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We investigate a periodically driven Haldane model subjected to a two-stage driving scheme in the form of a step
function. By using the Floquet theory, we obtain the topological phase diagram of the system. We also find that anomalous
Floquet topological phases exist in the system. Focusing on examining the quench dynamics among topological phases,
we analyze the site distribution of the 0-mode and π-mode edge states in long-period evolution after a quench. The results
demonstrate that, under certain conditions, the site distribution of the 0-mode can be confined at the edge even in long-period
evolution. Additionally, both the 0-mode and π-mode can recover and become confined at the edge in long-period evolution
when the post-quench parameters

(
T, M2

M1

)
in the phase diagram cross away from the phase boundary M2

M1
= 6

√
3t2

M1
− 1.

Furthermore, we conclude that whether the edge state is confined at the edge in the long-period evolution after a quench
depends on the similarity of the edge states before and after the quench. Our findings reveal some new characteristics of
quench dynamics in a periodically driven system.

Keywords: Floquet system, Haldane model, quench dynamics, topological phase diagram
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1. Introduction
Topological phases featuring gapless surfaces and edge

modes have attracted increasing interest across various sub-
fields of physics. One important research direction is the ex-
ploration of new topological phases through periodic driving,
also known as Floquet systems.[1–6] Floquet systems offer a
lot of intriguing phenomena, including anomalous topologi-
cal phases in non-Hermitian systems,[7–11] Floquet topologi-
cal phase transition,[12–16] and nonequilibrium Floquet steady
states.[17–21]

In recent years, there has been a growing interest in study-
ing topological phases and their characterization in periodi-
cally driven systems using cold atomic systems.[22–32] These
studies have led to the discovery of various novel topolog-
ical phases. Extensive investigations have been conducted
to understand the topological properties of these novel topo-
logical phases, including the modified bulk–boundary cor-
respondence (BBC),[5,33–36] band inversion surfaces (BISs)
of Floquet bands,[37–40] and large-Chern-number topological
phases.[41–46]

The Haldane model, which introduced the concept of
topological insulators (TIs), has been extensively studied both
theoretically and experimentally.[3,47–52] The dynamics of the
Haldane model following a sudden quench within the topo-
logical phase have also been explored.[53–57] However, less is
known about the dynamics of the periodically driven Haldane
model under a quantum quench, where the dynamics are more
complex than in the static Haldane model.

In this paper, we investigate a periodically driven Haldane

model driven by a two-stage driving scheme in the form of a
step function. Specifically, we examine the quench dynamics
of this system and address key questions such as the topolog-
ical properties of the periodically driven Haldane model, how
the topological characteristics influence the dynamics of edge
states, and what happens to the 0-mode and π-mode.

2. Floquet topological theory
We start discussions from a time-periodic driving system

Ĥ(t) = Ĥ(t +T ) with period T . The Floquet eigenvalue equa-
tion gives (with h̄ = 1) Û(T ) |ψ (0)⟩ = e−iεT |ψ (0)⟩, where
Û (T ) = T̂exp

[
−i
∫ T

0 Ĥ (t) dt
]

is the evolution operator with
T being the time-ordering operator. ε are the quasiener-
gies and ψ (0) are the Floquet eigenstates.[59,60] Here, the
quasienergies ε play the same role as the eigen-energy in a
static system and lie in the Floquet bands

(
− π

T ,
π

T

]
. To relate

the periodic evolution operator to the evolution of a static sys-
tem, we define an effective Hamiltonian ĤF: ĤF ≡ i

T lnÛ(T ).
Thus, the topological properties of the time-periodic driving
system can be investigated by the quasienergy spectrum of the
Floquet system.

For each value of the momentum vector 𝑘 = (kx,ky), a
general static two-dimensional two-band Hamiltonian is

ℋ (𝑘) = ε(𝑘)𝐼2×2 +ℎ(𝑘) ·𝜎, (1)

where 𝜎 are the Pauli matrices, 𝐼2×2 is the identity matrix.
We establish a protocol of period T = T1+T2, and the sys-

tem Hamiltonian periodically quenches between two different
†Corresponding author. E-mail: renminxuanphy@bupt.edu.cn
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sets of values ℋ1 and ℋ2 within the respective time T1 and T2.
Then, the effective Hamiltonian of this system is given by[45]

ℋF (𝑘) ≡ i
T1 +T2

ln
[

e−iℋ2(𝑘)T2 e−iℋ1(𝑘)T1
]

=
i

T1 +T2
ln
[

e−iℎ2(𝑘)·𝜎T2 e−iℎ1(𝑘)·𝜎T1
]
, (2)

where ℋ1,2 are expressed in terms of vectors ℎ1,2(𝑘) accord-
ing to Eq. (1). For this periodic quenching two-band system,
the band touching of the quasienergy spectrum at ε = 0,±π/T
leads to topological phase transitions. The evolution operator
reads Û(T ) = e−iℎ2·𝜎T2 e−iℎ1·𝜎T1 . From the Euler form of
Pauli matrix e−iℎ·𝜎t = cos(|ℎ| t)− i sin(|ℎ| t)ℎ ·𝜎/ |ℎ| , we
can obtain the effective Floquet Hamiltonian ℋF =ℎF ·𝜎 with
ℎF =−arccos(εU )𝑟U/(|𝑟U | ·T ) and

εU = cos |T1ℎ1|cos |T2ℎ2|

− ℎ1 ·ℎ2

|ℎ1| · |ℎ2|
sin |T1ℎ1|sin |T2ℎ2| , (3)

𝑟U =
ℎ1 ×ℎ2

|ℎ1| · |ℎ2|
sin |T1ℎ1|sin |T2ℎ2|

− ℎ1

|ℎ1|
sin |T1ℎ1|cos |T2ℎ2|

− ℎ2

|ℎ2|
sin |T2ℎ2|cos |T1ℎ1| . (4)

We obtain the condition from Eq. (3), which states that
the band touches and leads to topological phase transitions
when[45]

ℎ1 ·ℎ2

|ℎ1| · |ℎ2|
=±1, T1 |ℎ1|±T2 |ℎ2|= mπ, (5)

with m being an even (odd) integer for ε = 0 (±π/T ).
The topological characteristics can be evaluated by the

Floquet Chern number, which can be calculated (for the lower
band) from[4]

CF =
1

4π

∫
FBZ

ℎF

|ℎF|3
·
(
∂kxℎF ×∂kyℎF

)
d2𝑘. (6)

However, the topological properties of the system cannot
be fully described by calculating the Floquet Chern number
alone, and we need to consider the winding number.[5] The
winding number can be calculated as

nedge(ε) =Wε

=
1

8π2

∫
dt dkx dkyTr

(
U−1

ε ∂tUε ·
[
U−1

ε ∂kxUε ,U−1
ε ∂kyUε

])
.(7)

Here Wε is the winding number at a quasienergy ε lying within
a Floquet gap, with the modified time-evolution operator Uε

being constructed as follows:

Uε(𝑘, t) =

{
U(𝑘,2t), 0 ≤ t ≤ T

2 ,

Vε(𝑘,2T −2t), T
2 ≤ t ≤ T,

(8)

where Vε(𝑘, t) = e−iℋF(𝑘)t with ℋF(𝑘) =
i
T logU(𝑘,T ), and

we choose the branch cut of the logarithm with

log e−iεT+i0− =−i · εT,

log e−iεT+i0+ =−i · εT −2π i. (9)

3. Phase diagram of a periodically driven Hal-
dane model
The Haldane model describes spinless fermions hopping

on a 2D honeycomb both nearest and next nearest neighbor
hopping parameters. The Hamiltonian is given by[47]

Ĥ = t1

(
∑
⟨i, j⟩

ĉ†
i ĉ j +H.c.

)
+ t2

(
∑

⟨⟨ i, j⟩⟩
e iφi j ĉ†

i ĉ j +H.c.

)
+M ∑

i∈A
n̂i −M ∑

i∈B
n̂i, (10)

where M is the staggered potential responsible for breaking
the symmetry between the two sublattices of a honeycomb lat-
tice, t1 is the nearest-neighbor hopping, t2 is the next-nearest-
neighbor hopping, and A and B represent two different sublat-
tices. ĉ†

i (ĉ j) is the creation/annihilation operator at site i ( j) ,
and n̂i ≡ ĉ†

i ĉi is the corresponding number operator. The phase
factor of next to nearest neighbor hopping, φi j = ±φ , is posi-
tive for anticlockwise and negative for clockwise.

The Haldane model has been realized experimentally, and
the dynamics induced by quantum quenches in the Haldane
model have also been studied.[50,61–64] It is theoretically shown
that the periodically quenched Haldane model can obtain a va-
riety of topological phases, and this model has been realized
experimentally in a nitrogen-vacancy (NV) system.[45,46] In-
spired by the theoretical and experimental advances mentioned
above, we consider an accessible two-step driving protocol of
a periodically driven Haldane model:

M =

{
M1, t ∈

[
NT,NT + T

2

)
,

M2, t ∈
[
NT + T

2 ,NT +T
)
,

N ∈ N. (11)

Under the protocol of Eq. (11), the two instantaneous
Hamiltonians can be written as (with the phase factor φi j =

π/2)

ℎ1 (𝑘) =

(
t1 ∑

i=1,2,3
cos(𝑘 ·𝑎i), t1 ∑

i=1,2,3
sin(𝑘 ·𝑎i) ,

M1 −2t2 ∑
i=1,2,3

sin(𝑘 ·𝑏i)

)
, (12)

ℎ2 (𝑘) =

(
t1 ∑

i=1,2,3
cos(𝑘 ·𝑎i), t1 ∑

i=1,2,3
sin(𝑘 ·𝑎i) ,

M2 −2t2 ∑
i=1,2,3

sin(𝑘 ·𝑏i)

)
, (13)

where the primitive vectors 𝑎1, 𝑎2 and 𝑎3 are the units of
the honeycomb lattice constant, 𝑏1 = 𝑎2 −𝑎3, 𝑏2 = 𝑎3 −𝑎1,
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𝑏3 = 𝑎1 − 𝑎2 are the three vectors connecting the nearest
neighboring sites.

Through this drive scheme, we construct the periodically
driven Haldane model and calculate the topological phase dia-
gram in the T – M2

M1
plane (only the diagram for a small range of

T and M2
M1

is plotted (see Appendix B)) as Fig. 2 shows. Dif-
ferent colors represent different topological phases. We find
that the Floquet Chern number CF = 0 in the blue region of
the phase diagram, but the existence of edge modes can be
observed through the quasienergy spectrum of these phases
(see Appendix A), which means that they are anomalous Flo-
quet topological phases.[6] In fact, the Floquet Chern num-
ber can also be expressed as CF =W0 −Wπ .[5] So the Floquet
Chern number of the anomalous Floquet topological phases
can be obtained by CF = W0 −Wπ = 1− 1 = 0. The phase
boundaries of the phase diagram are determined by Eq. (5).
For a two-band Floquet system, there are two edge states to
consider between the two bands: 0-mode and π-mode.[5,6] In
this phase diagram, we calculate the 0-mode phase boundary:
M2
M1

= 6
√

3t2
M1

− 1, M2
M1

= 4π

M1
·
( 1

T

)
− 1− 6

√
3t2

M1
and the π-mode

phase boundary: M2
M1

= 2π

M1
·
( 1

T

)
−1− 6

√
3t2

M1
.




M1

M2

(c)

(b)

φ

Α

Β a1 a3

a2

(a)

T/ T T/ T
t

M

ν=0

ν=−1

ν=1

M
/
t 2

6

2

-2

-6
−π 0 π

φ

Fig. 1. (a) Two-dimensional honeycomb lattice with lattice primitive
vectors 𝑎1, 𝑎2 and 𝑎3. Red and green circles represent the two sublat-
tices A and B. (b) Phase diagram of the Haldane model, ν =±1 shows
topological phase and ν = 0 shows non-topological phase. (c) We con-
sider a two-stage driving scheme in the form of a step function like (b)
shows

(
φ , M1

t2

)
↔
(

φ , M2
t2

)
.

4. Quench dynamics of a periodically driven
Haldane model

In this section, we study the quench dynamics of the
periodic quenching Haldane model. We consider quantum

quenches in different regions of the phase diagram, as il-
lustrated by the arrow in Fig. 2. Here, we emphasize that
for the topological phase diagrams with different parameters
(M1, t1, t2), our conclusions on quench dynamics are universal.
To examine the robustness of the edge modes, we conducted
a study on the evolution of these modes following a quantum
quench. Since the edge modes exist in pairs, the right edge
state’s evolution after quenching is similar to that of the left
edge state, so in this paper we only discuss the evolution of the
left mode after the quantum quench. Initially, at time t = 0, we
prepare the pre-quench state ψ (0) with the pre-quench param-
eters

(
T0,
(

M2
M1

)
0

)
, which ψ (0) served as quasi-static states.

Subsequently, we abruptly change the post-quench parameters
to
(

T, M2
M1

)
, resulting in the post-quench state ψ (t) no longer

remaining in quasi-static states after the quench. ψ (t) can be
expressed as

ψ (t) = e−iℋ′
Ft

ψ (0) , (14)

where ℋ′
F represents the effective Floquet Hamiltonian of the

system with the post-quench parameters
(

T, M2
M1

)
. Conse-

quently, the site distribution of the edge state undergoes time
evolution.

5

4

3

2

1

0

-1

2.46

1 2 3

T

M
2
/
M

1 ↼CF↪W0↪Wπ↽/↼↪↪↽

↼CF↪W0↪Wπ↽/↼↪↪↽
W0/

Wπ ≠ 

↼CF↪W0↪Wπ↽/↼↩↪↪↽

↼CF↪W0↪Wπ↽/↼↪↪↽

Fig. 2. Topological phase diagram of the periodically driven staggered
potential M in the Haldane model. We label five different topological
phases within the range of the parameters. The phases of grey region
show band overlaps, which cause Wπ ̸= 1. In this phase diagram, we use
the parameters M1 = 1/2, t1 = 1/2, t2 = 1/6,φ = π/2. Solid (dashed)
lines correspond to the band-touching points at π-gap (0-gap). The dia-
gram is only for a small range of T and M2/M1 as plotted. See Appen-
dices A and B for more details about the topological phase diagram.

To investigate the impact of the quench, we focus on the
site distribution of the edge states in long-period evolution. We
observe that the distribution tends to stabilize after long-period
evolution (see Appendix C). To facilitate our analysis, we uni-
formly select the time t = 1000T to represent the long-period
evolution of the system.

First, we consider the evolution of 0-mode and calculate
the following cases (the following conclusions apply to the pa-
rameters within the scope of Fig. 2).

Case I M2
M1

remains invariant while T is changed. We in-
vestigate two distinct quenching regions, determined by the

090309-3
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phase boundary M2
M1

= 6
√

3t2
M1

− 1 = 2
√

3 − 1. When M2
M1

<

2
√

3 − 1 ≈ 2.46, the 0-mode remains confined at the edge,
roughly equivalent to the initial state distribution even in long-
period evolution [as shown in Fig. 3(a)]. However, when
M2
M1

> 2
√

3 − 1, the 0-mode is no longer highly confined at
the left edge in long-period evolution [see Fig. 3(b)]. This dis-
crepancy can be attributed to the different 0-mode states before
and after the quench. Figures 3(c) and 3(d) illustrate the pre-
quench edge states of the 0-mode. When M2

M1
< 2

√
3− 1, the

edge states of the 0-mode under these two parameters are ap-
proximately equivalent. This shows that in this region of the

phase diagram, only adjusting the period T has little effect on

the edge state of 0-mode, which is also the reason why 0-mode

can be confined at the edge in long-period evolution when M2
M1

is invariant in the region of M2
M1

< 2
√

3− 1. However, when
M2
M1

> 2
√

3−1, the edge states of the 0-mode under the two pa-

rameters differ significantly, resulting in the observed loss of

confinement at the left edge after a long period of evolution. In

conclusion, quenching the 0-mode with M2
M1

kept constant and
M2
M1

< 2
√

3−1 guides us to a universal method of confining the

0-mode at the edge in long-period evolution after a quench.

0

0.02

0.04

0.06

0.08

0.10
(a)

0

0.05

0.10

0.15

0.20

0.25

0.30

0 400

(b)

0

0.02

0.04

0.06

0.08

0.10
(c)

0

0.1

0.2

0.3

0.4
(d)

10 20 30 45
n

0 40010 20 30 45
n

0 40010 25 40 55
n

0 40010 20 30 45
n

|ψ
|2

|ψ
|2

|ψ
|2

|ψ
|2

Fig. 3. Site distribution of 0-mode in long-period evolution t = 1000T after a quench from the pre-quench parameters
(

T0,
(

M2
M1

)
0

)
to post-

quench parameters
(

T, M2
M1

)
. (a)

(
T0,
(

M2
M1

)
0

)
= (3,2). (b)

(
T0,
(

M2
M1

)
0

)
= (3.2,5). Meanwhile, (c) and (d) show the difference of the

pre-quench 0-mode edge state. Here, n represents the n-th site number.

Case II Changing M2
M1

while keeping T invariant. First,
we continue the selection of the pre-quench parameters(

T0,
(

M2
M1

)
0

)
= (3,2). Referring to Case I, we focus on the

phase boundary M2
M1

= 2
√

3 − 1. When we change the pre-

quench parameters to post-quench parameters
(

T, M2
M1

)
that

are close to the phase boundary M2
M1

= 2
√

3−1, we observe that
the confinement of the 0-mode at the edge diminishes in long-
period evolution. This trend becomes increasingly evident
as the post-quench parameters

(
T, M2

M1

)
approach the phase

boundary [refer to Fig. 4(a)]. Since the post-quench param-
eters

(
T, M2

M1

)
selected close to the phase boundary will cause

the long-period evolution of 0-mode to no longer be confined
at the edge, a natural question arises: can the 0-mode still be
confined at the edge in long-period evolution when we select
post-quench parameters far away from the phase boundary?

Figure 4(b) indicates that this needs to be discussed in two sit-
uations: when the selected post-quench parameters

(
T, M2

M1

)
cross the phase boundary M2

M1
= 2

√
3− 1 relative to the ini-

tial state, the farther away from the phase boundary, the more
the 0-mode with long-period evolution can be confined at the
edge; however, when the post-quench parameters

(
T, M2

M1

)
do

not cross the phase boundary, the 0-mode may not tend to be
confined at the edge in long-period evolution.

Next, we consider the different pre-quench states. We
continue to change M2/M1 while keeping T invariant. We
select the different pre-quench parameters in the topological
phase regions (e), (f), and (g) in Fig. 2 as the initial state,
and Figs. 4(c), 4(d), 4(e) show site distribution of the 0-mode
in long-period evolution with different pre-quench parame-
ters. As mentioned above, we can still observe that the 0-
mode gradually recovers to be confined at the edge because
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the post-quench parameters
(

T, M2
M1

)
are far away from the

phase boundary M2
M1

= 2
√

3− 1. Hence, we conclude that by

sweeping the post-quench parameters M2
M1

while keeping T in-
variant and crossing different topological phases, the site dis-
tribution of the 0-mode undergoes distinct stages. Initially,
the 0-mode is confined at the edge (in the initial state), but as
the post-quench parameters begin to approach and cross the
phase boundary M2

M1
= 2

√
3− 1, the confinement at the edge

diminishes. However, we find that when the post-quench pa-
rameters

(
T, M2

M1

)
are far away from the phase boundary, the

confinement at the edge will be recovered. The underlying
reasons behind the gradual recovery in the long-period evo-

lution of the 0-mode, and its subsequent confinement at the
edge after crossing the post-quench state away from the phase
boundary, are worth investigating. We have discovered that the
pre-quench edge state of the 0-mode tends to be less confined
at the edge in the vicinity of the phase boundary M2

M1
= 2

√
3−1

[see Fig. 4(f))]. However, since the post-quench parameters(
T, M2

M1

)
are further away from the phase boundary, the post-

quench edge states gradually become highly confined. This
phenomenon leads to a more analogous distribution of 0-mode
edge states before and after a quench, enabling the 0-mode to
recover and become confined at the edge in long-period evo-
lution.
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Fig. 4. Site distribution of 0-mode in long-period evolution t = 1000T after a quench from the pre-quench parameters
(

T0,
(

M2
M1

)
0

)
to post-

quench parameters
(

T, M2
M1

)
. We select different pre-quench states located in different topological phases. (a), (b)

(
T0,
(

M2
M1

)
0

)
= (3,2).

(c)
(

T0,
(

M2
M1

)
0

)
= (3,5). (d)

(
T0,
(

M2
M1

)
0

)
= (3,0.5). (e)

(
T0,
(

M2
M1

)
0

)
= (3,−1). Meanwhile, (f) shows pre-quench edge states of the 0-mode.

After studying the evolution of 0-mode, we shift our fo-
cus to the evolution of the π-mode. Upon observing the pre-
quench states of the 0-mode and π-mode in Figs. 4 and 5,
it becomes evident that the pre-quench state of the π-mode
differs from that of the 0-mode under the same parameters(

T0,
(

M2
M1

)
0

)
. This disparity will consequently lead to a dis-

tinct evolution of the π-mode after a quench compared to that
of the 0-mode. Besides, the evolution of the π-mode cannot
be universally confined at the edge after a long-period evolu-
tion, as observed in Case I. In our discussion of the 0-mode,
we emphasized the phase boundary M2

M1
= 2

√
3−1. Regarding

the π-mode, our main concern still lies in this phase boundary.
To further explore this, we continue to employ the method of
varying M2

M1
while keeping T constant. Figures 5(a)–5(f) illus-

trate the evolution of the π-mode after a long-period evolu-
tion, starting from different initial states selected from various

topological phase regions. Figures 5(a) and 5(c) indicate that
when the post-quench parameters

(
T, M2

M1

)
are close to the pre-

quench parameters
(

T0,
(

M2
M1

)
0

)
, the π-mode remains con-

fined at the edge in long-period evolution. As the post-quench
parameters

(
T, M2

M1

)
deviate from the pre-quench parameters,

the confinement of the π-mode at the edge decreases. How-
ever, if the post-quench parameters

(
T, M2

M1

)
cross away from

the phase boundary M2
M1

= 2
√

3− 1, the π-mode recovers and
becomes confined at the edge in long-period evolution. This
behavior is similar to what we observed with the 0-mode, as il-
lustrated in Figs. 5(b) and 5(d). Notably, even if we choose the
post-quench parameters

(
T, M2

M1

)
on the Haldane phase with-

out the π-mode, the π-mode still exhibits strong confinement
at the edge in long-period evolution after the quench.

Furthermore, we also explore the evolution of the π-
mode using pre-quench parameters from different topologi-

090309-5



Chin. Phys. B 33, 090309 (2024)

cal phases and other quenching methods, such as changing T
while keeping M2

M1
invariant. The results obtained are identi-

cal with the above discussions [see Figs. 5(e)–5(h)]. We have
explained that the edge states of the 0-mode become less con-
fined at the edge near the phase boundary M2

M1
= 2

√
3−1. Al-

though the pre-quench state of π-mode near the phase bound-
ary M2

M1
= 2

√
3− 1 is still confined at the edge, it can be ob-

served that the pre-quench state can be highly confined at the
edge as the pre-quench parameters

(
T0,
(

M2
M1

)
0

)
move away

from the phase boundary, as shown in Fig. 5(h). In particular,
we choose the 0-mode edge state for the pre-quench parame-
ters on the Haldane phase, which allows us to compare the 0-
mode edge state with the π-mode edge state. This is because
the confinement of the edge state in long-period evolution is
only related to the similarity of the edge states before and after
the quench, and it is not necessary for the edge states before
and after a quench to be all 0-mode or π-mode. This obser-
vation provides insight into why the π-mode with the post-
quench parameters

(
T, M2

M1

)
on the Haldane phase can be con-

fined at the edge in long-period evolution. Therefore, we infer
that the confinement of the edge states in long-period evolu-
tion depends on the similarity of edge states before and after a
quench, and the existence of the 0-mode or π-mode does not
have a decisive relationship with the robustness of edge states
after a quench.

Another potential factor that affects the evolution of the
edge state is the selection of the total site number ntotal. In this
case, we select the same parameters

(
T0,
(

M2
M1

)
0

)
= (3,2)→(

T, M2
M1

)
= (3,2.3) with different values of ntotal. Taking log-

arithms of the distribution allows us to more intuitively inves-
tigate the differences in the distribution of different site num-
bers. Figure 6 illustrates that the distribution of post-quench
evolution near the left edge for ntotal = 4000, ntotal = 1000, and
ntotal = 400 is essentially equivalent. However, the distribution
for ntotal = 100 differs from the other three parameters of ntotal

in the edge region, indicating that a relatively large total site
number ntotal is necessary to accurately describe the site distri-
bution of the edge state in long-period evolution.
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Fig. 5. Site distribution of π-mode in long-period evolution t = 1000T from the pre-quench parameters
(

T0,
(

M2
M1

)
0

)
to post-quench parameters(

T, M2
M1

)
. We select different pre-quench states located in different topological phases. We use the method of changing M2

M1
while keeping T

invariant in (a)–(f). (a), (b)
(

T0,
(

M2
M1

)
0

)
= (3,2). (c), (d)

(
T0,
(

M2
M1

)
0

)
= (3,3). (e)

(
T0,
(

M2
M1

)
0

)
= (3,5). (f)

(
T0,
(

M2
M1

)
0

)
= (3,0.5).

(g), (h) We use the method of changing T while keeping M2
M1

invariant. Meanwhile, (i) shows pre-quench edge states. The edge states of(
T0,
(

M2
M1

)
0

)
= (3,2) and

(
T0,
(

M2
M1

)
0

)
= (3,5) are the π-modes, the edge state of

(
T0,
(

M2
M1

)
0

)
= (3,−1) is the 0-mode.
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Fig. 6. Take the logarithm of the 0-mode distribution after a quench
from

(
T0,
(

M2
M1

)
0

)
= (3,2) to

(
T,
(

M2
M1

))
= (3,2.3) with the total site

number ntotal = 4000, ntotal = 1000, ntotal = 400 and ntotal = 100.

5. Conclusion
In this study, we investigate the periodically driven Hal-

dane model. We analyze the two-step driving scheme of the
Haldane model and perform calculations on the quasienergy
spectrum. Additionally, we construct a topological phase dia-
gram by varying the parameter M2

M1
and period T . In this phase

diagram, we observe the presence of anomalous Floquet topo-
logical phases characterized by the presence of edge modes,
despite the Floquet Chern number CF = 0. After examining
the topological properties revealed by the phase diagram, we
explore the dynamics that occur after a quench by adjusting
the pre-quench parameters

(
T0,
(

M2
M1

)
0

)
and post-quench pa-

rameters
(

T, M2
M1

)
.

Notably, we observe both differences and similarities in
the dynamics of the edge states of the 0-mode and π-mode af-
ter a quantum quench. The pre-quench state of 0-mode and
π-mode is different under the same parameters

(
T0,
(

M2
M1

)
0

)
,

which will affect their evolution after the quench. In addition,
the 0-mode can be effectively confined at the edge through

long-period evolution, requiring changing T while maintain-
ing M2

M1
and ensuring M2

M1
< 6

√
3t2

M1
− 1. This phenomenon sig-

nificantly distinguishes the 0-mode from the π-mode. We also
find out that π-mode can still show strong confinement at the
edge in long-period evolution when the post-quench param-
eters

(
T, M2

M1

)
on the topological phase without the π-mode.

The similarity of the 0-mode and π-mode is that when the
post-quench states cross the phase boundary M2

M1
= 6

√
3t2

M1
− 1,

they can recover and become confined at the edge in long-
period evolution.

Summarizing the evolution of 0-mode and π-mode, we
emphasize that the confinement of the edge states in long-
period evolution depends on the similarity of edge states be-
fore and after a quench. Additionally, the existence of the 0-
mode or π-mode does not have a decisive relationship with
the robustness of edge states after a quench. In future work, it
will be meaningful to apply our research framework to more
complex Floquet systems, such as periodically shaken square
optical lattice systems[65–67] and periodic systems with con-
tinuous driving protocol,[68] and checking whether the edge
modes are confined at the edge in long-period evolution after
a quench.

Appendix A: Quasienergy spectrum and edge
states in the periodically driven Haldane model

We calculate the energy spectrum of the effective Hamil-
tonian in the periodically driven Haldane model. The model
is defined on a stripe terminated by an armchair edge in the y-
direction and with periodic boundary conditions along x. Due
to the periodicity along x, the Hamiltonian can be Fourier-
transformed along this direction with kx ∈ [−π,π]. Then, we
calculated the effective Hamiltonian over one driving period
according to Eq. (10) and the driving protocol of Eq. (11).
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Fig. A1. (a)–(d) Quasienergy spectrum with N = 100 and (e)–(h) site distribution of the edge modes with positive group velocity ∂kε for the periodically
driven Haldane model. The parameters

(
T, M2

M1

)
are (1,0.5) in panel (a), (3,3) in panel (b), (3,2) in panel (c), and (3,1) in panel (d). There are two

chiral edge modes, either traversing the zero quasienergy gap (marked with red) or traversing the π quasienergy gap (marked with blue). Here, we
choose the edge state at kx = 0.005.

090309-7



Chin. Phys. B 33, 090309 (2024)

In Fig. A1(a), we find a right-edge mode with posi-
tive group velocity that crosses the 0 quasienergy gap, and
0-mode contributes (CF,W0,Wπ) = (1,1,0).[5,53,69] Similarly,
Fig. A1(b) indicates that the π-mode right-edge state with
positive group velocity contributes (CF,W0,Wπ) = (−1,0,1);
Fig. A1(c) shows two pairs of right-edge modes, with one pair
traversing the 0 quasienergy gap and the other traversing the π

quasienergy gap, and we obtain (CF,W0,Wπ) = (0,1,1). This
phenomenon reveals the existence of the anomalous Floquet
topological (AFT) phase.[5,6]

Furthermore, we would like to mention that the topolog-
ical phase of the region (d) of the topological phase diagram
shown in Fig. 2 is not discussed in the main text. Figure A1(d)
shows the quasienergy spectrum of this region. We can ob-
serve the band overlapping of the quasienergy spectrum at
ε = π/T . The reason for this phenomenon is that we choose
the parameter M2/M1 ≈ 1 in region (d) of the phase diagram
Fig. 2, which means that the staggered potential M does not
change significantly in the period quenching. In this region,
we cannot significantly change the topological properties of
the system by changing the period T , so there is still only
a 0-mode edge state in the calculated quasienergy spectrum.
This phenomenon, where there is only the 0-mode edge state
in the (d) region of the phase diagram, can also be reflected in
Fig. A1(h).

Appendix B: Details about the phase diagram of
the periodically driven Haldane model

We adapt the methodology outlined in the main text,
maintaining a constant phase factor φ while varying the pe-
riod T and the parameter M2/M1. This allows us to generate
a new phase diagram. However, we change the value of M1,
causing the pre-quench state of the two-step driving protocol
to be situated in the non-topological phase rather than the topo-
logical phase. Figure B1(a) visually demonstrates that the ob-
tained phase diagram exhibits the fundamental characteristics
outlined in the main text (see Fig. 2).

Furthermore, we employ an alternative approach wherein
we keep the value of M constant while varying the period T
and the phase factor φ . This alternative approach yields a
novel topological phase diagram, as shown in Fig. B1(b). It is
worth noting that a significant deviation arises because we can-
not obtain the π-mode edge states using this approach given
that Eq. (1) does not satisfy the necessary conditions.

Additionally, we choose a smaller period T in the phase
diagram. When we choose a larger T , the topological prop-
erties of the system become more complicated, as shown in
Figs. B1(c) and B1(d). For a large T , the quasienergy spectrum
of the system will have band overlap at ε = 0 and ε = π/T .
It is difficult to determine the topological properties of the

quasienergy spectrum in the 0-mode and π-mode. Therefore,
our phase diagram in this paper chooses the period T < 4.
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Fig. B1. (a) Topological phase diagram of the periodically driven staggered
potential M in the Haldane model. In this topological phase diagram, we use
the parameters: φ = π/2, M1 = 1, t1 = 1/2, t2 = 1/6. The phases of grey
region and white region show band overlaps, which cause Wπ ̸= 1. (b) Topo-
logical phase diagram of the periodically driven phase factor φ in the Hal-
dane model. This phase diagram we use the parameters: φ1 = π/2, M = 1/2,

t1 = 1, t2 = 1/6. Quasienergy spectrum with the parameters
(

T, M2
M1

)
are

(8,3) in panel (c) and (10,3) in panel (d).

Appendix C: Long-period evolution in the peri-
odically driven Haldane model

As mentioned in the main text, when we quench from the
pre-quench parameters

(
T0,
(

M2
M1

)
0

)
to the post-quench pa-

rameters
(

T,
(

M2
M1

))
, the site distribution of the system will

no longer remain in a quasi-static state. In this appendix, we
discuss the details of the system evolution. As illustrated in
Fig. C1, it is evident that the site distribution of edge states un-
dergoes significant changes when the evolution time is short,
such as t = 20T or t = 50T , until it eventually converges to
an edge distribution after a long period of evolution. We can
observe that within the time range of t = 0 to t = 50T , the
crest of the distribution moves between the position numbers.
However, after t > 200T , the crest of the distribution tends to
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stabilize. Consequently, we select the long period t = 1000T ,
in the main text to ensure the stability of the site distribution.
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Fig. C1. Evolution of 0-mode site distribution after a quantum quench
from
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)
= (3,2) to

(
T,
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))
= (3,2.3).
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[24] Lin Y J, Jiménez-Garcı́a K and Spielman I B 2011 Nature 471 83
[25] Huang L, Meng Z, Wang P, Peng P, Zhang S L, Chen L, Li D, Zhou Q

and Zhang J 2016 Nat. Phys. 12 540
[26] Wu Z, Zhang L, Sun W, Xu X T, Wang B Z, Ji S C, Deng Y, Chen S,

Liu X J and Pan J W 2016 Science 354 6308
[27] Chen H R, Lin K Y, Chen P K, Chiu N C, Wang J B, Huang P, Yip S

K, Kawaguchi Y and Lin Y J 2018 Phys. Rev. Lett. 121 113204
[28] Luo X W, Zhou X, Li C F, Xu J S, Guo G C and Zhou Z W 2015 Nat.

Commun. 6 7704

[29] Zhang X, Jiang W, Deng J, Wang K, Chen J, Zhang P, Ren W, Dong
H, Xu S, Gao Y, Jin J, Zhu X, Guo Q, Li H, Song C, Gorshkov A V,
Iadecola T, Liu F, Gong Z X, Wang Z, Deng D L and Wang H 2022
Nature 607 468

[30] Jünemann J, Piga A, Ran S J, Lewenstein M, Rizzi M and Bermudez A
2016 Phys. Rev. X 7 031057

[31] Potirniche I D, Potter A C, Schleier-Smith M, Vishwanath A and Yao
N Y 2017 Phys. Rev. Lett. 119 123601

[32] Liu X J, Law K T, Ng T K and Lee Patrick A 2013 Phys. Rev. Lett. 111
120402

[33] Peng Y G, Qin C Z, Zhao D G, Shen Y X, Xu X Y, Bao M, Jia H and
Zhu X F 2016 Nat. Commun. 7 13368

[34] Mukherjee S, Spracklen A, Valiente M, Andersson E, Öhberg P, Gold-
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