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Under investigation is an integrable generalization of the Fokas—Lenells equation, which can be derived from the neg-
ative power flow of a 2 x 2 matrix spectral problem with three potentials. Based on the gauge transformation of the matrix
spectral problem, one kind of Darboux transformation with multi-parameters for the three-component coupled Fokas—
Lenells system is constructed. As a reduction, the N-fold Darboux transformation for the generalized Fokas—Lenells equa-
tion is obtained, from which the N-soliton solution in a compact Vandermonde-like determinant form is given. Particularly,
the explicit one- and two-soliton solutions are presented and their dynamical behaviors are shown graphically.
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1. Introduction

The nonlinear Schrédinger (NLS) equation
iul+Vuxx+G|u|2u:O, (1)

in which v is a real parameter and ¢ = £1, plays a signifi-
cant role to model the propagations of light pulses in nonlin-
ear optical fibers.!!! The complete integrability as well as the
explicit soliton, breather and rogue wave solutions of Eq. (1)
have been a topic of general interest in multidisciplinary re-
search fields over the past half century./>>! Considering the
diverse physical environments, some generalized NLS equa-
tions which involve higher-order perturbation terms such as
the higher-order dispersion, self-steepening and Raman scat-
tering effects should be taken into account. 7]
The Fokas—Lenells (FL) equation

iut—luX,+VMxx+G\u|2(u+ilux) =0, 2)

as a generalization of the NLS equation, where 1 and v are real
parameters, u(x,t) represents a complex-valued function, was
initially proposed by Fokas with the aid of the bi-Hamiltonian
formulation.[8! It is apparently seen that when 1 — 0, namely,
the mixed derivative term u,, and the self-steepening effect
|u|?u, disappear, equation (2) reduces to the standard NLS
equation (1). As was pointed out in Ref. [9], equation (2) has
a close relationship with the derivative NLS equation

iuf+uxx+i6(|u|2u)x:0. 3)
Actually, through the gauge transformation

vl 1 v Y
u— \/>exp {i <x—|—22t>] u, —>0, (@)
11 1 1 1
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equation (2) becomes

\%
Uyt — —Uxx =
1

v .
1—3(—14—&— io|ul’uy). ®)
By introducing the new variables
% v
€:x+?t7 T:_ﬁta (6)
one has
Uge :u—iO'\u|2u5, @)

which is nothing but the first negative power flow of deriva-
tive NLS hierarchy. For u — 2u, £ =t, 1= —x, 0 =1,
equation (7) can be rewritten as a more common form

= 2i|ul?u; — u. (8)

The study of the FL equation (2) or its equivalent form
Eq. (8) has attracted increasing attention during the past
decade. The Lax pair formulation, conservation laws and in-
verse scattering transform for solving the initial value prob-
lem were presented in Ref. [10]. The solution on the half-
line for the initial-boundary value problem was expressed in
terms of a matrix-valued Riemann—Hilbert (RH) p1r0blem.[1 1
The explicit formulas of soliton, breather and rogue wave
solutions were obtained by the dressing method,!? the Hi-
rota’s bilinear method!'3-1% and the Darboux transformation
(DT).['7-18] Recently, the long-time asymptotics for the FL
equation with decaying initial value problem without soli-
tons and the global well-posedness for the FL equation on the
line with solitons were established by the RH approach.1%-2]
Additionally, some generalizations of the FL equation such
as the nonholonomic deformed FL equation and the multi-
component coupled FL equation were also investigated by

many authors. [>1-2]
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It is well known that searching for new integrable equa-
tions that possess N-solution solutions is one of the most sig-
nificant subjects in the theory of integrable system.[?®=1] Tn
this paper, we propose a novel generalized FL equation

Uy = i(2|u|2ut + Wi+ 2uw) — u,

iwy = (et — uguy), &)

where U is a real parameter and w(x,?) is an additional real-
valued function compared with the original FL equation (8).
One can readily find that when w = 0 and u = 0, the linear
term fu, and the nonlinear term 2u,w in the first equation of
Eq. (9) as well as the second equation of Eq. (9) all vanish,
then Eq. (9) degenerates to the standard FL equation (8).

In this paper, we demonstrate that equation (9) is a special
reduction of a three-component coupled FL system, which is
the first negative member of a 2 x 2 matrix spectral problem
with three potentials.

Among several systematic methods that have been de-
veloped to construct explicit solutions of integrable equations
such as the inverse scattering transformation,?! Hirota’s bi-
linear method,[*?! DT,[33-371 algebra-geometric method[38:39]
and RH approach,[“*#?l the DT method possesses many ad-
vantages compared with others. Firstly, it doesn’t require to
do the inverse spectral analysis and provides a direct way to
solve the corresponding Lax pair algebraically. Furthermore,
by starting with a trivial seed solution, DT can be performed
again to produce another set of new solutions. This process
can be repeated and will yield a series of new explicit solu-
tions.

The aim of this paper is to construct the N-fold DT for
Eq. (9), and then present the N-soliton solution in a compact
Vandermonde-like determinant form. The outline of our pa-
per is as follows. In Section 2, we introduce a gauge trans-
formation, which is rigorously proved to be a DT with multi-
parameters for the three-component coupled FL system. In
Section 3, through the reduction technique, the N-fold DT for
Eq. (9) is derived. The N-soliton solution under trivial seed so-
lution in a compact Vandermonde-like determinant represen-
tation is put forward. In particular, the one- and two-soliton
solutions of Eq. (9) are explicitly given, and the correspond-
ing dynamical behaviors are shown graphically. Finally, we
give the conclusion.

2. Darboux transformation
In this section, we shall construct the DT with multi-
parameters for the three-component coupled FL system
Uy = 2iuv; + 2iuw + ifluy, — u,
Vi = —2iuvy, — 2iviw — iy, — v,

iw, = W (uxve —upvy), (10)

which can be reproduced from the compatibility condition
U, — Vi +[U,V] = 0 of the matrix spectral problems

e =Uy,
il . . .
1 — t1uv+i1w  —1u— Uy
H A(iv—puvy) —T—iuv—iw
! ) A«ilut
y=Vy V= -t ] (12
V¢ — )

where y = (y1,y2)7, u(x,t) and v(x,?) are two complex-valued
potentials, w(x,?) is a real-valued potential and A is a constant
spectral parameter. When v = u*, equation (10) is reduced to
the generalized FL equation (9). Now, we introduce a gauge
transformation of the matrix spectral problems (11) and (12)

~ A B
y=Ty, T—<C D>, (13)
where
N—1 N—1
A=2"+ Y ALY, B=Y Bk,
k=0 k=0

N N—1
c=Y aaf, D=2"+Y DAt (14)
k=1 k=0
In order to construct a DT for Eq. (10), we assume that ¢ =
(01,02)T, w= (w1, )T are two basic solutions of Egs. (11)
and (12). Then we introduce the following linear algebraic
system:
N—1

Y (Ac+aB)Af =AY, j=1,....2N,
k=0

N N—1
Y GAf+ Y aiDiAf = —a;AY, j=1,....2N, (15)
k=1 k=0

where

_ () —rw(dy)
$1(Aj) —vwi(4))’

in which the constants A; and y; (A; #0, A; # 1/u, A; #
M, Vi # %, J # k) are suitably chosen such that the coef-
ficients in system (15) are nonzero. Hence, Ay, By, Dy (k =
0,....,N—1)and C; (k=1,...,N) are uniquely determined
by the linear algebraic system (15). At this point, it is not dif-
ficult to verify that det7'(A) is a (2N)th-order polynomial and

o j=1,...,2N, (16)

N—1 N—1
detT (1)) = (Aj“r ) AM}‘) </Ij-"+ ) D,JL}‘)
k=0 k=0

N—1 N
-Y Y Bt =o, 17)
=0 /=1
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which implies that A; (j = 1,...,2N) are 2N roots of the
(2N)th-order polynomial detT. Therefore, detT can be rewrit-
ten in the form of the finite products as

2N
detT = [J(A - 2)). (18)

j=1
Under the gauge transformation (13), the spectral prob-
lem (11) is transformed into the following new matrix spectral
problem with respect to y:

Proposition 1 The matrix U determined by Eq. (20) has
the same form as U

iAo
1 — +t1uv+iw

2
A Al

—iu— Wiy

il ’

—— —iuw—iw
2

6:

2y

where the transformation formulae from the old potentials u, v
and w into the new ones are given by

u=u+By_1, V=v+Cy,

v =U3, (19) - :
w=w+il(Ay—1x+VviBv—1 —uyCn —By_1,Cn), (22)
where
. 1 where
U=(T.+TU)T " (20)
AL AD A
It turns out that A = A; (j = 1,...,2N) are removable isolated Av_1=—— By_1=—"—, Cy=—"2, (23)
. . ~ PN A A Ay
singularities of U (see Eq. (21) below). Thus, we can define U
for all A by analytic continuation. | with
1 A . }LIN_Z )le_l (04} oA (Xlﬁ,{v_z OtlllN_l
1 A . 15\1—2 AéV—l (0%) oAy (leév_z OCQAQN_I
A= : ) (24)
1 Zon—1 - %121 12%111 Oon—1 Oon—1AoN—1 -~ O‘2N717L£>7V121 Otszllé\,’vill
1 Aow N2 AT v oandaw Nt aw Al
M /'1,12 . 2{{\/71 A,IN o oA OCﬂLfViz Otlﬂ,{vil
A 2,22 x )QNil ),2N (0%} wl 062)1.5sz 062),21\/71
M=| s L (25)
Aon—1 Ay y o A AN oan—1 Gan—iAav—1 e Cov— i AN Can—1 ANy
AZN 2 N—1 ;LZN o arv a 221\/72 o )LNfl
N N N 2N 2N /2N 2NN 2NN
1 A . )L{Viz —;Lfv (04] oA OC])L{\LZ O!]/'L{Vi]
1 A . 19172 —)\/ZN (07} Ay (127L2N72 Olz/lévil
Al(l) - : : ; (26)
1 Aot - A3 =MD cov—1 con—1don—1 o+ cav— i AV con— 1 A0,
1 Zon - A2 AN oy covhay N AN
| Y PR ﬁ,{v_2 }LlN_l oy oM o ),IN_Z —l{v
1 A . lév -2 ;LZN71 [0%) LAy O(glév -2 —A.ZN
A? = : S 27
1 Zon—q -+~ lgvizl lgvill Oon—1 Con—1AoN—1 - Olszllgvizl —12%_1
1 A o A2 AT v oy oonAt A
A 112 . ﬁ,{v_l —OtlllN o oA ocl/lfv‘z Otllfv_l
A 122 e lév_l —OCQ}LQN (07) oAy (Xglév_z 062},21\/_1
al=| | ' @
Aon—1 My_y o M —oon AN vt Oon—1Aan—1 o Cono i AdN G Gan—1 A0y
dov Ay o MU A, oov candaw N aan Al
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Proof Let T—! = T*/detT and

fll()‘) le(ﬂ’)) . (29)

f1(A) f2(R)
Here T* stands for the adjoint matrix of 7. A direct calcu-
lation shows that f11(1), f21(1), f22(A) are (2N + 1)th-order
polynomials in A and fi2(4) is a (2N)th-order polynomial in
A. With the aid of Eqgs. (11), (15), and (16), we have

0 -unrsroyr =

(1 —.ll)q)(ij = A,j iv—,uvx) — (ilj—‘rZiLtV-FZiW)OCj

(
(

+ (e ) o, (30)
Ax(Aj) = —apB(A;) — jBx(4;),
Ci(4)) = —0xD(A}) — a;Dx(A;), (31)

from which it is not difficult to verify that A; (j =1,...,2N)
are roots of fi; (k,l = 1,2) in Eq. (29). Therefore, according
to Eq. (18) we obtain

(1= pA) (T +TU)T* = (detT)P(R), (32)
where
1 0 0
B P§1)7L+P51) sz)
PA=1 1 © (1) © ]’ 33
PalA+py PpA+ry
with p,(;l)) and p,(c}) being independent of A. Equation (32) can

be rewritten as

(1—uA)(T;+TU) = P(A)T. (34)

By comparing the coefficients of AN*1 AV and A° in Eq. (32),
we have

i 1 i
75’ Dy =

—
—
—

0) _
757 p21 *Oa

P = i(v+Cy) — (v +Cy),

- .U(ANfl,x +vBy_1 —uCy _BNfl,xCN)a
Py = —i(u+By-_1)(v+Cy)—iw

—u(Dy—1x+uCy —viBy_1 —By_1Cny). (35)

Besides, comparing the coefficients of A2V =1 of det7'(1) in
Egs. (13) and (18), one obtains

Y
AnN_1+Dy_1 —By_1Cy = — Z lj = const. 36)
j=1
We thus have
(An—1+Dy_1 —By—_1Cy), =0. 37

Substituting Eqs. (22) and (37) into Eq. (35) leads to
M) e o (0) o~
Py =1V —UVx, Py = —1U— Uy,
P\ = —pl = i@+ im. (38)
Moreover, by solving the linear algebraic system (15), one can
obtain the explicit expressions of Ay_, By—1 and Cy given by
Eq. (23). This completes the proof.

On the other hand, differentiating y = Ty with respect to
t, the auxiliary spectral problem (12) is transformed into the
following auxiliary problem:

$i=Vy, V=(L,+TV)T" (39)

In a similar way to proposition 1, we can prove the following
assertion.

Proposition 2 The matrix V defined by the second ex-
pression of Eq. (39) has the same form as V, in which the old
potentials # and v are mapped into # and v according to the
same DT (22).

Proof Denote

(40)

(7}+TV)T* _ (811(1) 812(1)).

g21(1) g2()

Then a direct calculation shows that Ag1(4), Ag2(),
Agn(A) are (2N)th-order polynomials in A and gi2(4) is a
(2N)th-order polynomial in A. Resorting to Egs. (12), (15),
and (16), one has

Q= v — iljflaj—ljfluta},

Ai(A)) = —;iB(A)) — aBi(4;),

CGi(Aj) =

—OCj;D(Aj)—(Xth(;Lj). (41)

It can be verified that A; (j = 1,...,2N) are roots of gy
(k,I =1,2) in Eq. (40). Hence we arrive at

(T+TV)T™' = (detT)Q(A), (42)
where
_(quarT! Q127Ll)
o) = (M 47, 3

with ¢ being independent of A. Equation (42) can be rewrit-
ten as

T,+TV =Q(A)T. (@4)

Equating the coefficients of A =1, A¥N~!, AV in Eq. (44) leads

to
i i
=z qn="7 40 =u+Bn_1s, g1 =V, +Cn;. (45)

Then, by using Eq. (22), we obtain

q12 = U, q21 ="V (46)

070202-4
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The proof is thus completed.

According to the propositions 1 and 2, the transforma-
tions (13) and (22) convert the matrix spectral problems (11)
and (12) into another one with the same form (20) and (39).
Therefore, both of the two matrix spectral problems lead to
the same integrable equation. The transformation (22) is also
called a DT with multi-parameters for the three-component
coupled FL system (10). We immediately get the following
fact.

Proposition 3 Every solution (u,v,w) for the three-
component coupled FL system (10) is mapped into a new so-
lution («,v,w) under the DT (22), where Ay_1, By—1 and Cy
are given by Eq. (23).

3. The reduction of Darboux transformation
and soliton solutions

In this section, we will derive the N-fold DT for the gen-
eralized FL equation (9) and construct its N-soliton solution in
a compact Vandermonde-like determinant form. Under the re-
duction condition v = u* in Eq. (10), the matrix spectral prob-
lems (11) and (12) turn into

yx=Uy,
iAo .
1 — +ilul +iw  —iu— pu,
THAN A — pat) —7—i|u\2—iw
.lil
! ) lilu[
w=vn V=2 (48)
u; 5

In this case, we choose two solutions of Egs. (47) and (48)

9(A) = (91(2).92(A)", w(A) = (95(17), 297 (1"))", (49)

By means of Egs. (15) and (16), it is easy to prove that
0 = lzjafj_fl, Dy =A;, Cp1 =B, (j=1,...,N, k =
0,...,N—1). Here, 01 can be expressed as

$2(A2j-1) — A2j-172j-107 (A3;_1)
$1(A2j-1) = 1j-195 (A3, )

001 = (51

Then, the functions A; and By, are determined by the following
linear algebraic system:

N-1

Z (Ak+a2j_lBk))~2kj71 = ]\5'717 .]: 17"‘7N7

=0

S k A k N

Z 0 Ay + Z B =~ 14,

k=0 k=1

j=1,...,N. (52)

According to Eq. (22) and v = u*, we arrive at v = v +
Cn=u"+By_, = (u—‘rBN_l)* =u*, w=w+ i,u(AN_Lx—&-
utBy_1 —uxBy_| —Bn—_1+By_,). Thus we have the following
assertion.

Proposition 4 Every solution (u,w) for the generalized
FL equation (9) is mapped into a new solution (z, w) under the
DT

U= u+By—_1,

Ww=w+il(Ay_1x+uBv_1 —uBy_; —Bn_1.By_1),(53)

where Ay_1 and By_; are determined by the linear algebraic
system (52) and have the form

A A

Ay-1=—, By-1=—, (54)
and set the parameters A A
Maj=23-1, Bi= il i=1,....,N.  (50)  with
|
1 M )L{Viz ly71 [04] o (X]A{Viz Otllfvil
A T YA C T TR
A= , (55)
1 Aan—1 N2 N vt cov—1don—1 o Con— i AR con— i A0
Byt Gy Ay g o By i dan Gy My Aoy Aot N1
1 A l{v72 71{\/ o oA (X]l{v72 (X]AfV71
@ AN A AP MV
A _ : . (56)
1 Aon-1 A —AN L vt Oan—idav—t e Qoo Ad Y cov—1 AN
Gy Gy Ay -+ 06‘1\171}”2*11\1\’:12 —Gy N My Ay AN -
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1 A A{V—2 l{v_l o oM OC]A{V_Z —2.1N

* %9 % % kN—2 xq *N—1 * *2 *N—1 * 4 *N
o) oA, oA oA A A A -0 A

A = : (57)

N—2 N—1 N—2 N

1 Aon—1 %N,l 7LZN,1 Oon—1 Oon—1AoN—1 --- a2N—1)LZN,1 —%N,l

* * * * *N—2 * *N—1 * *2 *N—1 * *N

By Gy My By doy_ Gy Ay Ay N—1 N—1 —On 1N

In the following, we shall apply the DT to construct ex-
plicit soliton solutions of Eq. (9). Substituting the trivial solu-
tion u =0, w =0 into Egs. (47) and (48), we have the following
two basic solutions:

i A 1
o(A) = exp[Z(luaxUtﬂ ,
0
0

i A 1
Aexp {2 (I—,u),x+ lt)]

Then we can calculate

(58)

4%

+ t)],
l—plaj1 Agjy
(59)

j-1=—A2j-1)2j—1€Xp [—i (
j=1,...,N.

By inserting Eq. (59) into Egs. (53) and (54), we can obtain
the N-soliton solution in a compact Vandermonde-like deter-
minant form for Eq. (9).

For simplicity, we only discuss two special cases of N = 1
and N = 2.

(i) For N = 1, we have from Eq. (54) that
Aoy —A) o, o (A —Af)

Al —aqof Al —onof

(60)

)

According to Eq. (53), the one-soliton solution of Eq. (9) reads

ﬂl} = By, ",‘7[1] = i:u(AO,x _BO,XBB)v (61)
with
o = —A171exp [—i <l_llzklx+;]t>] (62)
Through direct calculation, one has
41 2oy |?

A2 —2Re(Ay) |0 2+ o |*

At this very point, it can be found that, when setting Re(4;) <
0, the above solution would be nonsingular. Here, we take
A1 = iny, then it follows that

|@[1]]* = 2|m1||yi[*sech [2Im(6;) + In|n; |+ 21In ], (64)

where

pnix o nix—(@ini+ 1)
22 ! 192 :
peni+1 m(w*ni +1)
The maximum amplitude of the one-soliton solution is
V/2|n1]|71| and is localized at x = (u? + #)t We display the
1
dynamical evolution plots of the one-soliton solution in Fig. 1

6, (65)

(ii) For N = 2, through a straightforward calculation, it
holds from Eq. (54) that

(66)

where

1 )ul [04]
of afAf Af
1 A3 o3
o5 0gA3 A3
1 *)le (04
oA A
1 _132 o3
A A
1 /11 (0]
of afAf Af
1 2,3 (04
o3 ogAs A3
With the help of Eq. (53), the two-soliton solution of Eq. (9)
can be presented as

A=

(X]l]
*2
A’l
OC3/I3
2’3*2
2
_ll )
* 7k
_“1);1 )
_)LS )
* 7k

Y

(67)

it\[Z] =Bl, 1717[2] = i‘LL(ALX—BLxBT). (68)

The corresponding dynamical evolution plots of the two-
soliton solution under adequate parameters are exhibited in
Figs. 2-4.

4 4 2 T

Fig. 1. (a), (b) Evolution plots of the one-soliton solution (61) with y; =1,
A =—1i, u=1.

(b)

5
15 15 T 5
151 %

Fig. 2. (a), (b) Evolution plots of the two-soliton solution (68) with y; =1,
B=—1, A =142i,3=—142i,u=1.
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Fig. 3. (a), (b), (c) The two-soliton solution (68) for the u component at t = —10, t = 0 and t = 10, respectively. The parameters are the same as

those in Fig. 2.
x T T
—50 —30 —10 0 10 20 —30—-20-10 (||0 10 20 30 —10 0 10 20 30 40 50
(a) (b) (c)
-1
1
—2 -2
+H2
-3 _3
3 —4 4
w
-5
T4 w w
Fig. 4. (a), (b), (c) The two-soliton solution (68) for the w component att = —10, = 0 and ¢ = 10, respectively. The parameters are the same as

those in Fig. 2.

4. Conclusion

In summary, we investigated the integrable generalization
of the FL equation, which can be viewed as the first nega-
tive member of a 2 x 2 matrix spectral problem with three po-
tentials. Resorting to the matrix spectral problem, we intro-
duced a gauge transformation. It was rigorously proved that
the gauge transformation converted the matrix spectral prob-
lem into another matrix spectral problem with the same form
except that the old potentials were replaced by the new ones,
and hence justified the DT with multi-parameters for the three-
component coupled FL system. By means of the reduction
technique, the N-fold DT for the generalized FL equation was
obtained. The N-soliton solution in a compact Vandermonde-
like determinant form was presented. Explicitly, the one- and
two-soliton solutions were given and the corresponding dy-
namical behaviors were graphically shown. We should em-
phasize that the DT presented in this paper can also be used to
construct the breather and rogue wave solutions for the gener-
alized FL equation under plane-wave seed solution. We will
report these results in our future work.
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