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Within the magnonics community, there has been a lot of interests in the magnon–skyrmion interaction. Magnons and
skyrmions are two intriguing phenomena in condensed matter physics, and magnetic nanotubes have emerged as a suitable
platform to study their complex interactions. We show that magnon frequency combs can be induced in magnetic nanotubes
by three-wave mixing between the propagating magnons and skyrmion. This study enriches our fundamental comprehen-
sion of magnon–skyrmion interactions and holds promise for developing innovative spintronic devices and applications.
This frequency comb tunability and unique spectral features offer a rich platform for exploring novel avenues in magnetic
nanotechnology.
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1. Introduction
Over the past few decades, frequency combs have drawn

attention from various scientific sectors. For instance, opti-
cal frequency combs greatly influence metrology, making fre-
quency measurements more precise.[1–3] A spectrum with sev-
eral discrete, uniformly spaced spectral lines creates a fre-
quency comb.[4] Its application in optical systems utilizing
a mode-locked laser’s pulse train was first proposed,[5] and
it was later made possible in microresonators by applying
Kerr nonlinearity.[6] Applications requiring high-precision fre-
quency metrology, such as the optical atomic clock, opti-
cal ruler, exoplanet search, and molecular spectra sampling,
depend on the optical frequency comb’s ability to convert
electromagnetic waves at optical and microwave frequencies
mutually.[2,7–9] Scientists are searching for alternate frequency
comb generators due to the popularity of photonic frequency
combs. Recently, phononic combs were achieved in tiny ex-
tensional mode resonators,[10] and theoretical predictions[11]

were made through a three-wave mixing procedure. Magnonic
systems have been found to exhibit a variety of exotic phenom-
ena, including squeezed states, antibunching, Bose–Einstein
condensation, and multi-particle entanglement.[12–18]

Interaction between these factors broadens the scope
of conventional spintronics and magnonic systems as a vi-
able contender for quantum computing and quantum infor-
mation processing. Despite these similarities, the analogy
of frequency combs within a magnonic system is less ex-

plored. Three- and four-magnon processes are magnetic me-
dia’s most prominent nonlinear effects. The three-magnon
process can produce a frequency comb, although this is typ-
ically not very strong because of the low dipolar interaction.
The intense exchange force dominates the four-magnon con-
tact, but the produced magnon spectrum is continuous in two
and higher dimensions.[4] Thus, creation of frequency combs
continues to be an intriguing and challenging subject. Re-
cent research has shown that magnetic texturing can dramati-
cally improve the nonlinear three-magnon interaction in mag-
netic systems.[19–21] Among the magnetic textures, magnetic
skyrmions are a fascinating class that may be used in funda-
mental physics and spintronic devices. It has been demon-
strated recently that nonlinear scattering of polarized magnons
off the skyrmion in antiferromagnets can produce a terahertz
(THz) magnon frequency comb.[4] However, how propagating
magnons and skyrmions interact nonlinearly in magnetic nan-
otubes is unknown. It is still being determined whether the
magnon–skyrmion interaction can produce the magnon fre-
quency comb and how the strength of the three-wave mixing
is influenced by the direction in which the incident magnons
propagate.

In this work, we consider a ferromagnetic nanotube
with an out-plane magnetic anisotropy, the Dzyalonshinskii–
Moriya interaction (DMI), and we use micromagnetic simula-
tions to study magnon–skyrmion interaction in magnetic nan-
otubes as a function of geometrical and magnetic parameters.
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Since a cylindrical nanotube has no borders, it is an attractive
curved system to nucleate and transport skyrmions due to the
possibility of avoiding their annihilation at the system’s border
caused by the skyrmion Hall effect. The model shows a sub-
stantial critical microwave field, so single-tone driving cannot
induce the magnon frequency comb. By utilizing a two-tone
driving, we observe the emergence of MFC, originating from
the three mixings between propagation magnon–skyrmion in-
teractions. This research contributes to the fundamental under-
standing of magnon–skyrmion interactions through theoretical
models and experimental validations. It paves the way for the
development of innovative spintronic technologies.
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Fig. 1. Illustration of a Bloch-type skyrmion stabilized on a magnetic
nanotube, with R and d representing the outer radius and thickness, re-
spectively. The tube center is the origin, and the radial distances from
the axial, azimuthal, and nanotube axes are represented by the values of
ρ̂ , ϕ̂ , and ẑ, respectively.

2. Model and numerical simulation procedure
We consider a magnetic nanotube with an outer radius

R = 50 nm, thickness d = 20 nm, length L = 600 nm, and a
cell size of 2 nm× 2 nm × 2 nm, as shown in Fig. 1. The
exchange constant Aex = 8.78 pJ/m, saturation magnetization
Ms = 2× 105 A/m, bulk DMI parameter D = 1 mJ/m2, easy-
normal anisotropy constant Kρ = 2× 105 J/m3, and damping
constant α = 0.001 are taken for the FeGe material.[22] The
open-source software Mumax3 package is the tool we employ
for micromagnetic simulations.[23] The evolution of magne-
tization in magnetic systems can be studied numerically by
solving the Landau–Lifshitz–Gilbert (LLG) equation

∂𝑚

∂ t
=−γµ0𝑚×𝐻eff +α𝑚× ∂𝑚

∂ t
, (1)

where 𝑚 is the unit vector of the magnetization, γ the
gyromagnetic ratio, µ0 the vacuum permeability, α the
Gilbert damping, 𝐻eff = − 1

Ms
δε

δ𝑚
the effective field, and

ε = εex + εDMI + εK + εDip is the magnetic energy density,

which includes the contributions from the exchange (εex), bulk
Dzyaloshinskii–Moriya (DMI) (εDMI), and anisotropy (εK).

The energy density of the system reads

ε = Aex(∇𝑚)2 +D𝑚 · (∇×𝑚)−Kρ(𝑚 · ρ̂)2, (2)

where Aex is the exchange constant, D is the bulk
Dzyaloshinskii–Moriya (DMI) constant, and Kρ is the
anisotropy constant along ρ̂ .

We initially performed micromagnetic simulations to ob-
tain stable skyrmion on the nanotube as shown in Fig. 1, by
positioning the initial state at the center of the nanotube.
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Fig. 2. (a) Magnon dispersion obtained by micromagnetic simulation
without skyrmion. (b) Magnon dispersion relation with skyrmion. (c) A
snapshot in time of the magnon profiles at excitation frequency 60 GHz.

3. Results and discussion
3.1. Magnon propagation in nanotubes

We first study magnon propagation in magnetic nan-
otubes before examining the interaction between magnons and
skyrmion. We consider a uniform magnetization along the ra-
dial direction m0 = ρ̂ (without the skyrmion) as the ground
state, since the anisotropic field (

2Kρ

Ms
= 2.0 T) is much larger

than the demagnetization field (µ0Ms = 0.25 T). In the dy-
namical simulations, a Gilbert damping of α = 0.001 is used
to guarantee the magnon’s long-distance propagation, and ab-
sorbing boundary conditions are chosen to prevent the tube
ends’ magnon reflection. To simulate the magnon dispersion,
we apply a sinc-function microwave field ℎ(t) = h0 sin[ωc(t −
t0)]/[ωc(t−t0)]ẑ with µ0h0 = 100 mT, ωc/2π = 100 GHz, and
t0 = 1 ns at the center section of the nanotube. The magnon
dispersion relation acquired by the fast Fourier transform of
δmz is shown in Fig. 2(a). The dispersion relation exhibits a
parabolic shape, and we observed a non-zero frequency when
kz approaching zero due to the band gap that comes from
the anisotropy. In Fig. 2(a), we observe a band gap width
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of 40.8 GHz as kz approaching zero, while in Fig. 2(b), the
presence of skyrmion decreases the band gap, introduces ad-
ditional magnetic interaction which affects the dispersion of
the magnons and also leads to the emergence of new modes as
shown in Fig. 3(a). Figure 2(c) shows a snapshot in time of
the magnon profile at the exciting frequency ωb/2π = 60 GHz
(generating the incident magnon of wavelength ≈ 57.1 nm).
One can see that magnons with opposite propagating direc-
tions have the same wavelength, indicating that no asymmetric
magnon dispersion is induced by the curvature effect in nan-
otubes with the radial magnetization mρ = 1.

3.2. Magnon–skyrmion interaction in magnetic nanotube

In order to study the skyrmion’s intrinsic magnon ex-
citation spectrum in a magnetic nanotube, we apply a sinc-
function field in the tube, ℎ(t)= h0 sin[ωc(t−t0)]/[ωc(t−t0)]ẑ
with h0 = 100 mT and cutoff frequency fc = 100 GHz. A
fast Fourier transform (FFT) is performed for each cell in
the magnetic field system to obtain the internal spectrum,
which is then averaged over the entire tube. As illustrated

in Fig. 3(a), four main frequencies of 6.5 GHz, 9.2 GHz,
34.1 GHz, and 40.6 GHz are identified, and a thorough anal-
ysis of the magnon modes of the skyrmion in magnetic nan-
otube is conducted. Only the 40.8 GHz mode is visible in
the δmz spectrum of the magnon dispersion when there is
no skyrmion. Compared to the magnon–skyrmion interac-
tion mode, the 40.6 GHz mode is a ferromagnetic resonance
(FMR) mode.
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(ωa = 6.5 GHz). (d) Magnon frequency combs in the nonlinear interaction between the magnon and skyrmion for skyrmion gyrotropic
mode 2 (ωr = 9.2 GHz).

Mode 1, at 6.5 GHz, is a gyrotropic mode, where the

resonance amplitude in δmz of the outer and inner skyrmion

is more significant in the magnetization zone. The inner

skyrmion experiences phase changes that are opposite to those

of the outer skyrmion, with the phase profile of the outer

skyrmion’s spatial distribution changing continuously from

−π to π . Mode 2, at 9.2 GHz, is a gyrotropic mode, where

the resonance amplitude of the outer skyrmion is larger than

that of the inner skyrmion. The inner skyrmion experiences

phase changes opposite to those of the outer skyrmion, with
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the phase profile of the outer skyrmion’s spatial distribution
changing continuously from −π to π . Mode 3, at 34.1 GHz,
is a breathing mode, where the resonance amplitude of the
outer skyrmion is larger than that of the inner skyrmion. The
inner skyrmion experiences phase changes opposite to those
of the outer skyrmion, with the phase profile of the outer
skyrmion’s spatial distribution changing continuously from
−π to π . Additionally, through examining the skyrmion
movement when subjected to sinusoidal microwave driving of
6.5 GHz, 9.2 GHz, and 34.1 GHz frequency modes, we iden-
tify mode 1 and mode 2 as counterclockwise gyrotropic modes
and clockwise hybrid mode, respectively. A three-wave split-
ting mechanism can be used in ferromagnetic materials to ig-
nite the skyrmion gyrotropic mode when the local intriguing
field’s amplitude reaches a specific threshold. The subsequent
wave-mixing causes a magnon frequency comb.[4] This con-
cept drives our usage of a linearly polarized microwave field
ℎ(t) = ha sin(ωat)ẑ with ha = 100 mT and ωa/2π = 6.5 GHz
within a narrow circular region [black ring with ha sin(ωat)ẑ
Fig. 4(a)] to trigger the magnon incident.

The magnon interacts with the skyrmion with the aim of
generating a magnon frequency comb. However, the field am-
plitude was increased from 100 mT to 700 mT and we ob-
served no signs of magnon frequency comb except for the
incident magnon mode and its frequency-doubling signal as
shown in Fig. 4(b) for 100 mT. To overcome this challenge, we
introduced an additional micro-wave field h(t) = hb sin(ωbt)ẑ
with hb = 100 mT and ωb/2π = 60 GHz within a narrow cir-
cular region [black ring with hb sin(ωbt)ẑ in Fig. 4(a)] and the
incident magnons interacted with the skyrmion mode. To as-
certain whether the magnon frequency comb was generated,
we analyzed the spectrum of magnon within the same region
that excites the skyrmion by performing fast Fourier transform
(FFT) of the magnetization in motion. Figure 4(c) displays the
gigahertz region’s emerging magnon frequency comb (MFC),
where the comb’s mode spacing is precisely equal to the
skyrmion gyrotropic frequency.[24] Consequently, the inci-
dent magnon mode (ωb) and the skyrmion gyrotropic mode
1 (ωa) generate sum-frequency ω2 = ωb + ωa = 66.5 GHz
and difference-frequency ω2 = ωb − ωa = 53.5 GHz. Fig-
ure 4(d) shows that the incident magnon mode (ωb) and the
skyrmion gyrotropic mode 2 (ωr) generate sum-frequency
ω4 = ωb + ωr = 69.2 GHz and difference-frequency ω3 =

ωb −ωr = 50.8 GHz. In Figs. 4(c) and 4(d), we can obtain
frequency combs for ωb ± nωa and ωb ± nωr, with integer n.
Recent studies have highlighted the intriguing magnetic prop-
erties of two-dimensional 1T-CrTe2, and demonstrated that the
Kitaev interaction, along with single-ion anisotropy and other
off-diagonal exchanges, can account for the observed mag-
netic orientation in 1T-CrTe2. That study sheds light on the
complex magnetic behavior of 1T-CrTe2, elucidating the un-

derlying mechanisms that govern its magnetic properties and
highlighting its potential in spintronic applications.[25,26]

4. Conclusion
In conclusion, we have uncovered an interplay between

skyrmions and magnons in magnetic nanotubes, which leads
to formation of magnonic frequency combs. It is found that ex-
iting the gyrotropic skyrmion motion with a single-tone propa-
gating magnon is difficult due to its huge threshold microwave
field amplitude. Therefore, we introduce an additional low-
frequency driving source to generate the magnon frequency
comb. The spectral lines that are distinct and evenly spaced,
which are typical of frequency combs, provide crucial infor-
mation on the dynamic behavior of confined spin systems. We
have demonstrated that the intricate coupling of magnons and
skyrmions can form stable frequency combs, holding great
promise for applications in spintronic devices. Furthermore,
our results provide insight into developing and manipulating
complicated spin textures, thus expanding our understanding
of magnon–skyrmion interactions in constrained geometries.
The controllable and engineered frequency combs in magnetic
nanotubes create more opportunities for developing sophisti-
cated spintronic technologies, such as spin wave-based com-
puting and magnonic logic devices.
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[5] Udem T, Holzwarth R and Hänsch T W 2002 Nature 416 233
[6] Del’Haye P, Schliesser A, Arcizet O, Wilken T, Holzwarth R and Kip-

penberg T J 2007 Nature 450 1214
[7] Pasquazi A, Peccianti M, Razzari L, Moss D J, Coen S, Erkintalo M,

Chembo Y K, Hansson T, Wabnitz S, Del’Haye P, Xue X, Weiner A M
and Morandotti R 2018 Phys. Rep. 729 81

[8] Suh M G, Yi X, Lai Y H, Leifer S, Grudinin I S, Vasisht G, Martin E
C, Fitzgerald M P, Doppmann G and Wang J 2019 Nat. Photon. 13 25

[9] Dutt A, Joshi C, Ji X, Cardenas J, Okawachi Y, Luke K, Gaeta A L and
Lipson M 2018 Sci. Adv. 4 1701858

[10] Ganesan A, Do C and Seshia A 2017 Phys. Rev. Lett. 118 033903
[11] Cao L S, Qi D X, Peng R W, Wang M and Schmelcher P 2014 Phys.

Rev. Lett. 112 075505
[12] Nikuni T, Oshikawa M, Oosawa A and Tanaka H 2000 Phys. Rev. Lett.

84 5868

087503-4

http://doi.org/10.1364/OL.25.001049
http://doi.org/10.1038/s42005-019-0249-y
http://doi.org/10.1364/OL.25.000308
http://doi.org/10.1103/PhysRevLett.127.037202
http://doi.org/10.1103/PhysRevLett.127.037202
http://doi.org/10.1038/416233a
http://doi.org/10.1038/nature06401
http://doi.org/10.1016/j.physrep.2017.08.004
http://doi.org/10.1038/s41566-018-0312-3
http://doi.org/10.1126/sciadv.1701858
http://doi.org/10.1103/PhysRevLett.118.033903
http://doi.org/10.1103/PhysRevLett.112.075505
http://doi.org/10.1103/PhysRevLett.112.075505
http://doi.org/10.1103/PhysRevLett.84.5868
http://doi.org/10.1103/PhysRevLett.84.5868


Chin. Phys. B 33, 087503 (2024)

[13] Zhao J, Bragas A V, Lockwood D J and Merlin R 2004 Phys. Rev. Lett.
93 107203

[14] Bender S A, Duine R A and Tserkovnyak Y 2012 Phys. Rev. Lett. 108
246601

[15] Flebus B, Bender S A, Tserkovnyak Y and Duine R A 2016 Phys. Rev.
Lett. 116 117201

[16] Kamra A, Thingstad E, Rastelli G, Duine R A, Brataas A, Belzig W
and Sudbø A 2019 Phys. Rev. B 100 174407

[17] Liu Z X, Xiong H and Wu Y 2019 Phys. Rev. B 100 134421
[18] Yuan H Y and Duine R A 2020 Phys. Rev. B 102 100402
[19] Wolz T, Stehli A, Schneider A, Boventer I, Macêdo R, Ustinov A V,
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