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The interaction between shock waves and multiple cylinders, referred to as shock—cylinder interaction (SCI), is an
important phenomenon in science and engineering. However, its underlying physical mechanisms remain unclear. This
study entailed the numerical simulation of the aerobreakup of two tandem water columns subjected to a high-speed gas
flow by using an adaptive mesh refinement (AMR)-based diffusion-interface model. The objective was to elucidate the
changes in water—column deformation patterns over a wide range of Weber numbers. Statistical analysis was performed to
examine the deformation of the water columns in vertical directions. Results reveal distinct deformation patterns between
the two columns as the Weber number increases. Additionally, an extended exponential stretching law model was devised,
and its improved capability to predict the deformation patterns was demonstrated.

Keywords: shock—cylinder interaction (SCI), Weber number effect, aerobreakup, multiphase flow

PACS: 47.40.—x, 47.55.df, 47.61.Jd

1. Introduction

The interaction between shock waves and water droplets
is a ubiquitous phenomenon in natural high-speed flows and
has garnered considerable interest in engineering research.!!]
Specifically, detached shock waves can interact with rain
droplets, leading to the erosion of aircraft surfaces.?! Fuel
droplets interact with shock waves in aircraft engines, and
their particle-size distribution plays a crucial role in the ef-
ficiency of atomization and combustion, ultimately affecting
engine performance.®! This complex process also entails the
generation of intricate instabilities. Given the scientific and
engineering implications of droplet—shock wave interaction,
research progress in this area is crucial.

Extensive experimental and theoretical research has been
focused on the interplay between shock waves and droplets. In
1950s, Hinze conducted a pioneering theoretical study on the
deformation and fragmentation of individual droplets exposed
to high-speed gas flow. The Weber number, i.e., the ratio be-
tween the aerodynamic inertia of the gas flow and the surface
tension effect of the droplets, was employed as a key param-
eter to delineate various modes of droplet fragmentation.!
Notably, an increase in the Weber number corresponds to
the manifestation of different droplet breakup modes. Sub-
sequently, Pilch and Erdman!*! and Guildenbecher ez al.l! re-
fined the classification of droplet breakup modes, categoriz-
ing them based on their distinct morphologies, namely, vibra-
tional breakup, bag breakup, bag-and-stamen breakup, shear
breakup, and catastrophic breakup.
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Owing to experimental limitations, achieving an accu-
rately characterization of the spatial and temporal character-
istics of droplet morphology is challenging, especially when
investigating the shear fragmentation of droplets at high Mach
and Weber numbers. In these scenarios, small interfacial wave
scales and interference from water mist disrupt experimental
observations. Consequently, measuring the interfacial evolu-
tion and internal flow fields of the droplet becomes remark-
ably difficult. Recently, researchers have employed various
numerical methods to simulate the aerodynamic fragmenta-
tion of isolated droplets in both two dimensions and three

dimensions. [0-10

| Their findings indicate that instability de-
velopment at the interface and non-uniform pressure distribu-
tion around the droplet significantly influence the fragmenta-
tion process. The evolution characteristics of waves inside a
droplet also remains a topic that has attracted the attention of
many researchers. Wang et al. developed a Sth-order WENO
method!'! to study the evolution of low-pressure regions in-
side droplets after their collision with shock waves!'?! and the
fluctuating structure inside the shocked water column.!3! It is
found that the first and second reflected waves focus inside the
water column regardless ofwhether the shape of the incident
shock wave is convergent, planar or divergent.

Building upon both experimental observations and nu-
merical simulation results, various researchers have proposed
theoretical models to elucidate the primary physical mecha-
nisms governing the droplet fragmentation process.!!*!>! The-
ofanous and Li!'®! employed laser-induced fluorescence (LIF)
to investigate the aerodynamic breakup of droplets at high We-
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ber numbers, and their findings indicate that droplet breakup
is predominantly governed by two mechanisms: Rayleigh—
Taylor (RT) piercing and shear-induced entrainment. The RT
instability and surface tension dominate the former mecha-
nism, leading to droplet breakup for Weber numbers within
the range of 10 < We < 100. However, the latter mechanism
is characterized by Kelvin—Helmholtz instability and shear-
induced entrainment, resulting in droplet breakup for Weber
numbers exceeding 1000. When Weber numbers fall within
the range of 100-1000, these two mechanisms compete with
each other.

In practical scenarios, the flow field usually involves nu-
merous mutually interacting droplets. For instance, the in-
teraction of shock waves with multiple droplets/cylinders is
prevalent in aircraft engines and implosion situations. Con-
sequently, extensive research efforts have sought to address
this complex problem. Several experimental studies have
focused on changes in the drag coefficient under low We-
ber numbers and low Reynolds numbers for both monodis-

172201 and interactions involving mul-

perse flow of droplets!
tiple droplets.?!??l These studies have revealed a reduction
in the drag coefficient of downstream droplets compared to
those upstream. Furthermore, numerous numerical investiga-
tions have been performed on the deformation and breakup

m.[23-21 An illustrative example

of droplets/columns in tande
is the study by Stefanitsis et al.,[*8! wherein the aerodynamic
fragmentation behaviors of four droplets placed in tandem in
a diesel engine were simulated with Weber numbers ranging
from 15 to 64 and dimensionless distances (L/Dy) between
droplet centers varying from 1.25 to 20. They subsequently
proposed a new fragmentation mode for the deformation of
the third droplet. While single-droplet aerodynamic fragmen-
tation studies are prevalent, research on the aerodynamic cou-
pling deformation and fragmentation of multiple droplets is
relatively scarce. Investigating the interaction mechanism be-
tween multiple droplets/cylinders and its impact on aerody-
namic deformation is therefore crucial. Such studies poten-
tially contribute to the development of models that account for
interphase interactions in the two-phase flow model of droplet
clouds under the influence of high-speed airflows.

Despite numerous studies on the shock—cylinder in-
teraction (SCI) problem, the aerobreakup of multiple
droplets/cylinders under varying Weber numbers and the in-
teraction between deformed droplets/cylinders remain unclear.
This study aimed to explore the intricate interactions between
shock waves and interfaces, focusing on the aerobreakup of
two tandem water columns exposed to shock waves spanning
a wide range of Weber numbers. Section 2 outlines the numer-
ical method employed in this study, while Section 3 presents
a case validation by comparing its results with experimental
data and the basic setup of the algorithm. The computational
results are detailed in Section 4. Finally, conclusions and dis-
cussions are presented in Section 5.

2. Numerical method

The SCI involves a broad range of different temporal and
spatial scales, and its numerical simulations are computation-
ally demanding. Aerobreakup is governed by the compressible
Navier—Stokes (NS) equations for the liquid and surrounding
gas flow, coupled with the continuity and stress equivalence
on the deformed surface. Therefore, in order to accurately
simulate the fragmentation of the water column, an interface
trapping scheme that combines a multi-component flow model
with a shock wave trapping finite evolution method is used.
This scheme is also referred to as the diffusive interface ap-
proach. This is because, although the interface is not sharp
and is explicitly tracked, the scheme allows for some numer-
ical diffusion at the interface. This facilitates discrete con-
servation, consistent thermodynamics in the mixing cell, and
dynamic emergence or disappearance of the interface.

Non-mixed-phase fluids in mechanical equilibrium were
considered and the model proposed by Kapila et al.’%! was
used. To guarantee simulation stability, Saurel et al.3'! em-
ployed a pressure relaxation method to converge from the pres-
sure disequilibrium formulation to its equilibrium. The surface
tension was modelled according to Schmidmayer er al.*?! to
capture its effects.

The viscous pressure-disequilibrium multi-component
model considering the two-component surface tension effect
is

da
Tzl+u~va1=u(m—m)’ M
da
Tltm+v.(a]p]u)=0, @)
o
thpz + V- (0ppou) =0, ©)
d
%+V~(pu®u+pl+9*7):0a “)
0
%+V'(a1plelu)+alplv'u

= —upr(p1—p2)+ou7 : Vu, )
d
%+v.(a2p2e2u)+azpzv'u

= upr(pr—p2)+ o0 Vu, ©)
af
I uvi=
5, T /=0, 0

where o, p;, pi, and e; are the volume fraction, pressure, den-
sity, and internal energy of component i, respectively, and u
is the mixing velocity. The mixing density and pressure are
given by

p = 01p1+ 0Py, 3
P = yp1+aaps. ©
The surface tension tensor is expressed as

Vf@Vf)

10
2 (10

Q=—o(Vﬂu—
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where o is the surface tension coefficient, and f is a color
function. The viscous stress tensor is expressed as

T=27 <; (vu+(vu)T) ;(V-u)l>, (11)

where 1 is the mixing shear viscosity coefficient, and 7; is the
viscous stress tensor component of component i. Further, u
is the pressure relaxation coefficient, and the pressure at the
interface is
-antan
where z; = p;a; is the acoustic impedance of component i, and
a; is the acoustic velocity of component i.
In this model, for p; # p», the total energy equation for
the mixture is replaced by the internal energy equation for each
component. However, the mixture-total energy equation for

the system can be written in the usual form as

dpE
%+V-((pE+p+Eg)u+Q~u—f~u) —0, (13)
where the total energy is
1
E=e+|ul?, (14)
the internal energy is
2
e=) Yei(pi,pi), (15)

14

1

and the capillary energy is
& =0 ||Vf], (16)

where the internal energy component can be calculated from

the equation of state. The mass fraction is
y, = HPx (17)

The ideal gas equation of state can be used for the gas
phase to yield

Pe= (e —1) peey. (18)

The water phase is approximated by a rigid gas equation

of state to approximate the intrinsic relationship as follows:
pr=M—1)per = fke. (19)

The parameters used in the equation of state are shown in
Table 1. The term 7 is based on the study by Le Métayer et
al.33 Meanwhile, the terms i, P, and G are as reported by
Kaiser et al.’*!

Table 1. Physical properties used in the simulation.

p (kg-m~3) Ppo (Pa) P, (Pa)® Y ()2 U (Pa-s)® o (N/m)®
Water 1000 101325 3.43 % 108 2.35 1.0x 1073 72.75% 1073
Air 1.204 101325 - 1.4 1.85x107° -

aRef. [33], PRef. [34].

The solution of the model occurs in three steps. Initially,
the hyperbolic pressure-disequilibrium model is solved, where
the governing equations are decoupled from the advection of
the color function and surface tension effects. Subsequently,
the surface tension model is solved, and finally, the pressure
relaxes until an equilibrium state is achieved.

The specific steps in the process as follows:

(i) The pressure disequilibrium model is solved using the
Gudonov-type method. At the material interface, the interfa-
cial fluxes are calculated using the Harten—Lax—van Leer con-
tact (HLLC) approximate Riemann solver, wherein the gov-
erning equations are decoupled from the advection and surface
tension effects of the color function. The scheme is a finite-
volume MUSCL-Hancock method®>! with the second-order
accuracy in spatial discretization and the first-order accu-
racy in temporal discretization. In addition, the monotonized

central 3>

slope limiter is combined with the THINC interface
sharpening technique to minimize interface diffusion. (36!
(ii) The hyperbolic surface tension model is solved to en-

sure conservation of momentum and energy. The surface ten-

sion was modelled according to Schmidmayer ez al.*?! to cap-
ture its effects.

(iii) Infinite pressure relaxation (U — +oo) is employed,
resulting in the convergence to a thermodynamically consis-
tent mechanical equilibrium model.

f
_ | %Pk

a=| .| (20)
L OkPrek

Opk
0
0 b
| —Pi0pk

2y

N
8pi="Y e (px—pj)- (22)
i#k
The pressure-disequilibrium model can be solved with an
infinite relaxation procedure. At each time step then we solve
the system of ordinary differential equations (ODE)

dq
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that relaxes the disequilibrium pressures for g — +oo. In
the case of the infinite relaxation (stiff pressure relaxation),
U — oo, the model converges to a single, equilibrium pres-
sure. We use the infinite-relaxation procedure of Saurel et
al.B"

In order to save computational resources, Schmidmayer
et al.’") developed an adaptive mesh refinement (AMR) tech-
nique that is used based on the variation of the volume fraction,
density, pressure, and velocity.

This modelling has been implemented in the novel open-
source code ECOGEN. [38]

3. Validation and computational model settings
3.1. Validation based on experiment Igra and Takayama

A grid sensitivity study was conducted using three dif-
ferent uniform grids with resolutions of d/Ax = 25, 50, and
100 to identify the appropriate spatial resolution required to
resolve the scales of interest. Figure 1(a) shows the droplet
shapes for each grid size. To quantify the results of the grid
sensitivity analysis, time evolution of the parent cylinder’s area
(normalized by the area of undeformed cylinder) is computed
for each of the three grid sizes. Figure 1(b) compares the ar-
eas obtained from the three cases and show that the results
converge for the grids with resolutions of d/Ax = 50 and 100.
Therefore, for this validation study, a grid size of d/Ax = 50

was chosen. Limited by the available computational resources,
we chose the AMR level of 1.

1.00
(a) —d/Az =25 (b)
—d/Az =50
—d/Az=100 09T
< o9sk ——d/Az=25
= —— d/Az =50
—— d/Axz =100
0.97F
0.96 L ' L L

Fig. 1. Grid sensitivity analysis (a) parent cylinder shape for different grid
sizes at t* = 13.55; (b) time evolution of parent cylinder area at the three dif-
ferent grid sizes with resolutions of d/Ax = 25, d /Ax = 50, and d /Ax = 100.

A two-dimensional (2D) case was considered to verify
the reliability of the program calculations with reference to
the parameters of the experiment by Igra and Takayama. >?! In
their experiment, two water columns with a diameter of Dy =
4.8 mm and a front-back distance of /) = 30 mm are placed in
the static gas inside the shock tube, and the shock wave Mach
number is 1.47. The dimensionless time t* =7 - us/Dy. To
simulate this experiment, we use a rectangular test section of
size 129.6 mm (27Dy) by 38.4 mm (8Dy). The cylinder was
placed at a distance of 24 mm from the left boundary. The
shock wave travels from left to right. The shock wave trav-
els from left to right. The corresponding Reynolds and Weber
numbers are 1.12 x 10° and 6900, respectively. >?]

Table 2. Parameters used in the experiment and simulation.

Front-back

Test section/computational

Dy (mm) Mach number We(pguédo /o) Re(pgugdy/pg)
distance (mm) domain (mm x mm)
Experiment® 4.8 1.47 30 6900 112000 150 x 60
Simulation 4.8 1.47 30 6900 112000 129.6 x 38.4

4Ref. [22].

t"=12.58
Fig. 2. Comparison between experiment in Ref. [22] (left column) and present
simulations (right column) at * = 3.13, 6.34, 9.47, and 12.58. t* =1 - us/Dy.

As is shown above, we made sure that the experimental

and simulation parameter settings were consistent.

Table 3. Comparison of the deformation between the experiment in
Ref. [22] and present results for the upstream cylinder at similar non-
dimensional times.

Igra—Takayama Present Deviation from
experiment® simulations experiment
t* A/A() t* A/A() %

0.3 0.9548 0.49 0.98799 3.36

2.4 0.9419 2.79 0.94427 0.25

3.45 0.9306 3.45 0.94284 13
6.787 0.9242 6.75 0.92881 0.49
9.757 0.91935 9.71 0.90996 1.02
12.788 0.9322 12.68  0.88817 4.72
2Ref. [22].

Figure 2 presents a comparison of the flow field between
the previously reported experiment and the present simulation
results at different non-dimensional time; a good agreement

is evident. Based on the qualitative (Fig. 2) and quantitative
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(Table 3 and Figs. 3 and 4) comparisons, it can be inferred
that our simulations accurately capture the experimentally ob-
served liquid phase behaviors.

Table 3 presents a comparison of the variation of the up-
stream water column area in the previous experiment and the
present simulation results at different non-dimensional time.
The deformation is estimated by calculating the area of the
liquid phase (normalized by the area of the un-deformed cylin-
der).

Figure 3(a) illustrates the time evolution of the ratio of
the width to the initial diameter of the water column in the di-
rection perpendicular to the shock wave at different moments,
whereas figure 3(b) shows the time evolution of the ratio of
the width to the initial diameter of the water column in the di-
rection along the shock wave at different moments. La is the
maximum width of the water column in the transverse direc-
tion, and Lb is the maximum width of the water column in the
streamwise direction. As evident from the figure, La continu-
ously increases, and the growth rate is larger when * < 15. Lb

decreases at a constant rate.

(a) ’ .

Exp-Takayama (b)
Simulation

4  Exp-Takayama
Simulation

La/Dy
=

5 10 15 20 - 5 io 13 20
t* t

Fig. 3. Comparison of lateral deformation and streamwise deformation be-

tween experiment!??! and present results for the upstream column: (a) lateral

deformation and (b) streamwise deformation.

1.00%
A
u A
0.99F
i A
= oosk
~ A
097F A Exp-Takayama
Simulation
L U TR T TR [N TN T SN S AN SN TR T T S S S S
0-963 s 10 s 20

t

Fig. 4. Time variations of normalized distance between the barycenter
of two columns.

Figure 4 shows the normalized distance of the barycenters
of two columns, in which L is the distance of the barycenter
of two columns. The afore-described qualitative and quantita-
tive statistical results indicated that the simulation results are
in good agreement with the experimental results; the reliability
of the simulation results was thus validated.

3.2. Computational model settings

In our simulations, we set the shock wave strength Ma =
1.47, Reynolds number Re = usDy/v, and Weber number
We = pgugDo /o consistent with the previous experiment men-
tioned above. Here, Dy, V, us, and ¢ are the initial droplet
diameter, kinematic viscosity coefficient of the gas, post-wave
gas velocity, and surface tension coefficient, respectively. We
varied the Re and We values by changing the water column
diameter and examined the water column deformation frag-
mentation state corresponding to the values within the range
of We = [18,367].

The simulations were performed in a rectangular com-
putational domain of [0, 19Dg] x [0, SDg]. The choice of
the region size is based on a sensitivity study that was per-
formed with the aim of minimizing the influence of the re-
gional boundary conditions and the computational burden.
The true direct numerical simulation of the entire flow field
and interfacial shock wave interactions under 3D flow con-
ditions is extremely difficult to achieve. Therefore, we sim-
ulated the interactions between two columns and the shock
wave in two dimensions. Its initial setup is shown in Fig. 5.
The two columns are initially at rest, the upstream water col-
umn is placed at (5Dy, 2.5Dg), the downstream water column
is placed at (9Dy, 2.5Dy), and the initial position of the shock
wave is x = 4Dy. The left and right boundaries are ascribed
non-reflective boundary conditions, and the top and bottom
boundaries follow solid-wall boundary conditions. To ensure
high temporal and spatial accuracy without incurring exces-
sive computational costs, the adaptive mesh comprises two
layers that are adjusted to shocks, interfaces, and turbulence.
The maximum Courant-Friedrichs—Lewy (CFL) number is set
to 0.6.

—— Shock wave Ma = 1.47

5D
Seperation 3D

19D,

Fig. 5. Schematic diagram of computational domain.

Table 4. Diameters of water column and the corresponding We values.

Initial diameter
Dy (pm)

We = ngzDo/G 18.3 36.7 73.4 146.8

12 24 48 96 240

367.1

In this study, we examined the aerobreakup of two tan-
dem water columns under different We values (as shown in
Table 4). The initial distance of the water column center of
mass was set to four times that of the initial diameter, and the
We value was varied by changing the water column diameter.
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4. Results and discussion

The effects of Weber number and diameter on the defor-
mation fragmentation behaviour are systematically illustrated
by extracting and describing the evolutionary laws of typical
features during droplet evolution.

4.1. Breakup morphology

Figures 6-10 show the distributions of physical quantities
of the flow field of the water column at typical instances with
different We values. In order to represent the material inter-
face, the contours of the water volume fraction ¢oq = 0.5 were
extracted.

When We = 18.3, neither column experiences breakups.
Instead, the upstream column is flattened by the pressure dif-
ference between the high-pressure region on the windward
side and the low-pressure region between the two columns.
This creates a curved windward side and a flat leeward side. In
the downstream column, the region of high pressure emerges
midway between the two columns, encircling the beginning
of the column. Owing to the pressure difference and the air-
flow’s shear effect, the equatorial zone extends outwards. It
then evolves into a region of downstream pressure that is su-
perior to that of the upstream one. As a result, the equatorial
region of the downstream column stretches and curves further
towards the middle than that of the upstream column, eventu-
ally adopting a horseshoe-like shape.

/=) P ey
- =l kXN
T reses
t*=11.29
[ €« T &
) t*=16.94
DN @
t*=21.65
I = @
o t"=27.29
t*=32.94

Fig. 6. Contours of density (left column), density gradient (middle column),
and pressure (right column) at t* = 5.65, 11.29, 16.94, 21.65, 27.29, and
32.94 for We = 18.3, t* =1t - us/Dy.

When We = 36.7, the deformation mode of the upstream
column remains the same as in the case of the previous We
value, and only the flattening becomes more pronounced.
However, as regards the downstream column, the deformation
mode changes to the bag breakup mode. In this mode, the
liquid film stretches out under high pressure in the equatorial

region to create a baggy structure, and the windward side is
flattened.

» (kg/m) P (Pa)

v N 7 S
N FE | 0 B
L — — 101325

t"=5.65

-

t*=11.29

\ s
==
Tt
I s

t"=16.94

1]

Fig. 7. Contours of density (left column), density gradient (middle column),
and pressure (right column) at r* = 5.65, 11.29, 16.94, 21.65, 27.29, and
32.94 for We =36.7,t* =t - us/Dy.

When We = 73.4, both of the columns undergo bag
breakup mode. However, the key distinction is that the up-
stream column undergoes significant flattening, whereas the
windward side of the downstream column retains a platform-
like structure. The leeward side is concave towards the up-
stream direction. Additionally, the equatorial region of the
downstream column stretches out into a longer liquid film ow-
ing to the shear of the airflow, resulting in a more intricate
structure. This structure further breaks down into a liquid band
and mist.

p (kg/m?) P (Pa)
ue !
t"=5.65
t*=11.29
o [T ¢
-
t"=16.94
SN e £
t*=21.65
- Sl N g W ’
t*=27.29
Yol A
t"=32.94

Fig. 8. Contours of density (left column), density gradient (middle column),
and pressure (right column) at r* = 5.65, 11.29, 16.94, 21.65, 27.29, and
32.94 for We =73.4,t* =1t -us/Dy.

When We = 146.8, the upstream column shifts to the
shear stripping mode, while the downstream column adopts

084702-6



Chin. Phys. B 33, 084702 (2024)

a bag-and-stamen breakup mode. The film of liquid that ex-
tends into the equatorial area of the upstream column is sepa-
rated by the shear, eventually forming a structure resembling
a bag. In contrast, the front-facing surface of the downstream
column maintains a flattened surface at the initial stage, while
the rear-facing surface of the upstream column remains level.
Subsequently, the platform vanishes, and the wind-facing sur-
face develops into a structure that resembles fingers or sta-
mens. Simultaneously, the concave leeward surface of the up-
stream column bends forward, while the leeward side of the
downstream column continues to stretch and form a bag-like
shape before separating.

P (Pa)

202630

i' il I

a. o

t"=5.65

(X d
t"=11.29
[
t"=16.94

( <

Fig. 9. Contours of density (left column), density gradient (middle column),
and pressure (right column) at r* = 5.65, 11.29, 16.94, 21.65, 27.29, and
32.94 for We = 146.8, t* =t - us/Dy.

p (kg/m?)

3 T |
. KNl EE

" =32.94
Fig. 10. Contours of density (left column), density gradient (middle col-

umn), and pressure (right column) at t* = 5.65, 11.29, 16.94, 21.65, 27.29,
and 32.94 for We = 367.1, t* =1 - us/Dy.

When We = 367.1, the upstream column remains in shear

stripping mode. However, the liquid film around the equator
starts to stretch away from the cylinder body before flattening
further, resulting in the advancement of the dimensionless time
of liquid film detachment. The downstream column main-
tains the bag-and-stamen breakup mode but with the flatten-
ing destabilization of the windward side advancing compared
to the previous scenario, resulting in the earlier appearance of
the stamen-like structure.

Figure 11 shows the distribution of vorticity in the flow
field under different We values. The vorticity is symmetrically
distributed; two vortex structures would be formed on the lee-
ward side of two water columns, and under the effect of vor-
tex convolution, the material on the surface of the downstream
water columns would be sheared and entrained out to form a
jet-like structure.

We = 367.1

Fig. 11. Contours of vorticity at * = 11.29 (left column), 21.65 (middle
column), and 32.94 (right column) for different We values. t* =t - us/Dy.

4.2. Motion and deformation of water columns

Additional data on the motions and deformations of the
two columns in the simulation results were computed. This
includes their displacements, distance, velocity, acceleration,
and the maximum width of the transverse deformations over
time. These calculations aid the analysis of the movements of
both columns and their influence on each other’s movements
and deformations under varying We values.

Figure 12(a) shows the dimensionless displacements
x/Dy of the two columns corresponding to different We values.
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All upstream columns have similar displacements in different
conditions, and the displacements of the upstream columns are
three times as much as the displacements of the downstream
columns owing to the larger acceleration of the upstream wa-
ter columns. Figure 12(b) shows the dimensionless distance
between two water columns at different We values over time,
and the distance between two water columns decreases grad-
ually owing to the larger displacement of the upstream water
column. This is generally consistent with the variation of the
dimensionless distance of water columns under different We

values.
2.8
B Upstream We =18.3 (a)
2.4F - - — - Downstream We =18.3
| Upstream We =36.7
— — — - Downstream We =36.7
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I — — — - Downstream We =73.4
o 1.6F Upstream We = 146.8
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Fig. 12. Time variations of (a) streamwise translation for two columns
and (b) distance between two columns corresponding to different We

values. In panel (a), the solid lines represent the upstream column, and
the dotted lines represent the downstream column.

Figure 13(a) shows the upstream water column velocity
corresponding to different We values. Evidently, under dif-
ferent conditions, the upstream water column velocity in the
same dimensionless time is essentially the same, increasing
from 0 to 40—45. Figure 13(b) shows the acceleration of the
two columns of the logarithmic coordinates of the curve with
time for different We values; the acceleration is inversely pro-
portional to the radius.

Figure 14(a) shows the downstream column velocity cor-
responding to different We values. Under different conditions,
the water column velocity is essentially the same at the same
dimensionless time when * < 15, and the maximum speed is

within 8 m/s—10 m/s, that is, only one quarter of the maximum
velocity of the upstream column. Figure 14(b) shows the vari-
ation of the two-column acceleration with time corresponding

50
| — We=18.3 (a)
I — We=36.7
OF  We=734
I — We=146.8
?30:- — We=367.1
@
g 1
;20f
10k
ol . . . v ..
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— We=18.3 (b)
[ — We=36.7
4F — We=1734
5[ — We=146.8
2 3L — We=367.1
g7
S
327
3 |
1,
()7 L

0 5 10 15 20 25 30

Fig. 13. Time variations of (a) velocity and (b) acceleration for up-
stream columns corresponding to different We values.
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0o 10 20 30

Fig. 14. Time variations of velocity (a) and acceleration (b) for down-
stream columns corresponding to different We values.
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to different We values. When ¢* < 15, the acceleration is in-
versely proportional to the radius; however, fluctuations sub-
sequently become larger, with no evident trend.

Figure 15 shows the transverse deformation of the up-
stream column. La is the maximum width of the water column
in the transverse direction. For low We, the transverse defor-
mation in the entire stage evidently increases. At this time,
the water column morphology is embodied in the flattening;
when We continues to increase, because the edge of the water
column is gradually being peeled off by the shear, transverse
deformation first increases and then decreases.

3.0
I —— We=18.3
[ —— We=236.7
25F —— We=73.4
I —— We=146.8
o [
R aof
3 i
~ [
L5k
Lok

0 5 100 15 20 25 30
t*

Fig. 15. Time variations of lateral deformation of upstream column for
different We values.
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Fig. 16. Time variations of lateral deformation of two columns. The red
lines represent the upstream column and the blue lines the downstream
column. The solid lines indicate the lateral deformation and the dotted

lines indicate the growth of the lateral deformation. (a) We = 18.3 and
(b) We = 146.8.

Figures 16(a) and 16(b) show comparisons of the lateral
deformation of the two water columns for different We val-
ues. Evidently, the maximum width of lateral deformation of
the upstream water column is always larger than that of the
downstream column, and the ratio of the maximum value of
upstream and downstream columns, La/Dy, is maintained at
approximately 1.5. When ¢* < 20, the width of the upstream
water column grows rapidly under all conditions. As We in-
creases, La/Dy slowly increases at 15 < #* < 20 but suddenly
decreases at We = 73.4 and 146.8. The lateral deformation
widths of the downstream columns with different We values
exhibit a peak of the transverse deformation at * = 15, after
which it slowly decreases.

4.3. Modified material line stretching law and energy bud-
get analysis

The change in the perimeter of the water column provides
an intuitive indication of its degree of deformation. We defined
the water mass fraction of 0.5 as the material interface and an-
alyzed the dimensionless change in length of the interface over
time. Furthermore, the material line growth rate was extracted,
based on which we fitted a material line change model for a
certain range of We values (We < 100). Thus, we devised a
modified exponential stretching law model.

S
)
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22F
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20F — We=36.7
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1.8 —— We=146.8
* 165 We =367.1
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0'80 10 15 20 25 30
-~
221
E (b)
2-0;' — We=18.3
[ — We=36.7
L8 Wwe=1734
F—— We=146.8
. L6F We = 367.1
o s
| b
14F
1.2F
1.0:\/
:ll||||||||||||||||||||||||||||||
0
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*

t
Fig. 17. Time variations of the normalized material line Lc* for differ-
ent We values: (a) the upstream column and (b) the downstream column.
L¢* = Le/Ley.
Figure 17 shows the time variation of the normalized
perimeter for two water columns for different We values. The
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perimeter is also known as the material line. The material line
is used as a mixing characteristic parameter of the material line
length Lc (also known as the interfacial length). The water vol-
ume fraction contour oy = 0.5 was used to calculate Lc* (1)
and is normalized by their initial values Lco(t* = 0). Previ-
ously, Yang et al.!*"! found that the growth of Lc* (¢*) follows
the exponential stretching law Lc* (1*) = Ae*”, where A and A
(A =(1/L)(dL/dt)) are the compression factor and the spe-
cific stretching rate exponent, respectively. The original expo-
nential stretching model assumes that the stretching rate of the
material line (1) is a constant that does not vary with time, and
that both A and the compression factor A needs to be changed
for different We numbers. However, based on our simulation
results, we find that A is not a constant. So we decided to
revise the original model and construct a revised model that
does not require modification of the model parameters accord-
ing to Weber number changes in the range of Weber numbers
we studied in order to obtain a more accurate stretching law
for the material line.

On this basis, the growth rate A of the material line for
different diameters of upstream water columns was obtained
(Fig. 18). Evidently, A gradually increases with time when
t* < 15 and reaches the peak value at approximately t* = 17;
then, it decreases and maintains an oscillatory behavior. The
value of A does not change significantly when ¢* is within the
range of 10-15, which corresponds to the stage wherein the
material line is consistent with the exponential stretching law.
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i ) i
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~ L = 0.6517e0-0435t"
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Fig. 18. Time variations of (a) material line growth rate and (b) normal-
ized material line length Lc* of upstream column. In panel (b), the solid
lines denote numerical simulation results, and the dotted lines represent
the exponential stretching law lines.

Furthermore, we extracted A as a function of time and fit-
ted the model with a cubic curve. We then compared the fitting
results with the simulation results and exponential stretching
model and found that the modified model of the upstream wa-
ter column conforms better to the simulation results. Com-
pared to the exponential stretching model, which exhibits
an evident deviation in the initial stage, the modified model
agrees well with the material line. It also conforms well to the
rapid growth period of the material line. In the later stage, ow-
ing to the accuracy of the model, there is a certain degree of de-
viation; however, it still roughly reflects the change tendency
of the material line for a wide We range. The original model
can only describe the rapid stretching stage of the material line
for a short time, while our modified model can accurately de-
scribe the stretching law of the material line in both the early
stage of liquid column deformation and the rapid stretching
stage when We < 100 and t* < 20. It means that during the
period of deformation for water cylinder, under the coupling
of surface waves and inertial forces, there is a clear regularity
in the liquid column material line stretching with time, and it is
applicable in the small Weber number range. However, when
the liquid column starts to break up, and the liquid film and
liquid filaments start to pull out from the edge of the liquid col-
umn under the shear effect of airflow, these liquid bands will
have cyclic fracture, which also leads to the failure of the orig-
inal exponential stretching law. Considering that the present
modified model is only a simple modified model, we still need
to consider the Weber number effect when adjusting the model
parameters in the higher Weber number cases (We > 300).

We counted the area of the liquid column at different mo-
ments and multiplied the area by the density to get the kinetic
energy (Ex = [ % pu?dS). The water volume fraction contour
oy > 0.5 was used to determine the mesh counts into the area.
We also counted the perimeter of the column at different mo-
ments and multiplied the perimeter by the surface tension co-
efficient to get the surface energy (Es = 6L.). The water
volume fraction contour oq = 0.5 was used to calculate Lc.
The energy is in the liquid column per unit height. As shown
in Figs. 19(a) and 19(b), depicting the time variation of the
energy of the upstream column, indicate good similarity and
consistency. The kinetic energy is proportional to the square
of We, and the surface tension energy is proportional to We.
For the downstream column, figures 19(c) and 19(d) depict
the time variation of the energy of the downstream column. It
can be divided into two parts: when ¢t* < 17, the kinetic en-
ergy is proportional to the square of We, and when t* > 17, the
kinetic energy fluctuates randomly. The max value of Ey /We?
first increases then decreases. The E/We values show evident

similarity when #* < 15 and thereafter deviate.
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Figure 20 shows the time variations of the ratio of kinetic
energy and surface energy of the two columns. The ratio of the
kinetic energy to the surface energy for the upstream water col-
umn evidently increases, and this ratio for the downstream wa-

ter column attains a maximum value at approximately * = 17,
after which it fluctuates. When We = 18.4, the maximum value
of the aforementioned ratio for the upstream water column is
18, and the maximum value of the ratio for the downstream
water column is 1.2. This result indicates the key role of the
surface energy of the downstream water column in maintain-
ing the shape of the column and thus prevent breakup. When
We = 36.7, the maximum value of the ratio of the kinetic sur-
face energy size of the upstream column is 40, and the maxi-
mum value of the ratio of the kinetic surface energy size of the
downstream column is 3.2. The rapid increase in the kinetic
energy of the column following the increase in We is the main
reason for the water column breakup. The ratio of kinetic en-
ergy to the surface energy varies exponentially with We for the
upstream column. Meanwhile, for the downstream column,
the energy ratio causes the exponential trend to become oscil-
latory.

5. Conclusion

This study entailed a numerical investigation of the com-
plex interplay between shock waves and interfaces. The aero-
breakup of two consecutive water columns subjected to shock
waves spanning a broad spectrum of Weber numbers was thor-
oughly examined.

As regards the morphology, as the Weber number in-
creases, the upstream water—column breakup morphologies
transition from flattening to bag breakup mode. Simultane-
ously, the downstream water column flattens on the windward
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side, bends on the leeward side, and progressively forms a
bag structure with increasing Weber number. The kinematic
parameters and the degree of distortion observed in the two
water columns reveal notable differences from the isolated
one, while considerable similarities are apparent in the two
columns at different Weber numbers. Specifically, the kine-
matic characteristics of the upstream column, including the ve-
locity, displacement, and acceleration, exhibit consistent sim-
ilarities across various Weber numbers. In contrast, the down-
stream column demonstrates satisfactory agreement in the ini-
tial stages, and it manifests a non-uniform oscillatory pattern
in the later stage. Meanwhile, the interaction between the
columns results in substantially smaller velocity and displace-
ment values for the downstream column compared to the up-
stream column.

Subsequently, the temporal trends and relative magni-
tudes of kinetic energy and surface energy were examined
from an energy perspective. Evidently, the kinetic energy of
the upstream water column shows rapid growth under varying
Weber numbers. In contrast, the kinetic energy of the down-
stream water column initially increases and reaches its peak
before gradually decreasing. With regard to the surface energy,
after an initial phase of nearly exponential growth, it demon-
strates a slower growth phase. The surface energy dynamics
of the downstream column are more intricate, illustrating sim-
ilarities with the upstream column in the initial stages. How-
ever, the surface energy then exhibits a decrease, followed by
a resurgence of growth after a period of rapid exponential in-
crease.

The stretching rate of a material line is not uniform and
undergoes variations over time. This variation exhibits a mild
curvature with respect to time across a broad spectrum of We-
ber numbers. Furthermore, we present an improvement upon
the initial exponential stretching law model of the material line
to achieve a better alignment with the simulation results over
a prolonged duration. The proposed model is more accurate
over a wide range of Weber numbers.

The results of the existing work can serve for the physi-
cal modeling of droplet cluster interactions with shock waves,
and thus go on to construct the fragmentation model as well
as the drag model in the multi-droplet state. In future, it is
necessary to improve the modified model by incorporating the
influence of the Weber number. Moreover, the effects of the
spacing between water columns must be investigated in order
to gain further insight into the interaction dynamics between
the front and back of the water columns and to elucidate the
breakup mode for various spacing conditions.
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