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Kinetically constrained spin systems are toy models of supercooled liquids and amorphous solids. In this perspective,
we revisit the prototypical Fredrickson—Andersen (FA) kinetically constrained model from the viewpoint of K-core combi-
natorial optimization. Each kinetic cluster of the FA system, containing all the mutually visitable microscopic occupation
configurations, is exactly the solution space of a specific instance of the K-core attack problem. The whole set of different
jammed occupation patterns of the FA system is the configuration space of an equilibrium K-core problem. Based on recent
theoretical results achieved on the K-core attack and equilibrium K-core problems, we discuss the thermodynamic spin
glass phase transitions and the maximum occupation density of the fully unfrozen FA kinetic cluster, and the minimum
occupation density and extreme vulnerability of the partially frozen (jammed) kinetic clusters. The equivalence between
K-core attack and the fully unfrozen FA kinetic cluster also implies a new way of sampling K-core attack solutions.

Keywords: Fredrickson—Andersen model, K-core attack, spin glass, jamming
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1. Introduction

A graph G is formed by N vertices and the edges link-
ing between these vertices. Two vertices i and j are said to
be nearest neighbors if they are connected by an edge, which
is often denoted as (i, j). The degree d; of vertex i is defined
as the number of attached edges. The mean vertex degree is
the averaged value of d; over all the vertices, and it is denoted
as D in the present paper. Lattice structures are typical graphs
encountered in the field of condensed-matter physics, finite-
connectivity random graphs are widely adopted in theoretical
computer science and applied mathematics, and small-world
and scale-free complex networks are common in real-life so-
cial and technological systems. %!

An important collective and global structural property of
a graph is its K-core.l>* According to the strict definition,
the K-core of a graph G is the unique subgraph induced by a
maximal set of vertices under the following simple bootstrap
criterion: a vertex i is a member of the K-core if and only if at
least K of its d; nearest neighbors are also members of the K-
core.>%1 As a simple positive example, we see that if d; > K
for all the vertices, the whole graph G is a K-core. Given a
graph, we can get its K-core by recursively deleting the ver-
tices that are connected to fewer than K other vertices. If a
non-empty subgraph survives this pruning process, then it is
the K-core of the original graph, otherwise the graph has no
K-core. For example, if a graph is a collection of tree compo-
nents and there are no loops within the graph, then it contains
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no K-core, for any K > 2.

We can generalize the concept of K-core to incorporate
the more common situations of different vertices having dif-
ferent threshold values. Given a set {k; : i € G} of N non-
negative integers, we can define the {k;}-core as the unique
maximal subgraph with each member vertex i being accom-
panied by at least k; nearest neighboring member vertices.!”!
The K-core is simply the special case of {k; }-core with k; = K
for all the vertices. To be concise, we will assume k; = K in
the following discussions. The extension to the more general
{k;}-core is straightforward.

There have been many inspiring examples of applying K-
core to various structural and dynamical issues of complex net-
works science, see Ref. [3] for a comprehensive review. The
present perspective is much limited in scope. We will only
review some recent theoretical work done on two K-core com-
binatorial optimization problems. The emphasis is on the deep
relevance of these K-core spin glass problems to the statistical
mechanics of kinetically constrained spin models. Especially
we will make explicit and obvious the intrinsic link between
the K-core attack problem and the configuration space of ki-
netically constrained spin models (Section 4). The method-
ological implications of this bi-directional link will be dis-
cussed.

Kinetically constrained spin systems are simple and pop-
ular graphical toy models for understanding the glassy dynam-
ics of supercooled liquids and the jammed packing of amor-
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phous solids.®-1%1 The Fredrickson-Andersen (FA) model is
a prototypical and the simplest kinetically constrained spin
system.[!!] It assigns a binary occupation state, empty or being
occupied, to every vertex of the graph G. For a vertex i to flip
its state, however, it must have less than k; occupied nearest
neighbors at the moment of flipping. The FA model and other
kinetically constrained spin models have served as basic the-
oretical platforms to study the dynamical phase transitions of
supercooled liquids.®%12-14] For simplicity, we will consider
only the FA model here (Section 2).

The local kinetic rule of the FA system leads to kinetic
ergodicity-breaking in the configuration space and the emer-
gence of many kinetic clusters, each of which contains all
the mutually visitable microscopic occupation configurations
(Section 3). The one-to-one mapping between kinetic clusters
and specific instances of the K-core attack problem (Section 4)
implies a principled way of studying the statistical properties
of individual kinetic clusters. We focus on the K-core attack
problem in Section 5, and discuss the issue of thermodynamic
phase transitions and maximum unjammed packing. It will be-
come clear that the spin glass transitions in single FA kinetic
clusters are induced not by the formation of K-core, but by the
global constraint of K-core absence.

The local kinetic rule of the FA system is, at least ap-
parently, identical to the local K-core static constraint. Be-
cause of this similarity, the dynamical properties of the FA
kinetic system have been studied from the perspective K-core

[15-18] which manifests as the sudden emergence

percolation,
of an extensive K-core of occupied vertices as the fraction
of occupied vertices increases beyond certain threshold value
pe. 17197231 This discontinuous K-core phase transition (also
referred to as the bootstrap transition) has been associated
with the jamming transition of structural glasses.!?*2% We
will briefly review the K-core phase transition in Section 6.
Following this, we will then review some recent theoretical ef-
forts on the equilibrium K-core problem, and discuss its rele-
vance with the jammed kinetic clusters of the FA system (Sec-
tion 7). Results on minimum jammed packing and on extreme
vulnerability of jamming will be demonstrated.

All the theoretical results discussed in the present paper
were obtained on random graph ensembles. To deeply ap-
preciate the thermodynamic properties of finite-dimensional
FA kinetic systems, we need to extend the investigations on
K-core attack and equilibrium K-core optimization problems
to finite-dimensional lattices (outlook in Section 8). Hope-
fully, this perspective might be useful and stimulating at least
to some researchers working on kinetic constrained models or

on K-core optimization problems.

2. The Fredrickson—Andersen model

The Fredrickson—Andersen model was a prototypical ki-
netically constrained spin system introduced in the early 1980s
for the purpose of understanding the dynamical properties of
supercooled liquids and structural glasses.!!! It has inspired
many other kinetically constrained spin models and has stim-
ulated a lot of theoretical and simulation studies.!®'°! The
FA model is defined on a finite-connectivity graph G of N
vertices.!!!] Each vertex with index i € {1,2,...,N} has a bi-
nary occupation state, ¢; = 0 (vertex being empty) or ¢; = 1
(vertex being occupied). A microscopic configuration of the
whole system at any time is the collection of all these individ-
ual states, ¢ = (cy,c¢3,...,cn), and the total number of possi-
ble configurations is 2. All these configurations are allowed
for the system. This is quite different from the static rule
of the lattice glass models that were introduced in the early
2000s.[27-28] In a lattice glass, an occupied vertex prohibits its
nearest neighbors from being too densely occupied. Such lo-
cal and static excluded-volume effects are completely absent
in the FA system.

The total energy E of a microscopic configuration ¢ of the
FA system is defined as

N
E(c)= —Zci. 6}

The energy contribution (—c;) of each vertex i depends only
on its occupation state. The occupied state ¢; = 1 is favored
in the energetic sense, and the fully occupied configuration
(1,1,...,1) is the unique minimum-energy configuration of
the system. Because there is no interaction energy between
any pair of neighboring vertices, the equilibrium Boltzmann
distribution Pg(c) of the model (1) is factorized as follows:
eBci

N
Py(c) = EQ(Ci)v with g(c)) = =5 @
Here B is the inverse temperature of the environment, and
q(c;) is the marginal probability of the binary occupation state
Ci.

We follow this factorized probability distribution to sam-
ple an initial configuration (denoted as ¢”) at a certain inverse
temperature 3y. The initial states of the N vertices are indepen-
dent, and every vertex is occupied with the same probability.
The mean fraction p of initially occupied vertices is then

1

BT ©

p

Starting from such an initial configuration ¢” with occu-
pation density p, the system then evolves with time and finally
reaches equilibrium at another inverse temperature 3. The in-
verse temperature 3 can be the same as the value 3y of sam-
pling ¢°. It can also be different from y, to allow for cooling
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or heating in the system and for changes in the mean occupa-
tion density.

The FA system explores the configuration space by
single-vertex state flips. At each elementary time step (say
At = 1/N), a vertex i is picked up uniformly at random from
the N vertices, and its state is flipped to the opposite one with
probability we,1—, and kept unchanged with the remaining
probability 1 —w,,_,1_,;. The flipping probability strongly de-
pends on the states of the nearest neighbors of this vertex i.
Denote di = {j: (i, j) € G} as the vertex subset containing all
the nearest neighbors. If there are k; or more occupied nearest
neighbors and

Y ¢ >k 4)
JjEi
then vertex i is blocked from changing state, and w, 1, =0
independent of the particular value of ¢;.
The empty state has a facilitation effect. In the opposite
(facilitated) situation of fewer than k; occupied nearest neigh-
bors,

Y ¢ <k )
jeai

vertex i is free to change state. The flipping probabilities w;_,q
and wo_,| then satisfy the detailed balance condition at inverse
temperature 3,

MOSL _ b, ©)

W10

A convenient choice is to set

1 1

Tre B M0 IeR @

Wo—1 =
Notice that under the condition of fixed neighbor states,
the state flip between ¢; = 0 and ¢; = 1 for each vertex i is lo-
cally reversible. The local equilibrium distribution of ¢; under
such a facilitated boundary condition is described by the same
expression ¢(c;) of Eq. (2).
For simplicity, we will assume all the threshold numbers
k; in Egs. (4) and (5) are identical to the same integer value K,
with K > 2.

3. Kinetic ergodicity-breaking

Because the state of any vertex i is not allowed to flip un-
der the kinetic blocking condition (4), the configuration space
of the FA system is not kinetically ergodic as a whole. The 2V
microscopic configurations are distributed to different kinetic
clusters Cy with indices & € {1,...,N'}, where A denotes the
total number of kinetic clusters. This is a phenomenon of ki-
netic ergodicity-breaking.

3.1. The fully unfrozen kinetic cluster C,

Let us assign the cluster index o = 1 to the kinetic clus-
ter which contains the fully empty configuration 0 with all
vertices being empty. We put to this cluster C; all the other
configurations that are visitable from this seed configuration.
Since each state flip is locally reversible, if a configuration ¢’
can be visited from another configuration ¢ through a sequence
of allowed single-vertex flips, the reverse is also true: config-
uration c can be visited from ¢’ through a sequence of allowed
single-vertex flips. The cluster C therefore contains configu-
ration O and all the other configurations that can reach and be
reached from O through a set of allowed single-vertex flips.

For each vertex i, there is at least one configuration ¢ € C|
in which its state ¢; = 1 (e.g., the one with all the other vertices
being empty) and there is at least one configuration in which
its state ¢; = 0. In other words, every vertex is unfrozen in the
kinetic cluster Cj.

Notice that if a vertex i is unfrozen in certain kinetic clus-
ter Cy, (not necessarily C1), and its state is ¢; = 1 in one config-
uration c of this cluster, then the other configuration ¢’ which
differs with c only at vertex i (c; = 0) must also belong to the
same kinetic cluster C,. We follow the elegant arguments of
Perrupato and Rizzo to prove this statement. 18!

Since vertex i is unfrozen, there must be a sequence of
allowed single-vertex flips, ¢ — ¢' — --- — ¢, with the last
configuration ¢” having ¢; = 0. Then the reverse of this trajec-
tory but with ¢; being fixed to ¢; = 0 must also be an allowed
kinetic trajectory. This modified reverse trajectory leads to the
configuration ¢’ which is identical to ¢ except for ¢;. This
means that ¢ and ¢/, which differ only at vertex i, are mutually
visitable and are members of the same cluster Cy,.

Fig. 1. Schematic structure of the kinetic cluster C;. Circles denote in-
dividual configurations ¢, partially ranked according to the fraction p of
occupied vertices. Point A on the top represents the fully empty con-
figuration 0. Points C and G are two local maximally occupied config-
urations, and point J denotes a global maximal occupied configuration.
Lines linking the circles indicate single-vertex flipping trajectories. The
path B-D-E is a trajectory with p being approximately constant. The
curved trajectories C—F—-G and G-H—-I-J indicate that the transitions be-
tween configurations C and G and between G and J must overcome large
energy barriers.

Because of this co-appearance property, we can prove that
C) is the only kinetic cluster in which all the vertices are un-
frozen. Suppose this statement is false and there is another
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kinetic cluster (say Cy) in which all the vertices are also un-
frozen. Then if ¢ € Cy is a configuration with ¢; = 1, the other
configuration ¢’ which is identical to ¢ except for vertex i must
also belong to Cy. If some vertices (say j) are occupied in con-
figuration ¢/, we can again flip ¢ to ¢; = 0 to get another con-
figuration ¢ that is reachable from ¢’. Continue this flipping
process, we will finally arrive at the all-empty configuration
0, which belongs to kinetic cluster C;. Therefore the fully un-
frozen cluster C,, must be identical to Cj.

To complement these above discussions, we draw in
Fig. 1 a schematic picture for the organization of microscopic
configurations in the fully unfrozen cluster Cj.

3.2. Fully frozen and partially frozen clusters

The other limit is the cluster Cs with the maximum in-
dex o = N. Tt contains a single configuration 1 with all the
vertices being occupied. Every vertex is obviously frozen in
this single-configuration cluster.

There are other frozen clusters with indices a < N If ev-
ery empty vertex of a configuration ¢ has > K occupied nearest
neighbors, and every occupied vertex of this configuration also
has this property, then c is a fully frozen configuration and it
forms a fully frozen kinetic cluster. It is quite easy to write
down many such fully frozen configurations for a given input
graph G.

Besides fully unfrozen and fully frozen kinetic clusters,
there are other partially frozen kinetic clusters Cy, each of
which contains at least two (but often many) microscopic con-
figurations. Some of the vertices are frozen in such a cluster,
while the states of the remaining vertices are unfrozen.

A kinetic cluster Cy, can be fully specified by its set (Fi)
of frozen occupied vertices and the set (Fp) of frozen empty
vertices. If two kinetic clusters have identical set F; and iden-
tical set Fp, they must be the same cluster. To prove this, one
only needs to show that the configuration with all the unfrozen
vertices being in the empty state must belong to both clusters,
and hence these two clusters must be the same.

4. Global constraint associated with a single ki-
netic cluster

Each single kinetic cluster Cy contains a maximal set
of microscopic configurations ¢ that are mutually visitable
through a sequence of allowed single-vertex flips. There may
be strong correlations among the occupation states of the un-
frozen vertices of this cluster C,,. We now prove a simple but
highly nontrivial fact that all these possibly complicated cor-
relations can be encoded in a single global constraint.

Let us first consider the fully unfrozen cluster Cy, which
contains all the configurations that are visitable from the fully-
empty 0. Every vertex i can take both states c; =0 and ¢; = 1.

Given a microscopic configuration ¢ € Cj, let us denote by Uy
the set of empty vertices,

Uo(c) Z{iZC,':O}. (8)

All the other vertices not belonging to Uy are in the occupied
state. Since there are no frozen vertices, it is obvious that the
subgraph induced by these occupied vertices of ¢ should not
form a K-core, because otherwise some of these vertices will
be permanently frozen.

The reverse statement is also true. If the subgraph formed
by the occupied vertices of a configuration ¢ and the edges
between them are not sustaining a K-core, this configuration
must belong to the fully unfrozen cluster C;, because there is
a sequence of allowed single-vertex flips linking configuration
c to the fully-empty 0.

The above two statements mean that the set Up(c) of
empty vertices of each configuration ¢ € C| must be a K-core
attack set: the residual subgraph of G after deleting all the ver-
tices of set Up(c) contains no K-core.!*! And if Uy(c) is a
K-core attack set, then the configuration ¢ must be a member
of the fully unfrozen cluster Cj.

Therefore, the configuration subspace C; is equivalent to
all the K-core attack sets Uy of the graph G. The statistical
physics property of the fully unfrozen cluster Cy can then be
explored by studying the solution space of the corresponding
K-core attack problem. This idea will be followed in the next
Section 5.

We make an interesting remark here. This significant link
between the configuration subspace C; of the FA system and
the K-core attack problem also implies a new simulation algo-
rithm to sample solutions for the K-core attack problem. We
may adopt the single-vertex flip dynamics of the FA system
to obtain equilibrium K-core attack solutions, without check-
ing the global K-core-absence constraint. We will explore this
idea in a separate paper, here we focus on the implications of
the K-core attack problem to the FA system. For this sam-
pling purpose, to accelerate the Markov-chain dynamics, we
can also add the elementary process of swapping the states of
two flippable vertices i and j, without violating the FA kinetic
rule.

The above-established equivalence relationship also ex-
tends to the partially frozen kinetic clusters Cy. For such a
partially frozen cluster, we also denote the set of empty un-
frozen vertices of each configuration ¢ € Cy as Up(c), namely,

Up(c) = {i:c;=0, vertex i being unfrozen}. ©)

Obviously, all the occupied unfrozen vertices of the configura-
tion ¢ should not belong to the K-core. Therefore this set Uy of
empty vertices must be a K-core attack set for all the unfrozen
vertices of the kinetic cluster Cy,.
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5. Exploring the fully unfrozen kinetic cluster

The discussion of the preceding Section 4 convinces us
that each kinetic cluster C,, of the FA model contains all the
solutions of a spin glass model with a global constraint of
K-core absence. This perfect superposition of configuration
spaces implies that, to explore and appreciate the rich statis-
tical property of individual kinetic clusters, we could turn the
kinetic FA system into a static spin glass model and then treat
this static model by the advanced methods of equilibrium sta-
tistical mechanics.

We begin by defining the K-core attack problem more
precisely. To be concrete, let us focus on Cj, the kinetic clus-
ter free of any frozen vertices. Each partially frozen kinetic
cluster Cy, can be treated in the same way. The only slight
complication is that the spin glass model should be defined
only on the set of unfrozen vertices, with some environmental
pinning effects induced by the frozen vertices.

5.1. The K-core attack problem

As mentioned earlier, the K-core of a graph G is the
unique maximal subgraph in which every member vertex is
connected to at least K other member vertices. This unique K-
core can be determined through a simple vertex pruning pro-
cess. As long as there is a vertex whose degree is less than K,
it is deleted from the graph together with its attached edges. If
a non-vanishing subgraph survives this iterative pruning, it is
the K-core.

Given an input graph G of N vertices, let us assign a bi-
nary occupation state ¢; to each vertex i, ¢; = 1 (occupied) or
¢; = 0 (empty). The total number of possible microscopic con-
figurations is simply 2V. If a vertex i is occupied, its energy is
E; = —1, otherwise its energy is E; = 0. We impose a global
constraint on the occupation configuration as follows: the sub-
graph induced by the occupied vertices should not contain a
K-core. This means that if we delete all the empty vertices
from the graph G, the remaining subgraph should completely
dissolve under the K-core pruning process.

Under this K-core-absence global constraint, we define
an equilibrium partition function Z%*(B) for our K-core attack
problem as

N
Z%B)="Y Dolcr,...,en) [T P4 (10)
i=1

ClseesCN

Here Iy(ci,...,cn) € {0,1} is the K-core-absence indicator
function: Iy = 1 if the occupied vertices of the configuration
{c1,...,cn} do not sustain a K-core, otherwise Iy = 0. This
partition function is a weighted summation over all the con-
figurations of the unfrozen kinetic cluster C;. If a satisfying

configuration has N; occupied vertices then its contribution is
BN
ePM,

The K-core attack problem is a challenging combinato-
rial optimization problem.?*34 A special case is the 2-core
attack problem (K = 2), which means destroying all the loops
in the graph by removing a set of vertices, and it is also known

35.36] 1 the literature, the

as the feedback vertex set problem. !
practical significance of the feedback vertex set problem has
been linked to identifying influential spreaders in a complex

B7411 gee also review articles. 243!

network,

At this point, it is helpful to emphasize again the
fundamental difference between the K-core attack model
(10) for the kinetically constrained FA system and the lat-

tice glass model.[?7-28]

The latter is characterized by lo-
cal excluded-volume constraints, such that each occupied
vertex i only allows fewer than k; of its nearest neigh-
bors to be occupied. Some well-known nondeterministic
polynomial-complete (NP-complete) optimization problems,
such as the vertex cover problem[*+¢ and the dominating
set problem,*’*1 can also be viewed as lattice glass mod-
els. It is now well accepted that these local geometric con-
straints can lead to ergodicity-breaking in the thermodynamic
sense (see also related work linking to the p-spin interac-
tion models!'3'#1). Various spin glass macroscopic states will
emerge at high densities of occupied vertices.

In contrast, there are no local constraints in the NP-
complete K-core attack model (10). All the 21+d; possible lo-
cal occupation arrangements concerning a vertex i and its d;
nearest neighbors are allowed. The expected low-temperature
(high-B) glass phases of this model are completely caused by
a single global constraint, that the occupied vertices should
not build a K-core. As the K-core-absence constraint is a di-
rect consequence of kinetic visitability within cluster Cj, the
low-temperature glass phases of the FA kinetic system, if exist,
are essentially thermodynamic phases induced by local kinetic
rules.

Stimulated by the breakthrough made on the random K-
satisfiability problem in 2002,13°! many NP-complete combi-
natorial optimization problems have been studied by the mean
field cavity method of statistical physics during the last two
decades.>'=3%1 We can also study the K-core attack model (10)
by the spin glass cavity method, but a main technical compli-
cation is that the indicator function Iy(cy,...,cy) depends on
the states of all the N vertices. We need to find an efficient
way to implement the K-core-absence global constraint into a
set of local constraints.

There are two different strategies in the literature. The
direct and simple strategy is to assign to each vertex i an inte-
ger time label #; > 0.139-3657] The initially deleted vertices all
have time label + = 0 and all the other vertices have positive
time labels. The local constraint associated with a vertex i can
be constructed based on the K-core pruning dynamics. This
implementation is rigorous, but each vertex has many differ-
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ent states and the configuration space of the resulting model is
very huge. The other strategy is to map the K-core attack prob-

29.34,36,58] Each polymer is

lem to a polymer packing problem. !
essentially in the shape of a directed tree, with the direction
marking the partial time order of the K-core pruning dynam-
ics. Many such polymers are packed together in graph G un-
der some local constraints. This second implementation is not
completely equivalent to the K-core-absence global constraint.
Its advantage is that each vertex only has a small number of
states. The message-passing algorithms inspired by this im-
plementation are very efficient and are able to construct close-
to-minimum K-core attack solutions for single random graph
instances. [2934]

Without delving into more technical details, we now re-
view in the following two subsections some main theoretical
results obtained on random graphs. Unlike lattice systems,
there are no structures in a random graph G. All the edges in
such a graph are randomly connected, without any constraint
or under the local constraints of fixed vertex degrees. Such
a random graph is locally tree-like, and the typical length of
loops diverges logarithmically with graph size N.[!-?]

5.2. Entropy and maximum occupation density

The partition function (10) contains rich information
about the energy landscape of the configuration subspace Cj.
The mean occupation density p of the graph is defined as the
average of the number N; (rescaled by N) of occupied ver-
tices among all the configurations that satisfy Iy = 1, each with
weight M. The abundance of microscopic configurations at
each occupation density p is measured by the entropy density
s(p), which can be deduced from the thermodynamic relation-
ship Z2%(B) ~ NP NS, namely,

s:—ﬁp+%ln[zatk(ﬁ)] (11)

The mean occupation density p increases with the inverse
temperature §. When p becomes sufficiently large, the en-
tropy density s(p) as a function of p shows a decreasing trend,
and it decreases to zero as p approaches a certain value Ppmax
from below. This threshold value ppax is the maximum occu-
pation (packing) density that is achievable in the kinetic clus-
ter C1, and the corresponding configurations are the densest
packing configurations of this kinetic cluster Cj.

As an example, we show in Fig. 2 the theoretical entropy
density curve s(p) for the 2-core attack problem (K = 2) on
the ensemble of maximally random graph of mean vertex de-
gree (d;) = D = 10.0.1%1 Such random graphs are referred to
as Erdos—Rényi graphs in the literature.!!? The (D/2)N edges
in such a graph are randomly and independently drawn from
the N(N — 1) /2 candidate edges, so the vertex degrees are not
exactly the same but are distributed around the mean value D.

0’6"I""I""I""I"
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Fig. 2. Entropy density s(p) of the 2-core attack problem for the Erdds—
Rényi (ER) random graph ensemble of mean vertex degree D = 10.0, as
a function of the density p of occupied vertices. Results are obtained by
the replica-symmetric mean field theory. 3!

Table 1. Algorithmic results on the maximum density pmax of occupied
vertices for the K-core attack problem, obtained by the hCTGA P and
the WN3*! algorithms on regular random graphs of degree D and size
N = 10000. The last two columns list the mean-field (MF) predictions
based on two different models. 3%-36]

D K hCTGA B4 WNI33I MEF30! ME!30]
3 2 0.7499 0.7497 0.7500 0.7500
4 2 0.6665 0.6622 0.6667 0.6667
3 0.9282 0.9253 0.9537
5 2 0.6207 0.6036 0.6215 0.6216
3 0.8123 0.8122 0.8333
4 0.9736 0.9719 0.9869
6 2 0.5748 0.5556 0.5774 0.5770
3 0.7379 0.7351 0.7500
4 0.8925 0.8915 0.9238
5 0.9872 0.9862 0.9943
7 2 0.5359 0.5164 0.5400 0.5385
3 0.6885 0.6791 0.7000
4 0.8199 0.8183 0.8500
5 0.9309 0.9306 0.9572
6 0.9925 0.9920 0.9969

We see that s(p) is a concave function of occupation den-
sity p. The entropy density approaches zero when p reaches
the maximum value ppax = 0.517. This means that the densest
packing as kinetically achievable from the fully empty config-
uration can not exceed the density 0.517. Numerical results
obtained by two different heuristic optimization algorithms on
single graph instances have confirmed this prediction. [36-%]
This example demonstrates that the static model (10) makes it
possible to compute the maximum packing density of the fully
unfrozen kinetic cluster C;. We also notice that, for K = 2, the
maximum packing density pmax on regular random graph en-
sembles of degree D has been rigorously upper-bounded. (0!

The maximum packing density pmax depends strongly on
the threshold value K and increases monotonically with K. Ta-
ble 1 presents some numerical results obtained on several reg-
ular random graph ensembles to confirm this trend. Notice
that all the vertices in a regular random graph have the same
vertex degree D. The simulation results obtained through two
heuristic algorithms are also shown as comparison.?334 At a
fixed value of D, we find that the relative difference between
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algorithmic results and the theoretical prediction increases as
K increases to D — 1. This is an indication that reaching the
densest packing configurations within the kinetic cluster C; is
an extremely hard optimization problem.

5.3. Spin glass phase transitions

When the inverse temperature 3 becomes sufficiently
high in Eq. (10), the mean density p of occupied vertices will
be bounded above by the maximum value ppn,x. The limiting
value may be impossible to reach in numerical simulations,
and instead, the low-temperature (high-§) region may be in
the spin glass phase. For random graph ensembles, the ex-
istence of spin glass phase transitions has been confirmed by
theoretical computations.

According to the mean-field theory of spin glasses, >+
a graphical model such as Eq. (10) could experience a dynam-
ical spin glass phase transition at a critical inverse tempera-
ture 4. As B reaches B4 from below, the configuration space
suddenly breaks up into an exponential number of subspaces,
each of which is referred to as a macroscopic state, with well-
defined thermodynamic quantities such as free energy density
and entropy density. There are very high free-energy barriers
between these macroscopic states, so that if the system stays
at one macroscopic state with 8 > By, it will take a diverg-
ing time to overcome the free energy barrier to reach another
different macroscopic state. The critical value B4 for random
graph systems can be computed precisely through a method of
tree-reconstruction. (0]

Another important critical inverse temperature is f3;, the
At B = B, a non-
exponential number of macroscopic states start to dominate

condensation phase transition point.

the configuration space, while all the other exponential num-
ber of macroscopic states have less statistical weights com-
pared with these dominating ones. At different values of
B > B., the dominating macroscopic states may be different.
For some systems the condensation transition occurs after the
dynamical transition, so 8. > B4. But for some other systems

the two phase transitions coincide and 3, = Bq.

8_ -
7_ -
6_ -
o |
5_ -
L <o B

4+ —O—Bd —

I [ I [ I

L ]
22 93 94 95 96 o7 98 99 9l0
D

Fig. 3. The inverse temperature 34 of dynamical transition (plus symbol),
and the inverse temperature f3. of condensation transition (diamond sym-
bol), for the 2-core attack problem on the regular random graph ensemble
with uniform vertex degree D.[6?!

Figure 3 shows the critical inverse temperatures 4 and
Bc, obtained for the K-core attack problem with K = 2 on
the regular random graph ensembles of various degrees D.[%?]
Such a phase diagram is quite similar to that of the random ver-
tex cover problem which is a lattie glass model.[%3! This simi-
larity indicates that the thermodynamic spin glass phase tran-
sitions of the kinetic constrained model and the lattice glass
model may be closely related. When D < 60, we find that
Be = Bq, but for higher values of D, we have . > B4.

Similar spin glass phase transitions also occur for K > 3
on random graph ensembles, but the computation of the criti-
cal values B4 and B3 become more difficult.[>>30-3*] The exis-
tence of these spin glass phase transitions means that the FA
system defined on random graphs really has thermodynamic
phase transitions. It is not yet clear whether these spin glass
phase transitions will also occur for finite-dimensional sys-
tems. Systematic studies on the low-temperature properties
of the K-core attack model (10) on finite-dimensional systems
are needed to fully resolve this fundamental issue.

For B higher than the condensation transition value f,
the configuration subspace may have the property of full-
replica-symmetry-breaking. We expect that the FA system in
the kinetic cluster C; will also show property similar to the
Gardner phase of structural glasses.®*0] This is an interest-
ing and challenging topic for further exploration, especially
for finite-dimensional systems.

6. K-core phase transition

Starting from an initial occupation configuration ¢° that
happens to reside in a certain kinetic cluster Cy, of the graph
G, the evolution trajectory of the FA kinetic system is then
confined to this cluster and it will not jump to another differ-
ent one. To determine which vertices can change occupation
states in this cluster C and which are completely frozen, we
can perform the simple K-core pruning process with c° as the
initial condition: if a vertex i has less than K occupied nearest
neighbors, then it is added to the set of unfrozen vertices and is
deleted from the graph; and this is repeated on the vertices of
the remaining graph until no further modification can be made.
The vertices of the final residual graph are then either frozen
to the occupied state or frozen to the empty state. It is straight-
forward to prove that the frozen occupied vertices must form
a K-core within themselves. We denote by f the fraction of
vertices in this K-core (f is also its relative size). The K-core
relative size f can be estimated by a simple mean-field theory
for a finite-connectivity random graph G.["-'°! This is also an

interesting topic of network science.[16-20-21.67]

6.1. Regular random graph ensemble

As a concrete demonstration, we consider the ensemble
of regular random graphs with uniform degree D. The initial
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fraction of occupied vertices is p, and these vertices are drawn
uniformly at random from the graph. A crucial empirical ob-
servation underlying this percolation theory is the following:
if an extensive frozen K-core emerges in the graph G, the other
complementary part of the graph will not be densely connected
but will be a collection of (almost) loop-free tree components.

The fraction f of frozen occupied vertices in the regular
random graph is equal to the probability of a randomly chosen
vertex i being frozen to ¢; = 1. Assuming statistical indepen-
dence among the nearest neighbors of this focal vertex i, we
can write down the following expression:

D
f=p Z, m?ﬂ(l — )P (12)

Here 7y is the conditional probability of a nearest neighbor j
being frozen to the occupied state, given that the state of ver-
tex i is fixed to ¢; = 1. The self-consistent equation for ¥ is
similar to Eq. (12),

D—1
y=pr Y,

d=K-1

DI a3)

d(D—1-4d)!
This equation always has a trivial fixed point ¥ = 0, corre-
sponding to the absence of frozen K-core (f = 0).

When K = 2, the stable fixed point y of Eq. (13) starts to
gradually deviate from zero at a certain critical value p of the
initial occupation density p. Consequently, the fraction f of
frozen occupied vertices also gradually increases from zero as
p increases from p.. A continuous 2-core percolation transi-
tion occurs at p = p, similar to the conventional site percola-
tion discussed in percolation theory.!!->8] After this transition,
the frozen occupied vertices form an extensive 2-core contain-
ing N f vertices.

Y T =]
0.8
0.6-—
0.4

0.2

b
0.6 0.7 0.8 0.9 1.0

p

Fig. 4. The relative size f of the frozen occupied K-core with K = 3 ver-
sus the initial fraction p of occupied vertices, for the regular random graph
ensemble of degree D = 6. The solid line is theoretical prediction (12).
Circles and error bars (denoting standard deviation) are simulation results
obtained on a single graph instance of size N = 32768.[6%]

When K > 3, however, the trivial fixed point ¥ = 0 is
always locally stable, and another stable fixed point with y
considerably larger than zero appears suddenly as p exceeds a
critical value p.. The theory therefore predicts a sudden emer-

gence of an extensive K-core with the relative size f jumping

from f =0 to a large value, see Fig. 4 for an example.%®! This
explosive emergence of a giant frozen K-core has been verified
by computer simulations. 1824231

The existence of a discontinuous K-core percolation
phase transition for K > 3 means that, the maximally random
occupation configurations ¢® with occupation density p > pe
are highly likely to be kinetically jammed configurations. Ex-
tensively many vertices are unable to change their states under
the kinetic rule of the FA system. A dynamical phase transi-
tion occurs at p = p. in the evolution trajectories of the FA
system. Information about the initial configuration c® will be
largely reserved even as time goes to infinity, if the fraction of
occupied vertices in ¢ is larger than p., while this memory
will be completely lost with time if p is less then p..

6.2. Periodic cubic lattice

The K-core percolation in finite-dimensional regu-
lar lattices has also been extensively investigated in the

[15.16.69-77] Here we show some representative re-

literature.
sults obtained on the cubic lattice containing N = L3 vertices,
where L is the side length of the lattice. Periodic conditions
along each of the three dimensions are imposed, so every ver-
tex has D = 6 nearest neighbors. Such lattices are better mod-
els than random graphs for understanding real-world physical
systems.

First, consider the case of K = 3 (which is also represen-
tative of K = 1,2). The simulation results on the mean relative
size f of 3-core are plotted in Fig. 5(a). We see that the curve
f(p) is a continuous and smooth function of the initial occu-
pation density p and it is almost independent of N for side
lengths L > 32. This means that the emergence of 3-core itself
is not a phase transition phenomenon. This smooth behavior
of f(p) is a consequence of the lattice geometric structure and
is relatively easy to understand. As long as p > 0, many min-
imum cubes formed by four occupied vertices are dispersed
in the cubic system and contribute to the extensive size of the
3-core. This is also the situation for K = 1 and K = 2.

Although there is no phase transition of 3-core emergence
in the periodic cubic lattice system, there is a continuous phase
transition concerning the emergence of an extensive connected
component within the 3-core (Fig. 5(a)). This continuous
phase transition resembles the emergence of an extensive giant
component in conventional site percolation and it is amenable
to finite-size scaling analysis.””) The phase transition point
has been located at the critical value of p. &~ 0.5726.1741 We
also see from Fig. 5(a) that, when the initial occupation den-
sity p exceeds 0.75, the 3-core relative size can again be well
described by the mean field formula (12).

Similar continuous phase transitions also occur for K = 1
and K = 2. However, when K > 4, the K-core percolation on
the periodic cubic lattice is a discontinuous process. Some ex-
ample results obtained for K = 4 are shown in Fig. 5(b). For a
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given system size L (and the number of vertices N = L*), when
the initial fraction p of occupied vertices is smaller than cer-
tain critical value p. (L), there is a high chance that the random
initial configuration ¢” contains no 4-core. When p > p(L),
with high probability there is an extensive 4-core, and its rel-
ative size f is close to the value predicted by the mean-field
theory (12). The value of p.(L) for each L is determined as
the point of p at which fifty percent of the independent sam-

0 contain an extensive 4-core.

ples ¢

Another significant feature of Fig. 5(b) is that the thresh-
old value p(L) is not fixed but slowly increases with the side
length L. When the periodic cubic lattice becomes infinite,
the threshold value will approach unity, p.(L = o) = 1.170-72]
The key to understanding this asymptotic behavior is the shape
irregularity of a locally connected domain of empty vertices.
Some of the occupied vertices at the boundary of such an irreg-
ular empty domain are unstable and will join this domain. If
the enlarged empty domain during this erosion process always
deviates significantly from being a cubical shape, it will keep
growing. Such rare self-growing empty domains are deemed

to be present in an infinite cubic lattice.[7%76]
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Fig. 5. K-core percolations on periodic cubic lattice with uniform vertex
degree D = 6, at K = 3 (a) and K =4 (b). The mean relative size f of K-
core patterns at each value p of initial occupation density is obtained by
averaging over 20000 independent samples. The relative size of the giant
component of the 3-core is also shown in panel (a). The fraction » of sam-
ples containing an extensive 4-core is also shown in panel (b), and here
the value of f is averaged only over these non-trivial samples. The solid
curves are the predictions of the mean-field (MF) formula (12). The total
number of vertices are N = 32768, 262144 and 2097152, corresponding
to side lengths L = 32, 64 and 128, respectively.

This type of extreme cascading behavior may be absent
in the case of heterogeneous {k; }-core dynamics, with a finite
fraction of the threshold values k; being k; < 2 and with these

low-threshold vertices i being randomly distributed in the cu-
bic lattice. More thorough simulation studies are needed to

722231 The polydispersity of the threshold

clarify this point.!
values {k;} may be corresponding to polydispersity of particle
size or shape in structural glass systems.

We close this section by emphasizing that the kinetic K-
core patterns studied here correspond to completely random

and uncorrelated initial occupation configurations c°.

For a
given relative size f, these kinetic K-core patterns may be far
from being the equilibrium (typical) K-core patterns to be dis-

cussed in the next section.

7. Exploring partially frozen kinetic clusters

As we mentioned earlier (Subsection 3.1), a partially
frozen kinetic cluster Cy, of the FA system is completely deter-
mined by its set of frozen occupied vertices, and these frozen
vertices form a jammed K-core pattern in the graph G. The
total number A of kinetic clusters is huge, and the jammed
K-cores obtained through randomized initial conditions (Sec-
tion 6) are unlikely to be typical K-core patterns for the given
relative size f. In this section, we describe an equilibrium
K-core statistical physics problem that is quite helpful for ex-
ploring the statistical properties of typical jammed K-core pat-
terns.

7.1. Statistical mechanics of K-core jamming

The total number A of possible kinetic clusters for a
given graph G is obtained by counting the total number of
jammed (frozen) K-cores that can be constructed for this
graph. Let us denote by f the fraction of vertices in such a
frozen occupied K-core, and denote by s(f) the entropy den-
sity of K-cores containing N f frozen occupied vertices. Then

we have

1
N=1+ dfeNsi),
JSiin

(14)

where fnin 1S the minimum fraction of occupied vertices
needed to sustain a non-vanishing K-core.

Computing the entropy density s(f) and determining the
minimum occupation fraction fp,i, are nontrivial tasks. Re-
cently we introduced an equilibrium K-core model to study the
network defensive alliance problem and the network engage-
ment problem. %3781 Since partially frozen kinetic FA clusters
are essentially jammed K-core patterns, this same model is
naturally also applicable here. In this setting, each vertex i has
an aggregated state a; € {0,1}: @; = 0 means that it is either
initially empty or is unfrozen, and a; = 1 means that it is al-
ways frozen to be occupied. We assign energy values 0 and 1
to these two aggregated states ¢; = 0 and a; = 1, respectively.

The equilibrium partition function for this system,
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Ziam(B), is then written as!78]

N
¥ [I[a+ae (L a=x)] a9

{ai}#0i=1 jeadi

77(B) =

where the subscript {a;} # 0 means that the all-empty pattern
0 is excluded from the summation. Here the inverse tempera-
ture B controls the size of the K-core. The indicator function
I(Zja;,»aj > K) € {0,1} means that if a vertex i belongs to
the K-core (a; = 1), then at least K nearest neighbors of this
vertex must also belong to the K-core. For any valid K-core
pattern @ = (ay,...,ay), the equilibrium Boltzmann distribu-
tion associated with the partition function Z2™(B) is simply

jam 1 al —Ba;

We denote by f the fraction (density) of occupied vertices in
a K-core pattern, namely f = (1/N)Y;a;. The mean relative
size of the equilibrium K-cores at a given inverse temperature
is then the average of f among all the valid K-core patterns
sampled following Eq. (16).

When 8 becomes sufficiently high, only the K-core pat-
terns with minimum relative size fi, will be relevant, and
the partition function is Z*™ ~ e “AN/min_ A minimum K-core
pattern is extremely sensitive to external perturbations, since
deleting any of its member vertices will make the whole K-
core completely collapse. This also indicates that a minimum
K-core pattern must be very difficult to access in the FA kinetic

0

system (the initial configuration ¢’ must be chosen extremely

carefully).

7.2. Entropy density, and minimum K-core size

We apply the mean field replica-symmetric cavity method
to the model (15), assuming the underlying graph being reg-
ular random with uniform degree D.[%%78! Figure 6 demon-
strates some representative theoretical results concerning the
entropy density.

0.6

0.4

@

0.2

Fig. 6. The entropy density s versus the relative size f of the K-core
(K = 2,3,4), for the regular random graph ensemble with degree D = 6.
The convex branch of each s(f) curve is highlighted with the dotted line
segment. Filled circles mark the minimum relative size fn;,. Figure
adapted from Ref. [68], with kind permission of Europhys. Lett.

For each fixed value of K, the entropy density s(f) has
a single maximum at a certain intermediate value f*. This

implies that the most abundant K-core patterns have certain
intermediate relative size f*, and the total (exponential) num-
ber of kinetic clusters is, to leading order, N =~ eNs(), For
K =3 and D = 6, we have f* ~ 0.663 and s(f*) ~ 0.561.
Notice that the entropy density of kinetic clusters, (1/N)InN,
is much lower than the entropy density In2 (=~ 0.693) of mi-
croscopic configurations, as it should be. The entropy of a
conventional statistical physics system is a concave function
of energy. However, for the K-core jamming system (15), we
find that its entropy density s(f) is concave only if f is higher
than certain critical value f; (the inflection point!’81). When
the K-core relative size is less than f, the entropy density be-
comes a convex function, and the minimum value f = fiin
For K = 3 and
D = 6, the predicted minimum is fi, ~ 0.047 and the in-

is located at the end of this convex part.

flection point is fx ~ 0.282. Notice that the critical relative
size of K-cores obtained through random deletion of occupied
vertices, f = 0.294 (Fig. 4), is considerably higher than f;.

This convex property of s(f) means that partially frozen
kinetic clusters whose jammed K-core relative sizes f €
(fmins fx) are invisible in the conventional thermodynamic
sense. If we perform a simulated annealing dynamical pro-
cess to sample jammed K-core patterns with 3 increasing at a
certain rate, it is relatively easy to get K-core patterns with rel-
ative sizes > f, but the minimum-sized patterns with f ~ fiin
can not be achieved. The sampled jammed K-cores instead of-
ten exhibit a sudden drop in their relative size f, from fx to an
intermediate value between fx and fuin, and then keep fluctu-
ating slightly around this value.!”®!

Similar to the kinetic procedure of Section 6, we can also
get frozen K-core of occupied vertices by starting from an ini-
tial occupation configuration ¢”. Depending on the particular
protocol of sampling ¢, K-core jammed patterns with differ-
ent relative sizes f may be reached. In other words, we may
get a jamming line, which ends at f = 1 and possibly begins
at f = fx. We are not yet certain whether or not this jamming
line might have some qualitative similarity with the jamming
line and the jamming plane of sphere packings.”*-%%! Future
more systematic investigations may resolve this issue.

7.3. Extreme vulnerability of K-core

Given a K-core jamming pattern a = (ay,...,ay) of oc-
cupied vertices, we say a vertex i is a break point if it belongs
to this K-core (a; = 1) and its flipping (a; — 0) will cause the
K-core to break down completely.!%®! We denote by ¢ the frac-
tion of break-point vertices. If this fraction is positive, then
the K-core pattern a must be extremely vulnerable to single-
vertex perturbations. Obviously we have ¢ (a) < f(a) for any
K-core pattern a. In the limiting case of a being a minimum
K-core, then ¢ = f = fiuin (all the members are break points).

When the occupation density f of the equilibrium K-core
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patterns sampled according to Eq. (16) is sufficiently high, the
K-core patterns are quite robust to single-vertex perturbations.
Deleting any member vertex from the K-core will only cause
small shrinkage in its size, and the fraction of break points is
¢ = 0. However, when f is lower than the certain threshold
value, the equilibrium K-core patterns become extremely vul-
nerable to single-vertex perturbations, and the fraction ¢ of
break points becomes positive. We have quantitatively stud-
ied this phase transition to extreme vulnerability by a replica-
symmetric mean-field theory and by computer simulations. 8]

Some representative results obtained on the regular ran-
dom graph ensemble of degree D = 6 and threshold value
K = 3 are shown in Fig. 7(a). The order parameter ¢ starts
to be positive as the relative size f of K-core is lowered to
the critical value fy+ = 0.388, which is referred to as the weak
tipping point in Ref. [68]. The ratio of ¢ versus f then in-
creases continuously as f is further decreased, and this ra-
tio approaches unity as the minimum relative size fni, is ap-
proached from above.

———
() e

0.2

Fig. 7. Fraction ¢ of break-point vertices versus the relative size f of K-
core. Symbols are simulation results obtained on a single graph instance
of size N = 32768, and error bars denote standard deviations. The dashed
line denotes the upper bound ¢ = f. (a) Regular random graph ensemble
of degree D = 6, with K = 3. Solid and dotted line segments are theo-
retical predictions within the concave and convex regions of the entropy
density, respectively. The filled circle marks the minimum relative size
Jfmin- (b) Periodic cubic lattice of side length L = 32 and degree D = 6,
with K = 4. Panel (a) adapted from Ref. [68], with the kind permission
of Europhys. Lett.

It is interesting to notice that the weak tipping point
Jfwt 1s distinctively higher than the entropy inflection point fx
(Fig. 7(a)). This may be a common phenomenon for the equi-
librium K-core problem on random graph ensembles.

The fact that a finite fraction f of vertices are break points
means that the partially frozen kinetic clusters Cy of the FA
system, with relatively low density of frozen occupied vertices

(f < fwi), are staying at the surface of the fully unfrozen ki-
netic cluster C;. Just a single forced flip of one break-point
vertex is enough to melt the whole cluster Cy and make it
merge with a sub-region of the cluster Cy. This fact also im-
plies the existence of long and complicated paths within Cj
between the all-empty O and the configurations at the inter-
face to Cy. The surface of cluster Cj in the high-dimensional
configuration space must have very complex structures.

The vulnerability of equilibrium K-core patterns of struc-
tured graph instances was also investigated in Ref. [68]. It
appears that extreme vulnerability is a general property of K-
core patterns of relatively low occupation density f. For ex-
ample, on the three-dimensional cubic lattice with periodic
boundary condition, whose vertex degree is D = 6 and size is
N = 32768 (side length L = 32), the equilibrium K-core pat-
terns with K = 4 start to have positive ¢ at a high value of
f ~ 0.83 (Fig. 7(b)). The clear cusp close to the maximum
value of ¢ in the curve ¢(f) of Fig. 7(b) may indicate some
phase separation behavior.

According to the simulation results of Fig. 7(b), ¢ ap-
proaches f as the relative size of equilibrium 4-core patterns
is reduced to f ~ 0.15, indicating that the minimum value of
relative size must be finin < 0.15. We notice that this minimum
value is much lower than the typical relative sizes of random
kinetic 4-core patterns (Fig. 5(b)).

8. Conclusion and outlook

We review some recent statistical physics results on two
combinatorial optimization challenges associated with the K-
core collective structure of random graphs, the K-core attack
problem and the equilibrium K-core problem. The emphasis
of this perspective has been on the link between the K-core
optimization problems and the thermodynamical properties of
the Fredrickson—Andersen kinetically constrained spin model.
In our opinion, the K-core attack problem is a perfect model
for studying the thermodynamic phase transitions of the FA
kinetic system, and in return, the FA kinetic system can be
employed as an efficient local algorithm to sample equilibrium
configurations for the globally constrained K-core attack prob-
lem (Section 4). We hope our work will stimulate more future
work on these and other K-core optimization problems.

The statistical physics properties of the K-core attack
problem and the equilibrium K-core problem on finite-
dimensional lattices are not yet clear. Systematic numerical
and theoretical efforts along this direction, especially con-
cerning the spin glass phase transitions, will be highly desir-
able in the near future. They will be indispensable for us to
fully understand the thermodynamic properties of the finite-
dimensional FA kinetic systems.

The global constraint of K-core absence makes the K-
core attack problem difficult to tackle theoretically. Although
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some progresses have been made in recent years, the spin glass
phase transition issues are largely unexplored, even for ran-
dom graph ensembles. To explore the rich structure of the
low-temperature (high-occupation density) energy landscape,
one particularly interesting non-equilibrium issue is to study
the quenched dynamics of the K-core attack model at § = o
(see Ref. [86] for a related recent work).

We have discussed unjammed maximum packing (Pmax)
and jammed minimum packing (fin) in the FA kinetic system.
Similar quantities are also investigated in the field of struc-
tural glasses. Structural glasses and amorphous solid are of
course more complicated than the FA model and other kinet-
ically constrained spin models. Particles in a structural glass
system have translational degrees of freedom, they will diffuse
with time and change their interacting partners. They may also
have different sizes and different shapes, and there are fric-
tion forces between the contacting particles (see, for example,
Refs. [65,85,87,88] for a glimpse of recent simulation and ex-
perimental results). But we feel it may be plausible to expect
that the kinetic constraints encountered by the particles during
the translational and rotational motions will also bring certain
global constraint to the microscopic spatial configurations of
the structural glass system, similar to the K-core-absence con-
straint induced by the kinetic rules of the FA model. If this is
the case, then the K-core attack problem will also be relevant
for structural glass studies.
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