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Massive Dirac particles based on gapped graphene with
Rosen–Morse potential in a uniform magnetic field
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We explore the gapped graphene structure in the two-dimensional plane in the presence of the Rosen–Morse potential
and an external uniform magnetic field. In order to describe the corresponding structure, we consider the propagation
of electrons in graphene as relativistic fermion quasi-particles, and analyze it by the wave functions of two-component
spinors with pseudo-spin symmetry using the Dirac equation. Next, to solve and analyze the Dirac equation, we obtain the
eigenvalues and eigenvectors using the Legendre differential equation. After that, we obtain the bounded states of energy
depending on the coefficients of Rosen–Morse and magnetic potentials in terms of quantum numbers of principal n and
spin–orbit k. Then, the values of the energy spectrum for the ground state and the first excited state are calculated, and
the wave functions and the corresponding probabilities are plotted in terms of coordinates r. In what follows, we explore
the band structure of gapped graphene by the modified dispersion relation and write it in terms of the two-dimensional
wave vectors Kx and Ky. Finally, the energy bands are plotted in terms of the wave vectors Kx and Ky with and without the
magnetic term.

Keywords: massive Dirac equation, Rosen–Morse potential, Legendre polynomial, gapped graphene, pseudo-
spin symmetry

PACS: 03.65.Pm, 02.30.Gp, 72.80.Vp, 31.30.J– DOI: 10.1088/1674-1056/ad426b

1. Introduction

Today, graphene is a widely used material due to its ex-
cellent electronic, optical, thermal and mechanical properties.
The structure of this substance is one of the allotropes of car-
bon, which is formed in a two-dimensional plane of carbon
in the form of a honeycomb network. Each carbon atom has
three covalent bonds with three other carbon atoms and shares
one free electron between all atoms. In this case, free electrons
in graphene exhibit relativistic behavior and follow the Dirac
equation. Therefore, for the analysis of relativistic fermions
in graphene, the Dirac equation is implemented with two ap-
proaches as massless graphene and massive graphene. The
mass terms in massless and massive graphenes are zero and
nonzero, respectively, which means that the variation of en-
ergy has a linear and quadratic relationship in terms of mo-
mentum, respectively. In this case, the corresponding Dirac
fermions have the normal and anomalous electronic proper-
ties, respectively. The noteworthy point is that in massive
graphene, the Dirac fermion has a variable speed that can ap-
proach the speed of light, but this speed is reduced to one hun-
dredth in massless graphene compared to massive state.[1–3]

In order to describe the movement of graphene fermions,
we need to obtain the relativistic wave equation with the
Dirac equation. The solution of Dirac’s equation has cer-
tain complexities that some potentials have analytical so-
lutions and with some other potentials the solutions are
not analytical, so we can sometimes reach analytical so-

lutions with mathematical tricks and initiatives. Many
studies solved the Dirac equation analytically and quasi-
analytically, such as the Hulthén potential,[4,5] the Woods–
Saxon potential,[6] the Eckart potential,[7] the Pöschl–Teller
potential,[8] the Manning–Rosen potential,[9] the hyperbolic
potential,[10] the Rosen–Morse potential,[11–13] the pseudo-
harmonic potential,[14] and the Morse potential.[15–18] These
solutions were not necessarily for graphene but for a system
with fermions moving under these potentials. It should be
noted that the aforesaid potentials are even solved in some
physical systems by the supersymmetry method, iteration
method, and Nikiforov–Uvarov method, etc.[17–20] If we pay
attention to the root of the Dirac equation, it includes two po-
tentials of repulsion vector V (r) and attraction scalar S(r),
which are useful for determining spin and pseudo-spin sym-
metry, so that the vector potential and the scalar potential are
coupled to mass and energy, respectively. These expressions
exist in the Dirac Hamiltonian, which is invariant under the
SU(2) algebra for the above-mentioned two symmetries. The
corresponding symmetries with the nuclear shell model for nu-
clear physics phenomena were introduced by Refs. [21,22].
This means that in spin symmetry, the difference between vec-
tor and scalar potentials is constant, while in pseudo-spin sym-
metry the sum of these two potentials is constant.[23–25] In ad-
dition, the Dirac equation with spin symmetry and pseudo-spin
symmetry has been solved with different potentials and with
multiple methods.[26–30]

Now, physically, we can ask how does pseudo-spin sym-
†Corresponding author. E-mail: al.amani@iau.ac.ir
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

080303-1

https://doi.org/10.1088/1674-1056/ad426b
mailto:al.amani@iau.ac.ir
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 080303 (2024)

metry happen? To answer this question, we look at the motion
of electrons inside a solid and assign them an effective mass as
they move through undisturbed free space. So, we come to the
conclusion that the effective mass contains a different mass,
which is called a quasi-particle. Therefore, the movement of
electrons in a solid is the movement of quasi-particles with
their effective mass. This issue is very applicable to the struc-
ture of graphene, which is a honeycomb network of individual
carbon atoms. Therefore, electrons move in graphene as rel-
ativistic fermionic particles of carbon atoms that are located
in the neighborhood of the Fermi level and at the edges of the
first Brillouin zone, these points at the edges are called Dirac
points. If we pay attention to the solutions of the Dirac equa-
tion without mass, we find that the conduction and valence
bands will be in touch with each other at the Dirac points, or
in other words it has a zero-energy gap. If we consider the cor-
responding graphene in a more realistic way, meaning that its
quasi-particles have effective mass and are subjected to atomic
potentials, we will see that an energy gap will be created be-
tween the conduction and valence bands, which is so-called
the gapped graphene.[31–33]

In order to perform a complete and accurate investiga-
tion of graphene, the effects of electron–electron interaction as
quasi-particle motion are very important. For this purpose, the
electronic structures of gapped graphene can be investigated
from the perspective of high energy physics, which is a mean-
ingful bridge to condensed matter[34–36] in the sense that the
quasi-particles are placed in front of a potential barrier, which
prompts us to consider the corresponding system as a diatomic
molecule. It should be noted that many papers have studied di-
atomic molecular systems in the different fields of physics us-
ing Dirac equation, Schrödinger equation, and Klein–Gordon
equation.[20,37,38] Therefore, with this point of view, in this
paper we study the general state of the gapped graphene under
a potential barrier called Rosen–Morse potential that can de-
scribe the interatomic interaction and inter-surface interaction
for quasi-particles in pseudo-spin symmetry. Rosen and Morse
studied the corresponding potential for the vibrations of poly-
atomic molecules, such as the vibration of nitrogen inside the
ammonia molecule.[11] In addition, we consider the present
study in a uniform magnetic field, which causes changes in
the band gap and the energy spectrum.[39–41] Since the Rosen–
Morse potential is a potential that depends on the distance, it
can be a very useful description of the intra-material interac-
tions in the realistic graphene arrangement. Although the the-
oretical modeling was discussed in this research, it is expected
that in a realistic graphene it will bring features regarding the
interaction of electrons and network structure or between elec-
trons and external fields, both electric and magnetic. There-
fore, the potential can be designed to investigate the anhar-
monic nature and characteristics of these interactions. How-

ever, to make a graphene with Rosen–Morse potential, com-
putational methods such as molecular dynamics simulation or
quantum mechanical calculations are usually used to adapt the
potential parameters to the specific properties and behaviors
observed in graphene. Thus, it is possible to obtain the depth
and width of the potential well by matching the range of the
graphene network. However, theoretical models can provide
a more accurate insight into the properties and behavior of a
realistic graphene. Therefore, in this paper we solve analyti-
cally the corresponding Dirac equation in the presence of the
Rosen–Morse potential and the external magnetic field for a
gapped graphene. In addition, the wave functions are obtained
by the Legendre polynomial as a special function and then the
bound energy in terms of the coefficients related to the corre-
sponding potential and the magnetic field.

We organize the present study as follows. In Section 2, we
generally present the massive Dirac equation in the presence of
the scalar and vector potentials and the magnetic field. In Sec-
tion 3, we will obtain the energy spectrum and wave functions
by using the Legendre polynomial in an interatomic-surface
interaction by the Rosen–Morse potential as pseudo-spin sym-
metry, as a result we calculate the energy spectrum in terms of
orbit–spin quantum numbers and draw the wave functions in
terms of radial coordinates. In Section 4, we present the band
structure of gapped graphene and draw the energy bands in
terms of wave vectors. Finally, we provide a summary of the
present work in Section 5.

2. Massive Dirac equation with an external mag-
netic field
In this section, we intend to consider the motion of an

electron with mass M with the Fermi velocity, vF ' 106 m/s,
under a scalar potential, S(r), and a vector potential, V (r), in
an external uniform magnetic field, 𝐵 = B0ẑ, with magnetic
vector potential, 𝐴, in graphene. In that case, we can write the
Dirac equation with the linear momentum operator, 𝑝, in the
following Hamiltonian form:

H = vF α ·
(
𝑝− e

c
𝐴

)
+β

(
Mc2 +S(r)

)
+V (r), (1)

where

α =

(
0 σ

σ 0

)
, β =

(
I 0
0 −I

)
(2)

are 4× 4 matrices in which σ and I are, respectively, Pauli
matrices and unitary matrix, as below:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
,

σz =

(
1 0
0 −1

)
, I =

(
1 0
0 1

)
. (3)
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Notice that in the above Dirac equation, the radial coordi-
nate r is on the two-dimensional plane of x–y. Now the Dirac
Hamiltonian (1) is written as

HΨ(r,φ) = EΨ(r,φ), (4)

where E is the eigenvalue, and Ψ(r,φ) =
(

ΨI(r,φ)
ΨII(r,φ)

)
is the wave

function which one split to two-component spinors as ΨI and
ΨII. To insert Eqs. (1) and (2) into Eq. (4), we have

ΨI =
vF σ ·

(
p− e

c A
)

E−Mc2−S(r)−V (r)
ΨII, (5a)

ΨII =
vF σ ·

(
p− e

c A
)

E +Mc2 +S(r)−V (r)
ΨI, (5b)

where the solution of the pure Dirac equation is obtained by
omitting the scalar potential, the vector potential, and the mag-
netic vector potential in the form

E± =±
√

M2c4 + v2
F p2, (6)

but the solution of the above Dirac equation is laborious in the
existence of the corresponding potentials; however, we obtain
dispersion relation by using σ · a σ · b = a · b+ iσ [a× b] as
follows: (

E−Mc2−S−V
)(

E +Mc2 +S−V
)

= v2
F

(
𝑝− e

c
𝐴
)2

. (7)

Now, in order to calculate wave function and eigenval-
ues of the corresponding system, we separate two-component
spinor ΨI and ΨII in terms of coordinates r and φ in the follow-
ing form:[42](

ΨI(r,φ)
ΨII(r,φ)

)
=

(
ψ1(r)e ikφ

i ψ2(r)e i(k+1)φ

)
, (8)

where ψ1 and ψ2 are the radial part of the wave functions,
and k is introduced spin–orbit quantum number which is a
constant. Since we will consider the motion of a particle in
graphene to be two-dimensional, we convert the polar coordi-
nate r–φ as the Cartesian coordinates x–y as

∂

∂x
= cosφ

∂

∂ r
− sinφ

r
∂

∂φ
, (9a)

∂

∂y
= sinφ

∂

∂ r
+

cosφ

r
∂

∂φ
, (9b)

and on the other we have according to coordinates x and y as

𝜎 ·𝑝= σx px +σy py, (10)

where px =−ih̄ ∂

∂x and py =−ih̄ ∂

∂y . The magnetic vector po-
tential, 𝐴, for a charged particle moving in a constant mag-
netic field, ∇×𝐴=𝐵 = B0ẑ, to be

𝐴=
1
2
(𝐵×𝑟) . (11)

By substituting Eqs. (8)–(11) into (4), we obtain two cou-
pled first-order differential equations for ψ1 and ψ2 in the fol-
lowing form:

(m̃− Ẽ + S̃+Ṽ )ψ1 +

(
d
dr

+
k+1

r
−ηr

)
ψ2 = 0, (12a)(

m̃+ Ẽ + S̃−Ṽ
)

ψ2 +

(
d
dr
− k

r
+ηr

)
ψ1 = 0, (12b)

where Ẽ = E
vFh̄ , m̃ = Mc2

vFh̄ , Ṽ = V
vFh̄ , S̃ = S

vFh̄ , and η = eB0
2ch̄ . The

wave functions ψ1 and ψ2 are written together as

ψ1 =
1

Ẽ− m̃−U(r)

(
d
dr

+
k+1

r
−ηr

)
ψ2, (13a)

ψ2 =
1

−Ẽ− m̃+W (r)

(
d
dr
− k

r
+ηr

)
ψ1, (13b)

where U(r) = Ṽ (r)+ S̃(r) and W (r) = Ṽ (r)− S̃(r). We write
two second-order differential equations from Eq. (13) in the
following form:

d2ψ1

dr2 +

(
1

Ẽ + m̃−W

dW
dr

+
1
r

)
dψ1

dr

+

(
η +

k
r2 +

(
ηr− k

r

)
×
(

1

Ẽ + m̃−W

dW
dr

+
k+1

r
−ηr

)
+
(
Ẽ + m̃−W

)(
Ẽ− m̃−U

))
ψ1 = 0, (14a)

d2ψ2

dr2 +

(
1

Ẽ− m̃−U

dU
dr

+
1
r

)
dψ2

dr

+

(
−2η +

(
−ηr+

k+1
r

)
×
(

1

Ẽ− m̃−U

dU
dr
− k+1

r
+ηr

)
+
(
Ẽ + m̃−W

)(
Ẽ− m̃−U

))
ψ2 = 0. (14b)

Since we intend to describe gapped graphene in the pres-
ence of external electric and magnetic fields by the Dirac
equation, we have to consider the corresponding solution
as the pseudo-spin symmetry. It should be noted that the
Dirac equation has solutions of spin symmetry and pseudo-
spin symmetry, in which W (r) = Cs = constant is called spin
symmetry and U(r) = Cps = constant is called pseudo-spin
symmetry.[42–47] Therefore, we have k(k + 1) = l(l + 1) and
k(k− 1) = l̃(l̃ + 1) in which l and l̃ are orbital angular mo-
mentum for spin symmetry and pseudo-spin symmetry, re-
spectively. Herein, the total angular momentum is introduced
as j = l + s and j̃ = l̃ + s̃ for spin symmetry and pseudo-spin
symmetry, respectively, in which s = s̃ =±1/2. We will have
the corresponding relationships for spin symmetry

aligned spin : k =−(l +1), j = l +
1
2
, k < 0, (15a)
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unaligned spin : k =+l, j = l− 1
2
, k > 0, (15b)

where k = +1,±2,±3, . . ., but for pseudo-spin symmetry
yields

aligned spin : k =−l̃, j = l̃− 1
2
, k < 0, (16a)

unaligned spin : k = l̃ +1, j = l̃ +
1
2
, k > 0, (16b)

where k =−1,±2,±3, . . ..
Therefore, since the spin of electrons in graphene plays

the role of pseudo-spin symmetry, in this work we con-
sider Dirac equation for pseudo-spin symmetry. In this case,
Eq. (14b) becomes

d2ψ2

dr2 +
1
r

dψ2

dr

+

(
−η

2r2 +2ηk+
(

Ẽ + m̃−W
)

×
(

Ẽ− m̃−Cps

)
− (k+1)2

r2

)
ψ2 = 0. (17)

In the next section, we obtain the eigenvalues and the
eigenvectors for the present system with a known potential in-
stead of W (r).

3. Energy spectrum for a Rosen–Morse poten-
tial
In this section, we intend to study the effects of exter-

nal electric and magnetic fields in gapped graphene by Rosen–
Morse potential. For this purpose, we have to examine the
effective mass of charge carriers (the propagated electrons)
as relativistic fermionic quasi-particles through the graphene
hexagonal lattice. Now, in order to solve the corresponding
system, we must use the Dirac equation instead of Schrödinger
equation from the point of view of symmetry pseudo-spin
symmetry. In that case, instead of the summation of the scalar
and vector potentials, we consider the Rosen–Morse potential
in the following form:[11]

W (r) =−V1 sech2(γr)+V2 tanh(γr), (18)

where V1 and V2 are the depth of the potential, and γ

is the range of the potential. The Rosen–Morse potential
has a minimum in equilibrium distance (bond length) re =

− 1
γ
arctanh

(
V2
2V1

)
. By substituting Eq. (18) into Eq. (17), we

have
d2ψ2(r)

dr2 +
1
r

dψ2(r)
dr

+

(
−η

2r2 +2ηk− (k+1)2

r2

+
(

Ẽ + m̃+V1 sech2(γr)−V2 tanh(γr)
)

×
(
Ẽ− m̃−Cps

))
ψ2(r) = 0, (19)

where by changing variable z = tanh(γr) and applying it to the
above equation, we will have

(1− z2)
d2ψ2(z)

dz2 −2z
dψ2(z)

dz
+

1
arctanh(z)

dψ2(z)
dz

+

(
− η2

γ4
arctanh2(z)

1− z2 +
2ηk
γ2

1
1− z2

+

(
(Ẽ + m̃)

γ2
1

1− z2 +
V1

γ2 −
V2

γ2
z

1− z2

)(
Ẽ− m̃−Cps

)
− (k+1)2

(1− z2)arctanh2(z)

)
ψ2(z) = 0. (20)

The analytical solution of the above equation is very
complicated, so we can solve it by using the approximation
method. Commonly in physics problems, the Taylor series is
used as a powerful mathematical technique to simplify models
when they are impossible to achieve. This series allows us to
approximate the function near that point using a polynomial.
For this purpose, we approximate trigonometric terms around
ze = tanh(γre) = − V2

2V1
in which re is the bond length. In that

case, we have

1
arctanh(z)

' z2
e + ze(1−2z2

e)arctanh(ze)+(1− z2
e)

2 arctanh2(ze)

(1− z2
e)

2 arctanh3(ze)

− 2ze +(1−3z2
e)arctanh(ze)

(1− z2
e)

2 arctanh3(ze)
z

+
1− ze arctanh(ze)

(1− z2
e)

2 arctanh3(ze)
z2 +O(z)3, (21a)

arctanh2(z)
1− z2

' z2
e −2ze(1−4z2

e)arctanh(ze)+(1−3z2
e +6z4

e)arctanh2(ze)

(1− z2
e)

3

+
−2ze +2(1−7z2

e)arctanh(ze)−8z3
e arctanh2(ze)

(1− z2
e)

3 z

+
1+6ze arctanh(ze)+(1+3z2

e)arctanh2(ze)

(1− z2
e)

3 z2 +O(z)3,

(21b)
1

(1− z2)arctanh2(z)

' 3z2
e +2ze(1−4z2

e)arctanh(ze)+(1−3z2
e +6z4

e)arctanh2(ze)

(1− z2
e)

3 arctanh4(ze)

+
6ze +2(1−7z2

e)arctanh(ze)+8z3
e arctanh2(ze)

(1− z2
e)

3 arctanh4(ze)
z

+
3−6ze arctanh(ze)+(1+3z2

e)arctanh2(ze)

(1− z2
e)

3 arctanh4(ze)
z2 +O(z)3.

(21c)

On the other hand, we can, respectively, write the above ap-
proximation terms as

1
arctanh(z)

= a0 +a1z+a2z2, (22a)

arctanh2(z)
1− z2 = b0 +b1z+b2z2, (22b)

1
(1− z2)arctanh2(z)

= c0 + c1z+ c2z2. (22c)

Now we can write down coefficients a0 to c2 by using
Eqs. (21) and (22) in the following form:

080303-4
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a0 =
z2

e + ze(1−2z2
e)arctanh(ze)+(1− z2

e)
2 arctanh2(ze)

(1− z2
e)

2 arctanh3(ze)
, (23a)

a1 =−
2ze +(1−3z2

e)arctanh(ze)

(1− z2
e)

2 arctanh3(ze)
, (23b)

a2 =
1− ze arctanh(ze)

(1− z2
e)

2 arctanh3(ze)
, (23c)

b0 =
z2

e−2ze(1−4z2
e)arctanh(ze)+(1−3z2

e +6z4
e)arctanh2(ze)

(1− z2
e)

3 , (23d)

b1 =
−2ze +2(1−7z2

e)arctanh(ze)−8z3
e arctanh2(ze)

(1− z2
e)

3 , (23e)

b2 =
1+6ze arctanh(ze)+(1+3z2

e)arctanh2(ze)

(1− z2
e)

3 , (23f)

c0 =
3z2

e +2ze(1−4z2
e)arctanh(ze)+(1−3z2

e +6z4
e)arctanh2(ze)

(1− z2
e)

3 arctanh4(ze)
, (23g)

c1 =
6ze +2(1−7z2

e)arctanh(ze)+8z3
e arctanh2(ze)

(1− z2
e)

3 arctanh4(ze)
, (23h)

c2 =
3−6ze arctanh(ze)+(1+3z2

e)arctanh2(ze)

(1− z2
e)

3 arctanh4(ze)
, (23i)

where by considering the value of equilibrium distance (bond length), re = 2.197224577 fm, we can obtain coefficients a0 to c2

as

a0 = 5.974907579, a1 =−12.19886077, a2 = 7.780005050, (24a)

b0 = 0.2579095562, b1 =−1.289505649, b2 = 2.496412480, (24b)

c0 = 23.32181071, c1 =−63.94181239, c2 = 24.53113834. (24c)

In what follows, we will solve the corresponding system
by using the separation method. For this purpose, we can write
down the wave function in terms of multiplied between an ar-
bitrary function, R(z), and the Legendre polynomial, Pn(z), in
the form

ψ2(z) = R(z)Pn(z), (25)

where the Legendre polynomial is an orthogonal polynomial
of degrees n, and its differential form is

(1− z2)Pn
′′(z)−2zPn

′(z)+n(n+1)Pn(z) = 0, (26)

where one is defined over the interval [−1, 1]. In addition, we
can write down its Rodrigues Formula as below:

Pn(z) =
1

2nn!
dn

dzn

(
(z2−1)n) . (27)

To insert Eqs. (22) and (25) into Eq. (20), one yields

(1− z2)Pn
′′(z)

+

[
2(1− z2)

R′

R
−2z+a0 +a1z+a2z2

]
Pn
′(z)[

(1− z2)
R′′

R
−2z

R′

R
+(a0 +a1z+a2z2)

R′

R

−η2

γ4 (b0 +b1z+b2z2)+
2ηk
γ2

1
1− z2

+

(
(Ẽ + m̃)

γ2
1

1− z2 +
V1

γ2 −
V2

γ2
z

1− z2

)(
Ẽ− m̃−Cps

)
−(k+1)2(c0 + c1z+ c2z2)

]
Pn(z) = 0, (28)

where index ′ is the derivative with respect to z.
In order to obtain the form of function R(z), we consider

the second term of Eq. (28) to be equivalent to the second term
of Eq. (26). In that case, we have

R(z) = R0 (z−1)
a0+a1+a2

4 (z+1)
−a0+a1−a2

4 e
a2
2 z, (29)

where R0 is introduced as an integral constant. The important
feature of this solution is that the boundary condition for wave
function is as ψ(r→ 0) 6= 0 and ψ(r→ ∞) = 0, i.e., the parti-
cle is present in r→ 0 but not in r→ ∞. By inserting Eq. (29)
into the third term of Eq. (28), and then by equating the third
term of Eq. (28) with the third term of Eq. (26), the following
results are obtained:

η
2 =

γ4

4

(
a2

2
2b1

+
a2(a1−2)

b1

)
− γ4

2
(k+1)2

(
c2

b2
+

c1

b1

)
, (30a)
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4n(n+1)+4c0 (k+1)2−a2
1−a2

2 +2(a1−a0a2)

− 4V1

γ2

(
Ẽ− m̃−Cps

)
+

4b0

γ4 η
2 = 0, (30b)

4
γ2

(
Ẽ + m̃+V2

)(
Ẽ− m̃−Cps

)
+

8k
γ2 η− (a0−a1 +a2)

2 = 0, (30c)

4
γ2

(
Ẽ + m̃−V2

)(
Ẽ− m̃−Cps

)
+

8k
γ2 η− (a0 +a1 +a2)

2 = 0, (30d)

where first two relations show the quantization of the magnetic
field, i.e., η is written in terms of k. In addition, we obtain the
energy spectra, Ẽ ≡ Ẽnk, from the combination of the last three
relations in the following form:

Ẽnk =
γ2

8V1

(
4n(n+1)+4c0(k+1)2

+
4b0

γ4 η
2− (2a0a2 +a2

1 +a2
2−2a1)

)
− γ2a1

4V2
(a0 +a2)+Cps + m̃, (31)

where in order to eliminate η by inserting Eq. (30a) into
Eq. (31) we have

Ẽnk =
γ2

8V1

[
4n(n+1)+4(k+1)2

(
2c0−

b0c1

b1
− b0c2

b2

)
+b0

(
a2

2
2b1

+
a2(a1−2)

b1

)
− (2a0a2 +a2

1 +a2
2−2a1)

]
− γ2a1

4V2
(a0 +a2)+Cps + m̃, (32)

where Ẽnk is dependent on the Rosen–Morse and external
magnetic potentials, and is written in terms of the quantum
numbers and other coefficients.

Table 1. The energy spectrum Ẽnk by the values of re = 2.197224577 fm, m̃ = 1 fm−1, γ = 0.25 fm−1, V1 = −1 fm−1, V2 = 1 fm−1, and
CPS =−6 fm−1.[12]

n k l̃ j̃ l nL j̃ ; (n−1)L j̃ Ẽnk (fm−1) n k l̃ j̃ l nL j̃ ; (n−1)L j̃ Ẽnk (fm−1)

1 −4 4 7/2 3 1f7/2 −4.489788121 2 −4 4 7/2 3 2f7/2 −4.614788121
1 −3 3 5/2 2 1d5/2 −2.042875755 2 −3 3 5/2 2 2d5/2 −2.167875755
1 −2 2 3/2 1 1p3/2 −0.574728336 2 −2 2 3/2 1 2p3/2 −0.699728336
1 −1 1 1/2 0 1s1/2 −0.085345864 2 −1 1 1/2 0 2s1/2 −0.210345864
1 2 1 3/2 2 0d3/2 −4.489788121 2 2 1 3/2 2 1d3/2 −4.614788121
1 3 2 5/2 3 0f5/2 −7.915465434 2 3 2 5/2 3 1f5/2 −8.040465434
1 4 3 7/2 4 0g7/2 −12.31990769 2 4 3 7/2 4 1g7/2 −12.44490768
1 5 4 9/2 5 0h9/2 −17.70311488 2 5 4 9/2 5 1h9/2 −17.82811488

In order to have a deeper understanding of the calcula-
tions related to the energy spectrum (32), we observe its val-
ues in terms of the quantum numbers n and k as given in Ta-
ble 1. As mentioned in the previous section, in this paper
we are dealing with pseudo-spin symmetry merely for gapped
graphene, so that with the help of Eq. (16) we can obtain a re-
lationship between k, j̃, l, and l̃ in the states with aligned spin
(k < 0) and unaligned spin (k > 0) in Table 1. We can also
write down the corresponding orbitals for L = 0,1,2,3,4,5, . . .
with shapes s, p, d, f, g, h, . . ., respectively, as nL j̃ when k > 0
and (n− 1)L j̃ when k < 0. Table 1 shows us that there is a

degeneracy energy for k→ −k− 2, so we have Ẽnk = Ẽnk̄−2

in which symbol k̄ is −k. In addition, we can rewrite down
Eq. (32) in a more compact form as follows:

Ẽnk = An(n+1)+B(k+1)2 +C, (33)

where the coefficients A, B, and C are

A =
γ2

2V1
, (34a)

B =
γ2

2V1

(
2c0−

b0c1

b1
− b0c2

b2

)
, (34b)

C =
γ2

8V1

(
b0a2

2
2b1

+
b0a2(a1−2)

b1
−2a0a2−a2

1−a2
2 +2a1

)
− γ2a1

4V2
(a0 +a2)+Cps + m̃. (34c)
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Fig. 1. The real part of the wave functions ψ1 and ψ2 and their proba-
bilities in terms of coordinate r in which the ground state and the first
excited state are represented by the line and the dot, respectively.
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In order to represent the variation of the wave functions
ψ1 and ψ2 in terms of coordinate r, we first obtain wave func-
tion ψ2 by substituting Eq. (29) into Eq. (25) provided that
z = tanh(γr), and we then earn wave function ψ1 by substitut-
ing the obtained ψ2 into Eq. (13a). In that case, we can see the
variation of the radial part of the wave functions ψ1 and ψ2,
and the corresponding probabilities in terms of radial coordi-
nate r for the principal quantum number n in Fig. 1. Figure 1
depicts us that the wave functions ψ1 and ψ2 tend to zero when
the coordinate r tends to infinity.

4. Band structure of gapped graphene
From the perspective of relativistic quantum mechanics,

the band structure of gapped graphene is an interesting topic
in condensed matter physics, and even in nanotechnology. As
we know, graphene composed of carbon atoms in a hexagonal
honeycomb lattice is considered as a two-dimensional material
that has a unique electronic property of having a zero-band
gap at the Dirac points, i.e., where the valence and conduc-
tion bands are in touch with each other. Therefore, due to
the aforementioned characteristics, graphene is classified as a
semi-metal with high electrical properties. On the other hand,
in a more realistic investigation, especially in transistors, so-
lar cells, and sensors, we find that graphene plays the role of
a semiconductor, i.e., a band gap creates between the valence
and conduction bands, which is caused by factors such as de-
fects, electric fields, and or the multi-layeredness of graphene.
Therefore, the energy band gap is between the conduction and
valence bands, where the conduction energy band corresponds
to the energy of the electrons formed in the innermost shell
of the atom, and the valence energy band corresponds to the
energy of the valence electrons, which are located in the out-
ermost part of the atomic shell.

Now, in order to explore the present work from the point
of view of band structure, we note that momentum is a func-
tion of the two-dimensional wave vectors Kx and Ky, written
as 𝑝= h̄Kx𝑖+ h̄Ky𝑗. In that case, by inserting the current mo-
mentum and Eq. (11) into Eq. (7), we obtain the dispersion
relation for gapped graphene in the presence of the Rosen–
Morse potential and magnetic field as follows:(

Ẽ− m̃−Cps
)(

Ẽ + m̃−W
)

= K2
x +K2

y +η
2r2 +2η (yKx− xKy) , (35)

where W is the same the Rosen–Morse potential (18). There-
fore, in this work, the modified dispersion relation is obtained
in the presence of scalar, vector and magnetic vector poten-
tials. However, we note that if we ignore the effects of scalar
and vector potentials, and even the effective mass of elec-
trons, graphene behaves as a massless fermion, in which case
it will have a zero-energy gap. In general, a more compli-
cated problem is to calculate the dispersion relation of gapped

graphene in the presence of scalar and vector potentials than
in the potential-free case, which must be calculated through
wave vectors. In this case, we expect the dispersion relation to
provide insight into the behavior of waves within material.

In what follows, we intend to represent band structure of
gapped graphene in terms of wave vectors Kx and Ky. For this
purpose, we will have that the edges of the first Brillouin zone
are placed at a distance in the conduction and valence bands
from each other at six points, which is so-called the gap energy
of graphene, and for this reason the corresponding graphene is
called gapped graphene. To show the graphene lattice vectors,
we consider it as a honeycomb structure in the form of trian-
gular lattices in a two-dimensional plane with a base of two
atoms per unit cell. In this case, the network vectors, a1 and
a2 with the lattice constant a0 = 1.42 Å are as follows:[35]

a1 =
a0

2
(3,+

√
3), (36a)

a2 =
a0

2
(3,−

√
3), (36b)

and the reciprocal network vectors b1 and b2 are written in the
form

b1 =
2π

3a0
(1,+

√
3), (37a)

b2 =
2π

3a0
(1,−

√
3), (37b)

and the coordinates of the Dirac six-point wave vectors K and
K′ read

K =

(
+

2π

3a0
,

2π

3
√

3a0

)
,

(
− 2π

3a0
,

2π

3
√

3a0

)
,(

0,+
4π

3
√

3a0

)
, (38a)

K′ =
(
+

2π

3a0
,− 2π

3
√

3a0

)
,

(
− 2π

3a0
,− 2π

3
√

3a0

)
,(

0,− 4π

3
√

3a0

)
. (38b)

However, we plot the graph of the dispersion relation (35)
in terms of Kx and Ky for magnetic term values of η = 1
(Fig. 2(a)) and η = 0 (Fig. 2(b)) based on the values listed
in Table 1. In Fig. 2(a), we can see that there are two en-
ergy bands as the valence band and the conduction band, and
the difference between the minimum value of the conduction
band and the maximum value of the valence band, which is
called the gap energy, is about 5.7 fm−1 for the component
x and is about 5.4 fm−1 for component y. We note that the
size of the band gap energy depends on the mass, potential,
and magnetic term applied to it. Another point in Fig. 2 is
that in both figures we see a deviation from the origin due to
magnetic spins caused by magnetic fields. This means that if
we omit the effect of the magnetic field into the dispersion re-
lation (35), we will have the symmetric dispersion relation in
terms of wave vectors Kx and Ky, as shown in Fig. 2(b). There-
fore, in the modified dispersion relation (35), when the effect
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of mass, scalar and vector potentials, and the external mag-
netic field are omitted in the Hamiltonian of the present work,
the gapped graphene structure becomes a virgin graphene, in
which case the band gap energy will be zero. We also observe
that before and after the extremum points in the graph, the en-
ergy bands have a linear relationship with the wave vectors,
which is one of the important features of graphene.

10
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-10-15 1510

-15
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-10

-15

5 0-5-10 105

-5
K Kx↪Ky

E
~

E
~

(a) (b)

Fig. 2. (a) The energy bands in terms of wave vectors Kx (line) and Ky
(dash) for η = 1. (b) The energy bands in terms of wave vectors Kx and
Ky for η = 0, which are the same.

5. Conclusion
In this paper, we studied the gapped graphene structure in

the context of the Dirac Hamiltonian containing terms such
as mass, scalar and vector potentials, and the external uni-
form magnetic field. The corresponding Dirac equation has
been explored in two-dimensional space and we wrote down
the wave functions as the two-component spinors, so that they
are expressed in terms of polar coordinate r–φ by an arbitrary
spin–orbit quantum number k. Since the relativity Dirac equa-
tion is related to the motion of spin half particle as fermionic
quasi-particles, it can describe the gapped graphene with the
pseudo-spin symmetry approach as k > 0 for aligned spin and
k < 0 for unaligned spin. Next, we considered the pseudo-spin
symmetry as the sum of scalar and vector potentials equal to a
constant value, which is written as U(r) =Cps.

Next, to solve the current system, we converted the Dirac
Hamiltonian from polar coordinates r–φ to Cartesian coor-
dinates x–y and then obtained two second-order differential
equations in terms of the radial part of the wave functions ψ1

and ψ2. In order to describe the relativistic electron propa-
gation in graphene under an interatomic potential, we con-
sidered the difference between the scalar and vector poten-
tials as the Rosen–Morse potential (18) with bond length re =

− 1
γ
arctanh

(
V2
2V1

)
. Although this choice makes the present

study much more difficult and complicated, it is expected to
have a good achievement for the construction of graphene-
based electronic devices. Afterward, we put the Rosen–Morse
potential into the second-order differential equation for the
wave function ψ2, and then deformed it by changing the vari-
able z = tanh(γr) to reach an analytical solution. Then, we
expand the trigonometric expressions with a good approxi-
mation by Taylor expansion around the point of bond length

ze = tanh(γre) up to the second order. In the next step, with
the help of the separation method, we consider that the wave
function is equal to the product between the arbitrary function,
R(z), and the Legendre polynomial, Pn(z). Then, we acquired
the eigenvector (29) and the eigenvalues (33) by comparing
the second and the third terms of the second-order differential
equations of the wave function ψ2 and the Legendre polyno-
mial. We note that the eigenvalues are the same as the bound
states or energy spectrum, which depends on the Rosen–Morse
potential and the external magnetic potential. Next, the en-
ergy spectrum has been calculated in terms of quantum num-
bers n and k as aligned-unaligned spins with the listed values,
as shown in Table 1. We also represented the corresponding
calculations for orbitals with shapes s, p, d, f, g, and h. We
observe that there is a degeneracy energy for k→ −k− 2 as
Ẽnk = Ẽnk̄−2, as shown in Table 1. Therefore, we plotted the
graph of the wave functions ψ1 and ψ2, and their probabilities
in terms of radial coordinate r for orbitals s and p, which are
same the ground state and the first excited state, respectively.

We studied the topology of the gapped graphene band
structure using the dispersion relation. For this purpose, we
first obtained the modified dispersion relation from the corre-
sponding Dirac equation in terms of the two-dimensional wave
vectors Kx and Ky, and in this way we were able to describe the
conduction and valence bands in this work. We note that the
modified dispersion relation depends on the electron mass, the
Rosen–Morse potential, and the external magnetic field. Fi-
nally, we plotted the variation of the conduction and valence
bands in terms of wave vectors Kx and Ky, and then calculated
the corresponding energy gap or band gap for different effects
of the external magnetic field. The remarkable thing in this
research was that there is a curve around the minimum and
maximum points of the energy bands, but beyond that a linear
relationship with the wave vector is observed.
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