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Modern trends in beam-driven radiation sources include the interaction of Cherenkov wakefields in open-ended cir-
cular waveguides with complicated dielectric linings, with a three-layer dielectric capillary recently proposed to reduce
radiation divergence being a representative example [Opt. Lett. 45 5416 (2020)]. We present a rigorous approach that
allows for an analytical description of the electromagnetic processes that occur when the structure is excited by a single
waveguide TM mode. In other words, the corresponding canonical waveguide diffraction problem is solved in a rigorous
formulation. This is a continuation of our previous papers which considered simpler cases with a homogeneous or two-layer
dielectric filling. Here we use the same analytical approach based on the Wiener–Hopf–Fock technique and deal with the
more complicated case of a three-layer dielectric lining. Using the obtained rigorous solution, we discuss the possibility of
manipulating the far-field radiation pattern using a third layer made of a low permittivity material.

Keywords: diffraction radiation, open-ended waveguide, Wiener–Hopf technique, Cherenkov radiation

PACS: 41.20.Jb, 42.25.Fx, 41.60.–m, 41.60.Bq DOI: 10.1088/1674-1056/ad3ef7

1. Introduction
Dielectric-lined open-ended waveguide structures have

recently been considered as an extremely promising option for
a variety of applications based on the Cherenkov effect. In
the context of this paper, we can mention a certain success
in the field of dielectric wakefield acceleration,[1–6] as well
as in the development of high-power narrow-band radiation
sources including those for terahertz (THz) frequencies.[7–10]

A typical structure for these applications is a dielectric capil-
lary, which is a circular waveguide with a dielectric layer and
an axial channel for the passage of bunches. However, much
more complex structures including those incorporating meta-
materials have also been considered.[11,12] Recently, a promis-
ing modification to the aforementioned two-layer capillary has
been proposed.[13] The authors of Ref. [13] numerically in-
vestigated the possibilities to enhance the directivity and re-
duce the reflection of the capillary-based beam-driven THz
radiation source by adding a third layer with a permittivity
just slightly larger than unity. However, an “opposite” idea
of using a thin third layer of high-permittivity material for
tunable wakefield acceleration structure in the GHz frequency
range has also been discussed.[14] The third layer is made of
a ferroelectric material whose permittivity can be sensitive to
changes in both temperature and DC bias voltage. Experimen-
tal verification of this idea has been particularly successful.[15]

Modern ferroelectrics like strontium titanate can even be used
at THz frequencies where their dielectric permittivity is suf-
ficiently high and can be changed over a wide range by an
external DC electric field.[16]

For further development of the discussed topics, a rig-
orous approach allowing the analytical study of both the ra-
diation from such an open-ended capillary and its excitation
by an external source (bunch or electromagnetic pulse) would
be extremely useful. In our recent papers,[17,18] we presented
an efficient rigorous method for solving circular open-ended
waveguide diffraction problems and illustrated this method us-
ing the case of a uniform dielectric filling and a two-layer lin-
ing of the waveguide. Here we deal with a more complicated
geometry offered in Ref. [13] and internal excitation by a sin-
gle waveguide TM mode. The presented technique can be di-
rectly applied to the radiation of the CR wakefield generated
behind the moving charge in the form of a slow waveguide
mode. Moreover, the presented rigorous solution can poten-
tially be extended to a beam-driven case (similar to what has
been done for “embedded” structures[19]).

Besides the above-mentioned practical importance, the
present work also contributes to the development of rigor-
ous diffraction theory, since it deals with a canonical prob-
lem, i.e., a relatively simple geometric structure (so-called
“canonical structure”) excited by a simple free or guided wave.
A series of related problems associated with an open end
discontinuity[20–38] or a cross-sectional discontinuity[39,40] in
waveguides and resonators can be mentioned. However, the
diffraction problem with a canonical structure discussed in this
paper has not been rigorously investigated so far.

In this paper we discuss and further develop the idea of
Ref. [13], where the third layer of the structure has a dielectric
permittivity just slightly above unity. We show that increasing
the thickness of this additional layer does indeed significantly
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reduce the width of the main lobe of the far-field radiation pat-
tern and thus increases the radiated power for the fundamen-
tal Cherenkov mode. We also move forward by considering

higher order Cherenkov modes (which were not discussed at
all in Ref. [13]), which allows the radiation frequency to be
shifted into the THz range for mm-sized capillaries.
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Fig. 1. Geometry of a three-layer problem.

The paper is organized as follows. After the introduc-
tion, we present the problem formulation and main notations
in Section 2. Section 3 contains numerical results (radiation
patterns, S parameters) for the structure proposed in Ref. [13]
and corresponding discussion. In Section 4, we give the de-
tailed solution of the problem for those interested in analyti-
cal derivations and the mathematical essence of the approach
used.

2. Problem formulation
We consider an open-ended semi-infinite cylindrical

waveguide with radius d lined with a dielectric ε > 1 of thick-
ness a− b and having a layer of thickness d− a of dielectric
ε> 1 near the waveguide wall, see Fig. 1 (a cylindrical frame
ρ,ϕ,z is used). The region outside the waveguide (z > 0 and
z < 0, ρ > d) and the inner channel (z < 0, ρ < b) are filled
with vacuum. The walls of the waveguide have an ideal elec-
trical conductivity (PEC). The method of solution is the same
as in Refs. [17,18].

A ϕ-symmetric TM problem is considered in the har-
monic regime with the time dependence in the form

Hϕ(ρ,z, t) = Hωϕ(ρ,z)exp(−iωt). (1)

This problem is formulated for the magnitude Hωϕ , other
nonzero field components can be derived as follows:

Eωρ =
1

ik0ε̃

∂Hωϕ

∂ z
, Eωz =

i
k0ε̃

(Hωϕ

ρ
+

∂Hωϕ

∂ρ

)
, (2)

where ε̃ = 1, ε or ε depending on the region. In particular, we
have Eωz = 0 for ρ = d, z < 0.

We assume that a single symmetric TM0l waveguide
mode is incident on the orthogonal open end of the waveguide:

H(i)
ωϕ = M(i) e ikzlz


J1(ρσl)/σl , for ρ < b,
J1(bσl)

σl

ψl(ρ)
ψl(b)

, for b < ρ < a,
J1(bσl)

σl

ψl(a)
ψl(b)

ψ0l(ρ)
ψ0l(a)

, for a < ρ < d,
(3)

where M(i) is an arbitrary amplitude constant,

ψ0m(ξ ) = J1(ξ χm)Y0(dχm)−Y1(ξ χm)J0(dχm),

ψm(ξ ) = J1(ξ sm)ϕ2m−Y1(ξ sm)ϕ1m,

ϕ1m = σmJ0(bσm)J1(bsm)− smε
−1J1(bσm)J0(bsm),

ϕ2m = σmJ0(bσm)Y1(bsm)− smε
−1J1(bσm)Y0(bsm), (4)

where Jν and Yν are the Bessel and Neumann functions of ν-th
order, respectively, transverse wave numbers σm, sm, and χm

are determined by the following dispersion equation:

detM̂ = 0, (5)

M̂ =


ϕ1m ϕ2m 0 0

J1(asm) Y1(asm) −J1(aχm) −Y1(aχm)
smJ0(asm)

ε

smY0(asm)
ε

−χmJ0(aχm)
ε

−χmY0(aχm)
ε

0 0 J0(dχm) Y0(dχm)

 , (6)

longitudinal wave number kz is connected with σm, sm, and χm

as follows:

kzm =
√

k2
0−σ2

m =
√

k2
0ε− s2

m =
√

k2
0ε−χ2

m, Imkzm > 0,
(7)

k0 = ω/c + iδ (δ → 0, which is equivalent to an infinitely
small dissipation an all areas), c is the light speed in vacuum.
From Eq. (7) one can express both sm and χm through σm and
obtain the dispersion relation with respect to a single variable
σm. Note that Eq. (3) transforms to the corresponding mode of
a two-layer waveguide of radius d (Ref. [18]) for ε→ ε . The
problem is to find diffracted electromagnetic field both inside
and outside the waveguide which satisfies ordinary boundary
conditions on all boundaries and at the infinity together with
the incident field (3). Exact solution will be given in Section 4.

3. Numerical results
For practical applications of the discussed three-layer

structure in the area of beam-driven radiation sources, far-field
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radiation patterns are of most importance. These patterns are
obtained as follows. The integral I(4)q (ρ,z) from Section 4 can
be calculated asymptotically in the far-field area: k0R� 1,
θ � 1/

√
k0R, π − θ � 1/

√
k0R (hereafter it is always sup-

posed that R is so large that limits values of θ lie in area 4). In
our case, the saddle point is isolated and we obtain[17]

I(4)m (ρ,z)≈ I(4a)
m (ρ,z) = πa

e ik0R

R
κ−(k0 cosθ)

G+(k0 cosθ)

2J0(ak0 sinθ)

k0 cosθ−αq
.

(8)
This expression should be substituted to the formula for
H(4)

ωϕ(ρ,z) to obtain the far field in the region 4. For large
enough R, areas 1, 2 and 3 (see Fig. 1) occupy relatively small
region of θ therefore it is sufficient to consider radiation in
region 4 only.

It is also useful to consider the electromagnetic power car-
ried by the incident mode and any reflected propagating mode
through the waveguide cross section. For this, z component of
the Poynting vector averaged over the period 2π/ω is calcu-
lated (the overline means complex conjugation)

Sav
z =

c
8π

Re[Eωρ Hωϕ ], (9)

and integrated over the cross section:

Σ = 2π

∫ d

0
Sav

z ρ dρ. (10)

Then the corresponding S parameters are constructed:

Sml =

√
Σ
(r)
m /Σ (i), (11)

which can also be expressed in dB, SdB
ml = 20logSml .

For the calculations presented below, the mode frequency
was chosen to be equal to the frequency of the Cherenkov ra-
diation (CR) mode f CR

l (l is a mode number) produced by a
moving charged particle bunch with a given Lorentz factor γ

(note that a relativistic case γ � 1 is considered in the follow-
ing, which is of most practical importance). To find the set
of Cherenkov frequencies { f CR

m }, we should solve numerically
the dispersion equation (5) with respect to the frequency. For
this, σm, sm and χm in M̂ [Eq. (6)] should be also expressed
through the frequency f = ω/(2π) using Eq. (7) and the fol-
lowing relation:

kzm = ωm(cβ )−1, (12)

where cβ is a charge velocity, β 2 = 1− γ−2. Equation (12)
means a synchronicity between a moving charge and the m-
th waveguide mode. In other words, Eq. (12) means that for
given frequency f CR

m a mode with number m is slow and its
phase velocity equals the charge velocity, which holds for
CR modes.[41] If M(i) is chosen appropriately, an incident
mode (3) for { f CR

l } corresponds to the l-th mode of the wake-
field generated in the structure by a charged particle bunch. If
a bunch train with proper spatial modulation is used instead of

a single bunch, then high-order CR modes (l > 1) can be in
principle generated separately, see Section III-B in Ref. [19].

Next, we discuss an application of the developed the-
ory to a three-layer structure taken from Ref. [13]. First we
present numerical results for exact parameters used in this pa-
per. According to Ref. [13], dielectric permittivity of the third
layer satisfies ε > 1 but is close to unity, ε− 1 � 1. We
suppose that frequency equals the Cherenkov frequency with
number l therefore the incident TM-mode (3) simulates the
l-th Cherenkov mode of a wakefield generated by a charged
particle bunch. Far-field patterns are calculated using Eq. (8)
and the formula for H(4)

ωϕ from Section 4.

|Hwj|
iv

90O

60O

30O

0O

q

1

0.5
d-a=

0.8 mm

0.4 mm

0.1 mm

d-a=

0.8 mm
0.4 mm
0.1 mm

-6

-8

-10

1 2

-12

-14

-16

-18

-20

-22

-24

-26

S
m

1

m

ℓ=1
f=242 GHz

Fig. 2. Normalized far-field patterns (top) and S-parameters (bottom)
for the 1-st Cherenkov mode ( f CR

1 is indicated in the plot, the curves
are normalized to the maximum of the curve for d− a = 0.8 mm) ex-
iting the three-layer structure. Parameters: b = 0.4 mm, a = 0.55 mm,
ε = 3.8 (fused silica), ε= 1.01, γ = 10, thickness of the third layer d−a
is indicated in the legend.

The top plot in Fig. 2 shows how the radiation of the fun-
damental Cherenkov mode (l = 1) changes with an increase
in the thickness of the third layer. As one can see, the po-
sition of radiation maximum (39◦, 35◦, 21◦) and its width
(2∆θ0.7 = 52◦, 35◦, 25◦) decrease twice while field magnitude
increases 2.5 times with an increase in the thickness of the
third layer from 0.1 mm to 0.8 mm. Reflection described by
S11 and shown at the bottom plot in Fig. 3 also decreases es-
sentially from approximately −8 dB to −25 dB. Note that the
change in Cherenkov frequency f CR

1 with (d−a) is negligibly
in this case. The results shown indicate both the correctness
and fruitfulness of the idea presented in Ref. [13].

However, a capillary possessing the fundamental
Cherenkov mode with a frequency lying even in the lower
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part of the THz region is sub-mm in transverse direction (this
is a very thin capillary). Therefore, it is rather complicated
to manufacture. Moreover, the transverse size of the bunch
that can pass through such a capillary should be even smaller,
therefore complicating the practical realization of the scheme
considerably. To achieve the same frequencies, an approxi-
mately one order larger structure (i.e., a much thicker capil-
lary) can be used if high-order Cherenkov modes are gener-
ated and radiated.[7] As is well known, high-order modes can
be generated in dielectric-lined waveguides by a charged par-
ticle bunch with proper charge modulation, i.e., by a bunch

train.[42] Parameters of the train can be chosen so that the
bunch train spectrum has the expressed maximum exactly at
the required Cherenkov frequency f CR

l , therefore the corre-
sponding CR mode can be generated separately (see, for exam-
ple, Fig. 9 in Ref. [19] for details). It is worth noting that CST
simulation similar to that performed in Ref. [13] is much more
complicated for high-order modes and is therefore rarely pre-
sented in publications. However, the analytical approach pre-
sented in this paper allows for easily calculating corresponding
patterns.
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Fig. 3. Normalized far-field patterns (top) and S-parameters (bottom) for high-order Cherenkov modes ( f CR
l is indicated in the plots,

the curves are normalized to the maximum of the curve for d− a = 2b) exiting the three-layer structure. Parameters: a = 0.24 cm,
b = a/3, ε = 2 (Teflon), ε= 1.01, γ = 10, thickness of the third layer d−a is indicated in the legend.

Figure 3 (top plots) shows the normalized far-field pat-
terns for the case of a thick (mm-sized) capillary driven by
Cherenkov modes with numbers l = 3 and l = 5. As one can
see, in all the cases radiation patterns possess lateral (para-
sitic) lobes especially for relatively small thickness of the ad-
dition layer (d−a = b/2). However, with an increase in d−a
the main lobe increases considerably and the role of men-
tioned parasitic lobes decreases so that it becomes inessential
for d − a = 2b. Moreover, magnitude of the main lobe in-
creases 2÷4 times (depending on l) with an increase in d−a
from b/2 to 2b. Reflection of the incident mode Sll (S param-
eters are shown in bottom plots of Fig. 3) is relatively small
even for d− a = b/2 (less than −15 dB) and becomes even
smaller for thicker addition layer (d− a = 2b). Angle of the
main lobe decreases with an increase in number of the excited
Cherenkov mode. Overall, the presented results indicate po-

tential applicability of the discussed structure for realization
of a beam-driven THz radiation source in the case of relatively
thick capillary and high-order Cherenkov modes which can
be generated by short enough charged particle bunch. For an
enough thick additional layer with 0 < ε−1� 1 a single-lobe
radiation pattern with low reflection may be achieved.

It is also of interest to compare the obtained analytic re-
sults with simulated ones. Figure 4 shows a comparison be-
tween S-parameters calculated for the discussed three-layer
structure (parameters are the same as those in Fig. 3, left col-
umn, the third layer thickness is d−a = 2b) when excited by
the 3rd Cherenkov mode. Blue o markers correspond to the
S-parameters obtained via a rigorous analytic approach pre-
sented in this paper. Red cross markers correspond to the S-
parameters simulated using the 2-D axisymmetric frequency
domain solver of COMSOL Multiphysics (RF module). Sim-
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ilar to Refs. [17,18], an input end of the waveguide was sup-
ported by a series of numerical ports, one separate port for
each propagating mode (the port that corresponds to the in-
cident mode was set to be active). The corresponding eigen-
modes were determined numerically, with analytically calcu-
lated longitudinal wavenumbers kzm being used as guess val-
ues. An open end of the waveguide was surrounded by a hemi-
sphere with a scattering boundary condition applied. The outer
waveguide wall was set to be a perfect electrical conductor
(PEC). As one can see from Fig. 4, the coincidence between
these two sets of S-parameters is close to excellent, thus prov-
ing both the presented theory and the correctness of the COM-
SOL simulation procedure.

-10

-15

-20

-25

-30

-35

-40
1 2 3 4 5 6 7

S
m

3

m

Theory
Comsol, PEC wall
Comsol, copper wall

f=215 GHz

d-a=2b

ℓ=3

Fig. 4. S-parameters for the 3rd Cherenkov mode exiting the three-layer
structure with the same parameters as in Fig. 3, left column (d−a = 2b)
calculated using the presented analytic approach (blue o markers), sim-
ulated in COMSOL with PEC outer wall (red cross markers) and simu-
lated in COMSOL with copper outer wall of thickness a/20 (green plus
markers).

In addition, green plus markers in Fig. 4 show the
COMSOL-simulated S-parameters in the case where the outer
waveguide wall is made of copper of finite thickness. As one
can see, realistic wall material affects S-parameters insignifi-
cantly: for the worst case (S53) the difference is about 2 dB on
the −27 dB level.

4. General solution of the problem
Here we present the rigorous solution of the problem. The

reflected field in the area inside the waveguide (z < 0, ρ < a)
is decomposed into a series of TM modes propagating in the
opposite direction:

H(r)
ωϕ =

∞

∑
m=0

Mm e−ikzmz


J1(ρσm)/σm, for ρ < b,
J1(bσm)

σm

ψm(ρ)
ψm(b)

, for b < ρ < a,
J1(bσm)

σm

ψm(a)
ψm(b)

ψ0m(ρ)
ψ0m(a)

, for a < ρ < d,
(13)

where {Mm} are unknown “reflection coefficients” that should
be determined. Note that since both the structure and the ex-
citation (3) are uniform in ϕ , only symmetric TM modes are
taken into account in the reflected field.

The area outside the waveguide is divided into three sub-
areas 1, 2, 3, and 4 (see Fig. 1), where the field is described by
Helmholtz equation:[

∂ 2

∂ z2 +
∂ 2

∂ρ2 +
1
ρ

∂

∂ρ
+
(

k2
0−

1
ρ2

)]
H(1,2,3,4)

ωϕ = 0. (14)

We introduce functionsΨ±(ρ,α) (hereafter subscripts±mean
that the function is holomorphic and free of poles and zeros in
areas Imα >−δ and Imα < δ , correspondingly):

Ψ
(1,2,3,4)
+ (ρ,α) = (2π)−1

∫
∞

0
dzH(1,2,3,4)

ωϕ (ρ,z)e iαz, (15)

Ψ
(4)
− (ρ,α) = (2π)−1

∫ 0

−∞

dzH(4)
ωϕ(ρ,z)e iαz, (16)

and similar transforms of E(1,2,3,4)
ωz , for example,

Φ
(1,2,3,4)
+ (ρ,α) = (2π)−1

∫
∞

0
dz

k0

i
E(1,2,3,4)

ωz (ρ,z)e iαz. (17)

From Eqs. (17) and (2) we have the following relation between
Φ and Ψ :

Φ
(1,2,3,4)
+ (ρ,α) =

Ψ
(1,2,3,4)
+ (ρ,α)

ρ
+

∂Ψ
(1,2,3,4)
+ (ρ,α)

∂ρ
, (18)

and the same relation between Φ
(4)
− (ρ,α) and Ψ

(4)
− (ρ,α).

From Eq. (14) we obtain(
∂ 2

∂ρ2+
1
ρ

∂

∂ρ
+κ

2− 1
ρ2

){
Ψ

(1,2,3)
+

Ψ
(4)
− +Ψ

(4)
+

}
=

{
F(1,2,3)

0

}
,

(19)

2πF(1,2,3) = ∂H(1,2,3)
ωϕ /∂ z|z=0+

− iαH(1,2,3)
ωϕ |z=0+

, (20)

where
κ =

√
k2

0−α2, Imκ > 0. (21)

Equation (19) is obtained in a way similar to Eq. (9) in
Ref. [17].

Functions F(1,2,3) are determined using the continuity of
Eωρ and Hωϕ for z= 0, ρ < d (see Ref. [17] for details), there-
fore

2πF(1) = i
[
(kzl−α)M(i)J1(ρσl)/σl

−∑
∞

m=1(kzm +α)MmJ1(ρσm)/σm

]
, (22)

2πF(2) = i
[
M(i)

(kzl

ε
−α

)J1(bσl)

σl

ψl(ρ)

ψl(b)

−
∞

∑
m=1

Mm

(kzm

ε
+α

)J1(bσm)

σm

ψm(ρ)

ψm(b)

]
, (23)

2πF(3) = i
[
M(i)

(kzl

ε
−α

)J1(bσl)

σl

ψl(a)
ψl(b)

ψ0l(ρ)

ψ0l(a)

−
∞

∑
m=1

Mm

(kzm

ε
+α

)J1(bσm)

σm

ψm(a)
ψm(b)

ψ0m(ρ)

ψ0m(a)

]
.

(24)
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General solution to Eq. (19) has the form (see Ref. [17]
for details):

Ψ
(1)
+ (ρ,α) =C(1)J1(ρκ)+Ψ

(1)
p (ρ,α), (25)

Ψ
(2)
+ (ρ,α) =C(2)

1 J1(ρκ)+C(2)
2 Y1(ρκ)+Ψ

(2)
p (ρ,α), (26)

Ψ
(3)
+ (ρ,α) =C(3)

1 J1(ρκ)+C(3)
2 Y1(ρκ)+Ψ

(3)
p (ρ,α), (27)

Ψ
(4)
− (ρ,α)+Ψ

(4)
+ (ρ,α) =C(4)H(1)

1 (ρκ), (28)

where H(1)
ν is a Hankel function of the first kind of ν-th order,

C(1,4) and C(2,3)
1,2 are unknown coefficients.

Particular solutions of the inhomogeneous equations
Ψ

(1,2,3)
p have the form (see Ref. [17] for details)

Ψ
(1)
p (ρ,α) =

iM(i)

2πσl

J1(ρσl)

kzl +α
−

∞

∑
m=1

iMm

2πσm

J1(ρσm)

kzm−α
, (29)

Ψ
(2)
p (ρ,α) =

iM(i)

2π

kzl
ε
−α

κ2− s2
l

J1(bσl)

σl

ψl(ρ)

ψl(b)

−
∞

∑
m=1

iMm

2π

kzm
ε
+α

κ2− s2
m

J1(bσm)

σm

ψm(ρ)

ψm(b)
, (30)

Ψ
(3)
p (ρ,α) =

iM(i)

2π

kzl
ε −α

κ2−χ2
l

J1(bσl)

σl

ψl(a)
ψl(b)

ψ0l(ρ)

ψ0l(a)

−
∞

∑
m=1

iMm

2π

kzm
ε +α

κ2−χ2
m

J1(bσm)

σm

ψm(a)
ψm(b)

ψ0m(ρ)

ψ0m(a)
.

(31)

From Eq. (18) one obtains the corresponding form of the
general solution for Φ :

Φ
(1)
+ (ρ,α) = ik−1

0 C(1)
κJ0(ρκ)+Φ

(1)
p (ρ,α), (32)

Φ
(2)
+ (ρ,α) = ik−1

0 C(2)
1 κJ0(ρκ)+ ik−1

0 C(2)
2 κY0(ρκ)

+Φ
(2)
p (ρ,α), (33)

Φ
(3)
+ (ρ,α) = ik−1

0 C(3)
1 κJ0(ρκ)+ ik−1

0 C(3)
2 κY0(ρκ)

+Φ
(3)
p (ρ,α), (34)

Φ
(4)
− (ρ,α)+Φ

(4)
+ (ρ,α) = ik−1

0 C(4)
κH(1)

0 (ρκ), (35)

where

Φ
(1)
p (ρ,α) =

−M(i)

2πk0

J0(ρσl)

kzl +α
+

∞

∑
m=1

Mm

2πk0

J0(ρσm)

kzm−α
, (36)

Φ
(2)
p (ρ,α) =

−M(i)

2πk0

kzl
ε
−α

κ2− s2
l

slJ1(bσl)

σl

φl(ρ)

φl(b)

+
∞

∑
m=1

Mm

2πk0

kzm
ε
+α

κ2− s2
m

smJ1(bσm)

σm

φm(ρ)

φm(b)
, (37)

Φ
(3)
p (ρ,α) =

−M(i)

2πk0

kzl
ε −α

κ2−χ2
l

J1(bσl)

σl

ψl(a)
ψl(b)

χlφ0l(ρ)

φ0l(a)

+
∞

∑
m=1

Mm

2πk0

kzm
ε
+α

κ2−χ2
m

J1(bσm)

σm

ψm(a)
ψm(b)

χmφ0m(ρ)

φ0m(a)
,

(38)

where

φ0m(ρ) = J0(ρχm)Y0(dχm)−Y0(ρχm)J0(dχm),

φm(ρ) = J0(ρsm)ϕ2m−Y0(ρsm)ϕ1m, (39)

and Φ
(3)
p (d,α) = 0 since φ0m(d) = 0.

Boundary condition Eωz = 0 for ρ = d, z < 0 results in
Φ

(4)
− (d,α) = 0, and we obtain from Eq. (35):

C(4) =
k0Φ

(4)
+ (d,α)

iκH(1)
1 (dκ)

, (40)

therefore from Eq. (28)

Ψ
(4)
+ (d,α)+Ψ

(4)
− (d,α) =

k0Φ
(4)
+ (d,α)H(1)

1 (dκ)

iκH(1)
1 (dκ)

. (41)

To obtain the Wiener–Hopf–Fock equation one should ex-
press the term Ψ

(4)
+ (d,α) in Eq. (41) through the Φ

(4)
+ (d,α).

This can be carried out using the continuity conditions for
ρ = b,a,d, z > 0 (see Ref. [18] for details):

Ψ
(4)
+ (d,α) =

k0Φ
(4)
+ (d,α)J1(dκ)

iκJ0(dκ)
+Ψ

(3)
p (d,α)

− k0

iκdJ0(dκ)

[
bJ1(bκ)(Φ

(1)
p (b,α)

−Φ
(2)
p (b,α))+aJ1(aκ)(Φ

(2)
p (a,α)

−Φ
(1)
p (a,α))− ibκJ0(bκ)

k0
(Ψ

(1)
p (b,α)

−Ψ
(2)
p (b,α))− iaκJ0(aκ)

k0
(Ψ

(2)
p (a,α)

−Ψ
(3)
p (a,α))

]
. (42)

Similar to Refs. [17,18], the right-hand side of Eq. (42)
formally possesses pole singularity for α = αm:

αm =
√

k2
0− j2

0md−2, Imαm > 0, (43)

where j0m is the m-th zero of the Bessel function J0 (αm are
the longitudinal wavenumbers of a vacuum waveguide of ra-
dius d). However, the function determined by Eq. (42) should
be regular in the area Imα > −δ . Therefore, this pole sin-
gularity on the right-hand side should be eliminated and we
obtain the following requirement:

Φ
(4)
+ (d,αp)J1( j0p)

=
1
d

{
bJ1(b j0p/d)

× [Φ
(1)
p (b,αp)−Φ

(2)
p (b,αp)]

+aJ1(a j0p/d)[Φ (2)
p (a,αp)−Φ

(1)
p (a,αp)]

−
ib j0pJ0(b j0p/d)

dk0
[Ψ

(1)
p (b,αp)−Ψ

(2)
p (b,αp)]

−
ia j0pJ0(a j0p/d)

dk0
[Ψ

(2)
p (a,αp)−Ψ

(3)
p (a,αp)]

}
. (44)
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Substituting Eq. (42) into Eq. (41) and combining the
terms proportional to Φ

(4)
+ (d,α) we obtain the following

Wiener–Hopf–Fock equation:

2k0Φ
(4)
+ (d,α)

κG(α)
+Ψ

(4)
− (d,α)+

1
dJ0(dκ)

i
2π

Π(α) = 0, (45)

where

G(α) =πdκJ0(dκ)H(1)
0 (dκ), (46)

Π(α) = b
M(i)ζ1l(α)

kzl +α
−

∞

∑
m=0

b
Mmζ1m(α)

kzm−α

+M(i)
kzl
ε
−α

κ2− s2
l

slJ1(bσl)

σlψl(b)
η1l(α)

−
∞

∑
m=0

Mm

kzm
ε
+α

κ2− s2
m

smJ1(bσm)

σmψm(b)
η1m(α)

+aM(i)
kzl
ε −α

κ2−χ2
l

J1(bσl)

σl

ψl(a)
ψl(b)ψ0l(a)

η2l(α)

−
∞

∑
m=0

aM(i)
m

kzm
ε +α

κ2−χ2
m

J1(bσm)

σm

ψm(a)
ψm(b)ψ0m(a)

η2m(α),

(47)

η1m(α) = bφ2mµbm(α)−aφ2mµam(α)

−bφ1mνbm(α)+aφ1mνam(α),

µbm(α) = J0(bκ)J1(bsm)/sm− J0(bsm)J1(bκ)/κ,

νbm(α) = J0(bκ)Y1(bsm)/sm−Y0(bsm)J1(bκ)/κ,

µam(α) = J0(aκ)J1(asm)/sm− J0(asm)J1(aκ)/κ,

νam(α) = J0(aκ)Y1(asm)/sm−Y0(asm)J1(aκ)/κ,

η2m(α) = χmY0(dχm)ζ2m + J0(dχm)(χmJ1(aκ)Y0(aχm)/κ

− J0(aκ)Y1(aχm))−2J0(dκ)(πaχm)
−1,

ζ1m(α) = J0(bσm)J1(bκ)/κ− J0(bκ)J1(bσm)/σm. (48)

Equation (45) is solved in a common way (see Refs. [17,
18,21] for details). Omitting standard factorizations and esti-
mations, we obtain

Φ
(4)
+ (d,α) =

1
4π ik0d

κ+(α)G+(α)

×
∞

∑
q=1

Π(−αq)
κ+(αq)G+(αq) j0q

d2αqJ1( j0q)(α +αq)
. (49)

To find {Mm}, one should substitute Eq. (49) into
Eq. (44). After transformations, we obtain an infinite linear
system in the form

∑
∞

m=1 WpmMm = M(i)wp, p = 1,2, . . . , (50)

which is convergent and can be solved numerically using the
reducing technique (see, for example, Refs. [17,18] for de-
tails).

When the set of coefficients {Mm} is determined, the elec-
tromagnetic field can be calculated via the inverse transform
over α , in accordance with Eqs. (15) and (16):

H(1,2,3)
ωϕ (ρ,z > 0) =

∫ +∞

−∞

Ψ
(1,2,3)
+ (ρ,α)e−iαz dα, (51)

H(4)
ωϕ(ρ,z) =

∫ +∞

−∞

Ψ
(4)(ρ,α)e−iαz dα. (52)

Performing calculations similar to those in Ref. [18], one ob-
tains that the field in the region z> 0 is described by the unified
formula:

H(1,2,3,4)
ωϕ (ρ,z> 0)=

∞

∑
q=1

Π(−αq)
κ+(αq)G+(αq) j0q

d2αqJ1( j0q)

L+
q (ρ,z)

2
,

(53)
where L+

q is given by Eq. (47) in Ref. [17].
For the domain 4, one can also obtain the representation

convenient for investigation of the far field:

H(4)
ωϕ(ρ,z) =

1
d

∞

∑
q=1

Π(−αq)
κ+(αq)G+(αq) j0q

d2αqJ1( j0q)

I(4)q

4π
, (54)

where integral

I(4)q (ρ,z) =
+∞∫
−∞

κ+(α)G+(α)H(1)
1 (ρκ)

κ(α)H(1)
0 (aκ)(αq +α)

e−iαz dα (55)

has been investigated before [see Eq. (41) in Ref. [17]]. In par-
ticular, integral (55) can be easily calculated asymptotically,
see Eq. (51) in Ref. [17] and Eq. (8) in this paper, and we can
substitute integral (55) into Eq. (54) to obtain the far field in
region 4.

5. Conclusion
We have presented a convenient rigorous approach for

calculating various diffraction processes at the open end (with
orthogonal cut) of a circular waveguide with a three-layer di-
electric lining. In other words, we have rigorously solved the
corresponding canonical diffraction problem. In this paper, we
have considered the specific case of excitation in the form of a
symmetric TM waveguide mode. However, this approach can
be extended to more complicated problems, for example, exci-
tation by a charged particle bunch (in full formulation includ-
ing both wakefield radiation and diffraction radiation) could
be included in the solution.

The obtained solution has been applied for investiga-
tion of radiation of Cherenkov wakefield from the open-ended
three-layer capillary suggested in Ref. [13] as a promising
structure for realization of beam-driven THz source with small
divergence and high efficiency. While paper Ref. [13] dealt
with the case where only a fundamental Cherenkov mode is
excited and radiated, our analytic approach has allowed con-
sideration of high-order Cherenkov modes. In this case, THz
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radiation frequencies can be obtained for mm-sized (not sub-
mm) capillaries, which are more favorable in fabrication. It
has been shown that for a enough thick third layer with permit-
tivity slightly larger than unity, a single-lobe radiation pattern
with low reflection can be achieved. Additionally, the angle
of the main lobe decreases with an increase in the number of
excited Cherenkov modes.
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