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We theoretically investigate the Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction in helical higher-order topo-
logical insulators (HOTIs), revealing distinct behaviors mediated by hinge and Dirac-type bulk carriers. Our findings show
that hinge-mediated interactions consist of Heisenberg, Ising, and Dzyaloshinskii–Moriya (DM) terms, exhibiting a decay
with impurity spacing z and oscillations with Fermi energy εF. These interactions demonstrate ferromagnetic behaviors for
the Heisenberg and Ising terms and alternating behavior for the DM term. In contrast, bulk-mediated interactions include
Heisenberg, twisted Ising, and DM terms, with a conventional cubic oscillating decay. This study highlights the nuanced
interplay between hinge and bulk RKKY interactions in HOTIs, offering insights into designs of next-generation quantum
devices based on HOTIs.
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1. Introduction

The higher-order topological insulators (HOTIs) describe
topological materials of d-dimensional insulated bulk and
(d − n)-dimensional gapless boundary states.[1,2] There are
zero-dimensional gapless corner states in two-dimensional
(2D) second-order topological insulators[3–6] and three-
dimensional (3D) third-order topological insulators,[7,8] and
one-dimensional (1D) gapless hinge states in 3D second-
order topological insulators.[9–11] HOTIs can be understood
as a special kind of topological crystalline insulators (TCIs).
For example, one can turn SnTe, a well-known topologi-
cal crystalline insulator, into a HOTI by reducing tempera-
ture or applying uniaxial strain to gap out the Dirac cones
of surfaces.[12] Compared with the TCI, the HOTI possesses
higher symmetry beyond the crystalline symmetry. For in-
stance, a pristine TCI, the cubic SnTe, is protected by mir-
ror symmetry.[13,14] In contrast, the related HOTI, the strained
octahedral SnTe, is protected by both mirror symmetry and
time-reversal symmetry.[12] The topological invariants of the
HOTIs can be interpreted physically by the electric multipole
moments, which further extends the dipole moment theory in
TCIs.[15] Like the ordinary topological insulator (TI) with ro-
bust (d − 1)-dimensional boundary states, the HOTIs possess
robust (d−n)-dimensional boundary states which can also sur-
vive defects, impurities, or other perturbations. For instance,
the Pb0.67Sn0.33Se bulk crystal holds 1D nontrivial hinge states
with a striking robustness to defects, strong magnetic fields,
and elevated temperatures.[16] The robustness to perturbations
makes HOTIs promising materials for designing high-stable
electronic or spintronic devices.

One can break or preserve the time-reversal symmetry to
switch the 1D hinge state in 3D second-order topological in-
sulators between chiral and helical regimes. The chiral hinge
states are electrons propagating unidirectionally like the edge
states of the 2D quantum Hall effect or the quantum anoma-
lous Hall effect. The helical hinge states are Kramers pairs
counter-propagating like the edge states of a 2D quantum spin
Hall effect,[17] which are also spin–momentum locked and free
from back-scattering. The unique spin–momentum locking
and counter-propagating currents of helical hinge states allow
the design of a helical nanorod which has exactly n-channels
of ballistic transport[18] and the spin manipulation based on
spin–momentum locking.[19,20] The helical hinge modes may
have different configurations; for example, there are two pos-
sible helical hinge mode configurations in Bi,[21] where one
configuration has C2 symmetry and time-reversal symmetry
and the other only has the time-reversal symmetry. The var-
ious configurations of helical states offer the possibility of
designing devices by different helical circuits. The helical
hinge states have already been realized in materials such as
bismuth,[22] SnTe,[12] α-Bi4Br4,[23,24] and MoTe2.[25] The he-
lical modes can also be achieved by methods of artificial ma-
nipulation, e.g., using bismuth-halide chains by the van der
Waals stacking,[26] an array of weakly tunnel-coupled Rashba
nanowires,[27] or a C6-symmetric topological crystalline meta-
material based on the acoustic samples.[28]

Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction
describes the exchange coupling between magnetic impu-
rities mediated by the itinerant carriers in the host mate-
rial. The RKKY interaction has been extensively investi-
gated in various systems such as low-dimensional quantum
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structures,[29,30] graphene and Dirac semimetals,[31,32] topo-
logical insulators,[33,34] Weyl semimetals,[35,36] and topologi-
cal crystalline insulators.[37–39] The boundary effects in topo-
logical materials are predicted to be highly intriguing. HOTIs
possess 1D topological hinge states that may offer a unique
RKKY interaction resilient to perturbations. Additionally,
varying configurations of helical hinges in HOTIs can serve
as a versatile platform for magnetic switching through RKKY
interaction.

In this work, we focus on the RKKY interaction between
magnetic impurities positioned in the helical hinge of a 3D
second-order TI. We carefully analyze the system and describe
the RKKY interaction not only mediated by the hinge states
but also by the bulk states. By utilizing Green’s function
technique and the low-energy effective Hamiltonian of a 3D
second-order TI,[12] we can arrive at the analytical expressions
of the hinge and bulk RKKY interactions. The hinge RKKY
interaction consists of three terms: the conventional Heisen-
berg type interaction, the Dzyaloshinskii–Moriya (DM) type
interaction along the certain direction, and the Ising type in-
teraction perpendicular to the hinge. The strength of the hinge
RKKY interaction is linearly proportional to the reciprocal of
impurity spacing and shows a sinusoidal pattern of the product
of Fermi energy and impurity spacing. The hinge RKKY inter-
action exhibits two distinct branches, with the only difference
being the sign of the DM interaction at equal impurity spac-
ing. The opposite sign of the DM term reflects the helical na-
ture of the hinge states. The bulk RKKY interaction consists of
the conventional Heisenberg-type, twisted Ising-type and DM-
type interactions. The strength of the bulk RKKY interaction
decreases with the impurity spacing R3 and also shows a si-
nusoidal pattern related to Fermi energy and impurity spacing.
The interplay between the hinge and bulk RKKY interaction
allows for developing several quantum devices with varying
hinge setups.

2. Model
We consider a helical HOTI, which has a square cross-

section in xy plane but periodic boundary conditions in z di-
rection as shown in Fig. 1. The bulk and surface states are in-
sulated, while the helical hinge states along the z direction are
conductive of the counter-propagating helical Kramers pairs.
The magnetic impurities are located at the hinges.

The Hamiltonian of itinerant carriers from the helical
hinge state reads[12]

ℋ(kz) = ρ0τxσx(−i∂x)+ρ0τxσy(−i∂y)+ρ0τxσzkz

+ρ0τzσ0δ1 +ρzτyσ0δ2, (1)

where σ0 is the unit matrix, and σi (i = x,y,z) are the Pauli
matrices acting on spin degree of freedom, τi the Pauli
matrices acting on the d and f orbits, ρ0 the unit matrix,

y

x

z

S1

S2|z|

Fig. 1. Diagram of magnetic impurities in the helical hinge of HOTIs.
The periodic boundary conditions in the z direction are assumed. The
insulated bulk and surface states are painted as gray, while the helical
hinge states consisting of Kramers pairs are denoted by colorful balls.
The blue (pink) balls stand for carriers with spin up (down). Blue and
pink arrows along the z axis mark the direction of motion of up-spin and
down-spin carriers. The large yellow balls denote magnetic impurities
with magnetic orientation.

and ρi the Pauli matrices acting on the dx2−y2(f(x2−y2)z) and
dxy (fxyz) orbitals, respectively. The basis of the Hamilto-
nian (1) is (|dx2−y2 ,↑⟩, |dx2−y2 ,↓⟩, |f(x2−y2)z,↑⟩, |f(x2−y2)z,↓⟩,
|dxy,↑⟩, |dxy,↓⟩, |fxyz,↑⟩, |fxyz,↓⟩)T. Here δ1 = (x+ y)/

√
2 and

δ2 = (−x+ y)/
√

2 form a vortex with winding number 1.[12]

Then Eq. (1) can be written in a matrix form:

ℋ(kz) =

(
ℋ1(kz) 0

0 ℋ2(kz)

)
, (2)

where

ℋ1(kz)=


δ1 0 kz − iδ2 −i∂x −∂y
0 δ1 −i∂x +∂y −kz − iδ2

kz + iδ2 −i∂x −∂y −δ1 0
−i∂x +∂y −kz + iδ2 0 −δ1

 , (3)

ℋ2(kz)=


δ1 0 kz + iδ2 −i∂x −∂y
0 δ1 −i∂x +∂y −kz + iδ2

kz − iδ2 −i∂x −∂y −δ1 0
−i∂x +∂y −kz − iδ2 0 −δ1

 . (4)

We apply a similarity transformation R = exp( iπ
4 ρzτyσ0)

on the Hamiltonian (1), and choose kz = 0. After an elemen-
tary transformation, the matrix form becomes a block anti-
diagonal matrix form:

H(kz = 0) =


0 0 0 h1
0 0 h2 0
0 h†

2 0 0
h†

1 0 0 0

 , (5)

with

h1 =

(
i∂x +∂y δ1 + iδ2
δ1 − iδ2 −i∂x +∂y

)
,

h2 =

(
i∂x −∂y −δ1 + iδ2
−δ1 − iδ2 −i∂x −∂y

)
,

h†
2 =

(
i∂x +∂y −δ1 + iδ2
−δ1 − iδ2 −i∂x +∂y

)
,
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h†
1 =

(
i∂x −∂y δ1 + iδ2
δ1 − iδ2 −i∂x −∂y

)
.

Here we should remind that (∂x)
† = −∂x, (∂y)

† = −∂y, δ1 =

(x+ y)/
√

2, and δ2 = (−x+ y)/
√

2.
The Hamiltonian H(kz) has Kramers degener-

ate zero modes propagating along the hinge when
kz = 0.[12] We can solve the eigenequation H(kz =

0)(φ1,φ2,φ3,φ4,φ5,φ6,φ7,φ8)
T = 0 and decompose it into a

series of equations:

(i∂x −∂y)φ1 +
1− i√

2
(x+ iy)φ2 = 0,

1+ i√
2
(x− iy)φ1 − (i∂x +∂y)φ2 = 0. (6)

Then we can get the separate equation for φ1, i.e.,

(x− iy)φ1 − (∂x − i∂y)
[ 1

x+ iy
(∂x + i∂y)φ1

]
= 0, (7)

and arrive at the equation

x∂
2
x X(x)Y (y)+ x∂

2
y X(x)Y (y)−2∂xX(x)Y (y)

− x(x2 + y2)X(x)Y (y) = 0 (8)

by setting φ1 = X(x)Y (y).
After some standard derivations of solving the equation,

we can get the solutions as

X(x) = Y (x) =
(c1 − ic2)

2
e−

x2
2 +

(c1 + ic2)

2
e

x2
2 , (9)

with constants c1 and c2. We have to discard the exp(x2/2)
part for the sake of the physical reason of the wave func-

tion. Then the φ1(x,y) = X(x)Y (y) = ce−
x2+y2

2 with complex

constant c, and similarly φ2 = c (i−1)√
2

e−
x2+y2

2 . Furthermore,
the eigenmodes of H(kz = 0) can be derived by computing
the remaining equations. These will consist of two counter-
propagating Kramers paired eigenmodes:

ψ1 = ce−
x2+y2

2

(
1,

(i−1)√
2

,0,0,0,0,0,0)T, (10)

ψ2 = ce−
x2+y2

2

(
0,0,

(i−1)√
2

,1,0,0,0,0
)T

, (11)

with c being the appropriate normalization factor. The disper-
sion about kz can be inferred from the matrix elements(

⟨ψ1|H(kz)|ψ1⟩ ⟨ψ1|H(kz)|ψ2⟩
⟨ψ2|H(kz)|ψ1⟩ ⟨ψ2|H(kz)|ψ2⟩

)
=

(
−kz 0

0 kz

)
. (12)

The eigenmode |ψ+⟩ = |ψ2⟩ when eigenvalue ε = kz and
|ψ−⟩= |ψ1⟩ when ε =−kz.

In the presence of magnetic impurities within the helical
hinge, the interaction between impurity 𝑆i and itinerant carri-
ers 𝜎 can be expressed as

H int
i = J(τ0 + τx)⊗ (𝜎 ·𝑆i)δ (z− zi), (13)

where constant J is coupling strength, τ0 and τx are matri-
ces acting on the same orbitals as in Eq. (1). Here, τ0 + τx

means that both the d and f orbitals contribute to the inter-
action; 𝜎 = (σx,σy,σz) is for the spin vector of carriers, and
𝑆i = (Six,Siy,Siz) for the spin vector of impurities; δ (z− zi) is
Dirac δ -function which means that such interaction is a short-
range contact exchange interaction.[40,41]

3. RKKY interaction in helical hinges
First, we consider the RKKY interaction mediating by

itinerant carriers between two impurities with localized spin
in the hinge of helical HOTIs. The RKKY interaction between
impurity 1 and 2 can be calculated by

HRKKY
1,2 =− 1

π
Im
∫

εF

−∞

Tr[H int
1 G1(z,ε)H int

2 G2(−z,ε)]dε, (14)

where εF is Fermi energy and G(z,ε) is the real space Green’s
function of the itinerant carriers.

Note that the momentum kx and ky are not good quantum
numbers, and we cannot write the momentum space Green’s
function directly. However, we can write Green’s function in
the eigenspace of H(kz) instead. For simplicity, we rewrite
the eigenstates Eq. (10) in the subspace 𝜏 ⊗𝜎, and the cor-
responding bases are (τ+ ↑,τ+ ↓,τ− ↑,τ− ↓)T, where τ+(−)

stands for d (f) orbitals and ↑ (↓) stands for spin up (down).
The rewritten eigenstates are

|ψ+⟩= N e−
x2+y2

2 |τ−⟩
( (i−1)√

2
| ↑⟩+ | ↓⟩

)
, (15)

|ψ−⟩= N e−
x2+y2

2 |τ+⟩
(
| ↑⟩+ (i−1)√

2
| ↓⟩
)
. (16)

In the eigenspace of H(kz), Green’s function is

G(kz,ε) =
ψ+(x,y)ψ

†
+(x

′,y′)
(ε + i0+)− kz

+
ψ−(x,y)ψ

†
−(x

′,y′)
(ε + i0+)+ kz

. (17)

The corresponding matrix form is

G(kz,ε) =


Gτ+↑τ+↑ Gτ+↑τ+↓ Gτ+↑τ−↑ Gτ+↑τ−↓
Gτ+↓τ+↑ Gτ+↓τ+↓ Gτ+↓τ−↑ Gτ+↓τ−↓
Gτ−↑τ+↑ Gτ−↑τ+↓ Gτ−↑τ−↑ Gτ−↑τ−↓
Gτ−↓τ+↑ Gτ−↓τ+↓ Gτ−↓τ−↑ Gτ−↓τ−↓


=

1
2π

e−
x2+y2+x′2+y′2

2

(
G11 0

0 G22

)
, (18)

with

G11 =

(
1

(ε+i0+)+kz

(−i−1)√
2

1
(ε+i0+)+kz

(i−1)√
2

1
(ε+i0+)+kz

1
(ε+i0+)+kz

)
, (19)

G22 =

(
1

(ε+i0+)−kz

(i−1)√
2

1
(ε+i0+)−kz

(−i−1)√
2

1
(ε+i0+)−kz

1
(ε+i0+)−kz

)
. (20)

One intriguing observation is that the propagator G11 pos-
sesses a momentum of −kz and a SU(2) structure of (−σx +

σy), while the propagator G22 contains kz and (−σx − σy),
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potentially due to the spin–momentum locking of the helical
hinge states.

After the Fourier transformation, we can get the real-
space Green function

G(z,ε) =
i

4π
e−

(x2+y2+x′2+y′2)
2

(
g11 0
0 g22

)
, (21)

with

g11 = e−iεz

(
(sgn[z]−1) (sgn[z]−1) (−i−1)√

2

(sgn[z]−1) (i−1)√
2

(sgn[z]−1)

)
, (22)

g22 = eiεz

(
(sgn[z]+1) (sgn[z]+1) (i−1)√

2

(sgn[z]+1) (−i−1)√
2

(sgn[z]+1)

)
, (23)

where sgn[z] is the sign function. We can see that g11(22) = 0
when z> 0 (z< 0), indicating Green’s function depends on the
f (d) orbitals. This peculiar dependence on the sign of z im-
plies that the helicity of Green’s functions, i.e., the propagator,
is direction-dependent.

Then we can reach the RKKY interaction of HOTI in the
helical hinge:

HRKKY
1,2 = F1(z,εF)(𝑆1 ·𝑆2 +S1xS2x −S1yS2y)

+F2(z,εF)(𝑆1 ×𝑆2)y, (24)

with

F1(z,εF) =
J2

4π3|z|
[cos(2zεF)−1]e−(x2+y2+x′2+y′2), (25)

F2(z,εF) =−
√

2J2

4π3|z|
sin(2zεF)e−(x2+y2+x′2+y′2), (26)

by combining Eqs. (13), (14) and (21) and introducing a cutoff
function exp(−ε2/Λ 2) with Λ → 0. We can turn the analytical
expressions to the International System of Units for facilitating
the experimentalists:

F1(z,εF) =
am0h̄−2J2

4π3|z|
[cos(2am0h̄−2zεF)−1]

× e−a−2(x2+y2+x′2+y′2), (27)

F2(z,εF) = −
√

2am0h̄−2J2

4π3|z|
sin(2am0h̄−2zεF)

× e−a−2(x2+y2+x′2+y′2), (28)

where h̄ is the reduced Planck constant, and a is half crys-
tal constant of SnTe about 0.316 nm.[12,42] We take spin–spin
coupling constant J = 10 meV·nm. It should be noted that
there exist two non-equivalent branches (z > 0 and z < 0), and
the only factor that sets them apart for a given inter-impurity
distance is the sign of the DM term, indicating the helicity
type. Here Fermi energy εF > 0 (< 0) corresponds to n-type
(p-type) doping. The different types of doping cause a sign

reversal of the DM interaction (𝑆1 ×𝑆2)y. The long-range
asymptotic behavior of the RKKY interaction is

HRKKY
1,2 (z → ∞)≃ 1

z
[𝑆1 ·𝑆2 +S1xS2x −S1yS2y

− (𝑆1 ×𝑆2)y]. (29)
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Fig. 2. Helical HOTIs’ range functions depending on (a) the impurity
spacing z, (b) the Fermi energy εF, and (c) the proportion of DM inter-
action. (a) The range functions oscillating decay with impurity spacing
z at εF = 5 meV. (b) The range functions depending on the Fermi energy
εF oscillate with the same period as simple sine functions corresponding
to impurity spacing z = 5 nm. The red solid line stands for the collinear
terms F1 and the blue dashed line stands for the non-collinear term (DM
interaction) F2. (c) The proportion of DM interaction in the total RKKY
interaction |F2|/(|F1|+ |F2|) depending on the impurity spacing z and
the Fermi energy εF. We take coupling strength J = 10 meV·nm.

The range functions depend on the impurity spacing z, the
Fermi energy εF and the distribution of carriers in xy plane. In
Fig. 2(a), we can see that the range functions F1(z,εF),F2(z,εF)

depend on the impurity spacing z, showing the same damped
oscillatory behavior. The hinge RKKY interaction decays as
z−1, which is in line with the previous results of the RKKY in-
teraction in helical edges of topological superconductors.[43]

The 1D topological higher-order boundary could slow down
the decay of the RKKY interaction from 1/z2 of the 2D com-
mon topological surface[34,37,39] to 1/z, and hence drastically
enhances its magnitude. This stronger RKKY interaction in
1D nontrivial helical hinge is more promising for potential
applications in topological spintronics. In helical HOTIs, the
Heisenberg- and Ising-type interactions are always ferromag-
netic while DM-type interaction shows anisotropic gyromag-
netism. With increasing Fermi energy εF, the range functions
of helical HOTIs show the simple sine function oscillating be-
havior with the same period, as shown in Fig. 2(b). If we finely
tune the parameters z and εF, we can get different spin interac-
tions within different regimes of the parameters. For example,
the RKKY interaction reduces to a pure DM interaction when
the inter-impurity distance and the Fermi energy are rather
small, and the RKKY interaction reduces to a anisotropic
Heisenberg interaction when the inter-impurity distance and
the Fermi energy reach the critical values zεF = (n+ 1/2)π .
Figure 2(c) shows the proportion of DM interaction in the to-
tal RKKY interaction. We can see that the proportion oscillate
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with increasing impurity spacing z and the Fermi energy εF,
and we can finely tune the hinge RKKY interaction between
the collinear anisotropic Heisenberg interaction and the non-
collinear DM interaction.

The distribution of the range function F1 in the xy plane
depending on both inter-impurity distance z and the Fermi en-
ergy εF is shown in Fig. 3(a). The range functions are isotropic
in the xy plane and decrease exponentially, which is a natural
consequence resulting from the trivial bulk states. The range
function F2 shows exactly the same behavior as F1. When
the impurities locate off the hinge, for instance, x = 0.1 nm,
y = 0.1 nm, the RKKY interaction show almost the same be-
havior as in the hinge, except for a decrease in magnitude, as
shown in Fig. 3(b). The robust nature of the hinge RKKY
interaction guarantees the durability of the spintronic devices
that may be realized in the helical hinge of HOTIs. We also
show the distribution of range functions F1 and F2 depending
on coordinates y and z in Figs. 3(c) and 3(d), which clearly
indicate an oscillatory decay pattern along the z axis and an
exponential decay along the y axis.
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Fig. 3. (a) The isotropic and exponential decayed distribution of range
function F1 in the xy plane corresponding to z = 10 nm and εF = 1 meV.
(b) The range function F1 of the hinge at x = 0.1, y = 0.1 nm depending
on the impurity spacing z and the Fermi energy εF. [(c), (d)] The distri-
butions of the range function F1 and F2 in yz plane at x = 0, εF = 1 meV.

4. RKKY interaction in the Dirac-type bulk
states
For bulk doping, density functional theory

calculations[44–46] and quantum Monte Carlo calculation[47]

find a complicated anisotropic spin texture in magnetically
doped TIs. Therefore, the 3D Dirac-type bulk states attribute
to the RKKY interaction in the doped regimes, and may also
induce the complicated RKKY interaction due to the profound
relation between the bulk states and the hinge states. This rela-
tion is reflected by the fact that the Hamiltonian of hinge states
is derived from the Dirac-type bulk Hamiltonian of HOTIs.
Here we start from the 3D Dirac-type bulk Hamiltonian[12]

H𝑏(𝑘) = kxτxσx + kyτxσy + kzτxσz, (30)

where the Pauli matrixes τ and σ are defined as above. We
examine the bulk RKKY interaction in the helical HOTIs.
Green’s function in momentum space can be calculated di-
rectly by

G(𝑘,ε) =
ετ0σ0 + τx𝑘 ·𝜎

ε2 − k2 . (31)

By applying Fourier transform on G(𝑘,ε), we can arrive at
Green’s function in real space

G(𝑅,ε) =
1

(2π)3

∫
G(𝑘,ε)ei𝑘·𝑅d3𝑘. (32)

We can replace 𝑘 with 𝑘‖+𝑘⊥, where 𝑘‖ is the part parallel
to 𝑅 and 𝑘⊥ the perpendicular part. For 𝑘⊥ ·𝑅= 0, we have

G(𝑅,ε) =
1

(2π)3

∫
ετ0σ0 + τx(𝑘‖+𝑘⊥) ·𝜎

ε2 − k2 ei𝑘‖·𝑅d3𝑘

=
−εeiRε

4πR
τ0σ0 +

( eiRε

4πiR2 − ε eiRε

4πR

)
τx𝑅̂ ·𝜎. (33)

Similarly,

G(−𝑅,ε) =
−εeiRε

4πR
τ0σ0 −

( eiRε

4πiR2 − εeiRε

4πR

)
τx𝑅̂ ·𝜎. (34)

The interaction Hamiltonian is

H int
i = J(τ0 + τx)⊗ (𝜎 ·𝑆i)δ (𝑅−𝑅i). (35)

After a standard derivation of the RKKY interaction by the
integral

HRKKY
bulk1,2

= − 1
π

Im
∫

εF

−∞

Tr[H int
1 G1(𝑅,ε)H int

2 G2(−𝑅,ε)]dε, (36)

we finally get the bulk RKKY interaction depending on the
orientation of two impurities

HRKKY
bulk1,2 = f1(R,εF)𝑆1 ·𝑆2 + f2(R,εF)𝑆1 ·𝑀 ·𝑆2

+ f3(R,εF)𝑛 · (𝑆1 ×𝑆2), (37)

with

f1(R,εF) =
J2

8π3R5 [−cos(2RεF)−2RεF sin(2RεF)

+2R2
ε

2
F cos(2RεF)], (38)

f2(R,εF) =
J2

16π3R5 [−5cos(2RεF)−6RεF sin(2RεF)

+2R2
ε

2
F cos(2RεF)], (39)

f3(R,εF) =
J2

2π3R5 [−sin(2RεF)+2RεF cos(2RεF)

+R2
ε

2
F sin(2RεF)]. (40)

The corresponding International System of Units expressions
are omitted here for brevity. The second-order tensor of rota-
tion reads
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𝑀 =

 1+ cos(2θ)−2sin2
θ cos(2ϕ) −2sin2

θ sin(2ϕ) −2sin(2θ)cosϕ

−2sin2
θ sin(2ϕ) 1+ cos(2θ)+2sin2

θ cos(2ϕ) −2sin(2θ)sinϕ

−2sin(2θ)cosϕ −2sin(2θ)sinϕ sin2
θ sin(2ϕ)

 , (41)

and the orientation vector is 𝑛 = (cosϕ sinθ ,sinϕ sinθ ,
cosθ). Here the angle θ is defined between 𝑅 and z axis,
and the angle ϕ is defined between the projection of 𝑅 on xy
plane and the x axis. The bulk RKKY interaction has com-
plicated formalism consisting of a Heisenberg term, a twisted
Ising term, and a DM term along the orientation vector, simi-
lar to the RKKY interaction in TI, topological semimetal and
systems with spin–orbit coupling.[35,39,48–51]

The long-range asymptotic behavior of the RKKY inter-
action is

HRKKY
bulk1,2(R → ∞)≃ 1

R3 [𝑆1 ·𝑆2 +𝑆1 ·𝑀 ·𝑆2

+𝑛 · (𝑆1 ×𝑆2)]. (42)

Notice that the range function monotonically decreases as
1/R3 in this case, as the same as the conventional RKKY in-
teraction.
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Fig. 4. (a) The bulk’s range functions f1(R,εF), f2(R,εF), f3(R,εF) de-
pending on impurity spacing R at Fermi energy εF = 3 meV denoted by
red (long-dashed), green (short-dashed), blue (solid) lines, respectively.
These range functions oscillate with the same period and decay with
R−3 asymptotically. (b) The bulk’s range functions depending on Fermi
energy εF at impurity spacing R = 3 nm.

The range functions of bulk RKKY interaction are shown
in Fig. 4 and depend on impurity spacing R and Fermi en-
ergy εF. We can see that the bulk RKKY interaction decay
much faster (R−3) than the hinge RKKY interaction (R−1) in
Fig. 4(a). The range functions show the conventional oscillat-
ing decay behavior as in normal metals and semiconductors.
The primary distinction between the bulk and hinge RKKY in-
teractions is the different dependencies on the Fermi energy εF.

The range functions of bulk RKKY interaction exhibit greater
oscillation with increasing Fermi energy. All these range func-
tions oscillate with the same period.
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Fig. 5. (a) Schematic diagram of RKKY interaction mediated by both
hinge and bulk carriers between impurities in complex configuration.
The distance corresponding to bulk carriers is specified as R, while for
hinge carriers it is indicated as d. We take the hinge spacing R = 1 nm
and the bulk spacing d = 10 R. (b) Percentage of bulk to hinge correc-
tion depending on the Fermi energy εF at R = 10 nm, d = 10 R. The red,
green and blue lines stand for the Heisenberg, (twisted) Ising and DM
terms, respectively. Here the values of range functions are represented
by the minimum in every period.

The RKKY interaction can be mediated by both the heli-
cal itinerant carriers and the Dirac bulk carriers in the doped
regime, as shown in Fig. 5(a). At appropriate parameter selec-
tion, the contributions of hinge and bulk to RKKY interaction
are comparable. We show the correction of the bulk RKKY
interaction to the hinge RKKY interaction when the Fermi en-
ergy increases, as shown in Fig. 5(b). The proportion f/F
change with ε2

F . The contribution of the bulk RKKY interac-
tion is more than 10% of the hinge RKKY interaction when
the Fermi energy is about 1100 meV for the Heisenberg term,
1510 meV for the (twisted) Ising term and 620 meV for the
DM term. By adjusting the Fermi energy, we can utilize this
phenomena to effectively transform the RKKY interaction into
a dominant DM term within the spin interaction formalism.

5. Conclusions
In conclusion, our theoretical exploration of the RKKY

interaction within helical HOTIs unveils distinct interaction
mechanisms mediated by hinge and Dirac-type bulk carriers.
Specifically, we find that the hinge-mediated RKKY interac-
tion encompasses a comprehensive suite of terms: the Heisen-
berg, x-Ising, y-Ising, and DM terms, with the latter oriented
along the y direction. Notably, these interactions exhibit a de-
cay proportional to z−1 with increasing impurity spacing, and
oscillate in strength according to sine functions as a function
of the Fermi energy, εF. This behavior underscores a consistent
ferromagnetic coupling in both Heisenberg-type and Ising-
type interactions, while DM-type interactions demonstrate al-
ternating behaviors. Moreover, the isotropic decay of these
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interactions in the xy plane further delineates the nuanced role
of hinge carriers. Conversely, interactions mediated by bulk
carriers are characterized by Heisenberg, twisted Ising, and
DM terms, showcasing a R−3 decay and conventional oscilla-
tory decay with increased impurity spacing. The interplay be-
tween hinge and bulk interactions presents a fertile ground for
developing advanced quantum devices, leveraging the unique
properties of helical HOTIs. Our findings not only deepen the
understanding of RKKY interactions in these novel materials
but also open avenues for designs of next-generation spintron-
ics devices, capitalizing on the intricate interplay of hinge and
bulk carrier dynamics.
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