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We construct a three-dimensional topological superconductor Bogoliubov—de Gennes (BdG) Hamiltonian with the
normal state being a three-dimensional topological insulator. By introducing inter-orbital spin-triplet pairings term A3, there
are topological Majorana nodes in the bulk and they are connected by Majorana Fermi arcs on the surface, similar to the
case of Weyl semimetal. Furthermore, by adding an inversion-breaking term to the normal state, momentum-independent
pairing terms with different parities can coexist in the BdG Hamiltonian, which creates more Majorana modes similar to

Andreev bound states and a richer phase diagram.

Keywords: topological surface states, topological superconductors, topological nodes, Weyl points, Majorana

Fermi arcs
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1. Introduction

In the last decade, the understanding of topological struc-
tures without gaps has developed significantly. One famous
example is Weyl semimetals. These are three-dimensional
examples of nontrivial gapless band structures, where Weyl
points protected by nontrivial winding numbers can be consid-
ered as “monopoles” of the Berry phase.!'~71 According to the
bulk—edge correspondence, chiral Weyl points are connected
by Fermi arcs and these are related to the two-dimensional
Chern numbers. By choosing a momentum along the Fermi
arc direction, when the Chern number corresponding to the
bulk state is nonzero, the system’s Hamiltonian can be sim-
plified to a gapless quasi-two-dimensional system between
edge states and the gapless edge states corresponding to Fermi
arcs. In other words, Weyl semimetals are intermediate states
between topological insulators and ordinary insulators. 378!
In addition to Weyl semimetals, topological semimetals also

include Dirac semimetals,”"1 nodal line semimetals.[!0-11]

12,13

and multi-point semimetals.'>!3] Beyond condensed matter

physics, the concept of topological states has gradually been

applied in other classical physics fields, such as topologi-

=171 topologi-

18-20]

cal Weyl magnets,['* topological phonons,!
cal photonics and topological non-Hermitian systems.!
Additionally, due to the potential applications of Majorana
zero modes in topological superconductors in quantum com-
puting, topological superconductors have attracted consider-
able attention.!?'=2*] The bulk state of a topological supercon-
ductor has a topological energy gap, while the surface hosts
zero-energy modes composed of Majorana Fermions.!?! In

2001, Kitaev proposed a one-dimensional topological super-
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conducting model where Majorana zero modes exist at the
ends of the model.[?2! In 2008, Fu and Kane studied the quasi-
particle behavior of stable individual Majorana zero modes
in the non-degenerate superconducting Dirac surface states of
a two-dimensional superconductor, demonstrating that stable
single Majorana zero modes can exist in the superconduct-
ing magnetic flux vortices at the interface between an s-wave
superconductor and a topological insulator.[*°] After the dis-
covery of topological insulator materials, it was found that
doping of these materials may induce superconducting states,
such as Cu,BiySes, Sr,Bi»Ses and TL,Bi,Tes.[?”! Since the
discovery of topological superconductors, research on topo-
logical nodes and Majorana arcs has increased significantly.
For instance, the stability of line node superconductor struc-
tures in high-7; materials and mixed singlet-triplet supercon-
ducting states have been examined.?®! Breaking inversion
symmetry may lead to the opening of gaps at Dirac nodes,
forming three-dimensional Dirac superconductors.?”! Majo-
rana fermions have also been shown to exist in nodal super-
conductors under conditions induced by antisymmetric spin-
orbit interaction and a nonzero magnetic field below the up-
per critical field.[?%! Recently, an iron-based superconducting
phase was found in these materials FeTeSe, *'-3*! whose nor-
mal state is a topological insulator. These results motivated us
to study the possible pairings in such systems with the normal
state being a topological insulator.

In this paper we construct a three-dimensional supercon-
ductor model based on a topological insulator. We consider the
possible momentum-independent pairings and discuss their
band structures and surface states. By introducing an inter-

orbital spin triplet pairing there will be topological protected
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Majorana nodes and they are connected by Majorana Fermi
arcs when an open boundary condition is applied, which is a
superconducting analog of a Weyl semimetal.*7-8] This pa-
per is organized as follows. In Section 2, we start from the
Bernevig-Hughes—Zhang (BHZ) model that describes the nor-
mal state of a topological insulator, then we add the inter-
orbital spin triplet term and there are topologically protected
Majorana nodes and Majornan Fermi arcs in the system. In
Section 3, by breaking inversion symmetry, different parities
of superconducting pairings can coexist, we find that more
Majorana nodes emerge and discuss the phase diagram and
band structure in this situation. Section 4 is devoted to conclu-
sions, and we provide the band structures with the same parity
of two different pairings in Appendix A.

2. Model Hamiltonian
2.1. Three-dimensional topological insulator

The Hamiltonian form of the three-dimensional BHZ

model 33 is

mP° (q) = v(sin(g;)oipx) + M (q)oop; — Loopo, (1)

where M(q) = My — M (cos(qx) +cos(qy)) — Macos(q;), o,
p; are Pauli matrices acting on spin and orbital degrees of free-
dom. The orbital degree of freedom originates from orbital hy-
bridization; for example, there is a spin—orbit coupled p-orbital
in HgTe or hybridization between the 6p orbitals of Bi and the

35361 Tn addition, v is a hopping

4p orbitals of Te in BiTes.!
parameter, set to 1 in this study, and u is chemical potential.
Different numerical values of M; will result in different phases.
The band inversion at Z point occurs when My < 0, M| < 0,
M, > 0, 2M; — M, < My < min{—M,, —|2M +M2‘}.[37]
Choosing My = —8.5, M| = —3, M, = 3 satisfies the above
parameter range. It is a topological insulator (see Fig. 1),
the band inversion occurs at the Z point and it has topologi-
cal surface states with Dirac cone-type dispersion when open
boundary condition is supplied. The BHZ model Hamiltonian

has TRS, i.e., Tho(q)T ' = ho(—q). Here, T = ioypok is the

Fig. 1. Band structures of a topological insulator, g, =0, y =30, 4 =0,
My = -85, M) = -3, M, =3.

time-reversal operator and x represents the complex conjugate
operator. In TRS systems, energy levels exhibit Krammers de-
generacy, with each band corresponding to an even number of
eigenstates. Similarly, inversion symmetry can be defined as
PhiP(q)P~! = n3P(—q), where P = oyp; is the inversion
operator.

2.2. Three-dimensional topological superconductor with
spin-triplet pairing and Majorana Fermi arcs

‘We have chosen the Nambu basis as

Wy = {IVITqv Viig: V21q: V2.q>
¥ ¥ 3 i T
qu\fqv W[ifqv WQquv wzifq} ) (2)
where q represents momentum, 1 denotes spin direction, and

1 and 2 label different orbits.
hybridization, e.g., FeSegsTeo s, there is orbital hybridiza-

This can arise from orbital

tion between orbitals dyy, and p;,%¥! due to the band inversion
between the orbits, the normal state is a topological insula-
tor. There are six kinds of possible nonvanishing momentum-
independent s-wave pairing terms in our model. Therefore,
on the Nambu basis of Eq. (3), introducing the inter-orbital
spin triplet Az term firstly (for more possible pairings see Sec-
tion 3).3%1 We construct the topological superconductor BdG
Hamiltonian as follows:

3D T
HBdG(q) = (hOqu) _hgég(_q)) ) (3)

where A3 = 83 -ioyp,, 8 is a constant, being supercon-
ducting pairing strength, and A3 breaks the TRS of the nor-
mal state. Such a BdG Hamiltonian may exist in iron-
based superconductors.!***?l For example, in Ref. [39], in
a two-layer system, these pairing terms can be induced from
electron—electron interactions. The microscopic mechanism
for inducing the pairing terms from the electron interaction is
beyond the scope of this paper and will be studied in future
works.

The BCS superconducting theory proposes the introduc-
tion of superconducting pairing under the mean-field approx-
imation. Therefore, in superconducting systems, the creation
and annihilation operators always appear in pairs. The BdG
Hamiltonian is obtained based on the Nambu basis, where the
first half of the Nambu basis consists of annihilation opera-
tors for electrons and the second half consists of creation op-
erators for electrons. Due to the relationship between elec-
trons and holes, it naturally possesses an additional symmetry
known as particle—hole symmetry (PHS).[*3>! The PHS op-
erator C' = oppo T K. The specific form of PHS is given by

CHpyc(q)C ™' = —Hpac(—q). 4
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The effect of PHS on the band structure is manifested in the
symmetry of the bands about the Fermi surface. In other
words, a Hamiltonian with PHS is always centrosymmetric

above and below the Fermi surface.

Fig. 2. Periodic and open boundary BAdG Hamiltonian band structures
My=-85 M =-3,M=3¢=0,4,=0, 0 =1, 82456 =0,
83 = 1, (a) periodic boundary band structure, (b) open boundary (along
y-direction, y = 30) band structure.

In Fig. 2, as the inter-orbital spin triplet strength &3 in-
creases from 0, two bands approach each other, leading to a
change in the number of Weyl points from 2 before return-
ing to 0. The pair of Weyl points move inward along the g,-
direction and eventually coincide at the I" point, resulting in
the opening of the gap. At the same time, in the case of open
boundaries, the Marjoram Fermi arc appears when the Weyl
points first emerge. These Majorana Fermi arcs and Majorana
nodes are topologically protected. Away from the nodal point,
with the value of ¢, fixed, the Hamiltonian takes on a quasi-
two-dimensional form, H(gx,qy,q-0), then we can define the
Chern number of the system. The Chern number can be calcu-

lated numerically using
i
n=os / 2qd @ Tr[G (9, H)G(9y, H)
—G* (94, H)G(9, H)), 5)

where G = (H —iw)~! and q = (¢x,qy).1*® For example, in
Fig. 2, if the Majorana Fermi arc exists, then the correspond-
ing quasi-2D Chern number is 1, and if the Majorana Fermi arc
does not exist, then the Chern number is 0. The zero energy
states of the Majorana edge modes correspond to the Majo-
rana Fermi arcs. The case here is similar to that of a Fermi
arc in Weyl semimetal. These Majorana Fermi arcs resemble
Andreev bound states such that the two cases may not be dis-
tinguishable within experimental resolution.*’! The Majorana
Fermi arcs may lead to pronounced anomalies at low energies
in the scanning tunneling spectra and differential conductance

dI/dV and behave differently from the metal state. A detailed
study of the dI/dV behavior of the Majorana arc states will

be conducted in future works. 47491

3. Inversion-breaking topological phase dia-
gram and energy spectrum

In the former section, we considered a topological in-
sulator with inversion symmetry, here we consider the inver-
sion breaking. When inversion is broken, pairing terms with
different parities can coexist. Besides the inter-orbital spin
triplet term As, there are other non-vanishing superconduct-
ing pairing terms A;, Ay, A4, As, Ag representing inter(intra)-
orbital spin singlet (triplet) terms. To be precise, A; = i0,px,
Ay =i0yp,, Ay = i0ypo, As = i00py, Ag = 10,py.3) Setting
constants §; as superconducting pairing A; strength, respec-
tively, and verifying the TRS and inversion symmetry parity
of A;

TAj245T ' =Aja45s, (6)
TA3 T~ = —As, @)
and
13A1,3,5,61T1 =—A1356, (8)
PA2,4P_1 = A2’4, ©)]

which means when A3, Ag is non-zero, TRS is broken. In addi-
tion Ay, Az, As, Ag are inversion-odd and A;, A4 are inversion-
even. Due to the presence of the inversion symmetry, all six
pairing terms with different inversion parity could not coexist.
Therefore, for all six kinds of pair terms to coexist, inversion
symmetry must be broken, which can be achieved by adding a
term that breaks inversion symmetry in the normal states.

hy (@) = h° (q) + ucops, (10)
HE(q) = Hpac(q) +ucop, ., (11)

where the u term breaks inversion symmetry, in the subsequent
section, u is set to 1. Figure 3 (figure 4) illustrates band struc-
tures with nonzero superconducting pairing terms under peri-
odic (open) boundary condition. Checking the BDG Hamil-
tonian with every single pairing term one by one, we can find
that with some specific values of A,, A3, A4 or Ag, edge states
can be observed (see Figs. 4(b)—4(d) and 4(f)). They are fully
gapped topological superconducting states. According to the
ten-fold classification, the system belongs to DIII, and this is
classified by Z in three dimensions when TRS is protected. °*!
Although Az and Ag break the original TRS, a new TRS oper-
ator can be found with T” = icypo 7. k. If only pairing terms
01 or 85 were nonzero, they correspond to trivial topological
states (see Figs. 4(a) and 4(e)).

087301-3
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Fig. 3. BdG Hamiltonian band structure with different single superconducting pairing and inversion-breaking term. My = —8.5, M| = -3,

My=3,g,=0,¢,=0,u=1,u=1: ()8 =0.5,(b) §=1,(c) & =2, (d) & = 1, (e) & = 0.5, (F) & =2.

qz

Fig. 4. Open boundary condition band structure with different single superconducting pairing and inversion breaking term. My = —8.5,
My =-3,M=3,¢:=0,¢g,=0,p=1u=1: @6 =050 &=1,()8=2,(d) 6s=1,(e) 65 =0.5, () 8 = 2.

3

W

I

N
2

< n=2
1
0
5 6 7

Fig. 5. Topological phase diagrams of Hllsl?m in Ap—A3 plane with
M() = —8.5,M1 = —3,M2 =3, qx =0, qy =0, u= lLu=1, 61,4,5.6 =0,
we choose an open boundary condition along the y-direction and man-
ually check the number of edge states which are presented by n.

Without loss of generality, we consider two pairing terms
with different parities, for example A; and A3, and we consider
the phase diagram. Utilizing Eq. (10), we compute the eigen-
spectrum of the Hamiltonian, which depends on the values of
A; and A3. Due to the complexity of the band structure and
the potential errors introduced by computational precision, ac-
curately solving for the boundaries of the topological phase is
a challenging task. As a result, we discretize the parameter
space as running from O to 7 for A3 and O to 3 for A, with
the step being 0.2 and 0.5. We draw the band structures with
open and periodic boundary conditions and manually check
the topological phases. The resulting phase diagram is de-

picted in Fig. 5, where n represents the number of the pairing

edge states. We choose some specific points &, = 0.5,03 = 2
and &, = 1,83 = 6, and plot the band structure with open (pe-
riodic) boundary conditions (see Fig. 6). The presence of non-
zero values for both A; and A3 leads to the complete breaking
of the inversion symmetry in the BdG Hamiltonian. This re-
sults in an asymmetry within the band structure, causing Ma-
jorana Fermi arcs to reconstruct. As the value of &3 gradually
increases, the topological nodes and edge states will gradu-
ally move from the Z points towards the I" point. Compar-
ing Fig. 6(d) to Fig. 6(b), the topological nodes and the Ma-
jorana points do not exhibit a one-to-one correspondence be-
cause the phase diagram under periodic boundary conditions is
only plotted along the g, = 0 direction, failing to depict nodes
when g, # 0. In Fig. 7, we show that there are Majorana points
emerging for g, # 0. Due to computational limitations, we
choose an energy cutoff £ = 0.2 to find the Majorana points
that correspond to the Fermi pocket structures in Fig. 7. Re-
gion n = 4 of Fig. 5 implies that the topological nodes emerg-
ing with g, # 0 and the nodes present in the periodic boundary
condition band structure both appear in the first Brillouin zone,
causing four pairs of Majorana Fermi arcs. As 03 increases, the
topological nodes in the band structure under periodic bound-
ary conditions meet at the I" point and a gap opens, resulting
in a reduction in the number of edge states. This process cor-

responds to the transition from n = 4 to n = 2, as depicted in

087301-4
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Fig. 6. Periodic and open boundary (along y-direction, y = 30) BdG
Hamiltonian band structures. My = —8.5, M} = —3, M, =3, g, =0,
gy=0p=1u=1,081456=0: (a), (c) & =05, & =2, (b), (d)
& =1,08=6.

"B

p q

-3 -2 -1 0 1 2 3
y
Fig. 7. The shadow parts are the fermi pockets near the Majorana points
with energy |E| < 0.2. Range of ¢, and ¢ values when additional Ma-
jorana points are present with My = —8.5, M} = =3, M», =3, g, =0,
u= lLu=1, 5174‘5@ =0, 62 = 1,63 =6.

In Appendix A, we consider the effects of pairings with

the same parity, for example 8; and d3. We find similar behav-
ior of the Majorana Fermi arcs, due to the inversion breaking
of the normal state.

4. Conclusion

In summary, we study the topological properties of a
topological superconductor with momentum independent pair-
ings with the normal state being a topological insulator. When
the inter-orbital spin triplet pairing term is nonzero, the TRS is
broken, Majorana points emerge and the Majorana Fermi arcs
connect them under an open boundary condition. Consider-
ing other non-vanishing superconducting pairing terms, due to
the different parity of these terms, we break inversion symme-
try to allow them to coexist. There are more Majorana points
and topological phases with the coexistence of superconduct-

ing pairing terms.

Appendix A: More band structures in the phase
diagram

We also discussed the situation where pairing terms with
the same inversion symmetry simultaneously exist, such as A;
and Az. When J; and 83 are within some ranges, Marjorana
nodes and Marjorana Fermi arcs will also appear. The band
structures of the periodic and open boundary BdG Hamilto-
nian with varying A and Az are illustrated in Fig. Al. Com-
pared to altering A, and A3, changing A; and As introduces
more edge state behaviors. Thus, by adjusting different su-
perconducting pairing terms, we can modify the behaviors of
topological nodes and Majorana Fermi arcs to achieve the de-
sired structural outcome.

(b) 6
4

2

m 0
—2
—4

(a) 6
4
2
0

S

0

9z

Fig. Al. Periodic and open boundary (along y-direction, y = 30) BAG Hamiltonian band structures. My = —8.5, M} = =3, M, =3, ¢, =0,
ay=0,p=1Lu=16456=0:(a) ()01 =1,8=3,(), (O 6 =1,8=5,(c),(g) 6 =5,8=2,(d), (h) 6 =5, 8 =5.
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