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Positional information encoded in spatial concentration patterns is crucial for the development of multicellular organ-
isms. However, it is still unclear how such information is affected by the physically dissipative diffusion process. Here
we study one-dimensional patterning systems with analytical derivation and numerical simulations. We find that the diffu-
sion constant of the patterning molecules exhibits a nonmonotonic effect on the readout of the positional information from
the concentration patterns. Specifically, there exists an optimal diffusion constant that maximizes the positional informa-
tion. Moreover, we find that the energy dissipation due to the physical diffusion imposes a fundamental upper limit on the
positional information.
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PACS: 87.18.Hf, 87.19.lo, 87.15.Vv DOI: 10.1088/1674-1056/ad4cda

1. Introduction
In multicellular organisms, cells need to differentiate or

express different genes according to their positions for pre-
cise development.[1] To provide positional information, spatial
concentration patterns such as morphogen gradients are often
employed.[2–7] Generally, in the presence of a spatially hetero-
geneous concentration distribution of a certain molecule such
as a morphogen, cells can infer their positions based on the
readout of the local concentration of such a molecule.[1,2,8–11]

Various mechanisms for establishing nonuniform distribution
of molecules have been extensively studied, e.g., the Turing
mechanism,[12,13] the wave-pinning (WP) model,[14] the active
transport (AT) model,[15–17] and the synthesis-degradation-
diffusion (SDD) model.[4,7,18] The Turing mechanism usu-
ally involves two mutually interacting molecular species with
strong nonlinearity and distinct diffusion constants, leading
to the Turing instability, i.e., the destabilization of uniform
concentration distribution.[12,13] As a result, the system spon-
taneously resides into a stable and usually spatially periodic
concentration distribution. The WP model is one of the clas-
sic models for polarization. It is similar to the Turing mech-
anism, but does not result in periodic patterns. It usually in-
volves one molecular species with two different forms, which
also have distinct diffusion constants. The underlying mech-
anism is similar to the wave front solution of spatially cou-
pled systems, but with the wave speed controlled by one of its
molecular forms.[14] The steady-state pattern is reached when
the wave speed equals zero, i.e., “pinning”. The characteristic

feature of the AT model is that molecules are actively trans-
ported, e.g., via dynein-mediated active transportation,[15–17]

toward some direction. The balance between active transporta-
tion and passive diffusion determines the steady-state con-
centration distribution, which is generally nonuniform. The
SDD model is one of the most studied mechanisms for mor-
phogen gradients.[4,7,18] It involves the synthesis, degradation,
and passive diffusion of one molecular species. The synthesis
term is usually considered as a spatially fixed source. The bal-
ance between these three effects determines the steady-state
pattern. For the classic SDD model with a single point synthe-
sis source and linear degradation, the steady-state solution can
be well described by an exponential profile.

Recently, optimal information transmission from mor-
phogen gradients to their downstream genes has been studied
from various aspects. For instance, studies have demonstrated
that specific morphogen gradients can be optimized to mini-
mize downstream gene expression noise or maximize the mu-
tual information between morphogen concentration and down-
stream gene expression.[19–21] Furthermore, the suppression of
gradient noise is associated with the cost of increasing molec-
ular concentration.[22] Nevertheless, the direct impact of the
diffusion effect on information transmission processes remains
unclear. A systematic investigation across models is still lack-
ing.

Since diffusion is a dissipative random effect, it might be
expected that diffusion could be detrimental to information
transmission.[13,22] However, it is well known that the Tur-
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ing instability necessitates the involvement of diffusion, im-
plying that such randomness could induce global order, re-
sembling the theory of stochastic resonance.[23–26] Nonethe-
less, how diffusion affects the positional information of spatial
concentration patterns in general, especially for mechanisms
other than the Turing mechanism,[7,13,19,20,22] remains to be
explored. Therefore, this study focuses on the other three rep-
resentative models: the AT, SDD, and WP models.

In this paper, we first analyze the general relation between
the diffusion constant (D) and the amount of positional infor-
mation (PI) in one-dimensional systems, and show that a non-
monotonic relationship is expected. We further validate this
relationship with numerical simulations in three distinct pat-
terning mechanisms including the AT, SDD, and WP models.
Our results demonstrate that all three representative models
produce nonmonotonic curves of PI versus D, despite their
differences in patterning dynamics. Moreover, we relate PI to
the thermodynamic energy required to resist the dissipation of
diffusion (∆S) to understand the physical constraints of posi-
tional information transmission in patterning systems. We find
that the nonmonotonicity disappears when the total energy is
constrained. Furthermore, an upper limit of PI, depending on
the energy dissipation, is observed, which matches the theo-
retical derivation. Specifically, the relationship between the
maximal PI and ∆S is consistent across models, irrespective
of their details.

2. Results and discussion
To study the general relationship between D and PI, we

first analytically study one-dimensional patterning systems.
Such patterning systems can be described using a partial dif-
ferential equation as

∂tc = D∂
2
x c+g, (1)

where c = c(x, t) is the concentration of the patterning
molecule of interest, x ∈ [0,L] where L is the length of the
system, and g = g(x,c,∂xc) is the general force including
the transport, production or degradation of the patterning
molecules. At a steady-state, the concentration distribution
is denoted as: css = N f (x), where N = ∫ css (x) dx is the to-
tal number of molecules, f (x) = css (x)/N is the probability
density function of a molecule along the spatial dimension.

The readout of the steady-state concentration ĉ, e.g., by
a cell, is generally noisy. According to the Berg–Purcell
limit,[27–31] this noise has a physical lower bound as

σ
2
ĉ =

〈
(ĉ− css)

2 〉≥ ε
css

DT
, (2)

where ε is a constant depending on the details of the readout
mechanism such as the receptor size, the value of ε depends
on the unit of c, and T is the readout time span.

Despite the readout noise of the concentration, it is the-
oretically possible that the cell position x can be estimated to
some extent based on the readout of the local concentration.
Theoretically, the amount of information about x that can be
extracted by reading the concentration is quantified by the mu-
tual information between x and ĉ, denoted as PI,[8,9] which is
defined as

PI = I
(
X ;Ĉ

)
= H (X)−H

(
X |Ĉ

)
= H

(
Ĉ
)
−H

(
Ĉ |X

)
, (3)

where H denotes the differential entropy, e.g., H
(
Ĉ
)
=

−
∫

pĈ (ĉ) ln pĈ (ĉ)dĉ determined by the probability density
function of ĉ, pĈ (ĉ), and similarly for H (X), the conditional
differential entropy is defined as, e.g.,

H
(
Ĉ|X

)
=−

∫
pX (x)

∫
pĈ|X (ĉ |x) ln pĈ|X (ĉ|x)dĉdx,

and similarly for H
(
X |Ĉ

)
. Following the convention in in-

formation theory, the random variables X and Ĉ are used to
denote the mutual information I

(
X ;Ĉ

)
, and similarly for the

differential entropy, emphasizing that it is not a function of the
values of such random variables x or ĉ.
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Fig. 1. The PI of a spatial concentration pattern is affected by D. (a) PI
quantified by the mutual information between the position coordinate x and
the readout concentration ĉ, is the difference between the concentration’s
global uncertainty H(Ĉ) and local uncertainty H

(
Ĉ|X

)
. (b) Multiple effects

influence PI. The heterogeneous patterning requires nonzero diffusion (red
arrow). The local uncertainty, i.e., the readout noise of concentration, is re-
duced by increasing diffusion according to the Berg–Purcell limit (brown
arrow). The global uncertainty is reduced if the diffusion effect is too strong
and the pattern becomes too flat (blue arrow). As a result, a nonmonotonic
relationship between D and PI is expected (gray curve).

According to Eq. (3), PI is a combined effect of the con-
centration’s global uncertainty H

(
Ĉ
)
, and local uncertainty

H
(
Ĉ|X

)
(Fig. 1(a)). Intuitively, the establishment of the spa-

tial pattern requires a nonzero D, therefore increasing D at
D ∼ 0 could increase PI (Fig. 1(b)). Furthermore, increas-
ing D can decrease the readout noise (Eq. (2)) and, therefore,
decrease H

(
Ĉ|X

)
, leading to the increase of PI (Fig. 1(b)).

However, increasing D simultaneously flattens the concentra-
tion distribution when D is high (Eq. (1)), which decreases
H
(
Ĉ
)

and therefore PI (Fig. 1(b)). In fact, as an extreme
condition, css (x) is a constant as D→ ∞, thus PI (D→ ∞) =

PI (D = 0) = 0. Combining these effects would lead to a non-
monotonic relationship between D and PI (Fig. 1(b)). Next,
we mathematically validate these intuitions.

Mathematically, when D→ 0, the concentration readout
noise Eq. (2) diverges and, therefore, σ2

ĉ � (∂xc)2 L2, which,

088703-2



Chin. Phys. B 33, 088703 (2024)

in turn, yields H
(
Ĉ|X

)
≈H

(
Ĉ
)
→+∞, i.e., the global uncer-

tainty H
(
Ĉ
)

is dominated by the readout noise σ2
ĉ rather than

the nonuniform distribution (∂xc)2 L2. Under this condition,
the positional information is PI = H

(
Ĉ
)
−H

(
Ĉ |X

)
≈ 0. In

other word, PI positively correlates with D at D≈ 0:(
d

dD
PI
)

D≈0
> 0. (4)

When D is relatively large and readout noise is small such
that σ2

ĉ � (∂xc)2 L2, approximately we have pĉ (ĉ)≈ px(x)
|dcss/dx| ,

and the global uncertainty is thus

H
(
Ĉ
)
= H (X)+

1
2

〈
ln
(

dcss

dx

)2
〉

x

≈ H (X)+
1
2

〈
ln
(

dc0

dx

)2
〉
+

〈
d∆c/dx
dc0/dx

〉
,

where css (x) = c0 (x)+∆c(x) with the concentration change
∆c� c0 due to the change of diffusion constant D = D0+∆D.
To estimate the term

〈
d∆c/dx
dc0/dx

〉
, substituting D = D0+∆D and

css (x) = c0 (x)+∆c(x) into Eq. (1) under the steady-state con-
dition ∂tc = 0 and focus on the diffusion effect, approximately
we have

D
d2∆c
dx2 +∆D

d2c0

dx2 ≈ 0, (5)

where an assumption is made that the change of the concentra-
tion distribution ∆c does not affect the general force g, since
we restrain our focus on the diffusion effect. This assumption
may not be rigorous but it helps gain insight to the D–PI rela-
tionship. Integrating Eq. (5) from 0 to x and using the zero-flux
boundary condition at x = 0 yields

D0
d∆c
dx

+∆D
dc0

dx
= 0, (6)

substituting this equation into the expression of H
(
Ĉ
)

yields

H
(
Ĉ
)
≈ H0

(
Ĉ
)
− ∆D

D0
, (7)

where

H0
(
Ĉ
)
= H (X)+

1
2

〈
ln
(

dc0

dx

)2
〉
.

Regarding the local uncertainty H
(
Ĉ|X

)
, since the con-

centration readout is based on molecule counting, the con-
ditional distribution pĈ|X (ĉ|x) is approximately Gaussian ac-
cording to the central limit theorem when D is large enough.
Therefore,

H
(
Ĉ|X

)
≈ 1

2
〈
ln2πeσ

2
ĉ
〉

x

=
1
2

ln
2πeε

T
+

1
2

〈
ln

c0

D0

〉
x
+

1
2

〈
∆c
c0

〉
x
− 1

2
∆D
D0

.

The term
〈
∆c/c0

〉
x is estimated as follows: equation (6) is first

integrated from an arbitrary xc to x, yields:

D0 [∆c−∆cc]+∆D [c0− c0c] = 0, (8)

where c0c = c0 (xc), and ∆cc = ∆c(xc). By assuming that the
diffusion effect does not affect N, we can apply a constraint
〈∆c〉 = (1/L)

∫
∆c(x) dx = 0, where the prior distribution of

cell positions is uniform pX (x) = 1/L. Noticeably, N could
depend on D in some patterning systems such as the Tur-
ing system with strong nonlinear regulations.[12,13] However,
such systems could mix the effect of diffusion, molecule num-
ber and energy requirement, introducing unnecessary com-
plexity in this analysis, hence here we only focus on pat-
terning systems in which N is not affected by changing D
(the effect of the molecule number is discussed along with
the energy requirement later). Therefore, equation (8) gives
0 = D0 〈∆c〉=−∆D〈c0〉+∆Dc0c +D0∆cc, thus〈

∆c
c0

〉
=

∆D
D0

〈
〈c0〉− c0

c0

〉
= γ

∆D
D0

,

where γ =
〈
〈c0〉−c0

c0

〉
≥ 0. Substituting this relation into the

expression of H
(
Ĉ |X

)
yields

H
(
Ĉ|X

)
= H0

(
Ĉ|X

)
+

γ

2
∆D
D0
− 1

2
∆D
D0

, (9)

where H0
(
Ĉ|X

)
is the local uncertainty when D = D0.

Thus when D is large, PI is given by combining Eqs. (7)
and (9)

PI = H
(
Ĉ
)
−H

(
Ĉ|X

)
= PI0−

γ +1
2

∆D
D0

. (10)

Therefore, we have d
dD PI < 0 when D is large.

Taken Eqs. (4) and (10) together, as PI ≥ 0, the relation-
ship between D and PI must be nonmonotonic (Fig. 1(b)).

So far, we have analytically justified that a nonmonotonic
relationship between D and PI is expected for concentration
patterning systems. However, simplifications are involved in
the derivation, and the details of the D–PI relationship remain
vague. Therefore, we next resort to numerical simulations to
quantify the D–PI curve for specific patterning systems.

For simplicity, we apply a simplified AT model to illus-
trate the D–PI relationship. In the simplified AT model, the
molecule number is conservative, and the general force term
in Eq. (1) is now g = −k∂xc, where k > 0 is the flux intensity
toward x = 0. Numerical simulations of this model, assum-
ing the noise follows Eq. (2) with varying D, reveal a non-
monotonic relationship between D and PI (Fig. 2). The mu-
tual information is estimated based on the k-nearest neighbor
method.[32] We also test the relationship under different noise
intensity ε; the nonmonotonicity is preserved with deforma-
tion of the curve (Fig. 2(b)). The optimal diffusion constant
corresponding to the maximal PI remains largely the same,
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which corresponds to a length constant of D/k ∼ 0.3L, sim-
ilar to that of the SDD model (see Appendix A for details).
This similarity in the optimal decay length is not surprising
because the patterns of the AT model and the SDD model
are both exponential-like, while PI relies solely on the shape
of the pattern and readout noise. Furthermore, we confirm
that other models yield similar conclusions including the SDD
model and the WP model (see Appendices A and B for de-
tails). These results suggest that diffusion, as a random effect,
can increase the information transmission, resembling the phe-

nomenon of stochastic resonance.[23]

In these simulations, the values of ε are selected so that
the maximal value of PI falls within the biologically relevant
range, i.e., PI & 2 nats ≈ 3 bits. For instance, it is estimated
that a minimal requirement of positional information is ap-
proximately 4 bits for the precise development of the anterior-
posterior patterning of early fly embryos.[9] Nevertheless, we
further confirm that the nonmonotonic relationship remains in
simulations with extended ranges of ε and D (Fig. C1, see Ap-
pendix C for details).
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Fig. 2. Numerical simulation results of PI of the AT model. (a) The steady-state concentration distribution under different D with ε = 10−6. Large D
results in a small readout noise but leads to a flatter distribution (top to bottom). (b) The nonmonotonic relationship between D and PI in the simulation
of the AT model. Different noise amplitudes ε , across two orders of magnitude, are tested. (c) The entropy production, equivalent to the energy
requirement for maintaining the pattern, depends on D monotonically within the range tested. The parameters of the model are as follows: k = 0.003,
D0 = 10−3, and L = 1 for the AT model, the reading timespan is T = 1. The unit of c in the simulation is arbitrary with

∫ 1
0 cdx = 0.2.

To understand the underlying physical constraints of the
positional information, we next examine the energy dissipa-
tion in these patterning systems.

Since diffusion is a dissipative random process, maintain-
ing such an informative spatial distribution of molecules in-
volves energy dissipation. What is the relationship between
energy dissipation, the diffusion constant, and positional in-
formation? While the dissipation of the active force depends
on the reversibility details of the underlying mechanisms, the
dissipation of the diffusion process is universal and is theoret-
ically tractable. The Gibbs entropy of a steady-state distribu-
tion css (x) = N f (x) is given by S = −NkB

∫
f (x) ln f (x)dx.

Combining this with the evolution of the distribution, as de-
scribed by Eq. (1), under the steady-state we have

Ṡ = Ṡdiff + Ṡg

= −NkB

∫
(1+ ln f ) ·

(
D

d2 f
dx2

)
dx

−NkB

∫
(1+ ln f ) · g

N
dx = 0.

Therefore, the entropy production rate due to diffusion, or
equivalently, the energy required to counteract diffusion dis-
sipation, is

Ṡdiff = kBDN
∫

(d f/dx)2

f
dx≥ 0. (11)

This rate depends on the shape of the concentration distribu-
tion and the total number of molecules. Equation (11) defines
a lower limit of the free energy required to maintain an in-
formative concentration distribution for a time duration T as
follows:

∆S = ṠdiffT = kBDNT
∫

(d f/dx)2

f
dx

under the unit that temperature equals 1, i.e., maintaining such
a distribution requires at least the same amount of energy dis-
sipated by diffusion.

In the simulations of the AT model, the relationship be-
tween D and ∆S appears to be monotonic within the range of
D tested (Fig. 2(c)). However, for the SDD model and the
WP model, this relationship is nonmonotonic near the optimal
value of D (see Appendices A and B for details). These results
suggest that there is no general relationship between D and ∆S.
An immediate question is whether the positional information
encoded by a stable concentration distribution is limited by the
energy it dissipates.

To gain insight into the relationship between ∆S and PI,
akin to the derivation of Eq. (10), we assume pĉ (ĉ |x) is a
Gaussian distribution and σ2

c � (dc/dx)2 L2 focusing on the
large D regime. Under these assumptions, the global uncer-
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tainty follows

H
(
Ĉ
)
= H (X)+

〈
1
2

ln
(

N
d f
dx

)2
〉

x

,

where H (X) = lnL assuming the prior distribution of the cell
position is uniform pX (x) = 1/L. The local uncertainty fol-
lows

H
(
Ĉ|X

)
=

〈
1
2

ln2πeσ
2
ĉ

〉
x

=
1
2

ln2πe+
〈

1
2

lnεN
f

DT

〉
x
.

The positional information is thus

PI = H
(
Ĉ
)
−H

(
Ĉ |X

)
=

1
2

ln
L

2πeε
+

〈
1
2

lnLNDT
(d f/dx)2

f

〉
x

. (12)

Noting that 〈ln · · · 〉 ≤ ln〈· · · 〉, combining this with
Eq. (11) yields an inequality

PI ≤ 1
2

ln
L

2πeε
+

1
2

ln
∆S
kB

. (13)

Equation (13) indicates that the positional information en-
coded by a concentration distribution of molecules is physi-
cally constrained by the energy required for maintaining such
nonuniform distribution.

To numerically analyze the relationship between ∆S and
PI, we introduce a parameter α , quantifying the fold-change
of the total molecule number of the pattern while keeping the
shape of the steady-state distribution unchanged, as another
dimension of tuning the energy and modify Eq. (1) as

∂ c̃
∂ t

= D
∂ 2c̃
∂x2 +g, (14)

where c̃ = c/α . The steady-state distribution is now
css (x) = αN0 f (x), and the total number of molecules is now∫

css (x) dx = αN0, N0 corresponds to the number of molecule
when α = 1. The normalized shape of the spatial distribution
f (x) does not change when tuning α and fixing D, therefore
the energy requirement is now ∆S = α∆S0(D), where ∆S0 (D)

is the energy requirement when α = 1 given D. We then an-
alyze the relation between the diffusion constant, positional
information, and energy requirement by screening the two pa-
rameters D and α .

In the simulations of the AT model, while a nonmono-
tonic relationship between D and PI is observed when α is
fixed (Fig. 3(a)), the D–PI relationship becomes nearly mono-
tonic with an asymptotic maximal value when ∆S is fixed
(Fig. 3(b)). This matches the theoretical result (Eq. (13))
which predicts that when D is large, PI depends solely on ∆S.

Moreover, by combining the simulation results of screening α

and D, we observed a clear upper bound on the scatter plot
of PI versus ∆S, following PI ∼ 0.48ln∆S (Fig. 4). This sug-
gests that the amount of positional information provided by a
spatially heterogeneous pattern is limited by the energy dis-
sipation of such a pattern, as predicted by Eq. (13). Similar
results are observed in the simulations of the SDD and WP
models (see Appendices A and B for details). The discrep-
ancy between the slope of the theoretical upper bound and the
simulation result might stem from the oversimplification in de-
riving Eq. (13), and the condition for 〈ln · · · 〉 = ln〈· · · 〉 is not
satisfied in the simulated pattern.

DS/DS0

P
I
 (

n
a
ts

)

P
I
 (

n
a
ts

)

2

3

4

5

(b)

2

3

4

(a)

10-1 100 101

D/D0

10-1 100 101

D/D0

2

0

2

0

α

Fig. 3. The relationship between D and PI under different constraints with
ε = 10−6. (a) When constraining the molecular number, quantified by its fold
change α = N/N0, the relationship between D and PI is strongly nonmono-
tonic. (b) When constraining the energy dissipation level ∆S, the relationship
between D and PI becomes monotonic with an asymptotic maximum.
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While our focus is on the physical aspect of spatial pat-
terning, other factors governing patterning, such as the active
transport process or chemical reactions in the SDD model,
could also have comparable effects on PI. However, since the
noise from such processes and its connection to energy dissi-
pation depend heavily on the ad hoc details of the underlying
reversibility properties, deriving a general rule on how they
affect information remains challenging. Hence, we only con-
sider the physical effects in this paper. Nevertheless, our re-
sults provide a fundamental constraint: the actual information
encoded in a pattern can never exceed the one we calculate,
and the actual energy dissipation cannot be less than our cal-
culated level (Eq. (13)).

088703-5



Chin. Phys. B 33, 088703 (2024)

In this paper, we examined three representative minimal
models of patterning to investigate the relationship between
diffusion and positional information. We believe our study can
not only deepen our understanding of natural patterning sys-
tems but also highlight an important, yet perhaps overlooked,
aspect of designing synthetic morphogenesis — an active area
in synthetic biology.[33] While real biological systems are typ-
ically more complex than these models, considering such com-
plexity is beyond the scope of the current study, as it may hin-
der the understanding of the physical relationship between D
and PI. However, recently, implicit evidence has suggested
that the nonmonotonic relationship between D and PI also ex-
ists in complex multi-mode regulatory networks,[34] without
a detailed investigation into the mechanism. Thus, it remains
important to generalize our findings to complex systems.

3. Conclusion
In conclusion, we explored the physical constraints on

positional information in spatial patterning. Specifically, we
found that the diffusion process, being dissipative, affects po-

sitional information in a nonmonotonic manner. Furthermore,
we illustrated the connection between positional information
and the physical energy dissipation required to maintain such
patterns. We presented an upper limit for positional informa-
tion given a certain energy level.

Appendix A: Synthesis-degradation-diffusion
(SDD) model

Similar to the AT model, the SDD model is also a one-
dimensional system following

∂tc = D∂
2
x c−βc+ j (x) ,

where j (x) is the synthesis term with j (x≤ 0.1) = 0.02, j
(x > 0.1) = 0, and β = 0.01 is the degradation rate. The initial
condition of the SDD model is arbitrary. A nonmonotonic D–
PI relationship is observed in the numerical results (Fig. A1).
Similar to the AT model, the optimal diffusion constant re-
mains largely unchanged with different ε , corresponding to a
length constant of

√
D/β ∼ 0.3L.
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Fig. A1. Numerical simulation results of the SDD model. (a) The steady-state concentration distribution under different diffusion constants with
ε = 10−6. Similar to Fig. 2(a) in the main text. (b) The nonmonotonic D–PI relationship in the simulation of the SDD model. Different noise
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with an asymptotic maximum when constraining the energy. (f) An upper bound of PI following PI ∼ 0.45ln∆S is observed for the SDD model. In the
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Appendix B: The wave-pinning (WP) model

The WP model follows[14]


∂tc1 =

(
v0 +

vc2
1

K2 + c2
1

)
c2−βc1 +D∂ 2

x c1,

∂tc2 =−
(

v0 +
vc2

1

K2 + c2
1

)
c2 +βc1 +D2∂ 2

x c2,

where c1 is the concentration of the patterning molecule, c2

is a fast diffusion molecule, i.e., D2 � D1, which is approx-
imated as a uniform distribution throughout the simulation.
v0 = 0.006, v = 0.1, K = 1, and β = 0.1. The initial condition
of the WP model is c1 (x < 0.2) = 1.29, c1 (x≥ 0.2) = 0, and
c2 (x) = 2.15. A nonmonotonic D–PI relationship is observed
in the numerical results (Fig. B1).
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(f) An upper bound of PI following PI ∼ 0.45ln∆S is observed for the WP model. In the numerical simulation, D0 = 10−3 and T = 1.

Appendix C: Simulations with extended param-
eter ranges

In the main text and Appendices A and B, the simulation

of the three models is performed with the range of ε being

10−8–10−6, and the range of D/D0 being 10−1–101. Extend-
ing the ranges of these parameters does not affect the conclu-
sions. Although further increasing the noise amplitude ε re-
sults in nearly non-informative concentration distributions, it
is theoretically worth analyzing such an extreme condition.
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(f)] in extended parameter ranges. Panels (a)–(c) are the D/D0–PI relationship for the three models when increasing the noise amplitude ε .
Panels (d)–(f) are the D/D0–PI/PImax relationship for the three models when increasing the noise amplitude ε .

Specifically, we confirm that the nonmonotonicity be-

tween D and PI remains if the value of ε is increased by two

orders of magnitude to 10−4 for all three models (Figs. C1(a)–

C1(c)). However, a significant shift of the optimal diffusion

constant is observed in the AT and SDD models (Figs. C1(a)

and C1(b)), but not in the WP model (Fig. C1(c)). The dif-
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ferent structure of the D–PI curve is a consequence of the dif-
ferences in model details. For both the AT and SDD mod-
els, since the concentration distribution with D→ 0 is a delta
function-like shape with an extremely large dynamic range, PI
could remain a non-zero value even when extremely high noise
is presented. Hence, a smaller optimized D could result in a
greater PI reading from a steeper concentration distribution.
However, although the concentration distribution of the WP
model when D→ 0 can also be a step function-like shape, its
dynamic range does not increase. Therefore, extremely high
noise monotonically decreases PI without significantly affect-
ing the optimal D for the WP model.

Moreover, the D–PI relationship for the three models re-
mains highly nonmonotonic even with extremely high noise.
Specifically, although the D–PI curve appears flattened in ab-
solute units of PI when increasing ε , normalized PI by its
maximal value shows that the nonmonotonicity is preserved
(Figs. C1(d)–C1(f)).
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[32] Kraskov A, Stögbauer H and Grassberger P 2004 Phys. Rev. E 69

066138
[33] Grant P K, Szep G, Patange O, Halatek J, Coppard V, Csikász-Nagy A,

Haseloff J, Locke J C W, Dalchau N and Phillips A 2020 Nat. Commun.
11 5545

[34] Sokolowski T R, Gregor T, Bialek W and Tkačik G 2023 arXiv:
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