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Nonlinearly induced steady-state photon–phonon entanglement of a dissipative coupled system is studied in the
bistable regime. Quantum dynamical characteristics are analysed by solving the mean-field and fluctuation equations of
the system. It is shown that dissipative coupling can induce bistable behaviour for the effective dissipation of the system.
Under suitable parameters, one of the steady states significantly reduces the dissipative effect of the system. Consequently,
a larger steady-state entanglement can be achieved compared to linear dynamics. Furthermore, the experimental feasibility
of the parameters is analysed. Our results provide a new perspective for the implementation of steady-state optomechanical
entanglement.
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1. Introduction
Entanglement stands as a pivotal quantum resource[1–3]

with extensive applications in quantum computation,[4–6]

quantum information,[7–9] and so on. Various systems, includ-
ing optical,[10] atomic,[11,12] and magnonic systems,[13,14] ex-
hibit evident entanglement. Notably, the optomechanical sys-
tem offers a versatile platform for studying photon–phonon
entanglement,[15–17] thereby delving into fundamental theo-
ries and quantum information manipulation.[18,19] Optome-
chanical entanglement is investigated in both theoretical[20,21]

and experimental[22–24] aspects. Recent attention has gravi-
tated towards dissipative coupling optomechanical systems[25]

in contrast to traditional dispersive coupling,[26] owing to
their distinctive properties via optical dissipation modula-
tion by mechanical displacement. Dissipative coupling was
first proposed theoretically in Ref. [25] and confirmed ex-
perimentally in Ref. [27]. It has been observed in di-
verse systems, including Michelson–Sagnac interferometer
with a movable membrane,[28] nanomechanical waveguide
coupled with a microdisc resonator,[29] whispering-gallery
mode coupled with a tapered fiber[30] and photonic crystal
cavity.[31] Leveraging dissipative coupling, numerous phys-
ical phenomena have been investigated, encompassing elec-
tromagnetically induced transparency,[32,33] magnetic field in-
duced nonreciprocity,[34] mechanical oscillator cooling,[25,35]

and output light squeezing.[36,37]

Both dispersive and dissipative coupling, altering
frequency and dissipation through mechanical oscilla-
tors, are fundamentally nonlinear in optomechanical
systems.[26,38–40] These nonlinear effects have been ex-
tensively studied, including optical bistability,[40–42] op-

tomechanically induced transparency,[38,43–46] quantum
synchronization,[47,48] and photon blockade.[49–52] Notably,
optomechanical coupling-induced nonlinearities offer advan-
tages for entanglement.[24,43,53–55] Moreover, when combined
with nonlinear effects, dissipative coupling holds promise
in few-photon manipulation[56,57] by safeguarding quantum
properties through optical bandwidth modulation. These stud-
ies provide a way to combine the advantages of nonlinear and
dissipative coupling to protect and generate entanglement.

In this paper, we study the classical nonlinear effects of
dissipative coupling system, and discuss quantum entangle-
ment within the bistable region. We examine a hybrid cou-
pled optomechanical system where dispersive and dissipation
couplings coexist. The bistability of the mechanical oscil-
lator displacement is determined by the dynamical analysis.
Frequency and dissipation are simultaneously modulated the
bistable mechanical oscillator in our system, which affects the
quantum characteristics. Our results show that the dissipa-
tively coupled optomechanical system with significant bista-
bility can effectively enhance the driving strength. Specifi-
cally, with increasing dissipative coupling strength, both pho-
ton number and cavity dissipation experience a notable de-
crease in the bistability regime, and potentially reaching κeff ≈
0 at the solvable boundary. More importantly, we find that
nonlinearly induced entanglement is approximately 50 times
higher than the linear case for experimentally achievable pa-
rameters. The paper is organized as follows. In Section 2,
we introduce the system Hamiltonian and analyse the bistable
region of a dissipatively coupled optomechanical system. In
Section 3, we study the entanglement in the bistable region.
Finally, we conclude and discuss the application prospects of
our scheme in Section 4.

†Corresponding author. E-mail: zhangwenzhao@nbu.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

060313-1

https://doi.org/10.1088/1674-1056/ad3dd6
mailto:zhangwenzhao@nbu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 060313 (2024)

2. Model and Hamiltonian
An optomechanical system in which the cavity frequency

ωc (dispersive coupling) and the linewidth κ (dissipative cou-
pling) are modulated by a mechanical oscillator is shown in
Fig. 1. The Hamiltonian of the model is given by[28]

Ĥ/h̄ = ωc(Q)ĉ†ĉ+
1
2

ωm(Q̂2 + P̂2)

+i
√

κ(Q)(ĉ†ĉin e−iωdt − ĉĉ†
in e iωdt), (1)

where ωc(Q) = ωc+gω Q̂ denotes the resonator displacement-
modified optical frequency, and gω is the dispersive cou-
pling rate (the commonly used optomechanical coupling rate).
ĉ is the bosonic operator of the cavity with frequency ωc.
Q̂ = (b̂+ b̂†)/

√
2 and P̂ = i(b̂†− b̂)/

√
2 are the dimension-

less displacement and momentum operators, respectively. b̂
is the annihilation operator of the mechanical oscillator with
frequency ωm. ĉin = εd + âin denotes the input of the cav-
ity, which contains a classical component (εd) and a quan-
tum component (âin). εd =

√
Pd/(h̄ωd) is the amplitude of

the laser driving with power Pd and frequency ωd. âin is
the input vacuum noise of the cavity with the correlation
〈âin(t)â

†
in(t
′)〉 = δ (t− t ′). κ(Q) = κ + gκ Q̂ = κ(1+ gκ Q̂/κ)

is the resonator displacement-modified optical linewidth.[58]

κ and gκ denote uncoupled linewidth and dissipative cou-
pling rate, respectively. In combination with the displacement-
modified input–output relation, the dynamical equations of
the system under frame rotation at the laser frequency in the
Markovian regime are given by[28]

˙̂Q = ωmP̂, (2a)

˙̂P = −ωmQ̂−gω ĉ†ĉ− igκ

2
√

κ(Q)
(ĉ†ĉin− ĉĉ†

in)

−γP̂+
√

γ p̂in, (2b)

˙̂c = −
[

i(∆c +gω Q̂)+
κ(Q)

2

]
ĉ+
√

κ(Q)ĉin, (2c)

where ∆c = ωc−ωd is the detuning between the cavity and
the input laser. γ is the mechanical damping rate and p̂in is the
mechanical input noise operator satisfying 〈p̂†

in(ω)p̂in(ω
′)〉=

δ (ω −ω ′)nth, where nth = [exp(h̄ωm/kBT )− 1]−1 describes
the thermal phonon number with temperature T . In the above
Langevin Eq. (2), the commutation relation [P̂,

√
κ(Q)] =

− igκ

2
√

κ(Q)
is obtained by utilizing the expansion of the se-

ries
√

κ(Q) =
√

κ ∑
∞
n=0

(1/2)(1/2−1)···(1/2−n+1)
n! ( gκ Q̂

κ
)n and the

commutation formula [P̂, Q̂n] = −inQ̂n−1. Under the strong
driving and weak coupling condition, we can decompose the
above dynamical equations into a nonlinear classical part and
a linear quantum part. The corresponding operator can be di-
vided as Q̂ = Q̄+ q̂, P̂ = P̄+ p̂, ĉ = c̄+ â, in which Ō ≡ 〈Ô〉.
A series expansion of

√
κ(Q) =

√
κ
√

1+gκ Q̄/κ +gκ q̂/κ

yields
√

κ(
√

1+gκ Q̄/κ + gκ q̂/κ

2
√

1+gκ Q̄/κ
)+O[gκ q̂/κ]2. Under

the condition gκ q̂/κ � 1, we can make use of the first-order
approximate

√
κ(Q)≈

√
κ(
√

1+gκ Q̄/κ+ gκ q̂/κ

2
√

1+gκ Q̄/κ
). The

nonlinear classical dynamical equations are

˙̄Q = ωmP̄,

˙̄P = −ωmQ̄−gω c̄∗c̄− igκ εd

2
√

κ +gκ Q̄
(c̄∗− c̄)− γP̄,

˙̄c = −
[

i(∆c +gω Q̄)+
1
2
(κ +gκ Q̄)

]
c̄

+

√
κ +gκ Q̄εd. (3)

For exploring the long-time dynamical behavior or detection
of quantum systems, we can safely use the classical steady-
state solutions to modify the parameters in quantum dynamics.
Under this premise, Eq. (3) can be written as

0 = −ωmQ̄−gω c̄∗c̄− igκ εd

2
√

κ +gκ Q̄
(c̄∗− c̄),

0 = −
[

i(∆c +gω Q̄)+
1
2
(κ +gκ Q̄)

]
c̄

+

√
κ +gκ Q̄εd. (4)

It is evident that the classical part of the system exhibits typ-
ical characteristics of nonlinear dynamics. The mean-field-
modified linearized quantum dynamical equations are

˙̂q = ωm p̂,

˙̂p = −ωmq̂− (G∗ω â+Gω â†)− γ p̂+
√

γ p̂in

− i
√

κeff

[
(G∗κ âin−Gκ â†

in)+
gκ εd

2
(â†− â)

]
,

˙̂a = −(iωeff +κeff) â− (Gκ + iGω)q̂

+
√

κeffâin +
gκ εd

2
√

κeff
q̂, (5)

where Gω = c̄gω and Gκ = c̄gκ/2 denote the mean-field-
enhanced dispersive and dissipative coupling, respectively.
ωeff = ∆c + gω Q̄ and κeff = κ + gκ Q̄ denote the mean-
displacement-modified frequency and dissipation, respec-
tively. It is evident that the classical mean value impacts the
behavior of quantum dynamics through the parameters. For
conventional optomechanical systems, the displacement of the
movable mirror by optical force action reduces the optical fre-
quency through the cavity length. According to the expres-
sion of ωeff, we can obtain that Q̄ is negative. In weak driving
and linear conditions, the value of Q̄ is generally small and
is usually ignored. However, under nonlinear conditions, Q̄
can be significant and has a non-negligible decrease to ωeff

and κeff. This nonlinear dynamics affects the equations of the
quantum part through effective frequency, effective dissipa-
tion, and average photon number (ns = c̄∗c̄), thus exhibiting
different quantum characteristics of the system.
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O M

Optical mode

Mechanical mode

gκ

gω

γ

κ↼Q↽

Fig. 1. Schematic structure of the dissipative coupled system, where the
dissipation of the optical mode O is modulated by the mechanical mode M.

As shown in Fig. 2, classical nonlinear behavior is illus-
trated. The grey area in the figure represents the unsolvable
parameter region, where the roots are mathematically legiti-
mate but do not correspond to any physical meaning (the so-
lutions in this region do not satisfy the law of conservation
of energy). The dotted-lines indicate unstable branches of the
system,[42,59] which represent the transition state between the
two steady states. It is similar to the peak point of the potential
field, although the solution at this point exists, all the energy
around it is lower, thus with a slight perturbation, the state of
the system will fall to one of the two steady states. As the
driving strength or coupling rate is increased from small val-
ues, the system is initially at the first stable branch labelled as
I and represented by the solid-line in the figure. When the pa-
rameters approach the end of the I branch, a small increase will
cause a switch of {ns,κeff,ωeff} to the second stable branch II
with dashed-line. Conversely, when the system is on the II
branch, the parameters approach the beginning of the second
stable branch. If the parameters are decreased even further,
the system switches back to the I stable branch. As shown in
Fig. 2(a), the enhancement of the dissipative coupling gκ de-
creases the steady-state photon number in the cavity. When the
dissipative coupling coefficient reaches a certain value such as
gκ = 5× 10−5ωm, ns gradually tends to 0 with the increase
of the driving strength. A similar conclusion is demonstrated
in Fig. 2(b). As the driving strength increases, the effective
dissipation gradually tends to 0 with gκ = 5× 10−5ωm. This
is a phenomenon distinct from the bistable behavior of con-
ventional optomechanical systems and is an additional effect
introduced by dissipative coupling. According to the expres-
sion for effective dissipation κeff = κ + gκ Q̄, the modulation
is only available when gκ 6= 0 (see red line in the figure). Fur-
thermore, it is known from the Hamiltonian that the driving is
introduced through external input, which means when the ef-
fective dissipation is 0, there is no effective input exists. This
explains the phenomenon in Fig. 2(a) where the photon num-
ber drops to 0 when dissipative coupling is present. As shown
in Fig. 2(c), the effective detuning switches from beam-splitter
type (BS-type) coupling to parametric down-conversion type
(PDC-type) coupling under the modulation of the driving, re-
gardless of the presence of dissipative coupling. This means

we can modulate quantum effects, such as entanglement, by
controlling classical driving.[60] For gω , the key parameter for
inducing nonlinearity, there is a similar effect to that of the
driving, where the system exhibits bistability as gω increases,
and the corresponding results are shown in Figs. 2(d)–2(f).
Due to the introduction of dissipative coupling, there is an
effective dissipation κeff ≈ 0 on the beginning of the second
stable branch (κeff = 0 is a singularity, which we mark with a
black dot in the figure also classified as an unsolvable region).
It is worth noting that in Fig. 2(d), the unstable and upper so-
lutions are misaligned in the presence of a dissipative coupling
gκ . In the figure, the unstable solution shifts up while the up-
per solution shifts down. The reason for this phenomenon is as
we analyzed above, the unstable solution does not satisfy the
law of energy conservation. When dissipation decreases, the
effective input energy of the driving also decreases, and natu-
rally the upper stable branch decreases, whereas the unstable
solution does not satisfy this law.

According to Eq. (5), we can obtain the effective Hamil-
tonian of the quantum component modified by the classical
dynamics,

Ĥeff/h̄ =

(
ωeff−

i
2

κeff

)
â†â+

ωm

2
(p̂2 + q̂2)

+
(
G∗effâ+Geffâ†) q̂, (6)

where Geff = Gω − iGκ + i gκ εd
2
√

κeff
and G∗eff = G∗ω − iG∗κ −

i gκ εd
2
√

κeff
denote the linearized total coupling coefficient be-

tween the optical and mechanical modes. Note that the ef-
fective Hamiltonian contains the dissipative term of the op-
tical mode, which is due to the fact that the dissipative cou-
pling leads to a modification of the input–output relation of
the optical cavity.[58] Since the dissipative coupling originates
from the correction of the oscillator to the optical environment,
which is non-Hermitian in the Markov regime, thus the term
Geff in the Hamiltonian containing the dissipative coupling is
also non-Hermitian. The Geff and G∗eff inversely written from
the dynamical equations are also not conjugate.

For bipartite Gaussian states, entanglement is discussed in
dispersive coupled optomechanical systems within the bistable
region.[42] The introduction of dissipative coupling in our dis-
cussion demonstrates distinct differences and advantages over
purely dispersive coupled systems. Thus, it is necessary to
discuss the entanglement characteristics in dissipative coupled
systems. In terms of the covariance matrix formalism the crite-
rion is called logarithmic negativity, which is defined as[61,62]

En = max[0,− ln(2η−)], where η− is the smallest symplec-
tic eigenvalue of the partially transposed covariance matrix
given by η− = (1/

√
2[Σ(𝑉 )−

√
Σ(𝑉 )2−4det𝑉 ]1/2) and

Σ(𝑉 ) = det(𝑉A)+ det(𝑉B)− 2det(𝑉C). Here, 𝑉A, 𝑉B, and
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𝑉C are 2×2 matrices obtained via the covariance matrix[63]

𝑉 =

(
𝑉A 𝑉C
𝑉 T

C 𝑉B

)
. (7)

The elements of the covariance matrix are defined as Vi j =

〈ûiû j + û jûi〉/2, in which 𝑢̂ = (X̂ ,Ŷ , q̂, p̂)T. The optical
quadrature operators are defined as X̂ = (â + â†)/

√
2 and

Ŷ = i(â†− â)/
√

2. The equation of motion for the covari-
ance matrix is given by[64]

𝑉̇ (t) =𝐴(t)𝑉 (t)+𝑉 (t)𝐴T(t)+𝐷, (8)

where the input noise matrix 𝐷 = diag(κeff/2,κeff/2,0,γn′th)
with n′th = nth + |Gκ |2/(κeffγ) being the effective thermal
noise. With the help of the effective Hamiltonian, the system
coefficient matrix is given by

𝐴=


−κeff

2 ωeff
G∗eff−Geff√

2
0

−ωeff −κeff
2

i(G∗eff+Geff)√
2

0

0 0 0 ωm
−(G∗eff+Geff)√

2
i(Geff−G∗eff)√

2
−ωm −γ

 . (9)

Figure 3 shows the steady-state logarithmic negativity as
a function of driving strength εd. To visualize the behavior
of entanglement in the bistable regime, we select the BS-type
sideband (such sideband is unentangled in the linear case for
the system), i.e., ∆c = ωm. As shown in the figure, as the

driving increases, nonlinear effects emerge and the effective
detuning gradually shifts from the BS-type sideband to the
PDC-type sideband where entanglement can be generated. In
the first stable branch of the system, tiny entanglement ap-
pears due to small changes in effective detuning, marked with
the yellow area I in the figure. Dissipative coupling in this re-
gion can enhance entanglement. In the second stable branch,
large entanglement emerges. In this region, the effective de-
tuning is close to −ωm, and entanglement reaches a maxi-
mum when the system is driven to the PDC-type sideband.
Dissipative coupling is significant for entanglement in this re-
gion, marked with grey area. The entanglement is much larger
with gκ = 5× 10−5ωm than with gκ = 0 and gκ = 10−5ωm.
This is because the effective dissipation tends to 0 in the
gκ = 5× 10−5ωm case (see Fig. 2(b)), thus the large steady
state entanglement is highlighted. It is worth noting that al-
though the mean-field of the system is nonlinear, the quantum
part remains linear, ensuring Gaussianity in the computational
process and the availability of entanglement criteria. For the
unstable solution in Fig. 2 (dotted-line), since this part of the
solution is not energy-conserving, the decay brought by the
dissipative coupling in Geff is much stronger than the energy
introduced by the driving. As a result, the non-diagonal ele-
ments rapidly decay to 0, and no entanglement will be induced.
Hence, no special treatment is needed to deal with this part in
Fig. 3.
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Fig. 2. Bistability of the intracavity photon number, effective dissipation and effective frequency with respect to (a)–(c) input power and (d)–(e)
coupling rate gω . The other parameters are ∆c = ωm, gω/ωm = 10−3, κ/ωm = 0.1, εd/ωm = 103, γ/ω = 10−5, nth = 100.

060313-4



Chin. Phys. B 33, 060313 (2024)

0.4

0.3

0.2

0.1

0E
n
ta

n
g
le

m
e
n
t 
E

n

0 2000 4000 6000 8000 10000

0.006

0
0 2000

εd/√ωm

gκ/

gκ/
-5ωm

gκ/Τ-5ωm

II

I

Fig. 3. Steady-state entanglement in the bistable regime with different
gκ . The yellow region indicates entanglement induced by the I branch
and the grey region indicates entanglement induced by the II branch. The
other parameters are the same as in Fig. 2.

3. Discussion and conclusions
Dissipative coupling has been experimentally realized in

membrane optomechanical systems[27,65] and crystal optome-
chanical systems.[31,66] Among these, the membrane optome-
chanical system offers adjustable coupling coefficients gω and
gκ , but the coupling strength is weak,[27,28,65] whereas the
crystal optomechanical system provides stronger coupling, al-
beit with challenging adjustments of gω and gκ .[31,66] In our
discussion, no specific requirements are imposed on the sys-
tem parameters. The key to achieving bistability lies in the
coupling coefficient gω and the driving strength εd. If the gω

of the system is small, a robust laser driving becomes neces-
sary, and the commonly used driving strengths in experiments
are on the order of mW. The corresponding εd/ωm ∼ 108 with
1550 nm optical laser and 5.5 GHz mechanical resonator,[66]

which far exceeds the driving strengths depicted in our figures.
Thus, our discussion is within the scope of an experiment.

We have investigated the entanglement behavior in the
dissipative coupled optomechanical system in the bistable
regime. Dissipative coupling allows the system to achieve
large steady-state entanglement by eliminating the effective
dissipation, which is different from the nonlinearly induced
weak entanglement in purely dispersion-coupled systems.
Dissipatively coupled systems lead to rich physics, both in
terms of frequency modulation by classical nonlinearities and,
more importantly, the induction of dissipation modulation,
which makes it possible to protect or highlight the quantum be-
havior of the system through dissipative coupling. Our study
provides a new perspective for the protection of the quantum
effect by dissipative coupling.
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