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Recent years have witnessed significant advances in utilizing machine learning-based techniques for thermal
metamaterial-based structures and devices to attain favorable thermal transport behaviors. Among the various thermal
transport behaviors, achieving thermal transparency stands out as particularly desirable and intriguing. Our earlier work
demonstrated the use of a thermal metamaterial-based periodic interparticle system as the underlying structure for ma-
nipulating thermal transport behavior and achieving thermal transparency. In this paper, we introduce an approach based
on graph neural network to address the complex inverse design problem of determining the design parameters for a ther-
mal metamaterial-based periodic interparticle system with the desired thermal transport behavior. Our work demonstrates
that combining graph neural network modeling and inference is an effective approach for solving inverse design problems
associated with attaining desirable thermal transport behaviors using thermal metamaterials.

Keywords: thermal metamaterial, thermal transparency, inverse design, machine learning, graph neural net-
work
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1. Introduction

The emergence of thermal metamaterials, coupled with
their ongoing evolution and application, has fundamentally
transformed the landscape of research in the manipulation of
thermal transport behavior.[1–9] This evolution has given rise
to a myriad of intriguing and practical applications, including
thermal cloaks,[10–24] thermal concentrators,[14,25,26] thermal
camouflage,[27–35] and thermal transparency.[36–46]

In recent years, the exploration of thermal metamaterials
and their applications has experienced a considerable boost
thanks to the introduction of machine learning, deep learn-
ing, and topology optimization algorithms.[47–55] The “learn-
ing from data” paradigm inherent in machine-learning ap-
proaches has exhibited unparalleled efficacy in solving inverse
design problems for structures and devices based on thermal
metamaterials.[54,55]

Among the diverse applications of thermal metamaterial-
based structures and devices, thermal transparency stands out
as particularly intriguing, offering practical implications for
industrial or military use. Thermal transparency is achieved
when a device based on thermal metamaterials is designed
in a manner that renders its internal composite material or
structure capable of generating an effective thermal conductiv-
ity that is indistinguishable from the surrounding background.
The efficacy of thermal transparency can be evaluated experi-
mentally by utilizing an infrared camera to capture images de-
picting temperature distribution, as demonstrated in our prior

research.[56]

A periodic interparticle system (PIS) as the underlying
structure to achieve thermal transparency was first proposed
by Xu et al.[56] Then, in our previous work,[54] the constraints
of a square lattice and the requirement for particles to be al-
ternately positioned along both the horizontal and vertical di-
rections are dropped to allow more degrees of freedom, i.e.,
more design parameters in a PIS. Xu et al. initially introduced
the concept of employing a PIS as the underlying structure for
achieving thermal transparency.[56] In our earlier research,[54]

we relaxed the constraints of a square lattice and the stipula-
tion that particles must be alternately positioned along both the
horizontal and vertical directions. This modification allows for
greater degrees of freedom, resulting in an increased number
of design parameters within a PIS. However, with these con-
straints removed, a closed-form solution to find the design pa-
rameters of a PIS no longer exists. This challenge compels us
to resort to a machine learning-based approach. In this work,
we aim to tackle the challenging inverse design problems as-
sociated with the design parameters of PIS by using a graph
neural network (GNN) based approach. We show in this pa-
per that a simple node- and edge-labeled undirected graph can
effectively model a PIS and graph convolution has the capabil-
ity to aggregate the node- and edge-level features into a graph
level feature, accurately modeling the thermal transport behav-
ior of the PIS. This enables us to develop a GNN model that
is capable of predicting the PIS’s thermal transport behavior
based on the corresponding design parameters. Additionally,
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our model can make predictions in reverse order, i.e., given the
desired thermal transport behavior, it can predict a suitable set
of design parameters.

2. Graph neural network as an approach to the
inverse design problem for manipulating ther-
mal transport behavior
GNNs refer to a class of artificial neural network-based

models that operate on graph data. To be technically precise,
we refrain from categorizing GNNs as a class of deep learning
models since, in most cases, a GNN model consists of just a
few layers.[57] Beyond this, two fundamental issues arise: first,
prohibitive computation cost due to neighborhood explosion;
second, oversmoothing leading to an inability to capture long-
range dependencies in the graph data, resulting in deteriorated
expressivity.[57]

Since their debut in 2009,[58] the exploration and applica-
tions in GNNs have burgeoned into one of the most productive
fields of AI research, with numerous applications in various
fields, including traffic forecasting,[59] text classification,[60]

and traffic forecasting.[61] The applications of GNNs in drug
discovery and design are advancing rapidly, extending from
the discovery of novel antibiotic[62] to predicting emerging
drug interactions.[63,64] A survey of geometric GNNs was re-
cently published to give a panoramic view of their data struc-
tures, models and applications.[65]

Graphs serve as a method to describe and capture rela-
tionships within data, constituting a form of data structure
that is both nonlinear and abstract. Given their abstract na-
ture, graphs necessitate a concrete representation to be effec-
tively operated upon. Additionally, graphs can be defined to
have certain properties that may necessitate different repre-
sentations. A graph usually consists of two kinds of elements:
nodes and connections. According to how the nodes are or-
dered and connected, graphs can be divided into two large cat-
egories: directed graphs and undirected graphs. In the former,
nodes are connected by directed edges, while in the latter the
order of nodes and their connection is irrelevant. Given that
our paper utilizes an undirected graph to model the PIS for
achieving thermal transparency, we will specifically discuss
the subtypes of undirected graphs only.

There are generally three subtypes of undirected graphs:
node-labeled undirected graph, edge-labeled undirected graph,
and node- and edge-labeled undirected graph. In a node-
labeled undirected graph, only nodes have features and edges
are featureless. A concrete example of a node-labeled undi-
rected graph is a social network where each node represents
a person and has a label indicating the person’s occupation.
In an edge-labeled undirected graph, only edges have features
and nodes are featureless. A concrete example of an edge-
labeled undirected graph is a transportation network where

each edge represents a road and has a label indicating the speed
limit.

In a node- and edge-labeled undirected graph, both nodes
and edges have features. The best example for a node- and
edge-labeled undirected graph is probably a molecule in which
each node is a chemical atom (for example, carbon, hydrogen
or nitrogen atoms), and each edge represents the type of bond
(for example, single or double bond) between two nodes.

The PIS, proposed as the underlying structure for achiev-
ing thermal transparency, was initially introduced by Xu et
al.[56] and further developed by Liu et al.[54] We can create
a sample of a PIS utilizing two naturally occurring substances:
copper and air. By employing the effective medium theory to
identify the optimal ratio, these materials can collectively pro-
duce a diverse spectrum of effective thermal conductivity. The
nature of the PIS mandates that it can be adeptly modeled by
a node- and edge-labeled undirected graph because the 10 de-
sign parameters that fully characterize a PIS can be attributed
as either node features or edge features. From now on, we
use node A to denote the whole set of particles A, node B to
denote the whole set of particles B, and edge to denote the rel-
ative positioning between particles A and B, along with other
system-wide controllable design parameters. To illustrate, we
replicate the schematic description of the PIS from our prior
research (Fig. 1).

dx

dy

R
s
t

o

r ey
ex

φ

(a) (b)

Fig. 1. Periodic interparticle system, adapted from Ref. [54]. (a) The config-
uration of a unit cell in the PIS is characterized by the parametrization of the
relative positioning between two particles, A and B. This parametrization in-
volves the distance R between their centers and the angular position φ relative
to the x axis. Particle A exhibits anisotropic thermal conductivities, which
are parameterized in cylindrical coordinates. On the other hand, particle B
possesses uniform thermal conductivities, and its shape is defined by a semi-
minor axis s and a semi-major axis t. The ranges for these design parameters
used in this work are listed in Table 1. (b) Illustration of the periodic structure
discussed in this paper involves particles A (represented as circles) and parti-
cles B (represented as ellipses) positioned within their respective rectangular
lattices.

In a PIS, two particle types are systematically arranged on
a periodic lattice with respect to the background. Particles A
are characterized by a circular shape and anisotropic thermal
conductivities, while particles B are characterized by an ellip-
tical shape and isotropic thermal conductivities. Both types of
particles are fixed on a horizontally and vertically alternating
rectangular lattice, with the distance between two horizontally
adjacent particles of the same type denoted as 2dx, and the
distance between two vertically adjacent particles of the same
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type denoted as 2dy. The value of dx is not controllable and
fixed at 1 cm. The relative positioning between pairing circles
(particles A) and ellipses (particles B) is framed into a cylin-
drical coordinate R and φ , with the origin located at the center
of the circles (see Fig. 4(f) of Ref. [54]). More specifically, R
denotes the distance between the centers of pairing circle and
ellipse, while φ denotes the angle between the line connecting
the centers of pairing circle and ellipse and the horizontal axis.
The background is only characterized by its thermal conduc-
tivity κm. Now, we designate each of the 10 design parameters
as either node A, node B, or edge features.

The area fraction of particles A, pa
[
= πr2/(2dxdy)

]
and

its anisotropic thermal conductivities
↔
κa = diag

(
κρρ , κθθ

)
are

node A features. Here,
↔
κa is represented in cylindrical coordi-

nates (ρ, θ), with the origin at the center of a particle A.
The area fraction of particle B, pb [= πst/(2dxdy)], its

uniform thermal conductivity κb, and the aspect ratio e denot-
ing the ratio of the semi-minor axis s to semi-major axis t,
are node B features. Finally, we can assign all the remaining
design parameters, i.e., R, φ , dy and κm, as edge features.

Then, a node- and edge-labeled undirected graph com-
posed of node A, node B, and edge can fully parameterize a
PIS. From the viewpoint of GNN, the thermal transport char-
acteristics of a PIS can be regarded as a graph level feature
𝑦.

Our approach to achieving thermal transparency through
the inverse design for a PIS is inspired by the work of Dold et
al. on utilizing a GNN model for the inverse design of lattice
materials.[66] The entire procedure for performing the inverse
design for a PIS to achieve thermal transparency consists of
two stages.

In the first stage, we train a GNN model capable of pre-
dicting the thermal transport characteristics as a graph-level
feature from the features of node A, node B, and edge. In the
second stage, with the weights of our GNN model frozen, node
A, node B, and edge features 𝑥NodeA, 𝑥NodeB, 𝑥edge are first
randomly initialized and then optimized so that our trained and
frozen GNN model can output 𝑦prediction as close to the ground
truth 𝑦 as possible.

To accomplish the entire inverse design procedure, we
first need to effectively depict and quantify the thermal trans-
port characteristics of a PIS. A baseline situated at x =−6 cm,
relative to the simulation box’s origin, is defined for this pur-
pose. The baseline is then discretized into 400 evenly spaced
points, on which heat flux values are measured and concate-
nated into a 400-dimensional response vector. Our previous
work[54] indicates that the 400-dimensional response vector
has significant information redundancy, and an autoencoder is
capable of removing this redundancy by reducing the dimen-
sionality of the response vector with little loss of information.
In this work, instead of using original 400-dimensional re-

sponse vector, a 10-dimensional reduced response vector gen-
erated by compressing the original response vector using a
trained autoencoder is used to represent the thermal transport
characteristics of a PIS. Thus, the graph level feature 𝑦 is a
10-dimensional vector.

Our GNN model is capable of capturing the relation-
ship between the features of node A, node B, and edge, as
well as the graph-level feature. It is built on the idea of
graph convolutions.[67] A graph convolutional network (GCN)
model is an approach for semi-supervised learning and a flavor
of GNN that can leverage the graph structure and aggregate
node and edge information from the neighborhoods in a con-
volutional fashion. Strictly speaking, our GNN model does not
qualify as a conventional GCN model because a conventional
GCN model involves graph convolution operations on nodes
only.[67] We only borrow the underlying idea of message pass-
ing for GCNs to build our GNN model. As illustrated in the
second panel of Fig. 2, our GNN model is constructed upon
two forward passes of graph convolutions followed by a con-
catenation pooling layer and two fully-connected layers.

The essence of graph convolution can be understood as
message passing. During the first forward pass of graph con-
volution (see details in Fig. 2(b) and Eqs. (1)–(3)), the origi-
nal node A, node B, and edge features 𝑥(0)

NodeA, 𝑥(0)
NodeB, 𝑥(0)

edge

are first multiplied by respective weight matrices and summed
with a bias term 𝑏 to obtain the updated node A, node B, and
edge features 𝑥(1)

NodeA, 𝑥(1)
NodeB, 𝑥(1)

edge. Here, each of the 𝑊 ma-
trices of learnable filter weights has the shape of fin × fout ,
where fin stands for the dimension of the feature that is being
multiplied by the respective matrix, and fout is the dimension
of the feature on the left-hand side of the equation. 𝑏 is a learn-
able bias vector of length fout.

𝑥
(1)
NodeA = 𝑥

(0)
NodeA𝑊NodeA,NodeA +𝑥

(0)
NodeB𝑊NodeB,NodeA

+𝑥
(0)
edge𝑊edge,NodeA +𝑏NodeA, (1)

𝑥
(1)
NodeB = 𝑥

(0)
NodeA𝑊NodeA,NodeB +𝑥

(0)
NodeB𝑊NodeB,NodeB

+𝑥
(0)
edge𝑊edge,NodeB +𝑏NodeB, (2)

𝑥
(1)
edge = 𝑥

(0)
NodeA𝑊NodeA,edge +𝑥

(0)
NodeB𝑊NodeB,edge

+𝑥
(0)
edge𝑊edge,edge +𝑏edge. (3)

In this way, the messages (feature information) from
node A, node B, and edge are delivered to themselves and the
other components of the graph. This means that after the first
forward pass, the updated node A, node B, and edge features
𝑥
(1)
NodeA, 𝑥(1)

NodeB, 𝑥(1)
edge do not only contain information about

themselves but also incorporate information about the whole
graph.
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Global convolution layer

Global concatenation pooling layer

EdgeGlobal concatenation pool

Fully connected

Fully connected layer

NodeA

NodeA

NodeB

NodeB

pa κρρ κθθ
pb κb e

Edge

Edge

dy  R φ  κm

NodeA NodeB

NodeA NodeB

/↼XNodeA↪ XNodeB↪ Xedge↽

xNodeB

bNodeB

(0) (0) (0)

(Parameters: W↪b)

(Parameters: W↪b)

(Parameters: Wfc   )

X(1)

hfc

X(2)

(1)

(1)

↼i↽Fully connected

(Parameters: Wfc   )
(2)

hfc

yprediction

(2)

Wfc
↼i↽

hfc

↼↽
hfc
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T =
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T

= + +

+

(1) xNodeAWNode,NodeB
(0)

xEdgeWEdgeB,NodeB
(0)

xNodeBWNode,NodeB
(0)

(a)

(b)

Fig. 2. (a) Schematic diagram of the graph representing a PIS. Node A has
features pa, κρρ and κθθ . Node B has features pb, κb and e. Edge has fea-
tures dy, R, φ and κm. (b) A visualization of the layers in the GNN model.
Two graph convolutions are performed first to obtain the updated node A,
node B, and edge features 𝑥(1)

NodeA, 𝑥(1)
NodeB, 𝑥(1)

edge in the first pass, and 𝑥
(2)′

NodeA,

𝑥
(2)′

NodeB, 𝑥(2)′

edge in the second pass. A global concatenation pooling layer joins

𝑥
(2)′

NodeA, 𝑥(2)′

NodeB, 𝑥(2)′

edge into a 10-dimensional vector, which is fed into two
fully connected layers to output yprediction.

After the first forward pass of graph convolution, imme-
diately followed by an ELU activation layer to introduce non-
linearity to the GNN, the second forward pass is conducted
(see details in Fig. 2(b) and Eqs. (4)–(6)). The second for-
ward pass allows a deeper exchange of feature information be-
tween node A, node B, and edge, leading to a more complete
encoding of the graph’s information. Note that the learnable
filter weight matrices 𝑊 and the learnable bias vectors 𝑏 of
the second forward pass are the same as were used in the first
forward pass. In principle, the learnable filter weight matrices
𝑊 and the learnable bias vectors 𝑏 in different forward passes
of graph convolution do not need to be the same. However,
our numerical experiments indicate that using two different
sets of learnable filter weight matrices and bias vectors for the
two forward passes leads to a propensity to overfit the training
dataset. Therefore, we choose a shared set of learnable filter
weight matrices and bias vectors for the two forward passes to
build our GNN model.

𝑥
(2)
NodeA = 𝑥

(1)
NodeA𝑊NodeA,NodeA +𝑥

(1)
NodeB𝑊NodeB,NodeA

+𝑥
(1)
edge𝑊edge,NodeA +𝑏NodeA, (4)

𝑥
(2)
NodeB = 𝑥

(1)
NodeA𝑊NodeA,NodeB +𝑥

(1)
NodeB𝑊NodeB,NodeB

+𝑥
(1)
edge𝑊edge,NodeB +𝑏NodeB, (5)

𝑥
(2)
edge = 𝑥

(1)
NodeA𝑊NodeA,edge +𝑥

(1)
NodeB𝑊NodeB,edge

+𝑥
(1)
edge𝑊edge,edge +𝑏edge. (6)

The second forward pass of graph convolution is fol-
lowed by another ELU activation layer and then a pooling
layer concatenating the twice updated and non-linearly acti-
vated node A, node B, and edge features 𝑥(2)′

NodeA, 𝑥(2)′

NodeB, 𝑥(2)′

edge
together into a 10-dimensional vector. This 10-dimensional
vector is in turn fed into a fully-connected layer with ELU acti-
vation followed by a 10-dimensional output layer. Once suffi-
ciently trained, the output layer of our GNN model is supposed
to generate the prediction for the graph level feature 𝑦prediction.
The mean squared error (MSE) between 𝑦prediction and ground
truth 𝑦 is calculated as the loss, which is back-propagated to
the learnable filter weight matrices 𝑊 and the learnable bias
vectors 𝑏 to optimize them using a gradient descent-based op-
timization algorithm.

Once the MSE loss between 𝑦prediction and ground truth 𝑦

has converged, the first stage involving training a GNN capa-
ble of predicting the graph level feature 𝑦 from the node and
edge features is accomplished. Our numerical experiments
show that 3000 epochs of training are sufficient to reach con-
vergence for our GNN model.

In the second stage of the inverse design process, which
aims to generate the design parameters of a PIS that yields the
desired thermal transport behavior, all the trainable weights of
our GNN model, including the learnable filter weight matrices
𝑊 and the learnable bias vectors 𝑏, are frozen. The ground
truth 𝑦, which is a 10-dimensional reduced response vector
representing the desired thermal transport behavior, is given.
Employing a reduced response vector instead of a complete re-
sponse vector primarily aims to prevent structural imbalances
in the graph neural network and mitigate the risk of overfitting.
This choice reduces the number of trainable neural network
parameters that would otherwise increase substantially with a
full response vector. Additionally, our prior research illustrates
that compressing from a full response vector to a reduced one
results in minimal information loss. The node A, node B, and
edge features 𝑥NodeA, 𝑥NodeB, 𝑥edge are randomly initialized
and become the optimization target of any gradient descent-
based optimization algorithm. The optimization objective is to
tune node A, node B, and edge features 𝑥NodeA, 𝑥NodeB, 𝑥edge

so that our trained GNN model could output 𝑦prediction as close
to the ground truth 𝑦 as possible. Our numerical experiments
demonstrate that 1000000 optimization steps are needed to
reach convergence for the optimization process. Once the op-
timization process is finished, the optimized node A, node B,
and edge features 𝑥NodeA, 𝑥NodeB, 𝑥edge become the design
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parameters for a PIS, which is expected to yield the desired
thermal transport behavior.

To train and validate the GNN model, we conducted
50000 finite-element method (FEM) simulations of PIS using
the COMSOL Multiphysics commercial software package.[68]

The design parameters for a PIS in the dataset are randomly
generated within specified ranges detailed in Table 1. To en-
sure that the design parameter set is valid, an in-house Python
code has been developed to filter out invalid design parame-
ter sets. We divide the dataset into training, validation and
test sets in a commonly accepted ratio of 8:1:1. The valida-
tion set is reserved for hyperparameter tuning, which includes
selecting and evaluating the performance of different GNN ar-
chitectures. Then, the best performing GNN architecture is
evaluated on the test set. We use AdamW as an optimizer with
a learning rate of 1× 10−4, simple linear decay, and a batch
size of 100 for other hyperparameters. PyTorch[69] is used as
the framework for training the GNN model and performing
inferences, while pandas[70] is utilized for data analysis.

Table 1. Ranges of the design parameters, in which the design parame-
ter sets for the training dataset are randomly generated. Specifically, the
range for R is carefully chosen to prevent any overlap between particles A
and particles B.

Design parameter Range Design parameter Range

dy (0.8, 1.2) cm e (0.05, 0.2)

R (0.67, 1.36) cm κρρ (0, 1) W·m−1·K−1

φ (− π

4 ,
π

4 ) κθθ (0, 1) W·m−1·K−1

pa (0.05, 0.4) κb (0, 1) W·m−1·K−1

pb (0.05, 0.4) κm (0, 1) W·m−1·K−1

All the computations conducted in this research were per-
formed on a dual-socket 24-physical-core Haswell-EP Xeon
server. The 3000 epochs of training of the GNN model take
around 6 hours to accomplish. Afterwards, we employed the
snapshot of the GNN model trained for 3000 epochs for the
inference process. For each interaction of inference, 1000000
optimization steps take 10 min to conclude. The FEM sim-
ulation usually takes approximately 2 min for a given set of
design parameters.

3. Results
The second stage of inverse design to generate the design

parameters of a PIS yielding the desired thermal transport be-
havior can be seen as an inference process. Since the node A,
node B, and edge features 𝑥NodeA, 𝑥NodeB, 𝑥edge are randomly
initialized, different iterations of inference will lead to differ-
ent sets of design parameters, which may or may not generate
the desired thermal transport behavior to a satisfactory degree.
However, the different sets of design parameters yielded by
different iterations of inference should conform to some dis-
tribution from which a satisfactory set of design parameters
can be sampled.

We illustrate the nature of the inference process using
the thermal conductivity of the background, denoted as κm.
Given that the background occupies a more significant portion
of space than the combined area of particles A and B, κm plays
a dominant role in influencing the baseline thermal transport
behavior. This is derived from the Fourier thermal conductiv-
ity equation

𝑞 =−κ∇T, (7)

where 𝑞 is the heat flux, κ is the thermal conductivity, and ∇T
is the temperature gradient. In a scenario where the system
contains solely the background and experiences a temperature
difference of 40 K (313 K on one side and 273 K on the other
side) within a simulation box measuring 20 cm in width, deter-
mining the value of κm becomes straightforward when the de-
sired heat flux value is provided. In a more concrete example,
if we want to obtain desired heat fluxes JS ≈ 74 W·m−2 and
JS ≈ 84 W·m−2, the value for κm should be 0.37 W·m−1·K−1

and 0.42 W·m−1·K−1, respectively.
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Fig. 3. The histogram of 1000 inferred values for the design parameter
of thermal conductivity of the background κm. (a) The distribution of
κm when thermal transparency with heat fluxes JS ≈ 74 W·m−2 is de-
sired. (b) The distribution of κm when thermal transparency with heat
fluxes JS ≈ 84 W·m−2 is desired.

We use the 10-dimensional reduced response vectors
listed in Table 2 as the ground truth 𝑦 to perform the infer-
ence process for 1000 times for each reduced response vec-
tor 𝑦. These two reduced response vectors correspond to the
perfect thermal transparency cases with desired heat fluxes
JS ≈ 74 W·m−2 and JS ≈ 84 W·m−2 at the baseline. The
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histograms for inferred κm are plotted in Fig. 3. In each
case, our GNN model accurately forecasts that the distribu-
tions for κm are concentrated around 0.37 W·m−1·K−1 and
0.42 W·m−1·K−1, correspondingly.

Next, we address two inverse design challenges involv-
ing the attainment of thermal transparency for heat fluxes
JS ≈ 74 W·m−2 and JS ≈ 84 W·m−2, both measured at the
baseline x =−6 cm. Utilizing the 10-dimensional reduced re-
sponse vector presented in Table 2 as the ground truth 𝑦, we
conduct the inference process 100 times, generating 100 sets
of design parameters for each scenario. Subsequently, FEM

simulations are performed for each set of design parameters

in both cases. The two sets of design parameters that demon-

strate the closest approximation to thermal transparency for

heat fluxes JS ≈ 74 W·m−2 and JS ≈ 84 W·m−2 are detailed

in Table 3 and illustrated in Figs. 4 and 5, respectively. The

performance assessment of each system generated through our

GNN-based approach relies on utilizing the MSE between heat

flux values measured at 400 evenly spaced points on the base-

line and those of perfect thermal transparency as the evaluation

metric.

Table 2. The reduced response vectors employed as ground truth 𝑦 for the inference process of the trained GNN model to obtain desired heat flux values
JS ≈ 74 W·m−2 and JS ≈ 84 W·m−2 at the baseline.

JS ≈ 74 W·m−2 9.99×10−1 3.11×10−1 8.95×10−1 9.98×10−1 1.15×10−6 9.99×10−1 1.00×100 9.02×10−1 2.30×10−1 6.09×10−3

JS ≈ 84 W·m−2 9.99×10−1 3.02×10−1 8.49×10−1 9.97×10−1 4.71×10−7 9.99×10−1 1.00×100 9.08×10−1 1.67×10−1 3.23×10−3

Table 3. The design parameters of the systems to achieve thermal transparency at the baseline located at x =−6 cm with heat fluxes JS ≈ 74 W·m−2 and
JS ≈ 84 W·m−2. The design parameters are generated by the GNN model. The efficacy of each system in achieving thermal transparency is evaluated
through the MSE, comparing heat flux values measured at 400 evenly spaced points against those of perfect thermal transparency. When the MSE value
is below 1, a satisfactory system that achieves thermal transparency is deemed to have been found. Among the systems in randomly generated training
sets, the closest one exhibits an MSE of 11.471 relative to perfect thermal transparency with a heat flux JS ≈ 74 W·m−2, and 27.138 relative to perfect
thermal transparency with a heat flux JS ≈ 84 W·m−2. The FEM simulated results for each system are depicted in Figs. 4 and 5.

Design parameter dy R φ pa pb e κρρ κθθ κb κm MSE

JS ≈ 74 W·m−2 0.978 1.274 –0.155 0.089 0.165 1.658 0.446 0.446 0.337 0.370 0.462

JS ≈ 84 W·m−2 0.978 1.125 –0.047 0.197 0.053 1.168 0.446 0.446 0.337 0.420 0.324

In Figs. 4 and 5, we also showcase systems with the min-
imum MSE to perfect thermal transparency with heat fluxes
JS ≈ 74 W·m−2 and JS ≈ 84 W·m−2, drawn from the 40000
samples in the training dataset. In other words, these systems
are the best random guess for the purpose of achieving ther-
mal transparency. The MSE values for each system generated
by our GNN-based approach are one order lower than those of

the best performing systems in the randomly generated train-

ing set (the MSE values presented in the caption of Table 3).

Our analysis leads to the conclusion that the design parameter

sets identified by our GNN model significantly outperform the

best outcomes from random guessing, underscoring the pre-

dictive and generative capabilities of our GNN model.
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Fig. 4. Finite-element simulations for thermal transparency with heat fluxes JS ≈ 74 W·m−2. The size of the simulation box is 20×20 cm, and
that of the periodic composite material is 10×10 cm. The baseline for measuring heat fluxes is located at x =−6 cm (not shown in the figures),
and the origin is located at the center of the simulation box. (a) Heat flux JS values on the baseline for simulated systems. The design parameters
for the system represented by blue line are generated by the GNN model and shown in Table 3. The brown line is the heat fluxes measured
at the baseline, generated by the system with the least MSE distance to the perfect thermal transparency with heat fluxes JS ≈ 74 W·m−2, out
of the 40000 systems in the randomly generated training set. (b) The FEM simulated result of the system represented by blue line in (a). The
white lines represent isotherms. The corresponding design parameters are listed in Table 3. The blue line has an MSE distance 0.462 to the
perfect thermal transparency, while the brown line has an MSE distance 11.471 to the perfect thermal transparency.
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Fig. 5. Finite-element simulations for thermal transparency with heat fluxes JS ≈ 84 W·m−2. The size of the simulation box is 20× 20 cm, and that
of the periodic composite material is 10× 10 cm. The baseline for measuring heat fluxes is located at x = −6 cm (not shown in the figures), and the
origin is located at the center of the simulation box. (a) Heat flux JS values on the baseline for simulated systems. The design parameters for the
system represented by blue line are generated by the GNN model and shown in Table 3. The brown line is the heat fluxes measured at the baseline,
generated by the system with the least MSE distance to the perfect thermal transparency with heat fluxes JS ≈ 84 W·m−2, out of the 40000 systems in
the randomly generated training set. (b) The FEM simulated result of the system represented by blue line in (a). The white lines represent isotherms.
The corresponding design parameters are listed in Table 3. The blue line has an MSE distance 0.324 to the perfect thermal transparency, while the brown
line has an MSE distance 27.138 to the perfect thermal transparency.

4. Discussion
In contrast to our previous autoencoder-based method for

inverse design,[54] the GNN-based approach not only presents
as a paradigm shift from discriminative machine learning al-
gorithms to generative algorithms but also demonstrates a few
solid advantages in terms of computational efficiency and the
removal of the artificial discretization of full design parame-
ter values. In our prior autoencoder-based method, the many-
to-one relationship from full to reduced parameters leads to
an adverse outcome within the framework of the autoencoder-
based method, i.e., we only had a forward neural network to
map full design parameters to reduced ones because the neural
network for the reverse mapping from reduced parameters to
full ones was absent. Consequently, upon acquiring reduced
design parameters enabling thermal transparency, we had to
resort to an exhaustive grid search across feasible parameter
ranges (with 10 intervals for each parameter) to obtain the
corresponding original design parameters. Our GNN-based
approach obviates the necessity for this exhaustive grid search
to recover full design parameters. Moreover, the removal of
the exhaustive grid search for full design parameters presents
an additional advantage over the autoencoder-based method.
In the autoencoder-based approach, the grid search for full
design parameters introduces a side effect: the artificial dis-
cretization of full design parameters. This implies that only
10 discrete values can be considered for each design parame-
ter. However, in our GNN-based approach, this limitation has
been completely eliminated. The design parameters generated
by the GNN-based can take any values within continuous fea-
sible design parameter ranges.

The scope of application of our GNN-based inverse de-
sign approach is by no means limited to the periodic interparti-
cle structures proposed in our manuscript. In other words, our
GNN-based inverse design approach can be readily extended

to other structures or geometries to realize the desired manip-
ulation of thermal transport behavior. As long as a sufficiently
large dataset comprising design parameters and their corre-
sponding response vectors is built, theoretically, our GNN-
based inverse design approach is applicable, paving the way
for extending the application of our GNN-based inverse de-
sign approach to realize other kinds of functionalities, such
as thermal cloaks and thermal camouflage. An example for
which our GNN-based approach could be applicable is the
inverse design for a three-dimensional invisible sensor with
camouflaging in both thermal and electric fields. Yang[71]

proposed the idea of invisible sensors with camouflaging in
multiphysical fields and demonstrated a two-dimensional im-
plementation in both simulations and experiments. Since a
three-dimensional implementation of an invisible sensor with
camouflaging in both thermal and electric fields can be fully
characterized by the inner and outer radii of the homogeneous
and isotropic shell, as well as the thermal and electrical con-
ductivities of the sensor, the shell, and the background, the
entire workflow of our GNN-based inverse design approach is
naturally applicable. A graph representation for such an im-
plementation of an invisible sensor with camouflaging is pre-
sented in Fig. 6(a). One technical challenge that we could en-
vision is how to sample the resulting heat flux and DC cur-
rent into discrete values to form a response vector. Other than
that, the majority of our GNN-based inverse design workflow
is straightforward to implement.

We also consider the potential of extending our GNN-
based approach with the PIS as the underlying structure to
achieve thermal transparency with an anisotropic background,
i.e., making the effect of thermal transparency omnidirec-
tional. We are inspired by Han’s realization of omnidirectional
thermal metadevices of anisotropic geometry,[72] in which the
anisotropic background material is constructed as a periodic
structure of a T-shaped unit with varying period L along the
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x-axis of the background. A similar anisotropic background
structure can be employed for our purpose. Furthermore,
both particles A and B need to be allowed to have an ellip-
tic shape with anisotropic thermal conductivity, giving the PIS
system more degrees of freedom to accommodate system-wide
anisotropic thermal conductivity. Then, the entire workflow of
our GNN-based workflow can be applied to achieve the inverse
design for thermal transparency. The graph representation for
such an extended PIS is presented in Fig. 6(b). However, the
major challenge that we will encounter is the dramatically in-
creased computational cost, due to several reasons. First, be-
cause there are more design parameters now, a much larger
training dataset needs to be constructed to allow adequate sam-
pling along the dimension of each design parameter. Second,
for each specific PIS, or equivalently each set of design pa-
rameters, multiple FEM simulations are needed because mul-
tiple directions for the temperature gradient are required to
adequately account for the simulation box’s anisotropic heat
transfer behavior. Third, for each set of design parameters, the
response generated by multiple FEM simulations would have
a much higher dimension. Therefore, the dimensionality re-
duction effort to produce the reduced response vector will be
more challenging to accomplish.

Sensor Edge Edge

Edge

BackgroundShell

NodeA
pa ea ϑa

κρρa κθθa

NodeB

κb σb
κ σκ σ

pb eb ϑb

κρρb κθθbdy R φ κm L

(a)

(b)

a b

Fig. 6. The graph representations for thermal metamaterials-based systems.
(a) Schematic diagrams of the graph representing the implementation of an
invisible sensor with camouflaging. This implementation was proposed by
Yang.[71] The spherical sensor with radius a, thermal conductivity κ1 and
electric conductivity σ1 is surrounded by a spherical shell with inner radius
a, outer radius b, thermal conductivity κ2 and electric conductivity σ2. The
spherical shell is embedded into a background with thermal conductivity κb
and electric conductivity σb. In the graph representation, the sensor is denoted
by a node with features κ1 and σ1, the shell is denoted by a node with features
κ2 and σ2, while the background is denoted by a node with features κb and
σb. The sensor node and the shell node are connected by an edge with a fea-
ture a. The shell node and the background node are connected by an edge
with a feature b. (b) Schematic diagrams of the graph representing a PIS that
achieves thermal transparency with an anisotropic background. The structure
of the anisotropic background was proposed by Han.[72] The background has
a periodic structure of a T-shaped unit. The varying period along the x-axis of
the background becomes a new feature L affiliated to edge. The meaning of
the other features of edge is the same as those for edge in Fig. 2. To achieve
thermal transparency with an anisotropic background, both particles A and B
are augmented with new design parameters, which translate into new features
affiliated to node A and node B, respectively. More specifically, both node A
and node B have the feature e representing the ratio between two semi-axes,
indicating that both particles A and B have an elliptic shape. Both node A
and node B have anisotropic thermal conductivity κρρ , κθθ . The orientation
of particles A and B with respect to the x-axis of the simulation box becomes
features ϑa and ϑb for node A and node B, respectively.

We also aim to extend our GNN-based approach with the
PIS as the underlying structure to enable the inverse design of
thermal metamaterials with nonlinear time dependency. Non-
linear time dependency often results in transient heat transfer
behavior, the manipulation of which is desirable yet challeng-
ing. Previous studies[73,74] have shown that incorporating den-
sity and specific heat capacity as tunable parameters is essen-
tial for manipulating transient heat transfer behavior. There-
fore, we need to augment our existing PIS structure by includ-
ing design parameters that represent density and specific heat
capacity. However, several technical challenges remain to be
addressed for a successful implementation, such as recording
and discretizing transient heat fluxes into a response vector.
Since heat flux values are now time-dependent, encoding time
into the response vector is inevitable and likely computation-
ally expensive. We are assimilating the latest advances in the
AI algorithms to tackle these problems.

5. Conclusion
In this study, we introduce a thermal metamaterial-based

approach for achieving thermal transparency, employing a PIS
as the underlying structure. The central challenge in imple-
menting this mechanism involves determining the design pa-
rameters based on the desired heat flux values. Consequently,
this task can be characterized as an inverse design problem.
We successfully address this inverse design problem by ini-
tially training a GNN model that is capable of predicting the
graph-level feature 𝑦, which represents thermal transport be-
havior, from the node and edge features. In the inference stage,
we optimize the randomly initialized node and edge features to
align the predicted graph level feature 𝑦prediction to the ground
truth 𝑦.

Additionally, we showcase that multiple iterations of in-
ference generate an accurate distribution for the specific de-
sign parameter of thermal conductivity of the background.
Finally, we demonstrate that our GNN-based approach iden-
tifies satisfactory sets of design parameters for two specific
cases of achieving thermal transparency with heat fluxes JS ≈
74 W·m−2 and JS ≈ 84 W·m−2.
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