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We study the construction of mutually unbiased bases in Hilbert space for composite dimensions ¢ which are not
prime powers. We explore the results for composite dimensions which are true for prime power dimensions. We then
provide a method for selecting mutually unbiased vectors from the eigenvectors of generalized Pauli matrices to construct
mutually unbiased bases. In particular, we present four mutually unbiased bases in C'3.
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1. Introduction

Mutually unbiased bases (MUBs), first introduced by
Schwinger,!!! have many important applications in the
field of quantum information theory; for instance, Bell
inequalities,'”! quantum key distribution protocols,*! quantum
state tomography, [ and non-Gaussianity of quantum states in
quantum optics communities.>! A complete set of MUBs can
be used to construct an optimal scheme of orthogonal quantum
measurement for the quantum system. [®) Mathematically, this
notion arose independently in combinatorial design theory.!”]
Recent research has shown that MUBs reveal a profound con-
nection between quantum mechanics theory and many fields in
mathematics, such as polynomial optimization problem over
reals, Galois rings, group theory, combinatorics, and number
theory.[3-101

Two orthonormal bases in C¢ are called mutually unbi-
ased if the square of the magnitude of the inner products be-
tween their vectors is 1/d. A set of orthonormal basis is called
mutually unbiased if every pair of bases in the set is mutually
unbiased. Constructing an extremal set of MUBs is still a fun-
damental problem in quantum information theory. Let N(d)
be the maximum number of any set which contains pairwise
MUBs of C?. It is shown that N(d) = d + 1 holds for prime
power dimensions d by explicit construction and N(d) <d +1
holds for any dimension d.[''=131 It is known that if there ex-
ists d MUBs in C?, then the (d + 1)-th unbiased basis can be
also constructed.!'®! If 4 is not a power of a prime number,
then it remains an unsolved question of finding maximal sets
of MUBs in C¢. In particular, for the simplest case, d = 6,
Zauner has given a conjecture that one cannot construct a set
of 4 MUBs.!!"]

By developing a close relation between maximal com-
muting bases of orthogonal unitary matrices and extremal sets
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of MUBs, Bandyopadhyay et al. gave a completely differ-
ent constructional proof of N(d) = d + 1 for prime power di-
mensions d.'?! However, many of the theorems in their paper
do not hold for non-prime-power d. In this paper, we mainly
explore some similar results in the case of non-prime-power
d based on Ref. [12] and provide a different construction of
MUBEs, i.e., we obtain p; + 1 MUBs for d = p}' p5*--- pin.
As can be seen from our construction, the maximal number
of MUBs is closely associated with the number of prime di-
visors of the dimension d. It is also implied that two or more
prime divisors are of the same difficulty for the construction
of MUBs.

The rest of the paper is arranged as follows. In Section 2,
we review some notations and previous results. We give a sim-
ple result on congruence in elementary number theory, which
will be used in the subsequent construction. In Section 3,
we provide a new construction of MUBs in composite dimen-
sional space. In Section 4, we consider a specific example and
present four MUBs in C'3. Finally, we conclude our paper and
put forward some relevant questions.

2. Preliminaries

In this section, we recall some basic definitions and nota-
tions about quantum computation (i.e., MUBs).
see 11 d—1 d—1
Definition 11"} Let By = {|¢:) }{=) and B> = {|y;) }5,
be two orthonormal bases in the state space C4. B, and B, are
said to be MUBs if

1 .
|<¢l‘ly]>’:ﬁa forany laJ:0717"'7d'

A set of orthonormal bases {Bi,B5,,...,B,} in C? is
called mutually unbiased if B; and B, are MUBs for any
s#t,1 <s<m,1 <t <m. Forexample, in the state space
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080304-1


https://doi.org/10.1088/1674-1056/ad47ae
mailto:zhengzj@scut.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 33, 080304 (2024)

C?, the following orthonormal bases form a set of MUBs:

{102,[1)}

{WQ%D’Wx%U},

pm;;ij;jw}.

Now let us consider a simple concept about elementary

number theory. Two integers a and b are relatively prime if
their positive greatest common divisor is 1 and we use the no-
tation (a,b) = 1. Denote the set of congruence classes modulo
a positive integer d by Z/dZ.

Definition 2 Let d > 2 and f : Z/dZ — Z/dZ be
a map. f is called a complete cyclic shift modulo d
if for any t € Z/dZ, the number of elements of the set
(EF O L) 1

plete set of residues modulo d.

} is exactly d, i.e., this set is a com-

According to the theory of congruence classes in elemen-
tary number theory, the following lemma is easily proved.

Lemma 1 Letd > 1 be aninteger, andk € Z. If (a,b) =1,
then the map f; : Z/d7Z — 7./d7 defined by fi(7) =n+kis a
complete cyclic shift modulo d.

In order to derive our main result, we need the core
theorem about constructing MUBs for prime dimensions in
Ref. [12]. They gave a new constructive proof for the existence
of MUBs for which the dimension of state space is prime or
power of a prime. We write it down here for the convenience
of readers. Many theorems in that paper do not hold in the case
that the dimension of quantum system is a product of different
primes. However, it is not difficult to check that the following
theorem is true for any dimensional quantum systems.

Theorem 12! Let By = {|¢1),|2),...,|¢4)} be an or-
thonormal basis in C%. Suppose that there is a unitary operator
V such that V|¢;) = B;|@i11), where |B;| =1 and |§41) = |¢1),
i.e., V applies a complete cyclic shift modulo d on the vec-
tors of the basis B;. Assume that the orthonormal basis 3, =
{Jw1),|v2),...,|Wa)} consists of eigenvectors of V. Then, B
and BB, are MUBs.

3. Construction of MUBs for odd dimensions

In this section, we will investigate the construction of
MUB:s.
alized Pauli operators. For prime or prime power case, Bandy-

We mainly study the property of product of gener-

opadhyay et al. have developed a complete theory to construct
corresponding MUBs. We shall prove the partial results of
other situations, i.e., the composite dimensional system.

Let {|0),]1),...,

C4. The generalizations X,; and Z, of Pauli operators over C?
18]

|d — 1)} be the computational basis of

are defined as follows:![

Xali) =i+ 1), e))

Z4li) = 'li), 2
where the algebraic operation is modulo d and @ is a primitive
For0<n<d-1,
denote the unitary operator X;Z} by V,,. Obviously, V,|i) =
o"i+1).

Theorem 2 Suppose that d > 3 is an odd number. Then,

d-th root of unity, specifically @ = e’

the following d vectors:

ldl

|vnk \/» Z

n|(i —t) d —d)]

ki) (k=0,...,d—1) (3)
are eigenvectors of V,,. Furthermore, these vectors form an
orthonormal basis for C.

Proof Since V, is a unitary operator, we only need to
prove that |v, ;) are eigenvectors of V, belonging to different
eigenvalues.

By definitions of X; and Z;, we have

n[(i2—i)—(d*—d)]
2

1 d—1 L
Vn|vn,k> = ﬁXdZs Z w kl|l>
i=0
1 4=l @i«

2— . .
- Z wfd)]ka»m“_'_D

vt

u k’+”’\z+ 1)

7 7§

L
+—w"|0
1 k

= 0) + —=]1
a0+ 1)
d-2 .

n[((i+1)
+7wk2a)[(+l

2_(i+1))—(d*—d)]
2

7k(i+l)‘l~+ 1>

k P 27(2')]_](
= —=0"0)+ —=0"0w" 2 [1)

= wk‘vn,k>a

where we used the condition that d is an odd number for the
fourth to fifth equal signs. Therefore, we have proved this the-
orem.
Similarly, we can prove the following conclusion.
Theorem 3 Suppose that d > 2 is an even number and
0 <n <d-—11is also even. Then, the following d vectors:

N2
n[(i —t);(d —d)] 7ki‘

i) (k=0,....d—1) ¥

|Vnk \/7 Z

are eigenvectors of V,,. Furthermore, these vectors form an
orthonormal basis for C<.
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Next, let us keep the notation as above. We have the fol-
lowing theorem.

Theorem 4 Suppose that d > 3 is an odd number and
d=p{'py*---p% (p1 < p2 < --- < p,) is the prime decompo-
sition. Assume that 0 < n,m < p; — 1 and m # n. Then, the
eigenvectors {|v, 1) }{_g of V;, are cyclically shifted under the
action of operator V,,.

Proof At first, we have

1 & P @)y
Vn|vm’k> = 7XdZZ Z 2 kl|l>
i=0
d—l1 m[(i2—i)—(d?— P
_ % ww_kﬁmhurn
i=0
-2 9
_ e warmifmikanili_i_w
d %
1
+7dwk+(nfm)(d71)|0>
1
= 5@ 0)
1 d=2 ,,,[(([+|)2_([+1))—(d2—d)] (k+ Yi|s
T
i=0
1
_ ﬁwk—km—n‘(»
d—1 2
+ La)k—&-m—n Z ww—(k-ﬁ-m—nﬁ“)
Vd i=1
1
=
d—1 2
n kaerfn Z wwf(kirmfn)iw
Vd i=
d—1 o .
_ ka+m—nzww—(k+m—")i‘i>
Vd i=0

= wk+m7n | Vm,kerfn>7

where we used the condition that d is an odd number for the
fourth to fifth equal signs. Notice that m — n is relatively prime

tod. According to Lemma 1, we obtain that V,, applies a cyclic
shift on the eigenvectors {[v, ) }¢=3 of V. O

(1, 02, 0°, 0° 0° 1, 0", @, ° @ 1, 0

The above theorem is not true when d is an even inte-
ger. For example, let d = 6. Then, Vj acts on the eigenvectors
{[vax)}3_, of V> with two loops. That is,

Vo Vo Vo

V20— V22 — V24 —> V20, )
Vo Vo Vo

Va1 —> V23— V25 —> V21, (6)

where we omit the scalars of the 6th root of unity.
For even integer d, we can just derive the following result.
Theorem 5 Suppose that d > 2 is an even number. As-
sume that 0 <n,m <d—1, m # n, and n,m are even. Then for
any 0 <k <d — 1, we have Vv i) = O vy ki)
Next, it is obvious to obtain the MUBs by the above re-
sults when the dimension d is odd. We conclude it in the fol-
lowing theorem. Denote By, = {|vn0), [Va.1),- -+, |Vna—1)}-
Theorem 6 Suppose that d > 3 is an odd number and
d=p{'py*--p* (p1 < pr <--- < p,) is the prime decompo-
sition. Then, the p; orthonormal bases {Bo,Bi,...,By -1}
are mutually unbiased. Together with the standard basis
{]0),|1),...,|d — 1)}, these bases form a set of p; + 1 MUBs.
If d = p; is a prime number, then by Theorem 6 there
exists a set of d + 1 MUBs. However, according to our con-
struction we cannot obtain better results when the dimension
d has at least two different prime divisors.

4. MUBs in C!°

The concept of MUBs was first introduced by Schwinger
in 1960. It is used to construct measurement bases for quan-
tum information and quantum tomography. The explicit con-
struction of maximal sets of MUBs is obtained only for prime
power dimensions. However, the problem of finding (ex-
tremal) sets of MUBs in any composite dimensional state
space is still open. In this section, we will construct four
MUBs in C! by Section 3.

Let d = 15, and let @ be a primitive d-th root of unity,
specifically @ = e’ . Assume that {|i})i=0,1,...,14} is the
standard basis. Next, we shall write down the eigenvectors
|vm_yk),](4=0 of the operators V,, (m = 0,1,2) in the form of col-
umn vectors

9 8 7 6 S b 3 2 T
, 0, 0, 0, 0 @, 0t @ 0 0),

10 28 6 4 2T
0" 08, 0° o, ),

12 9 6 3\T
, 0, 0% @),

10 6 2 13 9 5 . 12 8 4\T
0" 0° 0?, 0", o, ©, 0, 0, 0%, o),

10 5 10 5 10 5 10 5 10 5\T
(1, 0" 0°, 1, 0" @, 1, 0", @ 1, 0, 0°, 1, 0", @),

1
|V070>:\/%(17 17 13 13 17 17 17 17 17 1; 13 17 17 17 1)T7
1
|V01>: (]7 (1)14, (1)13, (012, (D”, 6Ol()
' V15
1
|V02>: 7(]7 (1)13, (DH, (1)97 (1)7, (})5, (1)3, o, 0)14, (1)127
' V15
vos) = —
V = —
0,3 \/B
1
|VO4>: 7(17 wlla (1)7, CO3, wl47
' V15
vos) = —
V = —
0,5 \/B

080304-3
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[vo.6) =
[vo7) =
[vos) =

[vo0) =

[vo,10) =
vo,i1) =
[vo.12) =
[vo,13) =

[vo,14) =

[vio) =

1 T
— (1, 0, 0, 0?2, 05, 1, °, @, 02, @° 1, @°, @ 02 0°),
V15

1 T

1 08, 0, 0°, 0, 0, 03, 0!, 0*, 02, 0°, 0, 05, 0 )7,
NGE P ’ 7
1 T
(1, 0", 0", 6%, 0, 0, 02, 0*, 0", 0%, 0, ?, o°, ®, )",
V15

1 T
— (1, 0%, 0?2, 0, 0, 1, 0% 02, o o, 1, 0° 02 0} o),
V15

1 T
—(1, 0°, 0", 1, @, 0", 1, @°, ©'°, 1, 0°, 0'°, 1, @, '),

V15

1 T

(1, 0%, 0%, 02, 0, 0°, 0°, 07, @, 0, ©°, 0", o, o, "),

V15

1 T

(1, @, 0, @, 02, 1, 0%, 0°, 0, 0, 1, 0, 0°, &°, ©'2)",

V15

1 T
\/7175(1’ @, o', 0°, 0%, 0°, 07, 0", 0, @, 0°, 7, @, 0", 0*)T,

1 T

15(1’ 0, 0%, 0, o', 0, @°, 0, O°, 0, 00, 0", 072, 0, o)

(L, 1, 0, @* o 0' 1, 0° 0", 0 1, 0" o, o w)T,

(1, 0% 0" 1, 0 o 0°, 0", 0%, 07, o, 0", o, o, wz)T,
(1, 0%, 02 02 05 1, 0, o, 02, 0, 0 o 02 o, o )T’
(1, 02, 0" o, @, 0! 02 1, 0* 0’ 1, 0, 1, 0, w4)T,

T

3 11 5
, o'l o),

(17 o', 0%, 0°, 5, ©°, 0°, 0%, 0", 1, ®°, 0",
(1, 0" 0% 0 0, 1,1, 0, 0, 0° 0'° 1, 0° o', a)f’)T,

(17 @, o*, 1, 02, 0, 0°, 0°, ©'°, 02, 1, o*, 0° 1, w7)T,
(17 o, 02, 02, 08, &°, @, 0%, 02, B, ®°, B, 2, 02, wS)T’
(17 o, 1, 0°, a)4, 1, 02, wlO, a)9, a)9, @' w127 1, o*, w9)T7
(1, 0%, 08, 0°% 1, 0" 0° @ o 1,1, 0, 0 o° wlO)T,

(17 o, 0", @, 0", ©°, 1, 0, 0, 0°, ®°, &°, 0°, WP, wu)T,
(1’ a)4, a)9, 1, o, 1, @, a)4, 1, a)127 w107 w9’ a)9, @', o2 )T7

12 12

T

(1, @, 07, 02, &, 0", 0°, 0, 0, &, 1, 07, 07, 07, 0")",
T

(1, 0% 0° 0, 0" 0°, 0", 0, 014, @, ©°, ©*, 1, 0", 0')",

3,06 10 6 13 6 10 ;1,6 3 T,
(1, 0, 0, 0° 0" 1, 0° o o 1, 0 0°% o o, 1);

2 6 12 5 12 11 12 5 12 6 2\T
(1,1, 0%, 0° 02 o, 1, 0% o', 02 1, 0, 0", ° o*),
14 3 .8 9 .5 .3 3 .5 .9 8 3\T

(1, 0% 1, 0°, 0*, 1, @, @, @, @, @, @°, 1, 0%, @*)",

080304-4
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Iva) = \%(17 0B 08, 1, 0*, 0, 03, 08, 0°, 0, 0, 0B, v¥, O, a)“)T,
va3) = \%(17 02, o'l 02 1, o, 02, 0°, 0* 1, 1, 0?, 0°, 0%, & )T’

[va4) = \/%(17 wll, 6097 w9, wll’ 1, wﬁ) 6014, 0)9, w67 0)5, (D6, w97 6014, @ )T’
vas) = \%(17 wlO, W, w6, W, w107 1, o, o, w127 wlO, a)IO, 60127 o, a)7)T,
[va6) = \%( 1, 0, @, ©°, 0, ©°, 0°, 1, 0%, @, 1, 0", 1, &?, wS)T,

[va7) = \%( 1, 0%, @3 1, o', 1, 0, 0b, 1, 0°, @°, ©°, &, &, w9)T,
|V2,8>:\/%(17 o), 0, 02, 00, 0 02 0 o, 1, 0° o, 0° o, wlO)T7
[va9) = \%( 1, 0°, 0%, 0°, 0° &, 0, ©°, 0", 0°, 1, 0", ©°, ©°, 0")",
|V2’10>:%(1’ 05, 02, 05, 02, 1, 1, 02, 0°, 02, 05, 1, 02, o', COIZ)T,
|V2’”>:%(1’ ot 0, 0, 0, 00, 0°, 0!, 0, ¥, ©°, ¢, 1, V'3, w”)T,
[va.12) = %( 1, @3, 0 1, 0, @, 0, @, &, 0°, 1, 0}, @3 1, a)‘4)T,
|V2,13>:\/%(1, 0%, o, 02, 0%, 1, 02 o', 02, 1, 0, 02, 0, ?, l)T,
[v2.14) = %( 1, 0, 0%, 0°, 0, 0", 0° 0!, 0!, 0°, 0, 0, @°, 0*, ®)".

Now it is straightforward to check that By, By, B, and the
standard basis {|0),]1),...,]|14)} form a set of four MUBs for
Ch.

5. Conclusion

In this paper, we have mainly studied a new construc-

tion of MUBs in composite dimensional systems. For d =
aj

Dy
sions that hold for prime or prime power dimensions, we con-

pgz ---pam_we obtained p; + 1 new MUBs. For conclu-

sidered the similar results when the dimension d is a product
of at least two different primes. We have proved conclusions
that are still valid and explained which conclusions are invalid.
Finally, we constructed a portion of MUBs in composite di-
mensions. Specifically, we provided an example of MUBs in
Cch.
algebra will yield further results about MUBs in composite di-

Combining the generalized Pauli matrices with tensor

mensions.

Acknowledgements

Project supported by Zhoukou Normal University,
China, High Level Talents Research Start Funding Project
(Grant No. ZKNUC2022010),
Project of Henan Province (Grant

Key Scientific Research
No. 22B110022),
Key Research and Development Project of Guangdong

|
Province (Grant No. 2020B0303300001), and the Guang-

dong Basic and Applied Basic Research Foundation (Grant
No. 2020B1515310016).

References

[1] Schwinger J 1960 Proc. Natl. Acad. Sci. USA 46 570

[2] Tabia G N M, Bavana V SR, Yang S X and Liang Y C 2022 Phys. Rev.
A 106 012209

Mafu M, Dudley A, Goyal S, Giovannini D, McLaren M, Padgett M J,
Konrad T Petruccione F, Lutkenhaus N and Forbes A 2013 Phys. Rev.
A 88 032305

Yuan H, Zhou Z W and Guo G C 2016 New J. Phys. 18 043013

Xiang S H, Li S S and Mi X W 2023 Chin. Phys. B 32 050309
Mecconnell G, Spencer H and Tahir A 2021 arXiv:2103.08703

Godsil C and Roy A 2009 European Journal of Combinatorics 30 246

Paterek T, Pawlowski M, Grassl M and Brukner C 2010 Phys. Scr. T140
014031

Kolountzakis M N, Matolcsi M and Weier M 2018 Proc. Amer. Math.
Soc. 146 1143

Mortimer L 2023 arXiv:2308.01879
Wootters W K and Fields B D 1989 Ann. Phys. 191 363

Bandyopadhyay S, Boykin P O, Roychowdhury V and Vatan F 2002
Algorithmica 34 512

Klappenecker A and Rotteler M 2004 Finite Fields App. 2948 137
Horodecki P, Rudnicki L and Zyczkowski K 2020 arXiv:2002.03233

Tao Y H, Nan H, Zhang J and Fei S M 2015 Quantum Inf. Process. 14
2291

Weiner M 2013 Proc. Amer. Math. Soc. 141 1963
Zauner G 2011 Int. J. Quantum Inf. 9 445
Gottesman D, Kitaev A and Preskill J 2001 Phys. Rev. A 64 012310

[3]

[4]
[5]
[6]
[7]
[8]

[9]

[10]
(11]
[12]

[13]
[14]
[15]

[16]
(17]
[18]

080304-5


https://doi.org/10.1073/pnas.46.4.570
https://doi.org/10.1103/PhysRevA.106.012209
https://doi.org/10.1103/PhysRevA.106.012209
https://doi.org/10.1103/PhysRevA.88.032305
https://doi.org/10.1103/PhysRevA.88.032305
https://doi.org/10.1088/1367-2630/18/4/043013
https://doi.org/10.1088/1674-1056/acb0bd
https://doi.org/10.48550/arXiv.2103.08703
https://doi.org/10.1016/j.ejc.2008.01.002
https://doi.org/10.1088/0031-8949/2010/T140/014031
https://doi.org/10.1088/0031-8949/2010/T140/014031
https://doi.org/10.1090/proc/13829
https://doi.org/10.1090/proc/13829
https://doi.org/10.48550/arXiv.2308.01879
https://doi.org/10.1016/0003-4916(89)90322-9
https://doi.org/10.1007/s00453-002-0980-7
https://doi.org/10.1007/s00453-002-0980-7
https://doi.org/10.1007/978-3-540-24633-6_10
https://doi.org/10.48550/arXiv.2002.03233
https://doi.org/10.1007/s11128-015-0980-6
https://doi.org/10.1007/s11128-015-0980-6
https://doi.org/10.1090/S0002-9939-2013-11487-5
https://doi.org/10.1142/S0219749911006776
https://doi.org/10.1103/PhysRevA.64.012310

	1. Introduction
	2. Preliminaries
	3. Construction of MUBs for odd dimensions
	4. MUBs in C15
	5. Conclusion
	References

