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Using the semiclassical ensemble model, the dependence of relative amplitude for the recollision dynamics in nonse-
quential double ionization (NSDI) of neon atom driven by the orthogonally polarized two-color field (OTC) laser field is the-
oretically studied. And the dynamics in two typical collision pathways, recollision-impact-ionization (RII) and recollision-
excitation with subsequent ionization (RESI), is systematically explored. Our results reveal that the V-shaped structure in
the correlated momentum distribution is mainly caused by the RII mechanism when the relative amplitude of the OTC laser
field is zero, and the first ionized electrons will quickly skim through the nucleus and share few energy with the second
electron. As the relative amplitude increases, the V-shaped structure gradually disappears and electrons are concentrated on
the diagonal in the electron correlation spectrum, indicating that the energy sharing after electrons collision is symmetric
for OTC laser fields with large relative amplitudes. Our studies show that changing the relative amplitude of the OTC laser
field can efficiently control the electron–electron collisions and energy exchange efficiency in the NSDI process.

Keywords: nonsequential double ionization, correlated electron–electron momentum distribution, energy
sharing of electrons, orthogonally polarized two-color field laser field, semiclassical ensemble
models
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1. Introduction
During the past decades, photoelectron dynamics has

been a topic of wide interest in atomic and molecular
physics. As the starting point for ultrafast physics research,
the ionization of atoms and molecules driven by strong
laser fields has triggered various interesting nonlinear phys-
ical phenomena. Such as photoelectron vortex,[1,2] pho-
toelectron holographic interference,[3,4] high-order harmonic
generation,[5,6] atomic and molecular orbital imaging,[7,8] Ry-
dberg state excitation[9,10] and nonsequential double ioniza-
tion (NSDI).[11–13] Among them, NSDI as the fundamental
and typical multi-electron ionization phenomenon, gives a
broad path to explore and understand the underlying correla-
tions of the photoelectron dynamics. The origin of research on
the two-electron ionization can be traced back several decades,
and its phenomenon was first observed in 1977. With the first
observation of the “knee structure” in experiments[14] and the
proposal of the recollision theory model,[15] the highly corre-
lation effect between two electrons in NSDI has drawn wide
attention in the past decades. In the recollision model, an
electron in an atom first tunnels out and then recollides with
the parent ion core after being accelerated by external laser
field, finally, resulting in the emission of another electron.
Generally, in NSDI, the experimental and theoretical studies

have confirmed that two typical collision pathways will co-
exist in the NSDI process, i.e, recollision-impact-ionization
(RII) and recollision-excitation with subsequent ionization
(RESI).[16–18] Revealing and manipulating the complicated
electron dynamics correlation in NSDI is a central issue in
atomic and molecular physics.

Previously, a considerable number of studies have been
devoted to revealing the dependence that is intimately con-
nected with both kinematics and the dynamics of the partic-
ipating electrons in recollision process. Clearly, the direct and
powerful way is to manipulate the parameters of the driving
field, such as the wavelength and intensity.[19–21] However, a
significant portion of studies have been performed on linearly
polarized laser field. Recently, the orthogonally polarized two-
color field (OTC) has made progress on elliptical high-order
harmonic generation.[22,23] The OTC electric field is a tailored
laser field that has more adjustable parameters than the lin-
early polarized laser field. Such as relative amplitude, relative
frequency and relative initial phase. As a result, many fascinat-
ing spatiotemporal correlation phenomena can be successfully
reproduced at the attosecond time scales.[24,25] More intrigu-
ingly, experimental and theoretical studies have revealed that
a strong dependence between the electron correlation char-
acteristics and the relative initial phase of the OTC electric

†These authors contributed equally to this work.
‡Corresponding author. E-mail: fhsun@hit.edu.cn
§Corresponding author. E-mail: qingcao.liu@hit.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

083102-1

https://doi.org/10.1088/1674-1056/ad4bc0
mailto:fhsun@hit.edu.cn
mailto:qingcao.liu@hit.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 083102 (2024)

field.[26–28]

In this paper, we conduct a theoretical investigation into
the double ionization of neon atom in the OTC electric field
using the semiclassical ensemble model. Our focus lies on the
momentum distribution, which we examine by introducing a
relative initial phase of 0.5π and varying the relative amplitude
of the OTC electric field to explore the correlation characteris-
tics of recolliding electrons in NSDI. Our results indicate that
the asymmetrical energy sharing of electron pairs is reliant on
the relative amplitude of the OTC electric field. Notably, an
observable trend of symmetrical energy sharing emerges dur-
ing initial stage of electron collisions as the relative amplitude
of the OTC electric field increases. Thus, our studies reveal
the energy sharing mechanism that manipulates the electron
pairs generated by collisions and systematically analyze this
dynamic process using two collision pathways, RII and RESI,
respectively.

2. Theoretical simulation details
The ionization of atoms and molecules driven by strong

laser fields serves as the foundation of ultrafast physics and
facilitates the investigation of quantum microphysics. As the
field of ultrafast physics has developed, numerous theoretical
models have been proposed consecutively. NSDI, a funda-
mental and typical phenomenon of multi-electron ionization
can be described using several theoretical models. Such as
quantum methods that the numerical solution time-dependent
schrödinger equation,[29–31] the S-matrix models based on
strong field approximation,[32] the classical and semiclassical
ensemble models.[33–35]

Due to the trajectory of the electron cannot be tracked
through numerical solution time-dependent Schrödinger
equation and this approach is highly computationally
demanding,[36] numerous studies have resorted to the classi-
cal and semiclassical ensemble models in the past decades.
The fundamental concept of both models involves represent-
ing the actual electron wave function using a vast quantity of
model atoms. Established experimental and theoretical studies
have demonstrated that both classical and semiclassical mod-
els have proven to be highly successful in explaining and pre-
dicting a variety of phenomena in NSDI.[33–35]

In contrast to the classical ensemble model, the semiclas-
sical model considers the quantum tunnelling effect of the first
electron, and its initial state and ionization probability are de-
scribed by ADK tunneling theory.[37] The longitudinal veloc-
ity of tunneled electron is zero and transverse velocity follows
a Gaussian-like distribution with an expected value µ = 0 and
a variance σ2 = E (t0)/(2

√
2Ip1). Here t0 is the tunneling

time, E (t0) is the transient electric field strength at tunnel-
ing and Ip1 = 21.56 eV is the first ionization potential of neon
atom. And the initial state of the bound electron is sampled
from the microcanonical distribution base on the second ion-

ization potential Ip2 = 40.96 eV.[38] The evolution of tunneling
electrons in response to combined Coulomb and laser electric
fields is in accordance with classical Newtonian equation (us-
ing atomic units h̄ = e = me = 1)

d2𝑟i

dt2 =−𝐸 (t)−∇ [Vne (𝑟i)+Vee (𝑟1,𝑟2)] , (1)

where subscript i = 1,2 denotes the index of the two elec-
trons, and 𝑟i is the spatial position. The term Vne (𝑟i) =

−2/
√

𝑟2
i +a2 is the nucleus–electron potential energy, and

Vee (𝑟1,𝑟2) = 1/
√

(𝑟1 −𝑟2)
2 +b2 is the electron–electron in-

teraction potential energy. In our calculations, we solve the
differential equation of Newtonian motion with the fourth-fifth
order Rung–Kutta algorithm and set a = 0.1 and b = 0.01 to
avoid unphysical numerical singularity of computation. The
external electric field is a trapezoidal shaped laser pulse with
a duration of three optical cycles, which includes two cycles
of platforms and one cycle of linear ramps. The expression of
the pulse is

𝐸(t) = E0 f (t) [𝑒x cos(ωxt)+𝑒yε cos(ωyt +φ)] . (2)

Here, ωx = 0.057 a.u. and ωy = 0.114 a.u. are the angular
frequencies of the two polarized pulses along the x and y axes,
corresponding to a wavelength of 800 nm and 400 nm, respec-
tively. E0 = 0.092 a.u. is the amplitude of the external elec-
tric field, corresponding to a light intensity of 0.3 PW/cm2.
The terms ε and φ are the relative amplitude and initial phase
of the two polarized pulses. In our calculations, the phase
φ = 0.5π has the role of the delay between the two polar-
ized pulses and yields high probability of double ionization.
Besides, three-dimensional (3D) calculations are adopted and
more than 107 weighted classical two-electron trajectories are
traced throughout our work, resulting in over 104 DI events
collected for statistics.

3. Numerical results and discussion
We calculated the correlated electron momentum distri-

butions (EMDs) for the double ionization of neon atoms under
an OTC electric field with an initial relative phase of 0.5π and
varying relative amplitudes. The statistics on the EMD for all
DI events at four different relative amplitudes, ε = 0, 0.5, 0.75,
1, are presented in the first column of Fig. 1. Obviously, the
OTC electric field deteriorates into a polarized pulse along x
axes when the relative amplitude ε = 0. And many typical and
key DI characteristics observed in the experiments are repro-
duced in our simulations, as shown in Fig. 1(a1). The EMD
displays a clear positive correlation, primarily distributed in
the first and third quadrants. Because the generated two elec-
trons in NSDI process tend to emit in the same direction under
high laser intensity.[39] Moreover, there are a small number of
anticorrelation DI events that located in the second and fourth
quadrants. It is well known that, in NSDI, due to the large
distribution range of recollision energy, two typical collision
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pathways will coexist in the NSDI process, i.e, RII and RESI.
As shown in the second and third columns of Fig. 1, we split
the EMDs of all DI events into two parts according to these
two different emission mechanisms. From Figs. 1(a1)–1(a3),
the most conspicuous feature is that a clear V-shaped struc-
ture emerges along the diagonal in the correlated momentum
spectrum when subjected to a linearly polarized laser field ori-
ented along x axes. While this V-shaped structure can solely
be observed in the RII. The reasons for this situation will be
explained below. Another interesting observation in the first
column of Fig. 1 is that the V-shaped structure in the corre-
lated momentum spectrum along x axes disappears as the rel-
ative amplitude of the OTC electric field increases. Beyond
that, there is a gradual rise in the probability of positive cor-
relation events and electrons being in the low-energy region.
Naturally, in RII the correlated momentum spectrum shows the
same behavior as all DI events, indicating that the RII mecha-
nism dominates for NSDI at higher laser intensity. According
to previous studies, the V-shaped structure in the correlated
momentum spectrum was first found by two independent ex-
periment groups in 2007.[40] And later theoretical calculations
revealed that the formation of this structure was due to the
asymmetric sharing of energy between the two electrons dur-
ing the collision, resulting in the correlated electron momen-
tum spectrum displaying an off-diagonal distribution.[41]

P
x

 (

a
.u

.)

Px (a.u.)

(a3)(a2)(a1)

(b3)(b2)(b1)

(c3)(c2)(c1)

(d3)(d2)(d1)

Fig. 1. The correlated electron momentum distributions (EMDs) for
double ionization of neon atom in OTC field with four relative ampli-
tudes. The values of the relative amplitudes from above to below are
0, 0.5, 0.75 and 1 respectively. [(a1), (b1), (c1), (d1)] The correlated
EMDs of all DI events. [(a2), (b2), (c2), (d2)] The correlated EMDs of
RII events. [(a3), (b3), (c3), (d3)] The correlated EMDs of RESI events.

To account for the responsible dynamics that V-shaped
structure of the correlated electron momentum only exists in

RII under a linearly polarized laser field, we tracked trajec-
tories of DI events in RII and RESI respectively and counted
the recollision time of the trajectories versus the vector po-
tential of laser field in Fig. 2. Here, the recollision time is
defined to be the instant of one tunnelling electron being first
closest to the parent ion core after being driven by the laser
field. Figures 2(a) and 2(b) correspond to the trajectories from
Figs. 1(a2) and 1(a3), respectively. It has been observed in
Fig. 2(a) that the recollision events gather near the peak of the
laser field vector potential. In contrast, in Fig. 2(b) the recolli-
sion events tend to occur near the zero value of the laser field
vector potential. According to the simple-man model,[15] the
energy carried by one recollision electron is positively corre-
lated with the vector potential of the laser field, which implies
that the high returning-energy recollision occurs in RII, while
there are lower returning-recollision in RESI.
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Fig. 2. The DI yield at recollision versus the vector potential of laser
field in (a) RII and (b) RSEI, respectively. The blue histograms repre-
sent the DI yield at recollision and the red curves represent the vector
potential of laser field.

The high returning-energy recollision often favors the
asymmetric energy sharing between two electrons, creating a
V-shaped structure. This is due to the recollision electron car-
rying high energy can quickly pass through the parent ion core
and largely reduce the influence of the Coulomb focusing, re-
sulting in the energy exchange efficiency between a recollision
electron and a bound electron is lower.

Our results in Fig. 1 demonstrate that the correlated elec-
tron momentum is dependent on the relative amplitude of the
OTC electric field. In order to further understand the details
of dependence, in Fig. 3, we plot amplitudes (a) and Lissajous
[(b), (c), (d), (e)] curves of OTC electric field with relative
amplitudes are 0, 0.5, 0.75 and 1, respectively. It is clear to
see that in Fig. 3(a), the amplitudes of the OTC electric field
reach its lowest value (Vmin) 0.09 a.u. and highest value (Vmax)
0.12 a.u. at relative amplitudes of 0 and 1, respectively. Ac-
cording the ADK tunneling theory, it is known that a high in-
tensity pulse field can induce more tunneling electrons, result-
ing in an increase in the probability of electron double ioniza-
tion. Based on the above discussion, we can understand reason
for the increase in double ionization events with relative am-
plitude in Fig. 1 is that the strength of the OTC electric field’s
amplitude increases with the relative amplitude.
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Another obvious phenomenon is that the probability of
electrons being in the low energy region gradually increases
in the first column of Fig. 1, which should be attributed to the
spreading effect of the electron wave packet. In Figs. 3(b)–
3(e), we can observe that the spatial range of the electric field
vector in Ex–Ey plane expands with the relative amplitude. At
larger relative amplitudes, the flight time of the first tunnel-
ing electron during the recollision process becomes longer,
the spread propagation of the electron wave packet becomes
wider, and the energy exchange between electrons weakens,
resulting in a considerable amount of low energy double ion-
ization events.

Time (Tω,800 nm)

E
x
⇁
E
y
 (

a
.u

.)
E
y
 (

a
.u

.)
E
y
 (

a
.u

.)




ε=0

ε=0

ε=0.5

ε=0.5

ε=0.75

ε=0.75

ε=1.0

ε=1.0

Vmax=0.12

Vmin=0.09

Ex (a.u.) Ex (a.u.)

(b) (c)

(e)(d)

(a)

Fig. 3. The amplitudes (a) and Lissajous curves [(b)–(e)] of the OTC
field with relative amplitudes are 0, 0.5, 0.75 and 1, respectively. The
green dashed lines Vmax and blue dashed lines Vmin in the figure respec-
tively refer to the maximum and minimum values of the peak value of
the total electric field strength in a period under different relative ampli-
tudes.

Finally, we further explore the reason for the disappear-
ance of the V-shaped structure in the correlated momentum
spectrum with increasing relative amplitude. Based on the
previous discussion, we conclude that the asymmetric energy
sharing during the recollision process is the decisive reason
for the formation of a V-shaped structure in the longitudinal
electron correlated momentum spectrum under linearly polar-
ized laser field. To further study whether the asymmetric en-
ergy sharing is also responsible for the disappearance of the
V-shaped structure in the OTC electric field, we plot the en-

ergy distribution of two electrons at 0.02 optical cycles after
the collision in Fig. 4. This energy refers to the total energy
of the electron, including kinetic and potential energy. Only
electrons with a total energy greater than can be ionized. One
issue should be noted, Fig. 4 corresponds to the DI events from
Fig. 1. It is found that in the first row of Fig. 4, the energy after
electrons collision is distributed very extremely off the main
diagonal, implying that there is the asymmetric energy shar-
ing between the two electrons in the collision. Furthermore,
in Figs. 4(a2) and 4(a3) it can be clearly seen that the two
completely different collision dynamics, that is both electrons
have a high probability of direct ionization after the collision
for RII, and therefore their energy is mainly distributed in the
first quadrant. In contrast, for RESI, only one of the two elec-
trons is ionized after the collision, so their energy is mainly
distributed in the second, third and fourth quadrants.

E
e

 (

a
.u

.)

Ee (a.u.)

(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (c3)

(d1) (d2) (d3)

Fig. 4. The energy distributions for two electrons at 0.02 optical cycles
after the collision in OTC electric field with four relative amplitudes.
The values of the relative amplitudes from above to below are 0, 0.5,
0.75 and 1, respectively. [(a1), (b1), (c1), (d1)] The energy distribution
of all DI events. [(a2), (b2), (c2), (d2)] The energy distribution of RII
events. [(a3), (b3), (c3), (d3)] The energy distribution of RESI events.

The energy distribution becomes quite different as the
relative amplitude of the OTC electric field increases. In
Figs. 4(b1), 4(c1) and 4(d1), the energy distribution is clus-
tered along the main diagonal, suggesting that the energy shar-
ing between the two electrons after the collision is symmet-
ric. It is well known that the Coulomb focusing effect plays a
key role in electron recollision, determining the efficiency of
electron–electron collision. At the relatively high laser inten-
sity, the Coulomb focusing in transverse direction can be ne-
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glected, resulting in relatively low collision efficiency. How-
ever, for the OTC electric field, electrons acquire a transverse
momentum from the electric field, which plays a similar role to
the Coulomb focusing effect. Consequently, the energy shar-
ing between the electrons after collision is always symmetric
even at the relatively high laser intensity, which is exactly the
reason for the disappearance of the V-shaped structure.

4. Conclusions
In conclusion, we have theoretically studied the recolli-

sion dynamics in NSDI of neon atoms driven by the OTC laser
field. We explore the correlation characteristics of recollid-
ing electrons in NSDI by OTC laser field, including the corre-
lated momentum distribution, return events and collision en-
ergy sharing, etc. Based on these results, we can conclude that
for a linearly polarized laser field with relatively high laser in-
tensity, the high returning-energy recollision mainly occurs in
the RII, which is determined by the return moment of the first
tunneling electron. In addition, for OTC laser fields with large
relative amplitudes, the energy sharing after electrons colli-
sion is always symmetric and the yield of low-energy elec-
trons shows a dependence on the relative amplitude. Finally,
our studies indicate that changing the relative amplitude of the
OTC laser field can improve the efficiency of electron–electron
collisions and maintain efficient energy exchange. This means
that our studies provide a way to manipulate the recollision
dynamics in NSDI. We hope that our studies will serve as in-
spiration for further experimental studies on this topic.
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