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We theoretically study nonlinear thermoelectric transport through a topological superconductor nanowire hosting
Majorana bound states (MBSs) at its two ends, a system named as Majorana nanowire (MNW). We consider that the
MNW is coupled to the left and right normal metallic leads subjected to either bias voltage or temperature gradient. We
focus our attention on the sign change of nonlinear Seebeck and Peltier coefficients induced by mechanisms related to
the MBSs, by which the possible existence of MBSs might be proved. Our results show that for a fixed temperature
difference between the two leads, the sign of the nonlinear Seebeck coefficient (thermopower) can be reversed by changing
the overlap amplitude between the MBSs or the system equilibrium temperature, which are similar to the cases in linear
response regime. By optimizing the MBS–MBS interaction amplitude and system equilibrium temperature, we find that
the temperature difference may also induce sign change of the nonlinear thermopower. For zero temperature difference and
finite bias voltage, both the sign and magnitude of nonlinear Peltier coefficient can be adjusted by changing the bias voltage
or overlap amplitude between the MBSs. In the presence of both bias voltage and temperature difference, we show that the
electrical current at zero Fermi level and the states induced by overlap between the MBSs keep unchanged, regardless of
the amplitude of temperature difference. We also find that the direction of the heat current driven by bias voltage may be
changed by weak temperature difference.

Keywords: quantum dot, nonlinear Seebeck coefficient, Peltier coefficient, Majorana bound states, sign
change
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1. Introduction

Majorana bound states (MBSs) are quasiparticle exci-
tations of Majorana fermions, which are of their own an-
tiparticles and thus charge-neutral, as well as zero in en-
ergy. They satisfy non-Abelian statistics and are promising
in fault-tolerant quantum computation implementations.[1–3]

Theoretically, a pair of MBSs were predicted to be real-
izable at opposite ends of a nanowire on top of a three-
dimensional superconductor substrate (Kitaev chain).[4] In-
spired by this model, MBSs were further investigated
in topological insulators[5] and topological semiconductor-
superconductor heterostructures.[6] Signatures might arise
from MBSs that were fist observed experimentally by Mourik
et al. in a semiconductor-superconductor nanowire (Majo-
rana nanowire) composed of indium antimonide (InSb) and
niobium titanium nitride (NbTiN).[7] Subsequently, states pos-
sessing exotic characteristics of MBSs were found in a semi-
conductor indium arsenide (InAs) nanowire with a quan-
tum dot (QD) at its one end,[8] phase-controlled Joseph-
son junctions with topological superconductivity,[9,10] a hy-
brid nanowire consisting of a semiconductor InAs core sur-
rounded by superconductor aluminum (Al) shell,[11] a Kitaev

chain sandwiched between two spin-polarized QDs,[12] vor-
texes in topological superconductors,[13,14] magnetic texture
with strong spin–orbit interaction,[15] and some other solid-
state platforms.

Along with the preparation of MBSs signature in con-
densed matter setups, there have been many attempts to de-
tect their existence by an irrefutable experimental evidence.
Currently, transport experiments offer a relatively simple way
to detect MBSs signatures via the phenomenon of zero-bias
anomaly (ZBA) emerging in the electrical conductance due to
the exotic zero-energy character of MBSs.[7,8,16] To avoid un-
certainty of the ZBA unique to the existence of MBSs, it often
requires to perform additional analysis to distinguish MBSs
from possibilities of the Kondo effect[17–20] or the partially
separated Andreev bound states.[21–25] Other mechanisms that
can demonstrate the existence of MBS were also proposed,
including spin selective Andreev reflection,[13] fractional and
planar Josephson effects,[9,10,26] quantum interference effects
in in ring- or T-shaped QDs-based systems,[27–31] etc.

It was shown previously that the MBSs at vortex cores
of a two-dimensional topological superconductor with broken
time-reversal symmetry can induce a magneto-thermoelectric
(Ettingshausen) effect between opposite sides of the edge
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states.[32] This is due to the fact that the flow of vortex car-
rying MBSs induces a temperature gradient between the two
sides of the topological superconductor, i.e., a phenomenon
that could be viewed as an strong evidence of MBSs signa-
ture. Further study proved that a nonvanishing thermopower of
reasonable magnitude between a conducting lead and a super-
conductor can be applied to infer the information of MBSs.[33]

The thermopower, which is a central quantity in thermoelec-
tric effects, measures the generated bias voltage in response
to a temperature difference applied across a system under the
condition of zero current. To break the particle–hole symme-
try of MBSs, a QD with gate-tunable energy levels was pro-
posed to be inserted between a normal lead and a superconduc-
tor possibly hosting MBSs.[34] The emerged thermopower in
this setup relies on the coupling strength between the QD and
MBSs, and thus information of the MBSs is extractable.[34] If
a nanowire hosting signature of MBSs is side-coupled to a QD
sandwiched between two leads, the sign of the thermopwer
can be efficiently reversed by adjusting the overlap amplitude
between the MBSs, QD-MBSs coupling strength, as well as
the system equilibrium temperature.[35–37] This is of particu-
lar interesting and useful in the detection of possible existence
of MBSs.
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Fig. 1. (a) Schematic plot of the topological superconductor nanowire
hosting MBSs, which are denoted individually by η1 and η2. The MBSs
couple to the left and right normal metal leads with equal strength of Γ .
The two leads are held at different temperatures of TL and TR, from
which the thermoelectric effect arises. The chemical potentials of the
leads are presented by µα , and δM stands for overlap amplitude between
the MBSs. [(b), (c)] Individually for the linear conductance G0 and
linear thermopower S0 as functions of chemical potential of the leads
µ = µL = µR at different values of system temperature T = TL = TR
with δM = 0. [(d), (e)] Individually for G0 and S0 with δM varying and
T = 0.2 fixed.

In the above-mentioned work concerning thermoelectric
effect mediated by MBSs, the magnitude of bias voltage and
temperature difference between two terminals of the system

are infinitesimal (linear response regime). Beyond linear re-
sponse, i.e., in the presence of finite bias voltage and/or tem-
perature difference, the electric and heat currents induced by
the applied bias voltage will interfere with those excited by
the temperature difference via adjusting the system’s parame-
ters, leading to a highly nontrivial thermoelectric effect.[38–44]

Recently, nonequilibrium noise due to the fluctuation of elec-
tric current under the nonlinear condition was proposed to
demonstrate the existence of MBSs in a nanowire side-coupled
to a QD connected to leads.[45–47] In the present manuscript,
we study nonlinear thermoelectric transport through an MNW
sandwiched between the left and right normal mental leads
(N-MNW-N). The two leads are biased by a voltage and held
at different temperatures as shown in Fig. 1(a). It should be
noted that Seebeck effect in the linear response regime has
been studied previously in this model.[35,48,49] They found that
the thermopower remains to be zero when the leads’ chemical
potential is aligned to the zero-energy state of the MBSs due
to its inherent particle-hole symmetry. Apart from this point,
both the magnitude and sign of the thermopower depends on
the direct overlap amplitude of the MBSs. In the nonlinear
response regime, we find that the sign of the nonlinear ther-
mopower can be reversed by changing temperature difference
between the two leads in addition to the MBS–MBS coupling
amplitude and the system equilibrium temperature. Under fi-
nite bias voltage and zero temperature difference, one can ad-
just the nonlinear Peltier coefficient by either the bias voltage
or overlap amplitude between the MBSs. In the presence of
both bias voltage and temperature difference, the direction of
the heat current may be reversed by changing the MBS–MBS
coupling amplitude, which can be used for cooling or heating
the MNW.

2. Model and method
In the low-energy regime, the effective Hamiltonian of the

N-MNW-N system can be written as[48–50]

H = ∑
k,β=L,R

εkβ c†
kβ

ckβ +
i
2

εMγ1γ2

+∑
k
(VLγ1ckL +VRckRγ2 +H.c.), (1)

where the first term on the right-hand side of Eq. (1) is for
the normal metal leads with continuous energy εkβ and cre-
ation (annihilation) operator c†

kβ
(ckβ ). The second and third

terms on the right-hand side of Eq. (1) represent the MBSs at
the ends of the MNW and their interaction to the leads.[49,50]

The operator γ1(2) satisfies γ1(2) = γ
†
1(2), γ2

1(2) = 1 and the anti-
communication relationship of {γi,γ j} = 2δi j. The quantity
δM is the direct hybridization amplitude between the MBSs,
and Vβ stands for hybridization strength between the MBSs
and the β -th lead. We calculate the electrical and heat cur-
rents flowing through lead β by the nonequilibrium Green’s
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function technique,[48,49]

Iβ =
e
h

∫
dε𝒯 (ε)[ fL(ε)− fR(ε)], (2)

Jβ =
e
h

∫
dε(ε −µβ )𝒯 (ε)[ fL(ε)− fR(ε)], (3)

where fβ (ε) = 1/{exp[(ε − µβ )/(kBTβ )] + 1} is the Fermi-
Dirac distribution function with kB being the Boltzmann con-
stant, Tβ and µβ are temperature and Fermi energy in the β -th
lead, respectively. Due to the current conservation, the rela-
tionship IL = −IR = I is satisfied. The transmission coeffi-
cient 𝒯 (ε) in Eqs. (2) and (3) is calculated in terms of the
retarded/advanced Green’s function of the MBSs Gr/a

γ (ε). By
employing the equation of motion method, one obtains the ma-
trix expression of Gr/a

γ (ε) as follows:[48–50]

Ĝr/a
γ (ε) =

2

ε +δMσ̂y −2Σ̂
r/a
0

, (4)

in which σ̂y is the usual Pauli matrix of the y-component,
Σ̂

r/a
0 = diag(−iΓL/2,−iΓR/2) the self-energy due to the pres-

ence of the leads. The line-width function in the above ex-
pression is given by Γβ = 2π|Vβ |2 ∑k δ (ε − εkβ ). In this
manuscript, we consider symmetrical coupling between the
MNW and the left and right leads, and set Γ = ΓL = ΓR.
The transmission coefficient in Eqs. (2) and (3) is then given
by 𝒯 (ε) = Γ (Gr

γ;11 + Gr
γ;22)/2, whose explicit expression

is[48–50]

𝒯 (ε) =
4Γ 2(ε2 +δ 2

M +4Γ 2)

(ε2 +4Γ 2)2 +δ 2
M[δ 2

M −2(ε2 −4Γ 2)]
. (5)

The nonlinear Seebeck and Peltier coefficients are numerically
calculated as Sn =−∆V/θ under the condition of zero electri-
cal current IL =−IR = I = 0, and Πn = JL/IL in the absence of
temperature difference. Here θ = TL −TR is the temperature
difference between the left and right leads. In what follows,
we set TL = T +θ and TR = T , with T being the system equi-
librium temperature. The chemical potential of the left lead
is set to be µL = µ + eV , where µ is the chemical potential
in equilibrium state, and V is the bias voltage applied across
the system. The chemical potential of the right lead is fixed at
µR = µ .

3. Numerical results
In the following numerical calculations, the line-width

function Γ ≡ 1 is chosen as the energy unit. We first sum-
marize briefly behaviors of electrical conductance G0(µ) and
thermopower S0(µ) in the linear response regime (here we
choose infinitely small θ = eV = 10−4). We have checked
that the following results are the same to those obtained from
linear-response formulae (eV = θ = 0) such as in Refs. [49,
50]. It is well known that in this regime, the Peltier coeffi-
cient Π0 is related to the thermopower by Π0 = T S0 (Kelvin

relation).[39,40] When the MBSs are decoupled from each other
δM = 0, the peak in G0 is widened and lowered with increas-
ing equilibrium temperature T as more electrons in the leads
are excited to higher energy states, as shown in Fig. 1(b). The
linear thermopower S0 in Fig. 1(c) is antisymmetrical with re-
spective to the state of µ = 0, and is enhanced significantly by
increased temperature T . It has two maximum absolute val-
ues when the Fermi energy in the leads is |µ| ≈ 2Γ . In the
presence of MBS–MBS hybridization (δM ̸= 0) as shown in
Fig. 1(d), the central peak in G0 is lowered and split when
δM > Γ [49,50] because new states are induced. As for S0 in
Fig. 1(e), its lineshape resembles that of δM = 0, and then
changes its sign when δM > Γ . These results are in agreement
with those found in previous work.[49]
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Fig. 2. Differential conductance Gn in (a) and nonlinear thermopower
Sn in (b) as functions of µ for different values of the temperature differ-
ence between the leads, θ = TL − TR. Other parameters are δM = 0,
equilibrium temperature T = 0.2, and an infinitesimal bias voltage
eV = 10−7. For sufficiently small θ = 0.001, Gn and Sn correspond
to their linear counterparts.

We then study the nonlinear thermoelectric effects, fo-
cusing our attention on the sign change of the nonlinear ther-
mopower Sn and Peltier coefficient Πn, and consider three dif-
ferent cases: (1) isoelectric case (eV = 0,θ ̸= 0) to study the
nonlinear thermopower Sn; (2) isothermal case (θ = 0,eV ̸= 0)
to examine the nonlinear Peltier coefficient Πn; and (3) fi-
nite both θ and eV to investigate the thermocurrent. Fig-
ures 2(a) and 2(b) show the nonlinear electrical conductance
Gn = dI/dV and thermopower Sn for different θ under the
conditions of zero δM and infinitesimal bias voltage. When
the temperature difference is sufficiently small (θ = 10−3), the
nonlinear conductance in Fig. 2(a) resembles its linear coun-
terpart in Fig. 1(b). With increasing θ , the peak in Gn is low-
ered and broadened as more electrons are excited above the
Fermi level in the left hotter lead. The behavior of the nonlin-
ear thermopower in Fig. 2(b) also resembles that of its linear
counterpart in Fig. 1(c),[48,49] with Sn(µ = 0)≡ 0. This is due
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to the fact that the difference between the Fermi functions in
the left and right leads fL(ε)− fR(ε) is an odd function of µ ,
and then the electrical current I is zero at µ = 0 due to the
particle-hole symmetry nature of the MBSs. When the left
lead is heated (θ > 0), more electrons are excited above the
chemical potential as indicated earlier. These electrons will
carry more energy from the left lead to the right one, leading
to larger thermopower as shown in Fig. 1(c).

Fig. 3. (a) Differential conductance Gn and (b) nonlinear thermopower
Sn varying with respective to µ for different values of δM and fixed
T = θ = 0.2. [(c), (d)] Contour plots of Sn as a function of (µ , T ) and (µ ,
θ ), respectively. The bias voltage is set to be eV ≈ 0. [(b), (c)] Sign of Sn
is reversible by changing the values of δM and system equilibrium T .

We then show the impacts of MBS–MBS hybridization
δM on Gn and Sn in Fig. 3 under finite θ and infinitesimal
bias voltage. When the MBSs on opposite ends of the MNW
are overlapped (δM ̸= 0), the central peak in Gn is broadened
and lowered as shown in Fig. 3(a). If the amplitude of δM ex-
ceeds the coupling strength between the leads and the MNW
(δM > Γ ), the central peak is split into two peaks positioned
individually at about µ ≈ δM. These behaviors of Gn are also
similar to those of its linear counterpart,[49] but with reduced
amplitude as a result of the increased temperature in the left
lead. The nonlinear thermopower Sn in Fig. 3(b) remains to
be zero at the point of µ = 0, and is antisymmetrical with re-
spective to this point regardless of the value of δM. There is
an obvious sign change in Sn under the conditions of δM > Γ

and µ ≤ |δM|, which has also been found in previous work.[49]

Here we prove that this phenomenon survives under finite tem-
perature gradient across the system. To further explore the
possibility of the sign change of Sn, we show counter plots of
Sn as a function of the chemical potential µ and the equilib-
rium temperature T in Fig. 3(c) and temperature difference θ

in Fig. 3(d). For the chosen parameters, Sn in Fig. 3(c) has
two peaks of opposite signs positioned individually around
µ =±Γ as T ∼ θ . Figure 3(c) indicates two ways of reversing
the sign of Sn: one is to fix the temperature T and change the
chemical potential µ , which is the case shown in Fig. 3(b); the

other is to fix the chemical potential such as at µ = ±Γ and
adjust the temperature T . Here we emphasize that the sign
change of linear thermopower induced by adjusting equilib-
rium temperature was previously found in system composed
of a QD (regular fermions) coupled to leads.[51] Quite dif-
ferent from the cases in QD-based systems, the sign change
of nonlinear thermopower in the present MNW mainly arises
from the states arisen in low temperature regime. The reason is
that the MBSs induce new molecular states near the chemical
potential, which are absent in QD-based systems. The reso-
nances in Sn around µ ∼ Γ are robust against the change of θ

as shown in Fig. 3(d). With the change of θ from negative to
positive values, both the width and height of the peaks in Sn

keep almost unchanged. This enables the observation of sign
change of Sn with respective to the chemical potential µ or
system temperature T .

Fig. 4. (a) The Sn as a function of µ and θ for the indicated parameter.
(b) The blowup of (a) to show that the sign of Sn can be reversed by
properly changing θ and δM at a fixed µ .

Figure 3(d) shows that Sn does not change its sign by
varying θ for the given values of δM = 2 and T = 0.2. Since
both δM and T can induce sign change of Sn, we then believe
that δM has a transition value at which the sign of Sn is re-
versible by varying θ . We therefore study the behavior of Sn

as a function of θ and δM in Fig. 4 with fixed µ = −1 and
T = 0.2. We find from Fig. 4(a) that the value of Sn changes
from negative to positive or vice versa by increasing δM at any
θ . Moreover, the magnitude of Sn is enhanced nonlinearly by
increasing θ for fixed δM, which indicates that the sign of Sn

may be reversed by changing θ for a certain value of δM. This
supposition is confirmed by Fig. 4(b), in which Sn changes its
sign by the variation of θ around δM = 1.5. We emphasize
that this phenomenon has never been reported before, and at-
tribute it to the combined functions of δM and temperature T
on the sign of Sn. Moreover, the nonlinear thermopower Sn

may change its sign at very weak θ for δM ∼ 1.5.
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bias voltage and system equilibrium temperature are set to be eV = 0.1
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We next study in Fig. 5 the behaviors of nonlinear Peltier
coefficient Πn under the conditions of finite bias voltage (eV ̸=
0) and zero temperature difference (θ = 0). When the two
modes of MBSs are decoupled from each other (δM = 0), Πn

is characterized by two resonances positioned individually in
the negative and positive Fermi energy regimes, as shown in
Fig. 5(a). With increasing (decreasing) bias voltage, the line-
shape of Πn versus µ remains unchanged and is shifted toward
positive (negative) regime. The reason is that with increasing
bias voltage, the electronic transport window is enlarged and
enables more electrons to tunneling through the device, result-
ing in larger current. Here we find that the sign of the nonlin-
ear Peltier coefficient is reversible by changing the direction of
the bias voltage due to the property of the current. When the
MBSs are overlapped (δM ̸= 0) as shown in Fig. 5(b), two new
resonances emerge at two sides of µ = 0, which is similar to
the case in the nonlinear thermopower as shown in Fig. 3(b).
Now variation of Πn with respective to the bias voltage re-

sembles to that of Fig. 5(a). In Fig. 5(c), we show impacts of
different values of both bias voltage eV and inter-MBS cou-
pling δM on Πn. It confirms the results in Figs. 5(a) and 5(b),
and indicates that both the sign and the magnitude of Πn can
be efficiently adjusted by tuning either bias voltage or overlap
amplitude between the MBSs.

In Fig. 6 we study the electrical current I and thermocur-
rent J varying with respective to the chemical potential µ in
the presence of finite both bias voltage and temperature differ-
ence. For δM = 0, the electrical current I is positive (eV = 0.1)
and develops a broad peak at µ = 0 in the absence of temper-
ature difference (θ = 0) as indicated by the black solid line in
Fig. 6(a). With increasing θ , the value of I(µ = 0) remains
unchanged due to the property of the transmission coefficient
𝒯 (ε). Moreover, the electrical current I becomes antisymmet-
rical with respective to µ = 0. The peak in I moves toward
negative µ regime with enhanced value, and the value of I is
suppressed in the regime of µ > 0. For sufficiently large θ , a
negative dip emerges. The heat current J is rather weak and
antisymmetrical to µ = 0 as is shown by the black solid line
in Fig. 6(b). In the presence of finite θ , it develops a broad
peak centered at µ = −eV and is monotonously enhanced by
increasing θ due to the fact that more electrons are excited
into the transport window. When the MBSs are overlapped
(δM = 2), the magnitudes of both electrical and heat currents
are reduced as shown in Figs. 6(c) and 6(d). This is because
the magnitude of transmission coefficient or the conductance
in Fig. 3(a) is weakened for nonzero δM. Since the central
peak in the conductance is split into µ =±δM when δM > Γ ,
the electrical current in Fig. 6(c) keeps unchanged at these two
points regardless of the value of θ , which is similar to the case
for µ = 0. As shown in Fig. 6(d), the peak in heat current
becomes flatter as is compared to the case of δM = 0 because
more higher energy electrons participate in the transport pro-
cesses when the left lead is heated (θ > 0).

4. Conclusion
In summary, nonlinear thermoelectric transport through a

Majorana nanowire coupled to the left and right normal metal-
lic leads is studied within the nonequilibrium Green’s func-
tion technique. We find that the sign of the nonlinear ther-
mopower is reversible by adjusting the value of direct MBS–
MBS coupling strength or the system equilibrium tempera-
ture. By properly choosing the overlap amplitude between
the MBSs and system equilibrium temperature, the sign of
the nonlinear thermopower can also be changed by varying
the temperature difference. In the presence of bias voltage,
both the sign and magnitude of nonlinear Peltier coefficient
can be adjusted by changing the magnitude of bias voltage or
MBS–MBS coupling strength. Excited by both bias voltage
and temperature difference, the electrical current through the
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states originated from overlap between the MBSs keeps un-
changed regardless of the strength of temperature difference
when the leads’ chemical potential is in resonance with the en-
ergy of MBSs. Now the direction of the heat current driven by
bias voltage may be changed at weak temperature difference.
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