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The interconnection bottleneck caused by limitations of cable number, inner space and cooling power of dilution re-
frigerators has been an outstanding challenge for building scalable superconducting quantum computers with the increasing
number of qubits in quantum processors. To surmount such an obstacle, it is desirable to integrate qubits with quantum–
classical interface (QCI) circuits based on rapid single flux quantum (RSFQ) circuits. In this work, a digital flux tuner for
qubits (DFTQ) is proposed for manipulating flux of qubits as a crucial part of the interface circuit. A schematic diagram of
the DFTQ is presented, consisting of a coarse tuning unit and a fine-tuning unit for providing magnetic flux with different
precision to qubits. The method of using DFTQ to provide flux for gate operations is discussed from the optimization of
circuit design and input signal. To verify the effectiveness of the method, simulations of a single DFTQ and quantum gates
including a Z gate and an iSWAP gate with DFTQs are performed for flux-tunable transmons. The quantum process to-
mography corresponding to the two gates is also carried out to analyze the sources of gate error. The results of tomography
show that the gate fidelities independent of the initial states of the Z gate and the iSWAP gate are 99.935% and 99.676%,
respectively. With DFTQs inside, the QCI would be a powerful tool for building large-scale quantum computers.
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1. Introduction
Superconducting quantum computers are one of the

most promising approaches for realizing fault-tolerant quan-
tum computing, with quantum processors based on Joseph-
son qubits as their core devices.[1] Microwave systems for
qubit control and readout[2] have been widely used in the
manufacturing of quantum computers, enabling the execu-
tion of quantum algorithms for error correction,[3] quantum
simulations[4] and achieving quantum supremacy.[5] With the
increasing number of qubits, the interconnection bottleneck
in microwave systems becomes an important problem be-
cause of the limitations of the number of I/O ports of quan-
tum processors and cryogenic transmission lines.[6] To over-
come the bottleneck, rapid single flux quantum (RSFQ) logic
circuits[7] integrated with qubits for qubit control and readout
are desirable.[8,9] This kind of RSFQ circuits can be called
quantum–classical interface (QCI), which was proposed by
McDermott et al.[10] The theory of RSFQ digital coherent XY
control was studied[11–13] and the fidelities of single-qubit gate
for transmons performed by SFQ pulses were measured to be
about 95%[14] and improved to over 98.8% with multichip-
module (MCM) architecture.[9] Two-qubit gates based on SFQ
including cross-resonance (CR) gates and controlled-phase
(CZ) gates were also studied.[15–18]

Flux-tunable transmons[19,20] are a kind of popular qubits

in designing superconducting quantum processors, with exter-
nal flux penetrating their SQUIDs as the degree of freedom for
Z control. To realize digital Z control by SFQ pulses, the qubit
energy tuner (QET) has been proposed by Ref. [21]. With SFQ
pulses input to a pair of flux bias units (positive and negative),
a QET can generate the current to provide external flux of flux-
tunable transmons for Z control. However, the difference be-
tween the two inductors shunted respectively with the positive
flux bias unit and the negative flux bias unit is hard to elimi-
nate in fabrication and may cause accumulative errors of the
external flux. Therefore, this article proposes an improved ver-
sion of QETs, digital flux tuner for qubits (DFTQ). In a DFTQ,
the two inductors are merged into a single one, which is in se-
ries with two overdamped Josephson junctions for receiving
SFQ pulses. This improvement not only ensures the equality
of the variations of the external flux in a step of increasing or
decreasing, but also simplifies the circuit schematic diagram.

This article, in Section 2, analyzes the circuit schematic
diagram of a DFTQ and discusses how the circuit generates
the current providing external flux for SQUIDs of qubits. The
system model for Z gate and iSWAP gate simulations is in-
troduced and the unitary matrices of the gate operations by
DFTQs are derived. In Section 3, the simulation method is
elucidated, which is followed by the results and discussions of
the simulations of a single DFTQ, a Z gate and an iSWAP gate.
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The standard quantum process tomography for the Z gate and
the iSWAP gate is also performed to analyze the sources of
gate error. Conclusions are given in Section 4.

2. Circuit and system model

Consisting of a Josephson junction and a shunted capac-
itor, a transmon is a qubit treated as an anharmonic oscilla-
tor with the capacitor charging energy EC and Josephson en-
ergy EJ, which decide the frequency of the transmon.[19] To
perform an operation of Z control to the transmon means to
change the phase of the qubit on Bloch sphere, which can be
realized by changing its frequency. By replacing the single
Josephson junction with a SQUID, the frequency of the trans-
mon can be tuned with the external flux, Φe, provided by the
current on a transmission line next to the SQUID, which ac-
tually changes the effective Josephson energy of the SQUID,
E ′

J(Φe). Therefore, to make a DFTQ able to tune the frequency
of the transmon, or the flux Φe, it should have the circuit el-
ements for transforming the SFQ pulses to a current signal.
To ensure the high speed and high precision of flux tuning, it
should have at least two tuning units for coarse tuning and fine-
tuning. This section elucidates the circuit schematic diagram
of the DFTQ and the system model for simulations.

2.1. Circuit schematic diagram

The schematic of DFTQ is shown in Fig. 1, which has a
coarse tuning unit and a fine-tuning unit. The coarse tuning
unit is comprised of two overdamped Josephson junctions J1

and J2, both in series with the inductor L11, which is coupled
with another inductor L12. The fine-tuning unit has the same
circuit structure but a different mutual inductance M2, smaller
than M1 in the coarse tuning unit, in order to tune the flux more
precisely. The ports P5 and P6 are designed to be connected
to the inductor Lp, as shown in Fig. 1, thus making an inductor
loop comprised of Lp, L12 and L32. The inductor Lp is cou-
pled to the SQUID of a qubit with a mutual inductance M to
provide the flux penetrating the SQUID, which is generated by
the inductor loop current ip(t).

The inductor loop current ip(t) can be calculated with the
following formula:

ip(t) =
M1L31 [ΦA(t)−ΦB(t)]+M2L11 [ΦC(t)−ΦD(t)]

L11L31LΣ −M2
2 L11 −M2

1 L31
, (1)

where ΦA(t), ΦB(t), ΦC(t) and ΦD(t) are the integrals of the
voltage at nodes A, B, C and D over the period from 0 to t,
respectively. LΣ is the sum of L12, L32 and Lp. The derivation
for Eq. (1) is presented in Appendix A.

P1

P2

P3

P4

P5

P6

A

J1
R1

i1

M1

M2

L11 L12

L32L31

Lp

ip

B

C

D

J2 R2

i2

J3 R3

J4 R4

Coarse tuning unit

Fine-tuning unit

Fig. 1. The schematic of a digital flux tuner for qubits (DFTQ). P1–P4
are input ports for receiving SFQ pulses. P5 and P6 are output ports con-
nected to the inductor Lp which provides flux for qubits.

When ΦA(t)− ΦB(t) = nc(t)Φ0 and ΦC(t)− ΦD(t) =
nf(t)Φ0, that is, the number of SFQ pulses sent to P1 is nc(t)
more than that to P2 and the number of SFQ pulses sent to P3
is nf(t) more than that to P4, there is

ip(t) =
nc(t)M1L31Φ0 +nf(t)M2L11Φ0

L11L31LΣ −M2
2 L11 −M2

1 L31
. (2)

By setting

∆ic =
M1L31Φ0

L11L31LΣ −M2
2 L11 −M2

1 L31
, (3)

∆if =
M2L11Φ0

L11L31LΣ −M2
2 L11 −M2

1 L31
, (4)

the inductor loop current ip(t) will be

ip(t) = nc(t)∆ic +nf(t)∆if. (5)

This means that by sending an SFQ pulse to the port P1, the
current of the inductor loop ip(t) can be increased by a spe-
cific amount ∆ic, and then the flux provided to the qubit, Φe,
is increased with an increment

∆Φc = M∆ic. (6)

On the other hand, if an SFQ pulse is sent to the port P2, ip(t)
is decreased by a specific amount ∆ic, and then Φe is decreased
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by ∆Φc. Similar to the coarse tuning unit, the fine-tuning unit
will increase (decrease) ip(t) by a specific increment (decre-
ment) ∆if and increase (decrease) Φe by

∆Φf = M∆if, (7)

after an SFQ pulse is sent to port P3 (P4). The flux provided
to the qubit from DFTQ, Φe, will be

Φe = Mip(t) = nc(t)∆Φc +nf(t)∆Φf. (8)

Compared to a QET, the DFTQ has better repeatability of
the currents providing flux or flux bias points. The current for
flux tuning by a QET can be expressed by[21]

iQET
p (t) =

Φ0

F
[nA(t)YA −nB(t)YB +nC(t)YC −nD(t)YD] , (9)

where nA(t), nB(t), nC(t) and nD(t) are the numbers of SFQ
pulses having been sent to ports A, B, C and D of the QET
at the moment t. The parameters F , YA, YB, YC, YD are deter-
mined by circuit parameters L′

i, M′
i , L′

12, L′
34, M′

12, M′
34 and L′

Σ

(i = 1, 2, 3, 4) in QET (to distinguish these circuit parame-
ters from those of the DFTQ, they are denoted by the original
symbols from Ref. [21] with additional quotation marks as su-
perscripts):

F = L′
2
{

M′2
34(L

′
1L′

Σ −M′2
1 )+2L′

1M′
3M′

34M′
4

+L′
3
[
−L′

4(L
′
1L′

Σ −M′2
1 )+L′

1M′2
4
]
+L′

1L′
4M′2

3
}

+(−L′
1M′2

2 −L′
ΣM′2

12 −2M′
1M′

12M′
2)M

′2
34

−2M′2
12M′

3M′
34M′

4 +L′
3
[
(L′

1M′2
2 +L′

ΣM′2
12

+2M′
1M′

12M′
2)L

′
4 −M′2

12M′2
4
]
−L′

4M′2
12M′2

3 , (10)

YA = (L′
3L′

4 −M′2
34)(L

′
2M′

1 +M′
12M′

2), (11)

YB = (L′
3L′

4 −M′2
34)(L

′
1M′

2 +M′
12M′

1), (12)

YC = (L′
1L′

2 −M′2
12)(L

′
4M′

3 +M′
34M′

4), (13)

YD = (L′
1L′

2 −M′2
12)(L

′
3M′

4 +M′
34M′

3). (14)

In the ideal situation, the current iQET
p (t) can get back to the

reference level iref = iQET
p (t0), which means

∆iQET
p (t, t0) =

Φ0

F
[∆nAYA −∆nBYB +∆nCYC −∆nDYD]

= 0, (15)

where ∆iQET
p (t, t0) = iQET

p (t)− iQET
p (t0) is the difference of the

currents, and ∆nA = nA(t)− nA(t0), ∆nB = nB(t)− nB(t0),
∆nC = nC(t)− nC(t0) and ∆nD = nD(t)− nD(t0) are the dif-
ferences between the cumulative numbers of SFQ pulses sent
to ports A, B, C, D at the moments t and t0, respectively. To
make Eq. (15) hold, for a QET there should be

YA = YB, (16)

YC = YD, (17)

when it is designed and

∆nA = ∆nB, (18)

∆nC = ∆nD, (19)

when it is used. Equations (16) and (17) can be satisfied by
setting M′

1 = M′
2, L′

1 = L′
2 and L′

3 = L′
4. However, due to the

imperfect fabrication, the inductors L′
1 and L′

2 (or L′
3 and L′

4)
are difficult to be totally identical, which makes Eqs. (16) and
(17) hard to be satisfied. There may be non-zero cumulative
error ∆ip,err = ∆nA(YA −YB)+∆nC(YC −YD) after the opera-
tion of turning back to iref. This problem is solved in the DFTQ
where the cumulative error of current ip(t) caused by imperfect
fabrication is always 0 because Josephson junctions share the
same inductor L11 (for coarse tuning) or L31 (for fine-tuning)
in Fig. 1. With better repeatability of the currents providing
flux or flux bias points, a DFTQ is potentially able to tune the
flux of a transmon-like coupler[22] for two-qubit gate opera-
tions.

2.2. System model for simulation

To establish a concise model of Z control by DFTQs
to flux-tunable transmons, the waveform of ip(t) can be
approximately described by a piecewise function iz(t), or
iz(t,Nf,Nc,Nt), defined by

iz(t,Nf,Nc,Nt)

=



iref + ⌈ t − ts
∆t

⌉∆if, ts ≤ t < t1,

iref +Nf∆if + ⌈ t − t1
∆t

⌉∆ic, t1 ≤ t < t2,

iref +Nf∆if +Nc∆ic, t2 ≤ t < t3,

iref +Nf∆if +Nc∆ic −⌈ t − t3
∆t

⌉∆ic, t3 ≤ t < t4,

iref +Nf∆if −⌈ t − t4
∆t

⌉, t4 ≤ t ≤ te,

(20)

where t1 = ts + Nf∆t, t2 = ts + (Nf + Nc − 1)∆t, t3 = ts +
(Nf + Nc + Nt − 1)∆t, t4 = ts + (Nf + 2Nc + Nt − 2)∆t, and
te = ts +(2Nf +2Nc +Nt −2)∆t. The piecewise function iz(t)
can be called a basic waveform repeated with different pa-
rameters in an operation of Z or iSWAP. iz(t) is changed by
SFQ pulses shown in Fig. 2(a) with the total operation time
TZ = te − ts = (2Nf + 2Nc + Nt − 2)∆t, integer times of the
clock period of RSFQ circuits driving the DFTQ, ∆t. The
curve of iz(t) is shown in Fig. 2(b). iz(t) starts increasing
at ts and reaches the target value of the inductor loop current
itarget = iref +Nf∆if +Nc∆ic with fine-tuning first and coarse
tuning later. The current is maintained at itarget for a period of
time Nt∆t, which is followed by its decreasing to the reference
level iref at te with coarse tuning first and fine-tuning later.

The Hamiltonian of a system composed of two flux-
tunable transmons in Fig. 3(a) can be described by the follow-
ing equation[19,23] with rotating wave approximation (RWA):

H/h̄ = ωq1a†
1a1 +

α1

2
a†

1a†
1a1a1 +ωq2a†

2a2
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+
α2

2
a†

2a†
2a2a2 +g(a†

1a2 +a1a†
2), (21)

where a†
1 and a1 are the creation and annihilation operators

of qubit 1, respectively. a†
2 and a2 are the creation and an-

nihilation operators of qubit 2, respectively. ωq1 and ωq2 are
respectively the bare frequencies of qubit 1 and qubit 2, which
can be tuned by two DFTQs. α1 and α2 are their anharmonici-
ties. g is the coupling strength dependent on qubit frequencies
and the coupling capacitance Cg. Assuming that the qubit k
(k = 1, 2) is a symmetric transmon with charging energy ECk,
Josephson energy EJk and external flux Φek provided by izk(t),
H can be denoted as H(ωq1,ωq2), or

H = H
(
ωq1(iz1(t)),ωq2(iz2(t))

)
, (22)

and the evolution operator of H from the moment t0 to t should
be

U(t, t0) = 𝒯 exp
(
− i

h̄

∫ t

t0
H(ωq1,ωq2)dt ′

)
, (23)

where 𝒯 is the chronological operator and

ωqk(izk(t)) =

(√
8ECk ·2EJk

∣∣∣∣cos
(

π
Φek(izk(t))

Φ0

)∣∣∣∣−ECk

)
h̄

,

(24)

Φek(izk(t)) = Mizk(t), (k = 1,2). (25)

When the two qubits are running at the idle frequencies ω1 and
ω2, which are far detuning, the sum of the Hamiltonians of the
two qubits will be a constant:

H0/h̄ = ω1a†
1a1 +

α1

2
a†

1a†
1a1a1 +ω2a†

2a2 +
α2

2
a†

2a†
2a2a2, (26)

so that the unitary matrix transforming the qubits’ states in
stationary frame into the state in the rotating frame will be

Urf(t, t0) = exp
[

i
h̄

H0 (t − t0)
]
. (27)

Then the evolution operator of a gate in the rotating frame
should be

Ũ(t, t0) =Urf(t, t0)U(t, t0). (28)

In the following analysis, when the unitary matrices of gates
are derived, only the lowest two energy levels of qubits are
considered, but in the simulations, the lowest three energy lev-
els of qubits are considered and the situations of decoherence
are ignored.

V
o
lt
a
g
e
s (a)

(b)

VP1
VP2
VP3
VP4

iz↼t↽

itarget

iref

(Nf+Nc-1)Dt (Nf+Nc-1)DtNfDt

NcDic

NfDif

Dt

 ts te t

Fig. 2. Input and output signals of a DFTQ. (a) Voltages of SFQ pulses
as inputs for a DFTQ. (b) The curve of iz(t) approximately describ-
ing the basic waveform of the inductor loop current ip(t). The current
starts increasing at the moment ts. With fine-tuning first and coarse
tuning later, it reaches the target value itarget = iref +Nf∆if +Nc∆ic and
then it is maintained for a period of time Nt∆t. Finally, by coarse tun-
ing first and fine-tuning later, the current decreases back to reference
level iref at te = ts + (2Nf + 2Nc +Nt − 2)∆t. The total operation time
is TZ = (2Nf +2Nc +Nt −2)∆t. Here, Nf = 2, Nc = 2 and Nt = 4.

(a) Circuit schematic diagram for simulation of Z gates and iSWAP gates by DFTQs for two-qubit system

(b) Funtions iz↼t↽ and iz↼t↽ approximately describing the waveforms of ip1↼t↽ and ip2↼t↽ for iSWAP gates by DFTQs
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Fig. 3. Control model for simulations of Z control by DFTQs for a two-qubit system. (a) Circuit schematic diagram for simulation of Z gates and iSWAP
gates by DFTQs for two-qubit system. (b) Funtions iz1(t) and iz2(t) approximately describing the waveforms of ip1(t) and ip2(t) for iSWAP gates by
DFTQs. The total gate operation time is TiSWAP = ∆t[(2Nf0 +2Nc0 +Nt0 −2)+max{(2Nf1 +2Nc1 +Nt1 −2),(2Nf2 +2Nc2 +Nt2 −2)}+1].
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2.2.1. The Z gate

We define Uφ (t, t0) as the phase gate in the stationary
frame simultaneously manipulating qubit 1 and qubit 2. When
ωq1 and ωq2 are constants and far detuned, the unitary matrix
of the phase gate is

Uφ (t, t0) = |00⟩⟨00|+ e−iω|01⟩(t−t0)|01⟩⟨01|

+e−iω|10⟩(t−t0)|10⟩⟨10|

+e−iω|11⟩(t−t0)|11⟩⟨11|, (29)

where ω|i j⟩ (i, j = 1,2) is the difference between the frequen-
cies of the eigen energies of the states |i j⟩ and |00⟩. When
ω|i j⟩ is changed by iz1(t) and iz2(t), it also becomes a piece-
wise function, which means ω|i j⟩ can be obtained by calculat-
ing eigen energies corresponding to specific iz1(t) and iz2(t)
and be denoted as the function of iz1(t) and iz2(t):

ω|i j⟩(t) = ω|i j⟩(iz1(t), iz2(t)), (30)

and Eq. (29) should be rewritten as

Uφ (t, t0) = |00⟩⟨00|+ exp
[
−i
∫ t

t0
ω|01⟩(t

′)dt ′
]
|01⟩⟨01|

+exp
[
−i
∫ t

t0
ω|10⟩(t

′)dt ′
]
|10⟩⟨10|

+exp
[
−i
∫ t

t0
ω|11⟩(t

′)dt ′
]
|11⟩⟨11|. (31)

Then according to Eqs. (28) and(31), the unitary matrix of the
phase gate in the rotating frame is

Ũφ (t, t0) = |00⟩⟨00|+ exp
[

i
∫ t

t0
(ω2 −ω|01⟩(t

′))dt ′
]
|01⟩⟨01|

+exp
[

i
∫ t

t0
(ω1 −ω|10⟩(t

′))dt ′
]
|10⟩⟨10|

+exp
[

i
∫ t

t0
(ω1 +ω2 −ω|11⟩(t

′))dt ′
]
|11⟩⟨11|. (32)

From Eq. (20), iz1(t) and iz2(t) can be obtained by substitut-
ing {Nf1, Nc1, Nt1} or {Nf2, Nc12, Nt2} for {Nf, Nc, Nt} in
iz(t,Nf,Nc,Nt), i.e.,

iz1(t) = iz(t,Nf1,Nc1,Nt1), ts1 ≤ t ≤ te1, (33)

iz2(t) = iz(t,Nf2,Nc2,Nt2), ts2 ≤ t ≤ te2, (34)

where the start moment ts = min{ts1, ts2} and the end moment
te = max{te1, te2}. Therefore, Ũφ (te, ts) can be calculated ac-
cording to Eqs. (30)–(32) and (20), and can be denoted as

Ũφ (te, ts) = Ũφ (Nf1,Nc1,Nt1,Nf2,Nc2,Nt2). (35)

The phase shifts of qubit 1 and qubit 2 can be respectively
denoted as

φ1 =
∫ te

ts
(ω1 −ω|10⟩(t

′))dt ′, (36)

φ2 =
∫ te

ts
(ω2 −ω|01⟩(t

′))dt ′. (37)

When the qubit frequencies are far detuned, there is ω|11⟩ =

ω|01⟩+ω|10⟩, so that according to Eq. (31), only considering
the lowest two energy levels of each qubit, there is

Ũφ (te, ts) =


1 0 0 0
0 e iφ2 0 0
0 0 e iφ1 0
0 0 0 e i(φ1+φ2)

 . (38)

A Z gate for qubit k or two simultaneous Z gates for
both qubits can be realized by using Ũφ . If the phase shift is
φk = π +2nπ (n ∈ Z, k = 1,2) for qubit k with proper param-
eters Nf1,Nc1,Nt1,Nf2,Nc2 and Nt2, then Ũφ will be an operator
of the Z gate to qubit k. The unitary matrix of ideal Z gate for
only manipulating qubit 1 is

Ũideal,Z1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , (39)

and the unitary matrix of ideal Z gate for only manipulating
qubit 2 is

Ũideal,Z2 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 . (40)

2.2.2. The iSWAP gate

To realize an iSWAP gate, the bare frequencies of two
qubits, ωq1 and ωq2, should be tuned at the same value. As-
suming that the idle frequency ω1 is bigger than ω2, to de-
crease ωq1 and make ωq1 = ωq2 = ω2, the DFTQ for qubit 1
should provide a proper flux Φe1 for qubit 1 by increasing
ip1(t) to itarget1. After that ip1(t) should maintain at itarget1 for
a period of time to swap the states of the two qubits. Then
ip1(t) should return back to the original value iref1 to stop the
swapping. Because of the phase shift of qubits and incomplete
state swapping, the unitary matrix of the operations above is

Ũswap =


1 0 0 0
0 u22 u23 0
0 u32 u33 0
0 0 0 u44

 , (41)

which is realized by setting iz1(t) and iz2(t) with Eq. (20) ac-
cording to Fig. 3(b):

iz1(t) = iz(t,Nf0,Nc0,Nt0), ts0 ≤ t ≤ te0, (42)

iz2(t) = iz(t,0,0,0), ts0 ≤ t ≤ te0. (43)

The Ũswap can be calculated according to Eqs. (20)–(28), and
can be denoted as

Ũswap = Ũswap(Nf0,Nc0,Nt0). (44)
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At the end of the iSWAP gate, a specific phase shift operation
Ũφ (Nf1,Nc1,Nt1,Nf2,Nc2,Nt2) should be performed to make
both phases of qubits equal −π/2, so that

ŨDFTQ,iSWAP

= Ũφ (Nf1,Nc1,Nt1,Nf2,Nc2,Nt2) ·Ũswap(Nf0,Nc0,Nt0)

=


1 0 0 0
0 e iφ2u22 e iφ2u23 0
0 e iφ1u32 e iφ1u33 0
0 0 0 e i(φ1+φ2)u44

 . (45)

For the ideal case, the operations above can be described by a
matrix

Ũideal,iSWAP =


1 0 0 0
0 0 −i 0
0 −i 0 0
0 0 0 1

 . (46)

Therefore, the selection of the values of Nf0, Nc0 and Nt0

should make |u22|2 and |u33|2 as close to 0 as possible. The
selection of the values of Nf1,Nc1,Nt1,Nf2,Nc2 and Nt2 for Ũφ

should make e iφ2u23 =−i, e iφ1u32 =−i, e i(φ1+φ2)u44 = 1.

3. Simulation and discussion
3.1. Simulation method

The first task of the simulation is to ensure the effective-
ness of circuit design of DFTQs, which means the responses
of ip(t) to the input SFQ pulses of DFTQs should be consistent
with the prediction by Eq. (5). The transient simulations with
circuits shown in Fig. 4 are performed in Keysight’s Advanced
Design System (ADS). The circuit model of an ideal Joseph-
son junction for simulation is built as a symbolically defined
device (SDD) in ADS based on Josephson equations.[24] This
method has been elucidated in Ref. [25]. The SFQ pulses sent
to ports P1–P4 are generated by 4 DC/SFQs, driven by time-
dependent current sources ISA–ISD, respectively. P5 and P6 of
the DFTQ are connected to the inductor Lp, as described in the
previous text.

For gate simulations, the circuit schematic diagram is
shown in Fig. 3(a). The waveforms of ip1(t) and ip2(t) are
extracted from the simulations of DFTQs with specific input
SFQ pulses. Then the waveform data is imported to the Hamil-
tonian described by Eq. (21), which is encoded as a time-
domain function in Python programs for solving the states of
qubits. The function as the solver, mesolve(), is called from
QuTip, a set of open-source Python software for simulating the
dynamics of open quantum systems.[26,27] The state probabil-
ities and phases of qubits can be calculated with the solutions
of states, which can be used to analyze gate operation time and
gate fidelities.

For the convenience of evaluating the precision of a
DFTQ, one can define

rc = Φc/Φ0, (47)

rf = Φf/Φ0 (48)

as the ratios of the increment units of the flux Φe with coarse
tuning and fine-tuning by DFTQ to the flux quantum Φ0, re-
spectively. rf should be small enough for high precision.
Meanwhile, to obtain fast operation, rc should be big enough
for ip(t) to quickly reach the target value itarget. The ratio of
the two increment units can be defined as

rcf = Φc/Φf. (49)

The three ratios should be set properly when the DFTQ is de-
signed. In the following simulations, the parameters above are
rc = 0.032, rf = 0.001 and rcf = 32.

3.2. Simulation of a single DFTQ

The circuit parameters for testing DFTQ are shown in Ta-
ble 1. Simulation results for the case of ∆t = 1 ns, Nc = 2,
Nf = 2 and Nt = 10 are shown in Fig. 5. With triangular cur-
rent excitation pulses from current sources, ISA–ISD, as inputs,
the four DC/SFQs in Fig. 4 can generate SFQ pulses with dif-
ferent ∆t, Nc, Nf and Nt. The curve of ip(t) is similar to that of
iz(t), which increases or decreases step by step when an SFQ
pulse is input to the DFTQ and maintains at a constant when
no SFQ pulse is input.

To verify the effectiveness of Eq. (5), simulations with
combinations of Nt = 10, ∆t = 1 ns and different values of
Nc and Nf are carried out to see the differences between the
simulation results of the ip(t) and the predictions of Eq. (5),
which are shown in Table 2. The values of ∆ic and ∆if in the
simulations are a little smaller than those of the predictions.
It can be seen that the relative errors of simulation results to
the predictions are all around −2%, which means Eq. (5) can
basically predict the output signal ip(t) of the DFTQ. For de-
signing a DFTQ, Eq. (5) can be helpful for determining the
rough ranges of the values of the inductors listed in Table 1. In
the following simulations of the Z gate and the iSWAP gate,
the value of Lp is revised as 220.72 pH to eliminate the relative
errors.

Table 1. DFTQ circuit parameters for DFTQ simulation.

Parameter
Value

Parameter
Value

Parameter
Value

Parameter
Value

(µA) (Ω) (pH) (pH)

J1 80 R1 0.766 L11 200.00 M1 147.13
J2 80 R2 0.766 L12 169.11 M2 459.77
J3 80 R3 0.766 L31 200.00 Lp

* 229.89
J4 80 R4 0.766 L32 169.11 M 20.00

*Note: Lp is revised as 220.72 pH for the following Z gate and iSWAP
gate simulations.
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Table 2. Differences between simulation results and predictions of Eq. (5) for ip(t).

Parameters Simulation results (µA) Predictions (µA) Relative errors (%)
Nc Nf ∆ic in avg. ∆if in avg. max ip(t) max ip(t) for ∆ic for ∆if for max ip(t)

1 0 3.2430 – 3.2430 3.3085 −1.9808 – −1.9808
0 1 – 0.10130 0.10130 0.10339 – −2.0231 −2.0231
1 1 3.2427 0.10130 3.3440 3.4119 −1.9898 −2.0231 −1.9908
2 0 3.2425 – 6.4850 6.6171 −1.9959 – −1.9959
0 2 – 0.10135 0.20270 0.20678 – −1.9747 −1.9747
2 1 3.2429 0.10135 6.5870 6.7205 −1.9853 −2.0231 −1.9859
1 2 3.2423 0.10135 3.4550 3.5153 −2.0019 −1.9747 −2.0003
2 2 3.2427 0.10135 6.6880 6.8239 −1.9913 −1.9747 −1.9908
3 0 3.2427 – 9.7280 9.9256 −1.9908 – −1.9908
0 3 – 0.10133 0.30400 0.31018 – −1.9909 −1.9908
3 1 3.2426 0.10130 9.8290 10.029 −1.9939 −2.0231 −1.9942
1 3 3.2430 0.10133 3.5470 3.6187 −1.9808 −1.9909 −1.9816
3 2 3.2424 0.10135 9.9300 10.132 −1.9979 −1.9747 −1.9974
2 3 3.2425 0.10133 6.7890 6.9272 −1.9959 −1.9909 −1.9957
3 3 3.2420 0.10133 10.030 10.236 −2.0110 −1.9909 −2.0104

ISA

ISB

ISC

ISD

DC/SFQ

DC/SFQ

DC/SFQ

DC/SFQ

P1

P2

P5

P6

P3

P4

DFTQ

Lp

ip

Fig. 4. Simulation circuits for testing DFTQ. SFQ pulses generated from
DC/SFQs are input to ports P1–P4 of the DFTQ. P5 and P6 are connected
to the inductor Lp. DC/SFQs are driven by the current sources ISA, ISB,
ISC and ISD.
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Fig. 5. DFTQ simulation results. (a) Input signals to DC/SFQs from
current sources. (b) Input SFQ pulses generated from DC/SFQs, with
∆t = 1 ns, Nc = 2, Nf = 2, Nt = 10 and iref = 0 A. (c) Inductor loop
current ip(t), with a curve similar to that in Fig. 2(b).

3.3. Simulation of Z gate

The Z gate simulation here is only for the Z gate per-
formed to qubit 1. The simulation for the Z gate performed
to qubit 2 can be carried out in a similar way. The parameters
of the two DFTQs in Fig. 3(b) are set according to Table 1.

The qubit parameters for the Z gate simulation are shown in
Table 3, with idle frequencies f1 = ω1/(2π) = 5.957 GHz and
f2 = ω2/(2π) = 5.359 GHz for qubit 1 and qubit 2, respec-
tively, which are selected for gaining a sufficiently high gate
fidelity. These frequencies can be realized by designing bare
frequencies of qubits or setting the reference levels iref1 and
iref2 of DFTQs. EJ11, EJ12, EJ21 and EJ22 are the Josephson
energies of Josephson junctions J11, J12, J21 and J22, respec-
tively. EC1 and EC2 are the charging energies of capacitors C1

and C2. The units of these parameters have been transformed
to GHz or MHz by dividing them by Plank constant h or 2π .

Table 3. Qubit parameters for Z gate and iSWAP gate simulations.

Parameter
Value

Parameter
Value

Parameter
Value

(GHz) (MHz) (MHz)

EJ11/h 10 EC1/h 240 α1/(2π) −240
EJ12/h 10 EC2/h 240 α2/(2π) −240
EJ21/h 8.163 f1 5957 g/(2π) 6.25
EJ22/h 8.163 f2 5359

To determine the waveform parameters of ip1(t) and ip2(t)
including Nc1, Nf1, Nt1, Nc2, Nf2, Nt2 and ∆t, the unitary matrix
ŨDFTQ,Z1 of Z gates with different waveform parameters are
first calculated according to Eqs. (30)–(32) and (20). Then the
corresponding final state fidelities are obtained by[28]

ℱ
(
ŨT,W,N

)
=

1
2
+

1
2N

Re
{

Tr
(
W †ŨT

)}
, (50)

where W is the ideal gate, ŨT is the gate performed, and N is
the dimension of these matrices. To calculate the final state
fidelity of the Z gate to qubit 1, there should be W = Ũideal,Z1,
ŨT = ŨDFTQ,Z1 and N = 4. The combinations of parameters
of waveforms with gate fidelities over the threshold for error
correction can be collected and put into a set. Then the com-
binations with short operation time and few Josephson junc-
tion switching times are selected for waveform generation.
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The waveform parameters of ip1(t) and ip2(t) for this simu-
lation are Nc1 = 4, Nf1 = 2, Nt1 = 3, Nc2 = Nf2 = Nt2 = 0 and
∆t = 0.4 ns.

The results of Z gate simulation are shown in Fig. 6. The
final state fidelity is 99.948%, with the total gate operation
time TZ = 5.2 ns. When qubit 1 is idle, the qubit frequency
fq1(t) = ωq1(t)/(2π) = f1 = 5.957 GHz. When Φe1(t) turns
to the maximum (Φe1,max = 4Φc + 2Φf = 0.13Φ0), its fre-
quency fq1(t) turns to the minimum, 5.696 GHz. The maxi-
mum external flux Φe1,max corresponds to ip1(t) = 13.439 µA.
The variation of fq1(t) increases when nc(t) and nf(t) increase,
so the phase of qubit 1 (ϕ1), changes faster with bigger ip1(t).
Considering the lowest three energy levels of each qubit, the
initial state of the two-qubit system is

Ψinit =
1
2
(|00⟩+ |01⟩+ |10⟩+ |11⟩)

=
[
0.5 0.5 0 0.5 0.5 0 0 0

]T
. (51)

The ideal end state should be

Ψend,ideal =
1
2
(|00⟩+ |01⟩− |10⟩− |11⟩)

=
[
0.5 0.5 0 −0.5 −0.5 0 0 0

]T
. (52)

With the Z gate described above, the end state computed by
simulation is

Ψend,sim =



0.50127944
0.50377703+0.00134198i
−0.00885927−0.00669337i
−0.49622297+0.02807619i
−0.49708356+0.02181554i

0
−0.00502104−0.01355847i

0
0


. (53)

The standard quantum process tomography[29,30] is per-
formed in order to fully understand the process of the Z gate
to qubit 1. The operation of a quantum gate V (like Z, iSWAP
or other gates) can be represented by the bases Ẽm of the oper-
ator

V = ∑
m

emẼm, (54)

where Ẽm belongs to a set of tenser products of two Pauli op-
erators, that is, Ẽm ∈ {Pi ⊗Pj} (Pi,Pj ∈ {I,X ,Y,Z}). The end
density matrix from the evolution of the initial density matrix
ρ in the process ε can be defined by

ε(ρ) =V ρV †. (55)

Considering the two equations above, the process ε can be ex-
pressed by[29,30]

ε(ρ) = ∑
mn

χmnẼmρẼ†
n , (56)

where χmn = eme*n is the element at the mth line and nth column
of a matrix χ . It is called the process matrix, which fully char-
acterizes the operation to the initial density matrices of qubits,
so the target of process tomography is to obtain χ . The pro-
cess fidelity ℱp is obtained with the trace of the product of χ

and the ideal process matrix χideal:[31]

ℱp = tr(χidealχ). (57)

Then the gate fidelity ℱg independent of the initial states can
be calculated with[31–33]

ℱg =
1+dℱp

1+d
, (58)

where d = 2N is the dimension of Hilbert space of the N-qubit
system. For two-qubit systems, d = 22 = 4.
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Fig. 6. Simulation results of the Z gate for qubit 1. The waveform
parameters are Nc1 = 4, Nf1 = 2, Nt1 = 3, Nc2 = 0, Nf2 = 0, Nt2 = 0
and ∆t = 0.4 ns. The final state fidelity is 99.948% with the total gate
operation time TZ of 5.2 ns. The maximum external flux is Φe1,max =
4Φc +2Φf = 0.13Φ0. (a) SFQ pulses generated from DC/SFQs. (b) The
external flux Φe1(t) of qubit 1. (c) The bare frequency of qubit 1, fq1(t).
When qubit 1 is idle, fq1(t) = f1 = 5.957 GHz. When Φe1(t) turns to the
maximum (corresponding to ip1(t) = 13.439 µA), its frequency turns to
the minimum, 5.696 GHz. (d) The phases of qubit 1 and qubit 2. When
the Z gate for qubit 1 is performed, its phase is changed faster with bigger
ip1(t) and the phase of qubit 2 remains unchanged.

The ideal process matrix χZ1
ideal of the Z gate to qubit 1

and its process matrix χZ1 from simulation are plotted in
Figs. 7(a)–7(d). The line numbers and column numbers on the
axes of all subfigures in Fig. 7 are replaced by labels of cor-
responding basis Ẽm. For example, the line number 1 and the
column number 1 are replaced by the label “II”, which repre-
sents the basis Ẽ1 = I ⊗ I. For the ideal Z gate, there is only
one non-zero element at the “ZI” line and the “ZI” column in
the real part of χZ1

ideal, which is consistent with the unitary op-
erator Ũideal,Z1 = Z ⊗ I. However, χZ1 has non-zero elements
corresponding to the bases with line or column labels “XX”,
“YY ” in the real part and “II”, “ZZ” in the imaginary part.
This leads to the imperfect process fidelity ℱZ1

p of the Z gate,
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99.918%, and thus the gate fidelity ℱZ1
g is 99.935% according

to Eqs. (57) and (58). To show the difference more signifi-
cantly, Figs. 7(e) and 7(f) present the real and imaginary parts
of the difference between the two process matrices.
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Fig. 7. Results of quantum process tomography to the Z gate for qubit 1 of the two-qubit system. (a) and (b) The real and imaginary parts of the
ideal process matrix χZ1

ideal of the Z gate, respectively. (c) and (d) The real and imaginary parts of process matrix χZ1 from the Z gate simulation.
(e) and (f) The real part and imaginary parts of the difference between the two process matrices, χZ1 − χZ1

ideal. The process fidelity ℱZ1
p of the Z

gate is 99.918% and thus the gate fidelity ℱZ1
g calculated with the process matrix is 99.935%.

3.4. Simulation of iSWAP gate

The iSWAP gate simulations are performed for two spe-
cific initial states. The parameters of the DFTQs and qubits
are set as the same values of the Z gate simulation. Before
running the program for simulation, the waveform parame-
ters of ip1(t) and ip2(t) including Nc0, Nf0, Nt0, Nc1, Nf1, Nt1,
Nc2, Nf2, Nt2 and ∆t shown in Fig. 3 should be determined.

In order to tune the frequency of qubit 1, fq1(t), to be the
same as the bare frequency of qubit 2, f2, there should be
Nc0 = 6 and Nf0 = 4. Then, because the coupling strength
is g/(2π) = 6.25 MHz, with Nt0 = 100 and ∆t = 0.4 ns,
there should be gNt0∆t = π/2,[1] which means Nt0∆t = 40 ns
is spent for swapping the states of qubits. After swapping
states, the phases of qubits may be different from −π/2+2nπ
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(n∈Z), which corresponds to the probability amplitude −i, so
a gate for adjusting the phases, Ũϕ(Nc1,Nf1,Nt1,Nc2,Nf2,Nt2)

is required. To get the right phases −π/2+ 2nπ , the simu-
lation of swapping states is carried out and the phases at the
end of swapping, ϕ1,swap and ϕ2,swap, are calculated with the
end state of swapping before Ũφ . Then the combinations of
values of Nc1,Nf1,Nt1,Nc2,Nf2 and Nt2 are searched for the
proper one to eliminate the differences between the phases
and −π/2, so that ϕ1 = φ1 + ϕ1,swap = −π/2 + 2n1π and
ϕ2 = φ2 +ϕ2,swap =−π/2+2n2π (n1,n2 ∈ Z). For this work,
Nc1 = 2,Nf1 = 1,Nt1 = 6,Nc2 = 3,Nf2 = 0 and Nt2 = 2. At
last, the formal iSWAP gate simulations with all the parame-
ters mentioned above are performed.
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Fig. 8. Simulation results of iSWAP gates. The waveform parameters
are Nc0 = 6,Nf0 = 4,Nt0 = 100,Nc1 = 2,Nf1 = 1,Nt1 = 6,Nc2 = 3,Nf2 =
0,Nt2 = 2 and ∆t = 0.4 ns. For the initial state (|00⟩+ |01⟩+ |10⟩+
|11⟩)/2, the final state fidelity is 99.843%. For the initial state |10⟩,
the final state fidelity is 99.692%. The total operation time is 51.6 ns.
(a) The SFQ pulses input to DFTQ 1 for qubit 1. (b) The SFQ pulses in-
put to DFTQ 2 for qubit 2. (c) The external fluxes Φe1(t) and Φe2(t)
of qubit 1 and qubit 2, respectively. (d) The bare frequencies fq1(t)
and fq2(t) of qubit 1 and qubit 2, respectively. (e) The probabilities of
states |10⟩ and |01⟩ for the initial state (|00⟩+ |01⟩+ |10⟩+ |11⟩)/2.
(f) The phases ϕ1 and ϕ2 of qubit 1 and qubit 2 for the initial state
(|00⟩+ |01⟩+ |10⟩+ |11⟩)/2, respectively. (g) The probabilities of states
|10⟩ and |01⟩ for the initial state |01⟩. (h) The phases ϕ1 and ϕ2 of qubit
1 and qubit 2 for the initial state |01⟩, respectively.

Figure 8 presents the simulation results of iSWAP gates.
Figures 8(a) and 8(b) are SFQ pulses input to DFTQs. Fig-
ure 8(c) shows the external fluxes Φe1 and Φe2, which are sim-
ilar to the waveforms of inductor loop currents shown in Fig. 3.
In Fig. 8(d), the bare frequency of qubit 1, fq1(t), is changed
to the bare frequency of qubit 2, fq2(t) ( fq2(t) = ωq2(t)/(2π)),
when the states are swapping, then the phases of qubits are ad-
justed with their small variation. Figures 8(e) and 8(f) show

the probabilities of |10⟩ and |01⟩ for different initial states,

Ψinit1 =
1
2
(|00⟩+ |01⟩+ |10⟩+ |11⟩)

=
[
0.5 0.5 0 0.5 0.5 0 0 0 0

]T
, (59)

Ψinit2 = |10⟩=
[
0 0 0 1 0 0 0 0 0

]T
, (60)

respectively. The corresponding ideal end states are

Ψend1,ideal =
1
2
(|00⟩− i|01⟩− i|10⟩+ |11⟩)

=
[
0.5 −0.5i 0 −0.5i 0.5 0 0 0 0

]T
, (61)

Ψend2,ideal =−i|01⟩=
[
0 −i 0 0 0 0 0 0 0

]T
. (62)

The corresponding end states in the simulation results are

Ψend1,sim =



0.51021949
−0.00604606−0.48907264i
−0.01499452+0.0009786i
−0.03236018−0.51575929i
0.48038327−0.03684263i

0
0.03057866−0.01031202i

0
0


, (63)

Ψend2,sim =



0
0.08013727−0.99369771i

0
−0.07257209−0.02960006i

0
0
0
0
0


. (64)

Figures 8(g) and 8(h) show the phases of qubit 1 and qubit 2
for the two different initial states. The total gate operation time
is TiSWAP = 51.6 ns with gate fidelities 99.843% for Ψinit1 and
99.692% for Ψinit2.

The standard quantum process tomography for the
iSWAP gate is also performed. The ideal process matrix
χ iSWAP

ideal of the iSWAP gate and its process matrix χ iSWAP from
simulation are plotted in Figs. 9(a)–9(d). The process matrix
χ iSWAP has non-zero elements corresponding to the bases with
labels including “IZ”, “XY ”, “Y X” and “ZI” in both real and
imaginary parts, which are not required for gate operation and
lead to the imperfect process fidelity ℱ iSWAP

p of the iSWAP
gate, 99.596% and the gate fidelity ℱ iSWAP

g = 99.676% ac-
cording to Eqs. (57) and (58). The elements corresponding to
“IZ” in the matrix of the difference of χ iSWAP and χ iSWAP

ideal in
Figs. 9(e) and 9(f) are more prominent than other not-required
elements, which means the gate error caused by control er-
ror mainly comes from imperfect phase adjustment to qubit 2
after state swapping. Apart from the control error and de-
coherence, leakage of energy to non-computation-basis lev-
els also leads to gate error. For a system consisting of qubit
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A and B coupled with a capacitor, the leakage from |11⟩ to
(|20⟩+ |02⟩)/

√
2 occurs when the transition frequency of the

second and the third energy level of qubit A, f A
21, sweeps by

the transition frequency of the first and the second energy level
of the other qubit B, f B

10.[34] Here, in the simulation for the
initial state (|00⟩+ |01⟩+ |10⟩+ |11⟩)/2, there is leakage of
a small part of energy from state |11⟩ to (|20⟩+ |02⟩)/

√
2,

which can be found with the non-zero elements at the third and
the seventh lines (corresponding to |02⟩ and |20⟩) of Ψend1,sim

in Eq. (63). Leakage can also be found in the Z gate performed
to qubit 1 with the elements at the third and the seventh lines
of Ψend,sim in Eq. (53), which is weaker than that of the iSWAP
gate because there is still a detuned amount of f A

21 and f B
10 of

5.456− 5.359 = 0.097 GHz for the Z gate. Leakage can be
suppressed by synchronizing the entangling parameters (hold
time, overshoot frequencies and interaction frequencies), leak-
age channels, and the weakly frequency-dependent interqubit
coupling.[34]
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Fig. 9. Results of quantum process tomography to the iSWAP gate. (a) and (b) The real and imaginary parts of the ideal process matrix χ iSWAP
ideal

of the iSWAP gate. (c) and (d) The real and imaginary parts of the process matrix χ iSWAP from iSWAP gate simulation. (e) and (f) The real
and imaginary parts of the difference between the two process matrices, χ iSWAP − χ iSWAP

ideal . The process fidelity ℱ iSWAP
p of the iSWAP gate is

99.596% and thus the gate fidelity ℱ iSWAP
g calculated with the process matrix is 99.676%.
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4. Summary
In order to realize RSFQ-based flux tuning for flux-

tunable transmon qubits, a circuit called digital flux tuner for
qubits (DFTQ) is proposed. This work analyzed the circuit
schematic diagram of the DFTQ consisting of a fine-tuning
unit and a coarse tuning unit, and derived the formula pre-
dicting the inductor loop current for tuning the flux with SFQ
pulses as inputs. The control model of Z control to a two-
qubit system is established for Z gate and iSWAP gate simu-
lations. The method of simulations based on ADS and QuTip
for a single DFTQ, a Z gate and an iSWAP gate by DFTQs
is introduced. Results show that the predictive values of the
inductor loop current of the DFTQ are different from simula-
tion results with relative error of about −2%. The final state
fidelity in the Z gate simulation is 99.948% with the total op-
eration time of 5.2 ns. The final state fidelities in the iSWAP
gate simulations are 99.843% and 99.692% for two different
initial states, with the total operation time of 51.6 ns. The
standard quantum process tomography for the Z gate and the
iSWAP gate is performed and the corresponding gate fideli-
ties are 99.935% and 99.676%. Gate errors are mainly caused
by the control error of qubit phase adjustment and the leak-
age to non-computation-basis energy levels. In conclusion,
the DFTQ is able to perform Z gates and iSWAP gates for
flux-tunable transmon qubits with pure SFQ pulse sequences
as inputs, which means the DFTQ has potential to be a crucial
part of QCI for the Z control of qubits.

Appendix A: Derivation of formula for inductor
loop current

According to Kirchhoff’s voltage law, the relationships
between the voltages of nodes A, B, C and D in Fig. 1 are

VA(t ′)−VB(t ′) = L11
di1(t ′)

dt ′
−M1

dip(t ′)
dt ′

, (A1)

VC(t ′)−VD(t ′) = L31
di2(t ′)

dt ′
−M2

dip(t ′)
dt ′

. (A2)

When P5 and P6 are connected to the inductor Lp, there
is

0 =
(
L12 +L32 +Lp

) dip(t ′)
dt ′

−M1
di1(t ′)

dt ′
−M2

di2(t ′)
dt ′

. (A3)

With the zero initial condition, integrating both sides of
Eqs. (A1)–(A3) with 0 as lower bound and time t as upper
bound yields

ΦA(t)−ΦB(t) = L11i1(t)−M1ip(t), (A4)

ΦC(t)−ΦD(t) = L31i2(t)−M2ip(t), (A5)

0 = LΣip(t)−M1i1(t)−M2i2(t), (A6)

where

ΦA(t) =
∫ t

0
VA(t ′)dt ′, (A7)

ΦB(t) =
∫ t

0
VB(t ′)dt ′, (A8)

ΦC(t) =
∫ t

0
VC(t ′)dt ′, (A9)

ΦD(t) =
∫ t

0
VD(t ′)dt ′, (A10)

LΣ = L12 +L32 +Lp. (A11)

Then, let

𝛷(t) =

ΦA(t)−ΦB(t)
ΦC(t)−ΦD(t)

0

 , (A12)

𝑖(t) =

i1(t)
i2(t)
ip(t)

 , (A13)

𝐿=

 L11 0 −M1
0 L31 −M2

−M1 −M2 LΣ

 , (A14)

so that accroding to Eqs. (A4)–(A6) we have

𝛷(t) =𝐿𝑖(t). (A15)

To get 𝑖(t), we have

𝑖(t) =𝐿−1𝛷(t), (A16)

where

𝐿−1 =

L31LΣ −M2
2 M1M2 L31M1

M1M2 L11LΣ −M2
1 L11M2

M1L31 L11M2 L11L31


× 1

L11L31LΣ −M2
2 L11 −M2

1 L31
. (A17)

Therefore, with Eqs. (A12), (A13), (A16) and (A17), the
inductor loop current ip(t) is obtained as

ip(t) =
M1L31 [ΦA(t)−ΦB(t)]+M2L11 [ΦC(t)−ΦD(t)]

L11L31LΣ −M2
2 L11 −M2

1 L31
.

(A18)
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