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Nonlinear energy sink is a passive energy absorption device that surpasses linear dampers, and has gained significant
attention in various fields of vibration suppression. This is owing to its capacity to offer high vibration attenuation and
robustness across a wide frequency spectrum. Energy harvester is a device employed to convert kinetic energy into usable
electric energy. In this paper, we propose an electromagnetic energy harvester enhanced viscoelastic nonlinear energy sink
(VNES) to achieve passive vibration suppression and energy harvesting simultaneously. A critical departure from prior
studies is the investigation of the stochastic P-bifurcation of the electromechanically coupled VNES system under narrow-
band random excitation. Initially, approximate analytical solutions are derived using a combination of a multiple-scale
method and a perturbation approach. The substantial agreement between theoretical analysis solutions and numerical solu-
tions obtained from Monte Carlo simulation underscores the method’s high degree of validity. Furthermore, the effects of
system parameters on system responses are carefully examined. Additionally, we demonstrate that stochastic P-bifurcation
can be induced by system parameters, which is further verified by the steady-state density functions of displacement. Lastly,
we analyze the impacts of various parameters on the mean square current and the mean output power, which are crucial for

selecting suitable parameters to enhance the energy harvesting performance.

Keywords: nonlinear energy sink, fractional-order damping, multiple-scale method, energy harvester

PACS: 02.50.-t, 05.40.—a, 05.40.Ca

1. Introduction

To mitigate the limitations of linear dampers, which typ-
ically have a narrow vibration suppression frequency band, a
series of passive vibration absorbers have been proposed. !~
One such absorber is the nonlinear energy sink (NES), a pas-
sive vibration suppression device composed of mass, non-
linear stiffness and damping components.!*°) NESs have
found widespread applications across engineering fields due
to their effectiveness in attenuating vibration over a broad fre-
quency range and facilitating targeted energy transfer.!!%!1]
To date, numerous types of NESs have been designed and

12-14

implemented. ! 1 Some scholars have explored the possi-

bility of achieving enhanced vibration reduction by increas-

(161 firstly put for-

ing the number of NES units. '3 Ding et al.
ward the concept of NES cell and have improved the reliabil-
ity of NES and its versatility to complex vibration structures
by adding a large number of NES cells in parallel. Addition-
ally, considerable attention has been devoted to studying the
dynamic response of systems coupled with NESs under con-
ditions of random or harmonic excitation. For example, Zhang
et al.'"" proposed a new NES to control vertical system vibra-
tion subjected to harmonic and shock excitations. Through
comparative analysis of the dynamic responses of different
NES configurations under varying impulsive load amplitudes,
Zhang et al.!"® concluded that NESs with combined damp-

fCorresponding author. E-mail: yahsun@ 163.com
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ad4632

ing yield the most effective vibration suppression. Li et al.!'’]
determined threshold values for external excitation amplitude
and frequency necessary for NESs to achieve effective vibra-

tion suppression. Gaidai et al.*"

investigated targeted en-
ergy transfer in stochastic systems under Gaussian white noise
excitation. Bergeot et al.?!l employed stochastic averaging
methods to study the slow flow of a stochastically forced self-
sustained oscillator coupled to an NES. However, compared
to random or harmonic excitation, narrow-band random ex-
citation presents more complex modeling challenges, closely
resembling real-world scenarios and exhibiting more intricate
dynamic behavior. This observation motivates us to consider
narrow-band random excitation in our study.

Reviewing prior studies reveals that enhancing the re-
silience of nonlinear restoring forces can lead to improved vi-
bration suppression performance. Consequently, the role of
damping becomes crucial in achieving vibration attenuation
within NES systems. Viscoelastic materials, distinguished by
their combined viscosity and elasticity, offer significant poten-
tial for effective vibration and noise reduction across a broad

m.[22-24] Hence, there has been considerable

frequency spectru
scholarly interest in exploring the application of viscoelastic
materials for structural vibration attenuation. Fractional-order
damping offers greater flexibility and enables a more accurate
depiction of the dynamic behavior of complex systems com-

pared to integer-order damping in system modeling. For ex-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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25]

ample, Huang et al.'®! studied the dynamic response of a vis-

coelastic isolation system coupled with nonlinear energy sinks
using the complexification-averaging method. Hu et al.?%]
conducted a study on random vibration analysis of nonlinear
oscillator equipped with a viscoelastic nonlinear energy sink,
employing the stochastic averaging method. Moslemi et al.[*’]
identified that viscoelasticity can impact the frequency inter-
val between Hopf and saddle-node branches. Ultimately, this
paper adopted a viscoelastic nonlinear energy sink (VNES)
model to address these considerations.

Vibration energy harvesters have seen significant ad-
vancements owing to their ability to convert kinetic energy to
useful electrical energy, addressing power supply challenges.
Various types of energy harvesters have been developed, in-

28] 29] electrostatic, 3%

cluding piezoelectric,?®! electromagnetic,
and piezoelectric—electromagnetic hybrid types.*'! Han er
al.3?) obtained the moments of the stochastic galloping en-
ergy harvester with a parallel circuit. Huang et al.®3 stud-
ied responses, optimization and prediction of energy har-
vesters under galloping and base excitations by using the
complexification-averaging method. Recently, scholars have
explored the integration of NESs with energy harvesters for
structural vibration reduction and energy harvesting. For ex-
ample, Franzini et al.®*! employed a bistable piezoelectric
NES for both vibration reduction and energy harvesting within
a system. Zhang et al.!3! experimentally verified the applica-
tion of NES and piezoelectric energy harvester for flutter sup-

pression in airfoil structures. Li et al.3®

investigated the ef-
fects of a nonlinear device for simultaneous vibration absorp-
tion and energy harvesting. Electromagnetic energy harvesters
have demonstrated high conversion efficiency and operabil-
ity across a wide frequency range. Despite this, research on
combining VNES with electromagnetic energy harvesters for
vibration suppression and energy harvesting remains limited.
From a systematic energy and performance point of view, in-
tegrating VNES with electromagnetic energy harvester holds
significant promise as it enables the effective utilization of
structural vibration energy and enhances structural stability.
The dynamic behavior of a system undergoes changes
in response to variations in its parameters, a phenomenon
known as bifurcation. The occurrence of bifurcation indicates
the instability of the system. Examining the critical param-
eter values at which bifurcation occurs aids in understand-
ing the system’s evolutionary pattern and offers insights for

1.B7] demonstrated through

system control. Starosvetsky et a
numerical analysis that when the quality of the NES de-
creases sufficiently, the system enters a strongly modulated
response regime. Zang et al.’® studied bifurcation phe-
nomena in a structure coupled with a lever-type NES. Sim-
ilarly, Mirhashemi er al.®”) conducted a numerical analysis

of bifurcations in a harmonically excited nonlinear system

equipped with a local NES. Sun et al.!*°! analyzed stochas-
tic P-bifurcation of a fractional-order damping system coupled
with a nonlinear energy sink excited by Gaussian white noise
and obtained the critical conditions of stochastic P-bifurcation.
In this paper, we discuss the critical parameter values associ-
ated with stochastic P-bifurcation using numerical methods.

The rest of this paper is organized as follows. In Sec-
tion 2, we present the mathematical model and simplifications
of the system. Section 3 provides the first and second steady-
state moments of the system obtained using the multiple-scale
method. The effectiveness of the adopted approach is verified
in Section 4. Additionally, Section 4 discusses stochastic P-
bifurcation and energy harvesting performance. Finally, Sec-
tion 5 presents the conclusions drawn from our study.

2. Mathematical modeling and simplification

The model of an electromechanically coupled VNES is
described in Fig. 1, which consists of a primary structure cou-
pled to VNES by an electromagnetic device. The electrome-
chanically coupled VNES under narrow-band random excita-
tion can be expressed as the following general form:

m Xy +c1 X1 + ki X) — knX5 — cnDHXo

-2 X0 —pil = —mi X,

my(Xy +Xo) + ko X3 + caDH Xy + piI = —moX

LI+ (R;+Rp)I = pi1 Xz, (1

where m; and my are the masses of the primary structure and
VNES. X; is the relative displacement between the primary
structure and the base. X, is the relative displacement be-
tween VNES and the primary structure. k; and c; are the
linear stiffness and linear damping coefficients of the primary
structure. k,, ¢, and c; are the cubic stiffness, fractional-order
damping and linear damping coefficients of VNES. p1, I, R;,
Ry, and L denote the electromagnetic coupling coefficient, the
output current, the load resistance, the resistance of the coil,
and the inductance of the electromagnetic circuit, respectively.
X = hcos(Qt + yW(t)) denotes narrow-band random excita-
tion, where i and Q are the amplitude and frequency of the
excitation. 7 is the intensity of Gaussian white noise W (z). u
is the fractional derivative order. D*X (¢) is a Caputo fractional
derivative defined as

1 rX(s)

D*X(t) = / ds, 0<u<l. 2
Introducing the following non-dimensional parameters:
X X, — Q

X1 = x2:77F: , T=0pf, ®=—,
! ! oy wy

— k[ nmy C1

G=1-0% woy=4/—, p=—, di = )

mp my mp @y
— k2 Cn — (o) - P1
2 = 2 = ) = ) A= PR

m1w0 mp @y mj @y mll(DO
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Ri+R; G = pilay

Si=—7 i

3)

The governing equations given by Eq. (1) can be rewritten

as
&) +dixy + (0% +6)x) — doxj — dsDMxy — dyiy — Al
= —Fcos(0t+yW(1)),
p (%1 +¥2) +dox3 +d3DHxa + dyiy + A1
= —pFcos(wt+ YW (1)),
[+ 81— 5% =0, “)

in which x| and x; represent the displacements of the primary
structure and VNES, respectively. X; and X, denote the veloc-
ities of the primary structure and VNES, respectively. / is the
length scale. p is the mass ratio of VNES to the primary struc-
ture. d; and dy4 are the dimensionless linear damping coeffi-
cients of the primary structure and VNES, respectively. d», d3,
o, and © are the nondimensional cubic stiffness coefficient,
the nondimensional fractional-order damping coefficient, the
forcing frequency, and the detuning frequency, respectively.
F. A, {1, and & represent the deterministic amplitude, the
electromechanical coupling coefficient, the ratio between re-
sistance and inductance, and the dimensionless electromag-
netic coupling coefficient, respectively.

(a) VNES m, _I ,ﬁ X+X+X,

cy @
lﬁ A
Primary structure my
kl I
=Ip

(b)

R, p1 Xy

Fig. 1. The simplified structure of VNES with an electromagnetic energy
harvester: (a) mechanical schematic, (b) equivalent circuit for electro-
magnetic mechanism.

To apply the multiple-scale method,*!=*3) equation (4) is
scaled with a small parameter € to yield

X1 + edi i) + (0° + €0)x| — edox3 — £d3 DM xy
—&dyxy — eAl = —€F cos(T + YW (7)),

ep (&1 + i) + €dyx3 + ed3DHxy

+edaip + Al = —epF cos(wT + YW (1)),

8i+£€1]—8€2)€2:0. 5)

Pay attention to the contribution of viscoelastic damping
to the recovery and dissipation terms of the system. Rely on
the detailed derivations in Ref. [44], D*x,(7T) can be decou-
pled into the following two terms:

d3DHx; (1) = epia(T) + fxa(7), (6)

= d3k"'sin %, f =dszkM cos “—2” and k is the av-
eraged frequency of the system.

in which ¢;

Substituting Eq. (6) into Eq. (5), an equivalent nonlinear
stochastic system can be derived as

X1+ &d1x) + (0 + €0)x| — £dax3 — €exy — €fxy — EAI
= —¢eFcos(0T+ YW (7)),

ep (§1 +ia) + €daxy + exa + €fxa + AL
= —gpFcos(wt+yW(1)),

el +€li1—€elin =0, @)

where e = ¢ +dj.

3. Stochastic response analysis

Following the multiple-scale method, the solutions of
Eq. (7) can be expressed as follows:

X = xlo(T(), T]) +&x11 (To, T1) + 82X12(T0, T]) + 0(83),
x2 = x20(To, Th)) + €x21(To, T1) + €2x20(To, Th)) + O(€?),
I=1(To, ) +eh(To,Ti) +€h(To, 1)+ O(€7),  (8)

where the fast and slow time scales Ty = T and 77} = €7. In-

troducing the differential operators Dy = d /9Ty, D1 = d/dTh,
the time derivatives become
d
— =Dyg+eD; +0(€?
i o+ €D+ O(€7),
5 )
d 2 2

Substituting Egs. (8) and (9) into Eq. (7) and equating the
same order of € lead to the following set of equations. Order

e
Dixi0+ @*x9 = 0. (10)
Order €'
Dgx1y + @211 + 0x10 +d1 Dox1o + 2DoD1x10 — fx20
—dox3g — eDoxag — Ao+ F cos(@Ty +yW (T1)) = 0, (11a)
p(D§x10+ D§xa0) + fxao + daxg
+eDoxao + Aly = —pF cos(@Ty+ YW (T1)), (11b)
Dolo + C1lp — §Dox20 = 0. (11c)
Order €%

D%X12+(D2x12+6x” +dDox11 +diDix19
+D%X10+2D0D1x11 —eDoyxr1 —eD1x2g

070205-3
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—fxa1 — 3dax3gx1 — ALy = 0, (12a)
P (Djxa1 + Dgx11) +2pD1 Do (x10 + x20) + eDoxa
+eD1xp0 + 3d2x%0x21 + fxo1 + AL =0, (12b)
Doly +Dilo+ &1 — §Doxa — §Dyxpg = 0. (12¢)
The general solution of Eq. (10) is given by

x10(To, Th) = A1 (Tr) e +ce, (13)

where cc represents the conjugate term, and A represents the
slowly varying amplitude of the primary structure. Assuming
that the VNES will have 1:1 internal resonance, and will os-
cillate with frequency ®. The assumed solutions for the first
order relative motion and current can be written as

x20(To, T1) = B1(T1) &' +cc,
ing

o+
where B; denotes the slowly varying amplitude of VNES.

Substitute Eqgs. (13) and (14) into Eq. (11b). Then the
harmonic balance method is used for the frequency element of

I(Ty,Ty) = i Bi(T1)el®To 4+ Hi(T))e 570 4 cc, (14)

¢'®%o, Higher order frequencies (3@, S®) are not considered
here. One arrives at

—pw?A| — p®’By + B +3d,BIB; + iewB)

irwd PE iyw
B W) — 1
016 1+ 5 e 0 (15)

Further perturbation is used to get the fast dynamics. Sub-
stituting Eqgs. (13) and (14) into Eq. (11a), one finds

D%xu + (1)2)C11
= dyB; 1T L AH, e 61T

—|0A| —iewB| +2iwD\A; + id|®A| — fB, —3d>BIB;|

i/la)Cz F i
— B+ — 1)’W(T1)] 0Ty ) 16
01 G 1+ e +cc (16)
Eliminating the secular terms of Eq. (16), one reads
1
Didy = - [ZicAl +2ewB; —2d\wA| —2ifB)
—_ Z}I,(J)Cz ;
—6id,B3B By +iFe M), 17
1211+iw+C1 1 +iFe 17

Then Eq. (16) can be reduced as
Dixy + 0xy) —daB 39T — A H e 7670 4 cc = 0. (18)
The particular solution of Eq. (18) is

B s, AH
7826021 ediol P 0Ty o

Gro? 4

X11 = -
Similar to the above analysis method, a solution for the

response of the relative displacement is described as

X321 = Bz(T])einO —+cc. (20)

Substituting Egs. (13), (14), (19) and (20) into Eq. (12b)
and neglecting the higher order terms, we can obtain
—pw*By +2ipwDiA| +2ip®D B + ie®B,

+eD\By + fB+6d>B|ByB| +3d:B3B; =0.  (21)

Multiplying Eq. (21) by € and adding it to Eq. (15) lead to
—pm2(31 +€By)+ f(B1+€By) +iew(B) +£By)
+3d,(B3B; + €BIB, +2¢BB2B)) 4 2iepwD A,

il(l)ég
iw+ g

+2iepwD By + €eD 1By + B

pF

—pw2A1+7eiVW<Tl> =0. (22)

Letting B = By + €By, B| ~ €D\By, A| ~ €DA;, €B, = 0,
equation (22) can be written by true time

(e+2ipw)B+2ipwA, + 3d,B*B

2. lleZ
—pw (0] + - B
+ ( po-+iew+ f 1a)+C1>
+§eiVWW —pw’A; =0. (23)

The perturbation process is truncated at order € of the system,
then the solvability condition of Eq. (17) can be written by true
time
. 1
A= - (ZiGAl +2ewB —2d; A —2ifB
21 (DCZ
i+

—6idyB° B+ B+ iFeiVW(Tl)). (24)

To simplify Eqgs. (23) and (24), it is natural to assume

A(Th) l(t)ei“(’), B(Tl):%b(t)eiﬁ(‘). (25)

= Ea
Substituting Eq. (25) into Egs. (23) and (24) results in
. 1
8pwe'(@h) <—2wa+ ia— (xa)

= —4(e+2ipw)b—4(ie—2pw)bp
ila)Cg )b

iw+ g

—4 (idgbz —pw’+iew+f+
—4pFe!W(T)-B),

8@ (d+ iac) e’

. 47
= pei <4ew—4if—3id2b2+ wCZ)

iw+

+4ae'®(ic — di o) +4iF " (T, (26)

Separating the real and imaginary parts of Eq. (26), the
following four first-order nonlinear equations will be obtained:

b <e+ as1s

a=-
2 %+ ?

)eos(p )
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b 42(02@2
— (4f+3b%d
+8w<f+ 2+w2+€12

Jsin(6 )
+ L (Fsi d
g (Fsinn—a 10),

I = % <e—|— a’;ﬁ%%)sin(ﬁ_n)

®’5
+&7

+L[ o+F —yW(Ty)]
Zwaa cosn—vy 1)l

b
—— (4f+3b2d2+

2 )m%ﬁm

1
- 2 L2 _
Z1ap70? {Zp [pa) di+ 2e(a) —I—G)] acos(n—pB)

+2p0 {(m2 +0)p— ;d1e} asin(n — )

a)2%12>b

b—epw*(1 +2p)b},

—e(1+p)( bdy+ f+

Cz
C2

{ —2pw {(a)2+0)p - ;dll]

72pa)(1+p)

1
b(e? +4p2w?)

xacos(n —B)+2p {pa)zdl + %e(w2 + G)]

. 3, A’l
xasin(n —B) —2pw(l+p) <4b o+ f+ (DZJFQZ) b
l o1,

Czb (1 +p)a)b—2p2w3b}, (27)

where 1 = a — YW (T}). Solve Eq. (27) for the amplitudes a, b
and the phases 17, 8. Combining Egs. (8), (13), (14), and (25),
the first-order approximate solutions of Eq. (5) can be written

—A(1+p)

x1(t) = a(et)cos(wt +n(et)) + O(¢),
x2(t) = b(et)cos(ot + B(et)) + O(¢),
0b

where 6 = arctan({, /), (@ # 0).
The frequency response of the system will be investigated

Ip(r) = b(et)cos(owr — B (et) — 0)+O(¢g), (28)

next. Firstly, when y = 0, there is no random excitation in
Eq. (27). The deterministic steady-state solutions can be indi-

cated by assuming ¢ =0, 1 =0, 5 =0, B = 0.
bo s1s
P (e oz ) costBr—mo

by

47La)2€2
= (4f+3b2d
+8 (f+ ()2'%‘602_’_4,12

1
—i—%(FSinno —apd0) =0,

b A .
ﬁ (e + wzﬁcglz) sin(fo — 1o)

sin(en )

0 2 4070,
4f+3b, -

8200 < f+3bydy + 0+ 02 cos(Bo—1o)
+ ! (apo +Fcosng) =

2ma a0 o) =

1

) 2 Zelw? —
e2+4p2a)2{ ol {pw d+ 2e(a) +G)] agcos(no — Po)

1
+200 {(wz +o)p— 2d1e} apsin(mno — Po)

ro’G >b
2_|_C12 0

epw2(1+2p)bo} =0,

3
—e(14p) (4b%dz+f+

e
oL

{ —2pw {(w2+c)p - ;dll]

72pw(l+p)

1
by (62 + 4[)20)2)

1
xagcos(Mo — Po) +2p [pwzdl + Ee(a)2 + 0')}

22)[)

by —e*(1+p)wbo — 2p2w3b0} =0.(29)

xagsin(1o — o) —2p@(1+p) (3 d2+f+

l ol3
+&t

Then when 7y # 0, the non-trivial steady state solutions of

—/l(l+p)

Eq. (27) can be expressed as

a=ap+ar, 1M ="10+N1,
b:b0+bl7 B:B0+ﬁla (30)

where ay, by, 11 and B are perturbation terms. Substituting
Eq. (30) into Eq. (27) and according to Eq. (29), one arrives at

ar = briay +bn +b13by +biafy,

M = bayay +bynNy +bazby + by — YW(T]),
i?l = b31a1 +bxnn1 +b3zby +bspi,
Bi = barar +bany + bazby +baPi, (3D
where
. dl - (106
by = > bip = — LS
3b3d, .
b1z = 4(;)2 sin(Bo — 1Mo)
42 0*8 \ sin(Bo —no)
4f +3b3d
+(f+ 02+(D2+C12) 3o
AC1& 1\ cos(Bo—1o)
+ (€+ O)2+ clz ) )
42@%*8\ bocos(Bo—Mo)
by = (4f+3b3d
14 <f+ 02+w2+C12> 8w
A& & Y\ bosin(Bo—1o)
— e+ B ) )
(0] +C1 2
o
by = Ey by = b1y,
ap®
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bys = (e+ A&16 ) sin(Bo — o) b [200(@*+0)p—5diA) | avsin(By — o)
o’ + (7 2a9 2= 2 +4p20? bo
42 w? cos(Bo —
- <4f+3b3d2+ w2+§§> (f;m o) . 2p(pa’d; + te(0?+0)) \ agcos(Bo—1o)
! 0 e +4pro? by ’
3bjds
~dway P~ ). 2p(p@*ds + e(? +6)) | aosin(By — o)
; bis = 2 +4prw? b?
_ A& & "\ bocos(Bo — o) p 0
by = e+ 3 3 >
>+ ao . <2pa)((a)2+c)p - ;dlx)> aocos(Bo — o)
42078\ bosin(fo — 21 40202 )
+<4f+3b3d2+ 2@ %) OSH;(go o) et +4p 0 0
@ +C1 40 3po(l+p)drbg
20(pw*d; + te(w? +o e2+4p2w?
b3 = ( 21 422( 2 ) cos(Bo —11o) =
e-+4p-m by = —byp.
2po((w*+0)p — %edl) . B Then, the second-order moments are derived and they
B 21 40202 sin(fBo — Mo), .
es+4p should satisfy
l .
by — 2P0+ 5e(@ + 0))agsin(fy — o) dE(@)  dE(aiby) _ dE(@m)  dE(@B)  dE(®})
~ 2 14p20? an ~  dn,  dn, dn dh
| 2pe(@?+0)p — edi)aocos(fo — ) dE(im) _ dE(ipr)  dE(M)  dE(mp)
2 +4p2w? - dnn, dny, dn, d4dn
9.5 A0l \ e(l+p) dE(B?)
= — - = 1 =
b33 <4b0d2+f+ (1)2 T Cl2 62 +4p20)2, = dTl =0. (32)
by = =bxn, According to Cramer’s rule, the second-order steady-state
by = — 2p0((0° +0)p — 5di4) | cos(Bo—10) moments can be obtained by solving the following linear alge-
e +4p2w? bo bra equations:
_ [2p(p@di + Je(@® + 7))\ sin(Bo — 1) BX =C, (33)
e2 +4p%? by ’
where

X = (E(a%)vE(albl)7E(a1n1)aE(alﬁ1)7E(b%)’E(b1n1)aE(blﬁl)vE(nlz)7E(n1ﬁ1)7E(ﬁ12))T7 C= (070707050’070’7’270’0)T7

2b1q 2bi3 2b1s 2b14 0 0 0 0 0 0
b3 bii+bsz b3y —bzxy b3 b1z bis 0 0 0
by by 2bn boy 0 b1z bi» 0 b1y 0
bs by3 by bii—bgyp O 0 b1z 0 b1y by
B_| 0 a0 0  2by  2by  —2byp O 0 0
1 0 by b1 0 bz bii+bsz by by  —bxp 0
0 by 0 b3 7] by  baz—bsypy O b3 —b3
0 0 2byy 0 0 2by3 0 2b1y 2by4 0
0 0 bs by 0 b4z b3 by bi1—by by
0 0 0 2b41 0 0 2by3 0 2b4y —2b4o
\
The moment method is employed to get the first-order and The mean output power is
the second-order steady-state moments of the system and the )
output current as follows: EP=AGE(I). (35)

_ 2y _ 2
E(a) = ao, E(a”) = ap+E(ay), 4. Results and discussion
_ 2y 12 2
E(b) =bo, E(b°) =by+E(by), 4.1. Numerical verification
272
E() = 0b bo, E(I%) = 220) sz (B3 +E(?)). (34) To verify the effectiveness of the multiple-scale method,
Clz + w? gl numerical solutions of system (5) from the fourth-order
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Runge—Kutta method and approximate analytical solutions ob-
tained from Eq. (29) are compared in this subsection. Two
sets of parameter values are selected, and the fitting image
of the analytical and numerical solutions is plotted in Fig. 2.

The solid lines represent approximate analytical solutions, and
the dots are numerical solutions. Approximate analytical solu-
tions and numerical solutions match very well in Fig. 2, which
means the proposed method is effective.

3.5 3 12 .
@ IO © )
3.0 0.30 10 0.08
25 0.25 s
S50 S 0.20 % 6 g 0.06
< h 2 0.15 g g 0.04
1.5 0.10 4
10 0.05 9 0.02
0.5 0 0 0
23-2-10 1 2 3 4 5 “3-2-10 1 2 3 4 5 ~3-2-10 1 2 3 4 5 ~3-2-10 1 2 3 4 5
g a g (o8
3.5 035 12 010~
@ I @ ol ®
05 0.25 s _
S a0 3 020 % 6 & 008
S| i R 015 S R .04
1.5 0.10 4
10 0.05 5 0.02
0.5 0

—3-2-10 1 2 3 4 5

0
-3-2-10 1 2 3 4
o o

ot

-3-2-10 1 2 3 4 5 0737271012345
o

Fig. 2. Comparison between the approximate analytical solutions and numerical solutions. (a), (b), (), (f) The first-order steady-state moment;

(c), (d), (g), (h) the second-order steady-state moment.

4.2. Parameter analysis

The effects of different system parameters on amplitude-
frequency responses of the primary structure and VNES are
investigated, as plotted in Fig. 3.

The first-order steady-state moments of amplitudes E(a)
and E (D) for different deterministic amplitudes F are depicted
in Figs. 3(a) and 3(d). Increasing the value of F, the ampli-
tudes of E(a) and E(b) also increase. This shows that the
larger value of F' will strengthen the vibration of the system.

For the system parameter mass ratio p, it can be seen from
Figs. 3(b) and 3(e) that the amplitude of E(a) decreases with
the increase of p and the curves gradually shift to the right with
the increase of p. The amplitude of E () increases with the in-

crease of p and the curve shifts to the right as p increases. That
is to say, increasing the mass ratio of VNES to the primary
structure is beneficial to weaken the vibration of the primary
structure. But the increment of p is not beneficial to weaken
the vibration of VNES. In order to balance the vibration sup-
pression effect between the primary structure and VNES, the
optimal mass ratio should be taken into account.

Then, the selection of linear damping coefficient dy is an-
alyzed in Figs. 3(c) and 3(f). The larger the value of d4, the
bigger the amplitude of E(a), the smaller the amplitude of
E(b). That is the increase of dy is not conducive to the sta-
bility of the primary structure, but is beneficial to the stability
of VNES.

7 3.5 3.5
ol @ —F=15 (b) —p=01 () —d=05
—F—25 3.0 —p=0.2 3.0
5 F=45 2.5 p=0.3 25
—~ 4 — —
S S 20 = 2.0
ko3 R S
1.5 15
2 //
1 1.0 1.0f
0 0.5 0.5
~3-2-10 1 2 3 4 5 23 -2-10 1 2 3 4 5 ~3-2-10 1 2 3 4 5
g g
0.6 0.7
(d) —F=15 0.6 (e) —p=0.1
0.5 —F=25 . —p=0.2
_ =0.3
0.4 F=4.5 0.5 4
g @ 0.4 €
T 03 T o 5
0.2 0.2
0'1/\ 0.1
0 0 0
-3-2-10 1 2 3 4 5 -2 0 2 4 6 8 10 ~3-2-10 1 2 3 4 5
(o8 g o

Fig. 3. The first-order steady-state moments of amplitudes E(a) and E(b) for different F, p, dy. (a)—(c) The primary structure, (d)—(f) VNES.
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4.3. Stochastic P-bifurcation

To further explore impacts of system parameters on sys-
tem dynamic behavior, the steady-state probability density
functions (SPDFs) of displacement are calculated by Monte
Carlo numerical simulations. The stochastic P-bifurcation of
an electromechanically coupled VNES model under narrow-
band random excitation is essentially a transition of dynamic
responses between a steady state and an unstable state, which
will be directly expressed as follows. Fix € = 0.1, u = 0.2,
A=02,0=2506=25p=0.1,§=0.1,{,=40,d =
0.3. Furthermore, all of SPDFs of displacement are drawn
under the same initial conditions x;(0) = 0, %;(0) = 0.01,
x2(0) =0.01, %,(0) = 0.01.

Firstly, one peak appears in Fig. 4(a) when F = 0.3,
Yy=1.55, d» =0.5, d3 =0.1, dy = 2.8. However, the ap-
pearance of double peaks can be caused by increasing the de-
terministic amplitude, where F = 2.5. That is, a jump phe-
nomenon occurs at this moment. The phenomenon is also
called stochastic P-bifurcation account for the number of the
peak of SPDF changes.

3
(a) (b)

P(x,)

—-0.3-02-0.1 0 0.1 0.2 0.3 —0.5 0 0.5
Ty T

Fig. 4. Effect of deterministic amplitude F on SPDF of displacement.
(a) F=0.3,(b) F=2.5.
Secondly, figure 5 illustrates that stochastic P-bifurcation

can be induced by increasing noise intensity 7y, where F' = 2.5,
d» =0.5,d; =0.1, dy = 2.8. With the increase of ¥, the num-
ber of the peak of P(x;) transforms from one to two. Results
reveal that the change of noise intensity makes stochastic P-
bifurcation appear.

4 3
(a) (b)
3
2
2 >
B 2 &
a8 o
1
1
0 0
—0.5 0 0.5 —0.5 0 0.5
T2 Ty

Fig. 5. Effect of noise intensity ¥ on SPDF of displacement. (a) y = 0.55,
(b) y=1.55.

Thirdly, figure 6 shows the transformation of the shape
of P(x;) from a bimodal structure to a unimodal structure as
the cubic stiffness coefficient dp increases, where F = 2.5,
Y=1.55,d; =0.1, dy = 2.8. Conclusions come that d, can
give rise to the appearance of stochastic P-bifurcation.

3 4
(a) (b)
3
2
) £
X X
1
1
0 0
—-0.5 0 0.5 —0.6 -0.4—-0.2 0 0.2 04 0.6

Ty Lo

Fig. 6. Effect of cubic stiffness coefficient d» on SPDF of displacement.
(a)dy =0.5,(b)d» =5.0.

Fourthly, figure 7 describes the structure of P(x;) varies
from bimodal to unimodal as fractional-order damping coeffi-
cient ds increases, where F =2.5, y=1.55,d, =0.5,ds =2.8.
Consequences verify that d; can lead to the appearance of
stochastic P-bifurcation.

3 4
(a) (b)
3
2
g O
& &
1
1
—00.5 0 0.5 —00.5 0 0.5
T2 T

Fig. 7. Effect of fractional-order damping coefficient d3 on SPDF of dis-
placement. (a) dz = 0.1, (b) d3 = 4.0.

Lastly, figure 8 presents that the configuration of P(x;)
changes from unimodal to bimodal when linear damping co-
efficient dy increases, where F = 2.5, y = 1.55, d» = 0.5,
d3 = 0.1. This demonstrates that stochastic P-bifurcation can
be induced by dj.

2.5 3
(a) (b)
2.0
2
~ 1.5 ~
S 10 Y
1
0.5
0 ) 0
-0.6-04-0.2 0 0.2 04 06 —0.5 0 0.5
Ty T3

Fig. 8. Effect of linear damping coefficient ds on SPDF of displacement.
(a)dsy = 1.0, (b) ds =2.8.

4.4. Energy harvesting performance

To evaluate the efficiency of electromagnetic energy har-
vesting, the influences of system parameters on the mean
square current E(I?) and mean output power E(P) are ana-
lyzed and plotted in Figs. 9-16.

Firstly, with increase of both cubic stiffness coefficient d
and noise intensity 7, the values of E(I?) and E(P) also in-
crease as shown in Fig. 9. By observing Figs. 10 and 11, it
can be seen that with the increase of electromagnetic coupling
coefficient {, and mass ratio p, E(I?), E(P) and {, show an
exponential growth trend. These illustrate that larger ds, {3, p
and 7y are benefit to energy harvesting.
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7.5 145
o (a) 140t ®

~ /.‘/»—*—*—*‘*‘ _ 135

é 6.5 “9 1.30

= Z1.25

L 6.0 03 & 120

Q - 7=0. S| —
55w y=0.5 LIS} =03

L 00—t 1.10} =—~v=0.5

-
5.05 n 3 3 105 + - 3

d,

dy

Fig. 9. Variation of mean square current and mean output power with
respect to d, for different y values. (a) E (I 2), (b) E(P).

5.6
(a) --7=0.01
5.4 —
—«v=0.3
'r/‘-\ 5.2
S 50
& 4.8
R 46
9.0
4.4 M M
4.2 8.5
0 0.2 04 06 038 1.0 0 0.2 04 06 08 1.0
I I

Fig. 14. Variation of mean square current and mean output power with
respect to u for different y values. (a) E(I?), (b) E(P).

Thirdly, figure 15 shows that E(I?) increases with the in-

crease of electromechanical coupling coefficient A and noise
intensity ¥, while E(P) increases directly with the increase of
A. That is to say, the larger A, the larger E(I?) and E(P), the

0.5 0.010
(a) (b)
0.4 0.008
0.3 0.006
=
R 0.2 0.004
0.1 0.002
o} 0

G

Fig. 10. Variation of mean square current and mean output power with
respect to &, for different y values. (a) E(I?), (b) E(P).

(a)

E(I?) (107%)

(b)

E(P) (107°)

better the energy harvesting performance of the system.

A

7.5 2.5
(a) (b)
7.0 2.0
T T
S 6.5 1.5
2" ey=03 S
—~ y=0.5 g y=0.5
L 6.0 £10
B 9
E.SW- 0.5
5.0 0
0 05 1.0 1.5 2.0 25 3.0 0.5 1.0 1.5 20 25 3.0

A

Fig. 15. Variation of mean square current and mean output power with

8
7
6
5
4
3
2
1
2

0
0.10 0.12 0.14 0.16 0.18 0.20 10 0.12 0.14 0.16 0.18 0.20
P Iz

Fig. 11. Variation of mean square current and mean output power with
respect to p for different y values. (a) E(1%), (b) E(P).

Secondly, figures 12—14 illustrate that E(I?) and E (P) de-
crease significantly with the increase of fractional-order damp-
ing ds, fractional derivative order y and linear damping of
VNES dj coefficients, while increase with the increase of
noise intensity y. This shows that the smaller d3, d4, and u,
the better the energy harvesting performance.

respect to A for different y values. (a) E(12), (b) E(P).

Lastly, figure 16 describes that E(I?) decreases with in-
creasing the ratio between resistance and inductance {1, while
E(P) first increases significantly and then decreases slightly. It
shows that there exists an optimal solution for {; to maximize
the energy harvesting performance of the system. Besides, it
can be seen from the figure that under the conditions of this
paper, the optimal value of {; is between 2.4 and 2.8.

6

5

1.4

(a)

+v=0.01
-+ v=0.3

1.2

(®)

5.0 10
4.5 9
',T\ 4.0 ‘%\ 8
S 35 S 7
g 3.0 @ 6
T 2.5 g 5
2.0 4
14% 3
.5 1.0 1.5 20 25 3.0 0.5 1.0 1.5 2.0 25 3.0
ds dy

Fig. 12. Variation of mean square current and mean output power with
respect to d; for different y values. (a) E(1?), (b) E(P).

NG oo f® J—Y
225 &5
2 20 24
15 L3
T 40 M2

0.5 1

9% 1.5 50 35 30 10 1.5 2.0 25 3.0
dy dy

Fig. 13. Variation of mean square current and mean output power with
respect to dy for different y values. (a) E(I?), (b) E(P).

1.0
0.8
0.6
0.4
1 0.2
0 - 0

4

E(I?) (107%)
E(P) (107%)

Fig. 16. Variation of mean square current and mean output power with
respect to ¢; for different y values. (a) E(I%), (b) E(P).

5. Conclusions

This paper explored the amplitude—frequency responses,
stochastic P-bifurcation, and energy harvesting performance
of an electromagnetic energy harvester enhanced viscoelastic
nonlinear energy sink system under narrow-band random ex-
citation. These aspects were investigated using the multiple-
scale method. The effectiveness of this method was verified
through Monte Carlo simulation.

Through studying the effects of deterministic amplitude
F, the mass ratio of VNES to the primary structure p and lin-
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ear damping coefficient of VNES dj on the first-order steady-
state moment of VNES, we observed that decreasing F' and
d4 enhances the vibration suppression performance of VNES,
while increasing p has the opposite effect. In addition, it was
observed that decreasing both cubic stiffness coefficient d and
fractional-order damping coefficient d3 can lead to the occur-
rence of stochastic P-bifurcation. Moreover, the values of F,
the intensity of Gaussian white noise ¥ and d4 should be de-
creased to prevent stochastic P-bifurcation.

The effects of system parameters on the mean square cur-
rent E(I?) and mean output power E(P) were discussed. It
was concluded that the energy harvesting performance of the
system can be improved by increasing 7, d», electromechan-
ical coupling coefficient A and electromagnetic coupling co-
efficient {,, and by decreasing d3 and fractional derivative or-
der u. Furthermore, there exists an optimal value of the ra-
tio between resistance and inductance ¢, as E(I?) decreases
with the increase of {;, while E(P) increases first and then
decreases with the increase of ;.
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