c

M
− (γ−η)(M−1)µ2

]
and a22 = µ2

[
(γ−η)(M−1)µ2 +η (M−1)− (M− r)c

M

]
,

and the Jacobian matrix then simplifies to

J =

 (1−µ2)

[
γ (M−1)µ2−

(M− r)c
M

]
−(1−µ2)

[
(M− r)c

M
− (γ−η)(M−1)µ2

]
µ2

[
γ (M−1)µ2−

(M− r)c
M

]
µ2

[
(γ−η)(M−1)µ2 +η (M−1)− (M− r)c

M

]
 , (B10)

and the eigenvalues of the matrix are γ (M−1)µ2 − (M−r)c
M and µ2 (1−µ2)η (N−1). Since µ2 (1−µ2)η (N−1) > 0, so

(0,1−ηR,ηR) is unstable.

•
(
x0

1,x
0
2,x

0
3
)
= (1−ν2,0,ν2) on the CR-edge, where HSR =

A[1−(1−ν2)
M]

ν2
+η (M−1)ν2− γ (M−1)ν2 and 0 < ν2 < 1:

090205-9
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The Jacobian matrix is

J =

 (M− r)c
M

− γ (M−1)ν2 0

ν2

[
γ (M−1)ν2−

(M− r)c
M

]
a22

 , (B11)

where

a22 = −ν2 (1−ν2)

{
(γ−η)(M−1)

−
A
[
Mν2(1−ν2)

M−1−1+(1−ν2)
M
]

ν2

}
,

and thus (1−ν2,0,ν2) is stable if ν2 >
1

γ(M−1)
(M−r)c

M . While

if [ν2 <
1

γ(M−1)
(M−r)c

M , (1−ν2,0,ν2) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (1−ρ2−σ2,ρ2,σ2) in the interior of sim-

plex S3, where σ2 = 1
γ(M−1)

(M−r)c
M , HSR =

A[1−(1−σ2)
M]

σ2
+

η (M−1)σ2− γ (M−1)σ2 and 0 < ρ2,σ2 < 1:
The Jacobian matrix is

J =

(
0 a12
0 a22

)
, (B12)

where

a12 = ρ2

{
(ρ2 +σ2−1)γ (M−1)−σ2η (M−1)

−
A
[
Mσ2(1−σ2)

M−1−1+(1−σ2)
M
]

σ2

}
,

a22 = σ2

{
(ρ2 +σ2−1)γ (M−1)− (σ2−1)η (M−1)

+
A(1−σ2)

[
Mσ2(1−σ2)

M−1−1+(1−σ2)
M
]

σ2
2

}
.

Here, based on the first order Taylor series expansions for a12

and a22, we can obtain

a12 = ρ2 [(ρ2 +σ2−1)γ (M−1)−σ2η (M−1)] ,

a22 = σ2 [(ρ2 +σ2−1)γ (M−1)− (σ2−1)η (M−1)] ,

and the Jacobian matrix then simplifies to

J =

(
0 ρ2 [(ρ2 +σ2−1)γ (M−1)−σ2η (M−1)]
0 σ2 [(ρ2 +σ2−1)γ (M−1)− (σ2−1)η (M−1)]

)
,

(B13)

and thus (1−ρ2−σ2,ρ2,σ2) is unstable.
In particular, the traditional strong altruistic reward equi-

librium is stabilized as follows.
•
(
x0

1,x
0
2,x

0
3
)
= (1,0,0):

The Jacobian matrix is

J =

(
(M− r)c

M
0

0 −HSR

)
, (B14)

and thus (1,0,0) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1,0):

The Jacobian matrix is

J =

− (M− r)c
M

HSR

0 −HSR−
(M− r)c

M

 , (B15)

and thus (0,1,0) is stable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,0,1):

The Jacobian matrix is

J =

HSR +
(M− r)c

M
−η (M−1) 0

γ (M−1)− (M− r)c
M

HSR +(γ−η)(M−1)

 ,

(B16)

and thus (0,0,1) is stable if

HSR < min
{

η (M−1)− (M− r)c
M

,η (M−1)− γ (M−1)
}
.

While if

HSR > min
{

η (M−1)− (M− r)c
M

,η (M−1)− γ (M−1)
}
,

(0,0,1) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (0,1−µ2,µ2) on the DR-edge, where

0 < µ2 < 1:
The Jacobian matrix is

J =

 (1−µ2)

[
γ (M−1)µ2−

(M− r)c
M

]
−(1−µ2)

[
(M− r)c

M
− (γ−η)(M−1)µ2

]
µ2

[
γ (M−1)µ2−

(M− r)c
M

]
µ2

[
(γ−η)(M−1)µ2 +η (M−1)− (M− r)c

M

]
 , (B17)

and the eigenvalues of the matrix are γ (M−1)µ2−
(M− r)c

M
and µ2 (1−µ2)η (M−1), so (0,1−µ2,µ2) is unstable.

•
(
x0

1,x
0
2,x

0
3
)
= (1−ν2,0,ν2) on the CP-edge, where 0 < ν2 < 1:

The Jacobian matrix is

J =


(M− r)c

M
− γ (M−1)ν2 0

ν2

[
γ (M−1)ν2−

(M− r)c
M

]
−ν2 (1−ν2) [(γ−η)(M−1)]

 , (B18)

090205-10
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and thus (1−ν2,0,ν2) is stable if ν2 >
1

γ(M−1)
(M−r)c

M . While

if ν2 <
1

γ(M−1)
(M−r)c

M , (1−ν2,0,ν2) is unstable.
•
(
x0

1,x
0
2,x

0
3
)
= (1−ρ2−σ2,ρ2,σ2) in the interior of sim-

plex S3:
The Jacobian matrix is

J =

(
0 ρ2 [(ρ2 +σ2−1)γ (M−1)−σ2η (M−1)]
0 σ2 [(ρ2 +σ2−1)γ (M−1)− (σ2−1)η (M−1)]

)
,

(B19)

and by the central prevalence theorem, we can judge(
x0

1,x
0
2,x

0
3
)
= (1−ρ2−σ2,ρ2,σ2) to be unstable.
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