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Recently, a class of innovative notions on quantum network nonlocality (QNN), called full quantum network nonlocal-
ity (FQNN), have been proposed in Phys. Rev. Lett. 128 010403 (2022). As the generalization of full network nonlocality
(FNN), /-level quantum network nonlocality ([-QNN) was defined in arxiv. 2306.15717 quant-ph (2024). FQNN is a NN
that can be generated only from a network with all sources being non-classical. This is beyond the existing standard net-
work nonlocality, which may be generated from a network with only a non-classical source. One of the challenging tasks
is to establish corresponding Bell-like inequalities to demonstrate the FQNN or /-QNN. Up to now, the inequality criteria
for FQNN and /-QNN have only been established for star and chain networks. In this paper, we devote ourselves to es-
tablishing Bell-like inequalities for networks with more complex structures. Note that star and chain networks are special
kinds of tree-shaped networks. We first establish the Bell-like inequalities for verifying /-QNN in k-forked tree-shaped
networks. Such results generalize the existing inequalities for star and chain networks. Furthermore, we find the Bell-like
inequality criteria for /-QNN for general acyclic and cyclic networks. Finally, we discuss the demonstration of /-QNN in

the well-known butterfly networks.

Keywords: full network nonlocality, hierarchical network nonlocality, tree network

PACS: 03.67.Hk, 03.67.—a, 03.65.—w, 03.65.Aa

1. Introduction

By taking into account complex causal structures beyond
the standard local hidden variable model, the definition of
nonlocality on bipartite systems has been generalized to the
cases of quantum networks, such as entanglement-swapping
[3,4] 561 polygon

networks,[”#! tree-shaped networks!®-!!l and arbitrary non-
[12-14

networks, 2! chain networks, star networks,

cyclic networks, 1 and even arbitrary networks.!!3] Be-
cause of the complexity of network structures and the indepen-
dence of sources, the set of local correlations in a network can-
not generally be convex. This implies that linear Bell-like in-
equalities are not sufficient to characterize network nonlocal-
ity (NN). Thus, nonlinear Bell-like inequalities for networks
were proposed.!1->>11 In addition, Denis et al. put forward
an iterative procedure for constructing Bell-like inequalities
by adding independent sources.!'?!

However, the violation of one of these aforementioned
inequalities guarantees only the existence of one non-classical
source in this network. This network nonlocality may not be
genuinely beyond Bell bipartite nonlocality, and also cannot
display the superiority of network communications.!!”! Cur-
rently, Alejandro et al. displayed the notion of full network
nonlocality (FNN) to describe the class of NN correlations
formed by requiring all sources to be nonclassical.!'”l So FNN
correlations can genuinely be applied in quantum information
communications. In particular, the inequality criteria for FNN
in the star network were built by finding a new upper bound

fCorresponding author. E-mail: hekanquantum@ 163.com
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ad3dd5

of the existing Bell-like inequalities. The upper bound lies in
the interval (1,/2). FNN is also observed in experiments for
several networks.[18-21] Sequentially, in Ref. [22], Luo et al.
generalized the notion of FNN to hierarchical NN, which is
called /-level network nonlocality (I-NN). To define the no-
tations of FNN and /-NN, researchers consider the different
kinds of sources, including no-signaling and quantum sources.
Consider a behavior as the joint probability p(a,b|x,y) with
output vectors a,b and input vectors x, y respectively. The be-
havior is no-signaling ifl*3]

Y p(a,blx,y) =Y p(a,blx,y') forall a,x,y,y,
b b

Zp(a,b|x,y) = Zp(a,b|x’,y) for all b,y,x,x.
a a

The behavior is quantum if p(a,b|x,y) = tr(papMg)y @ Mp),)
for some bipartite quantum states pap and M,,, My, consti-
tute the POVMs of Alice and Bob, respectively. Denote by Q
and V'S the sets of quantum correlations and no-signaling cor-
relations respectively, then @ C N'S. The aforementioned cor-
relations can play different roles in NN theory. For instance,
roughly speaking, for the binary CHSH inequality, the CHSH
value is bounded by 1 if all sources are classical, the maximal
quantum violation is v/2, and the CHSH value for no-signaling
sources can arrive at 2 maximally. Based on the above, Luo
et al.”?? provided a notion of the hierarchical network non-
locality between NN and FNN: /-level network nonlocality.
This means its corresponding probability distribution cannot
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be generated when at least / sources in the network distribute
classical physical systems, and the rest are no-signaling. Oth-
erwise, the distribution is /-level network local (-NL). When
no-signaling sources are replaced by quantum sources, [-level
quantum network nonlocality and locality (/-QNN and /-QNL)
can also be defined similarly. If / = 1, /-NN and /-QNN be-
come FNN and FQNN, respectively. [-NN or [-QNN can
be verified by violating nonlinear network local inequalities
whose upper bounds are magnified generally and lie in the
open interval (1, ﬁ) Such hierarchical upper bounds (HUBs)
should be explicit functions of the minimal classical resource
number /, and show the clear change pattern dependent on the
variation of /. However, complex network structures can hin-
der us from obtaining the aforementioned functions on HUBs.
Indeed, up to now, only in star networks can satisfactory HUBs
be obtained.!??! Besides, even in a slightly more complicated
chain network, it is also not clear how HUBs vary as the mini-
mal classical resource number .1??! Star and chain networks
are special kinds of tree-shaped networks, and general net-
works have more multi-level and indeterminate forked struc-
tures. Therefore, it is a more challenging task to establish the
notions of /-QNN for general networks. In this paper, we de-
vote ourselves to obtaining /-QNL (/-NL) inequalities, and so
can verify the I-QNN (/-NN) in various kinds of more compli-
cated networks, including acyclic networks, cyclic networks
and even general networks.

2. Reviews and raising questions

Consider a quantum network Z (n,m) consisting of n par-

ties, say, Ay, As,...,A,, and m sources S1,S5,,...,S,. All
parties can perform measurements on their systems labeled
by x1,x2,...,x, for A, Ay, ..., A, and their outcomes are de-
noted by ay,az,...,ay, xi,a; € {0,1}. Here, denote the inputs
and outcomes of parties by « and a, respectively. The corre-
lation is network local (NL) if its joint conditional probability

distribution satisfies

p(a|m):/dxlu1(xl)..-/dzmum Hp ajlxj,A), (1)
where A; denotes the local variable distributed by source S;,
Wi(2;) is the probability distribution for A; with [ u;(4;)dA; =
1, A; denotes the set of local variables associated with the
sources that connect to party A;. Using the form of Eq. (1),
Luo proposed nonlinear Bell-like inequalities based on ge-
ometric features of networks to characterize the multipartite
correlations in general quantum networks. For a given quan-
tum network Z(n,m), it can be seen as a k-independence
when there are k spacelike separated parties that do not share

g.15]

the same sources. Each k local correlation in the network

E (n,m) satisfies the inequality

1 K)[E + () <1, 2

where
k)= 2 T (g ooAy),
xj,jer
1 o
J(n,k) = 2k Z (_I)Z'EFX' (AqAx, - Ay,),

Xj.,jEF
I' = {i1,ia,...,ix} is the index set of k independent parties,
' ={1,2,...,n}\I " is the set of indexes for the remaining par-

ties and (A, Ay, - Ay, ) = Yo (—1)E-1% P(a|x). Note that the
following results all utilize this computational approach. It is
also shown in Ref. [15] that the maximum quantum violation
that can be achieved in the network is v/2.

Non-linear Bell-like inequalities to detect [-QNN and /-
NN for chain or star networks have been obtained in Ref. [22].
For instance, consider a star network consisting of n branch
parties, Ay,..., A,, each share a bipartite system with a cen-
tral node B. Assume that B can perform two binary measure-
ments By. Then [-QNL correlations abide by the following

inequalities in this n + 1-partite star network:
T n=l
1n+]n §22n7 (3)
where I = (ITL Al By) and J = (I/_|A_B;) with AT =
%(Ax,-:o +Ay=1), Ay,—o(1)> Bo(1) are the measurement opera-

tors for A; and B, and the correlators (IT}_;A,,By) are given
by Za,b(i

T = X1,...

1) X4+t p(a,b|x,y), where a = aj,...,a, and
,Xxp represent the inputs and outputs of party per-
forming the measurements, respectively. The bound 25 lies
in [1,4/2]. It was also proved that in a chain network with n
parties, for instance when 7 is odd, [-QNL correlations satisfy

22n+12 l>n_17
- 2

—1
V2, l<n2 ,

2
757 + 7T < )

where we define I = ([lygq ;A7 Teven jAy, —o) and J =
(Modd A Meven jAx;=1), with AL = 5(Ay—0 £Ay—1). For
1 < (n—1)/2 the bound in Eq. (4) arrives at the maximal quan-
tum value \@ and thus it cannot detect this [-QNN. Com-
pared with the HUB of Eq. (3) in a star network, these bounds
in chain networks cannot explain a clear relation how /-QNN
varies under /. One of the possible reasons is that chain net-
works generate more non-independent parities than star net-
works.

As we see, it is more challenging to establish the [-QNL
inequalities in more complicated networks. In the paper, we
try to explore HUBs of non-linear Bell-like inequalities for
acyclic networks, cyclic networks and general networks, re-
spectively. Recall that an acyclic network is an indeterminate
forked tree-shaped network. In the case of acyclic networks,
we consider two cases: determinate forked and indeterminate
forked tree networks. Moreover, through the paper, we make
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use of the inequality (2), where there is a challenging task to
determine the maximal independent-node number (MINN) in
the network. This is an NP-hard problem.!'>! Therefore, we
first always give approaches to calculating the MINNs of sev-
eral kinds of networks in each of the following sections.

3. The I-QNN in k-forked tree-shaped networks

In this section, we give complete solutions for calculating
the MINN of an arbitrary k-forked tree-shaped network and
establish inequality criteria for its /-QNN.

The determinate forked tree network is an important and
applied-extensively structure; for instance, a two-forked tree
network is often used in computer sciences. So we intro-
duce the scenario of the determinate k-forked tree-shaped net-
work. Let I, be a k-forked (k > 1) n-layer quantum network
as in Fig. 1 Wthh consists of g (n,k) = ¥=£* sources and

=k
g (nk) = partles

Ay
S1 Sk
So
A, As e Ap

Skt1 Sor Sakt1 Sk Sk241 Sk24k

Alp

Aspys. - =

Apios - - Agiq

Agpyy Apdiik-o ..
=

Agyn-16)+1 Agyln=1)+2 Agy(n.k)

Fig. 1. An n-layer k-forked tree-shaped network commm of
g1(n, k), =r k sources, S1,52;- -+, Sg, (nk)s and g>(n, k) = = parties,
A Az, Agy np)-

MINN for k-forked tree networks Here, the first task
is to determine the maximal independence number. According
to the definition of independent parties, a set of parties is in-
dependent if elements in this set cannot be linked by arbitrary
identical sources. In a k-forked tree network, this means that
independent parties can occur only if they lie in the same layer
or in different and non-adjacent layers. Thus, we propose the
rule to determine the MINN in an arbitrary k-fork tree network
Y.« as follows: if its layer number n is odd (even), then its
MINN is the sum of node numbers in each odd (even) number
layer. Let us illustrate with two examples. In Fig. 2(a), ac-
cording to the aforementioned analysis, if we choose the ver-
tex party as the independent party, then the two parties in the
second layer cannot be independent. Then the four parties in
the third layer are independent. Finally, the total independence
number of network (a) is 6. However, if we do not choose the
vertex party as independent first, then the two parties in the
second layer are independent. Finally, we can determine the
bigger independence number. We use orange circles to record
the independent parties. So the MINN is 10 in network (a), and
is 21 in (b). More generally, we can conclude that the MINN

in the general network of Fig. 1 is fi(n,k) = kg:ll when 7 is
odd, and f>(n,k) = 1]";{2 when n is even.

L L ! oL
vV vV v Vv v vv v vV v ¥

Fig. 2. The tree-shaped network scenario. Each orange circle and
yellow circle respectively represent an independent party and a non-
independent party. Each straight line represents one shared resource
between two adjacent parties. (a) The 2-forked 4-layer tree-shaped sce-
nario. (b) The 2-forked 5-layer tree-shaped scenario.

The I-QNN in k-forked tree networks We still use
Luo’s k-independence theorem,!!'> and the corresponding
standard Bell-type inequalities are as follows:

L T00 4 1| 7T < 1, if n is odd, )
|Iz|m+|b\w <1, ifniseven, 6)
where
I = (Mieat, AL T e, Ax =0),
Jr = (Miepm, A I jempAxi=1),
with AL = %( w0 A1) for t = 1,2. Here, the correla-

tions (Ay, ---Ay,) = Yal(—
outcomes a.

) = 1% p(alx) with inputs  and

In Appendix A, we give a detailed proof to establish the
[-QNL and /-NL bounds for inequalities (5) and (6) as follows.
Suppose that all sources {S,}f':(ln ) are composed of classical
physical systems and bipartite quantum systems. If » is odd,
then correlations that are [-QNL in the n-layer k-forked tree-

shaped network satisfy the following inequality:

N J
Uy = 11709 +13 | 709

f1(nk)—1
N =
< =k (7)
\/E l<ﬂ
’ 1—k2°

if n is even and corresponding correlations are /-QNL, then the
following inequality holds:

Ug (ni) = |20 + || 208
fo(nk)—1 N
2 %fz(n,k) ; 1> likz’
< e @®)
2 < ——
V2 ST
where
]I = <Hi€M1|A;Hj€M,2AXj:0>7
Jr = (Hiem, A jempAxi=1),
with Ai (Ax —0+Ay—1) for t = 1,2. Here, M;js are in-

dex sets of independent or dependent parties. When 7 is odd,
the index set of independent parties is M, = {1, 1= kékl +
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Ty

1k 3 - k‘ !
rest is My, = { % l +2,. ,ﬁ}5:274,m7n,1.

Similarly, when n is even, the index set of the indepen-
1—1<H 11, 1—kH +

dent and remaining parties are My = {5

—&

S s—1
2, ’1k}S 24,0 and My = {I, 1- k +1 llkk 4
2. l—k }s:3,5,_,_,,,,1. The violation of the two inequalities

demonstrates /-QNN in the k-forked tree network. We show
the concrete form of Eq. (7) in the 2-forked and 3-layer tree
network for readers. In such a network k=2and n =3 in
Eq. (7), one can calculate that k 2 =2 and fi(n,k) =5. So
the Bell-like inequality for [- QNL in such a network has the
following form:

U=+t < {20 22
32) = |1 11° <
(2 V2, 1<2.

In Egs. (7) and (8), the two HUBs 2f12(flzl<,;’)”1 < 22 i=1,2.
For instance, in the odd case, they are available in the case
1> ’1‘ 22 k2 is less than half of the total
party number. Therefore, the two inequalities can be used in

Indeed, the number

most situations. In Appendix D, we realize the quantum viola-

tions with sources of pure quantum states when [ > ’l‘:g with

oddnand > 1 k2 with even n.

Next, we show a concrete example for quantum demon-
stration of Eq. (7) in a 3-layer 2-forked tree-shaped network
described in Fig. 3. It is a 5-independent network. We
initially assume that each of the sources distributes a bi-
partite Werner state S; = w;|¢+) (97| + 15 Sy with [9F) =
(J00) + [11))/+/2 for any i € {1,2,...,
performs measurements in the form of Ay, —g = cos 6; O'z®2 +

6}, and each party

sin 0y
03, Ap=l = Ayy—1 = 63

7 Axp=l1 x3=1 x
Ay,—1 = cosb;0; —sinb;0; (s =4,5,6,7), respectively. Here,

My ={1,4,5,6,7} and M, = {2,3}, we get

0%, Ay =1 = cos 9161®2 —sin6;0652%, Ay,—0 = Ayy—0 =

Ay —0 = cos0;0; + sinb,0y,

L 1
Ug32) = L[5 + 115
1
= |<HIEM11A;H]'EM12AXJ.:0>|5
- 1 1
* |<Hi€M11sz‘H‘i€M|2ij:1>|5 = Hi6:lWi5 V2.

It follows from inequality (7) that there are at least two classi-
cal physical systems in this network when Uy, (3 2) < 28, Thus,

if T15 IWS\[ > 23, that is,
there is at most one classical physical system.

TS w; > 272, this implies that

Let us illustrate the feasibility of our inequality with
a more complex example. We consider a 4-layer tree-
shaped network composed of 15 parties with 14 sources (see
Fig. 2(a)). Based on the above discussion, we know that its
MINN is 10. Assume that each source distributes a bipartite
system S; = |¢;) (¢;| with |¢;) = cos6;]00) + sin6;|11), where

6, € [0, 7]. Suppose party A performs measurements Ay, —o =

0, ® 0z, Ay,—1 = Oy ® Oy. Oy and o; are Pauli operators. Any
party A; (j € {4,5,6,7}) performs measurements Ay;—o =
o3, Aym0 = 023, The measurements performed by the par-
ties on the second layer are A —o = cosa‘g6§3 +sinayo®3 and
Ax—1 = cosOCSO'Z®3 —sinogo®? for any s = 2,3. The parties
on the last layer perform measurements A, —o = cos¢;0; +
sina; 0, and Ay —; = cosyO; — sing oy (t = 8,9,...,15).

Thus, we get |I; |% + | |T10 = \/1 +11}4, (20056,-sin9,')% when

COSQl;, = COSQy = 1/\/1+H}i1(2c059,-sin0,-)% for any s €
{2,3} and ¢ € {8,9,...,
fer that there are at most 4 classical physical systems and
(2c056isin9,~)% >

15}. Applying Eq. (8), we can in-

the rest are all quantum systems when H}il
210 — 1~ 0.8661.

ALY
/ N /N

& & -

Fig. 3. A 3-layer 2-forked tree-shaped network consists of 6 sources,
S1,82,...,86, and 7 parties, Aj, Ay,..., A7.

To detect I-NL, the corresponding bounds of inequali-
IS L

ties (7) and (8) are 2'TAUA and 2 R0 , where |S}| (|S2]) is

the number of parties in the odd (even) layer that only receive

classical systems.
Appendix A2.

Details of the proof can also be found in

4. The I-QNN in acyclic networks

Each acyclic network can be regarded as an indeterminate
forked tree network. Here, we still first determine the MINN
for an acyclic network, and then establish its /-QNN inequality
criteria.

MINN for indeterminate forked tree networks We of-
fer an idea of an approach to calculate the MINN. If the layer
number is odd (even), we first designate parties in each odd
(even) layer to be independent. If, among these independent
parties, there is a party (record it as A) which connects more
than 1 leaf node, then these leaf nodes will be selected to be
independent ones and A becomes dependent. For instance,
in network (a) in Fig. 4, we first regard the parties in even
number layers as independent ones. However, due to the ex-
istence of the red circle in Fig. 4(b), which connects two leaf
nodes. So we have Fig. 4(c), where the orange circles denote
all independent parties. Finally, we conclude that the MINN

of network (a) is 9.
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(a)/' " ®) 4 N\ (C)/ BN
N e
S - o {‘7" _;'I o H\ Va v H
// [ \\ // \ //T\\ / \\ / ] \\\ / \\
S\ /T i /T\ — / /T
J] \\ // [ \ // \ / X | \\ ,/ [ \

Fig. 4. The indeterminate forked tree-shaped network. Each orange
circle represents an independent party.
The [-QNN for acyclic networks For an arbitrary inde-
terminate forked tree-shaped network consisting of n parties,
denote by f3(n) as its MINN, /-QNL correlations abide by

f(m)-1
272507

1> u(n),
V2, I <u(n),

where Ig = <HieFA;:ngfAXj:0>a Jé = <HIEFA;I-HJ€1=AXI-:1>~
Here, u(n) denotes the minimal number of classical sources in

1 _1
|]§‘f3<n) +‘J§|f3(n) < (10)

the network. / > u(n) means the existence of one independent
party at least in the network which only shares classical vari-
ables. Here, we also show two concrete examples for Eq. (10).
For instance, the values of u(n) in Figs. 5(a) and 5(b) are 2 and
3, f3(n) are 6 and 5, respectively. Therefore, for instance, the
violation of inequality (10) with bound 272 demonstrates the
[-QNN in network (a) when [ > 2.

Similarly, we can derive that the bound for correlations
‘Sdt‘
. oAl- . .
thatare [-NLis2 /3, where |Sy,| is the number of indepen-

dent parties that only receive classical systems.

CAS T DTN

A F I ¥
// W \\ /,/ \ // \\ / \\

Fig. 5. Two different indeterminate forked tree-shaped networks. Each
orange circle represents an independent party.

5. The I-QNN in cyclic networks

In a cyclic network (see Fig. 6), there are n parties
A, A, ..., A, with A; and A;, | shares a source S; for i =
1,2,...,n—1,A, and A share a source S,,. In Ref. [15], it
has been shown that the MINN of this network is (n—1)/2
when 7 is odd, and is n/2 when n is even. We can establish
the I-QNL inequalities as follows (the proof is shown in Ap-
pendix B1). If n is odd,

2 2 22(",,:3.), ! n_1,

Yo = || 15[ T < 2oan

V2, 1< —

And if n (n > 4) is even,

SRR P
Yy = |B|n +|J5]n < n (12)

2 1< =

\/77 —2’

where ;= <Heven iA;; Ioaa ijj:0>’ J3= <Heven iA;l. Ioaa ijj:1>~
Notably, for the two previous cases, we can regard A; (i is
even) as an independent party. For instance, in a 5-party
cyclic network, Eq. (11) has the following form:

1 1 2%, [>2,
Y, = B2+ |5]2 < (13)
V2, 1<2.

Aq 4
¥ } As {4

N

Fig. 6. The cyclic network consists of n parties and n sources.

In Appendix D, we demonstrate the quantum violation
of inequalities (11) and (12) when each source is the form of
Sy = |or) (¢, with |@,) = cos6,]00) +sinb,|11), r=1,2,...,n
and 6, € [0, 7]. Moreover, I-NL in these cyclic networks can
also be demonstrated by violating inequalities (11) and (12)
with bounds 21_% and 21_¥ when n is odd and even re-
spectively, where S, consists of all even integers i such that
party A; only receives classical systems and |S,| denotes the
cardinality of a set S.. The details of the proof are in Ap-
pendix B2.

6. General networks

For an arbitrary finite-size quantum network with n
parties, it follows from Ref. [15] that there exists an
equivalent maximal-/-independent quantum network, where
Ay, Ajy,..., Ay denote independent parties and B denotes all
parties in the network except for A;s. Denote by |S,| the num-
ber of all independent parties that only receive classical sys-
tems. Under this assumption, we can establish the two follow-
ing inequalities:

1 L hlsl

Wy = [Is|n + [Jg|n <2725, (14)
h—|Sg|

W, = |LlF+ )t <277, (15)

where Iy = (T, jc1 2, mALBo), Ja = (I jeqi 2, Ay Bl).-
The proof is shown in Appendix C. The violation of inequal-
ity (14) can indicate that the nonlocal correlation can be gener-
ated by these networks in which there are at most |S,| — 1 par-
ties that only accept classical variables and the rest are quan-
tum sources. The violation of inequality (15) can demonstrate
the nonlocal correlation generated by networks in which there
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are at most |S,| — 1 parties that only accept classical variables
and the rest are no-signaling sources.

Example 1 (butterfly network) Let us consider the but-
terfly network in Fig. 7. This is a network composed of seven
parties and nine bipartite sources.?*! It can be seen as a net-
work containing three cyclic subnetworks and MINN 4, i.e.,
h=4.

A2 ;A5
S/\_// yz A "
A Ag
A1 3 SG 6"
S
A, Ar
\ D S7 N

Fig. 7. The butterfly network consists of 7 parties and 9 bipartite states.

In such a case, in Eq. (14), |S,| can be 0, 1, 2, 3, or 4.
The corresponding bounds are 22,28,24 28 and 1, respec-
tively. Suppose that each physical system is a Werner state
Si=vil*)(9F |+ %1 with [¢*) = (]00) +|11))/V/2. Ttis
proven in Ref. [15] that there is a set of measurements per-
formed by each party such that |14 i [Ja|# = i = v4 2.

1 17
Specifically, according to the inequality (14) if

H?:lvi%ﬂ > 2%, that is TT)_,v; > 1/4, then there is at most
one independent party receiving only classical systems in the
network. For the butterfly network shown in Fig. 7, Fig. 8
illustrates some possible locations where classical systems
may appear. Figures 8(a) and 8(b) show that there is an in-
dependent party that only receives classical physical systems.
However, |S,| = 0 in Figs. 8(c) and 8(d). It is worth noting
that the distribution of classical physical systems here is not
unique.

/Az? %

Ay—4s Ay Ag
X ZC : z E c
Y & \A4 c @
d
© A C A (d) A.

A,
AV 5 7C &
Ay Az— Ag Ay f43 —Ag

~ b T C

Fig. 8. Possible distributions of classical physical systems in the butter-

fly network, where C represents the classical physical system.

7. Discussion and conclusion

In this work, we study Bell-like inequality criteria to ver-
ify FQNN and /-QNN in more complex quantum networks,
including k-fork tree networks, general acyclic networks and

cyclic networks. Our key innovation is the construction of /-
QNL and /-NL inequalities for more general network scenar-
ios. Note that we also spend much time calculating the max-
imal independent node numbers of more complex networks
since we adopt independent network local inequalities as the
origin of the discussion. Indeed, it is a challenging task to de-
termine the maximal independent node number of an arbitrary
general network.

In what follows, we show a comparative analysis of the
differences between acyclic networks, cyclic networks, and
general networks within the proposed scheme. For acyclic
networks, we first develop the approaches to determining their
MINNs. These approaches are skilled and different from the
cyclic network. Additionally, in an acyclic network, it is es-
sential to determine the minimum number of classical physical
systems required to ensure the existence of independent parties
solely receiving classical systems. Our proposed inequality,
however, can be applied to most quantum networks, especially
those crucial to quantum entanglement transitions and quan-
tum simulations. 2-20] For cyclic networks, their MINNs can
be calculated like the chain network, which is a simple kind
of tree network. The Bell-like inequality criteria for cyclic
networks is also analogous to these chain networks. Further-
more, a general network is composed of cyclic and acyclic
sub-networks. The inequality criteria that we obtain depends
on the MINN. It can be determined in special networks. It
seems very challenging to establish the more unified and spe-
cific Bell-like inequality criteria for general networks based on
our results on cyclic and acyclic networks.

FNN and /-NN show more classes of network nonlo-
calities beyond standard NN, which exists in practical quan-
tum networks. They can be applied more extensively in the
development of network-based quantum information proto-
cols. For instance, quantum information transmission needs
to guarantee the absence of classical resources, which is the
same requirement as FNN. Concrete protocols have been
established, such as those for the quantum conference key
agreement(?”] and quantum secret sharing.?®>° Our work,
which contributes to verifying FNN and /-NN in more com-
plex networks, can make such notions apply in more complex
practical networks.

Indeed, we observe that the /-QNN can be more hierarchi-
cally demonstrated in high-dependence networks, such as star

networks. [22]

When the network structure is complicated, the
[-QNN cannot be verified only if the number of / satisfies cer-
tain conditions. This will be discussed in future work. More
importantly, the case / = 1 means that it needs all sources to
be non-classical in order to generate this full network nonlo-
cality. The nonlocality seems to be the most challenging to
verify among hierarchical NN in the same network configura-

tion.
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Appendix A: I-QNL inequalities for n-layer k-forked tree-shaped networks
Appendix Al: I-QNL bounds

For odd n, assume S;, ! consists of integers eg, such that party A, only receives classical systems, and A,, is located at an

odd layer. Suppose that the network contains / classical variables with [ > £=X such that |SL] > 1. We have

1- k

_1 L J 1
BT+ 11 70 = (Tt A T Aty Ay 0) T | (T A Tt gy 1) 779

5 |
= |<Hi€Sl‘ltAj(’:>|fl(”,k) ‘<HieM11;iéSiltA;;HjEMnij:w‘fl )

1
—|—|< zeSlA >|f1 |<Hie./\/111;[¢S[-1[A;iHjGM12ij:1>|fl("’k)7 (A1)
|
f1(nj)—1 2(f1 (nk)—1)
where Ajt %(Ax,-:() +A,—1). It follows from |(Ay,—0)| < 1, <2 zlfl €3] [(cosv) A (%1.k) (cosB) }1 (k)

[(Ay,=1)| < 1 (i € S}) that we get the following inequalities:

2 2(f1 (nk)—-1)
+ (siny) A0 (5in@) A0 }

(Mgt AT) £ (Mg A < 1, (A2)
fi(nk)—1
] < 22008 (cos?6 +sin’0)
11, AT )=
|<Hi€M1l;igS}tAxiHJGMlexj:0>| 1 _ 2./’;}] (/;{k)l . (A3)

1
- . nk)—1
+ |<HieM11;i¢S,-‘,AxiHJ€M12AX_/=1> | Alnb=1 < \6 ) ) .
Here, since the continuous function

L 2 2f (mb)—-1)
Taking into account that f(v) = (cosv) N Fi(nk) (cosB) (nk)
2 ARk
0 < |<H16M1| l¢51 Axlnje./\/ln xj= >| f nk) 1 < 1 + (SIHV) f1(nk) (smG) [1(nk)
0<[ ieM“'iéslA_HjGMnAx,«:l>| AT < 1, has a unique extreme point v = 6, inequality (A3) holds.

For even n, one can consider the set Sﬁ, 52 consists of in-
we have

tegers en, such that party A,, only receives classical systems,

(Mg AL < cos™, B DAY e OBY e
and A,, is located at an even layer. If the number of classical

|<H1631A O < sin® v, variables [/ > 1 kZ’

the case of odd n, we can get the inequality (8).

then |S2| > 1. Similar to the discussion of

|<H16M|11¢S1AX,HJEM12 Xj= >|f1nls l<\[COS 0,

B 1 . Appendix A2: [-NL bounds
‘<HieM11;i¢S},Axi HjeppAxj=1) 1071 < V/2sin’6

T

. . . In the following, let us first consider an odd layer tree-
for some v,0 € [0, 7]. Using the above inequalities, we can

btai shaped network with [ (I > 1) classical variables and no-
obtain
signaling systems. As in the previous proof, the properties

1 1
|1 |10 4 | gy | 1) of classical variables are utilized. So, we obtain that

i L
[ [0 M P (n v <[ lESlA;ft>|f1 " |<HieM11;i¢S[I,A;Hj€M12AXj:0>|f' 8

1 1

+ (Mg Ay 71000 |<HieM1|'i¢S1A;iHj€M12AXj=l>|fl(n’k)7

< [(Mics AL, 3 4 (11 iesi Ay, )|

2 2
< gy (cosvy) 100 +TT g (sinmw;) 100

25y /g 25} 1 2l sk
< sinfi0 (2 51 Y v,> +sin i < y Y vi) := (cosv) 10H) - (siny) 100
ieS),

1
ISy

<2'"AwA (A4)

where the third line of inequality (A4) holds because the bound of no-signaling systems is 1, i.e.,
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o) <1, (AS)

(A6)

|<H16M11 léSlA I_Ile-/\/IIZ
|<Hi€/\/l11;ing}tAx,-HJ'GMlexj:l>| <L

the fourth line of inequality (A4) comes from [(A})| < cos?v;,
[(AL)] < sin?v; for some v; € [0, Z1; the fifth line of inequal-
ity (A4) holds because Zk lsin%v, < sin(k_lzk | vi) where
k =S}, write v = \S‘ ‘ 21651 v; and the last line of inequal-

ity (A4) comes from the fact that the continuous function
2/sh| 2is}|
F(v) = (cosv) ARD (sinv) /i 08 reaches its maximum value

at the unique extreme point v = 1 /4.
Utilizing a similar approach, we can get a corresponding
bound for /-NL inequality in the case of even n.

Appendix B: /-QNL inequalities for cyclic net-
works

Appendix B1: [-QNL bounds

For odd n, assume that there are [ classical variables in
this cyclic network. When [ > "=~
of all even integers i such that party A; only receives classical

L |Sc| > 1, where S, consists

systems and |S.| denotes the cardinality of a set S. It follows

2 2
|13|n71 —|— |J3‘nfl
2 4 2
< |< €S x,>‘ l‘< even i;iéS(Ax,-Hodd ij_,-:O>|"71
2 _ 2
+ [ (Mies A )| 7T [(Meven izigs, Ay, Hodd jAx=1)[*-T, (BI)
where
13 = <Heven iA;:HOdd ij_,'=0>7
J3 = <Heven iA;,-Hodd jAXj:1>7
and Ai 1 5 (Ax=0 £Ay=1). Thus we have
2
| <Heven i;iéS(A;HOdd ij]-:0> | n—l
_ 2
+ |<Heven i;i¢SCAxl-H0dd jA)cj:l>|”’1 S ﬁa (BZ)
and one can write that
2
| (Meven i;i%SLAx,Hodd ij )71 \f COs 9 (B3)
_ 2
|(Meven isi¢s. A Toaa jAx=1)| 7T < V2sin*6 (B4)

for some 6 € [0, 7].

Furthermore, it follows from the classical bound
[(Mies Ay, £ies, Ay )| < 1 and [(Ties Ay )| < 1 that we can
write |(Tjes, A} )| < cos?v and |(ITjes, A )| < sin®v. Substitut-
ing this and (B3), (B4) into (B1), we get

2 2
‘13|n71 +|J3|nfl
< (cosy) T l(fcose)i? (sinv)%(\@sine)%
n-3
<221, (B5)

For even n, by using the classical bound and the inequal-
ities (B3), (B4), one obtains

2 2
|| + [ 3]
2 2
< [ Mies, A7 [ (Teyen igts, A odd jAx;=0)| "
2

+ |< i€Se A >‘ ‘<Heven i;ig:‘S[,A;iHodd ijJ-=1>|E
2(n—2)

)

< 2" [(cosv) " (cosB) w2 + (sinv)% (sinB) ]

<2, (B6)
where the last line of inequality (B6) comes from a unique
extreme point v = 6 of the continuous function f(v) =

(cosv)%(cose)z(”»:2> +(sinv) (sinf) = e

Appendix B2: [-NL bounds

We first deal with the odd n case. Similar to inequali-
ties (AS) and (A6), it follows from the no-signaling principle
that

|<Heven i;i¢Sch, Hodd j >| < 1; (B7)
|<Heven i;iéSCAxl-Hoddj xj-:l>| < 1. (B8)
For the case of [ > %, one finds
2 2
|I3|n—1 +|J3|n—]
2 2
< ‘< z€S¢ >| -1 |< even i;i%SCA;HOdd ]‘A)c~=0>‘”7l
2 2
+|< IESLAXIH l‘<Heven i;i¢S(A IIodd] x/—1>|”71
2 2
< Mies, AL 7T + [(Tics, AL | =
4 . 4
< Ijes, (cosv;) =T 4+ Ilies, (sinv; ) i1
[ ( 1S )} = NS
< |sin| — — Vi +[s1n< v)]
2 |S‘| i=1 l |SC| i=1 l
4ISc|
T n-l . 4|Sc|
= {sm( - )} + (sinv) n-1
41c| 48|
= (cosv) »=T + (sinv) n-1
1 2sel
wly (B9)

where the fifth line of inequality (B9) comes from the inequal-
ity [(A])| < cos?v; and (A
equality (B9) can be proved similar to the case of (A4). Write

Wl < sin?v;. The sixth line of in-

= ﬁ ):li‘ll v;. By calculating the extreme value of a continu-

4Scl
(cosv)n g + (sinv) »=T, we can obtain the

ous function f(v) =
inequality (B9) when we take v = 7 /4.

Note that, for the case of even n, substituting inequali-
ties (B7) and (BS) into ||

be obtained, i.e., inequality (12) holds.

2 Lo .
n, a similar inequality can

Appendix C: Inequalities for #A-independent
quantum network

Now we deal with the more general finite-size networks,
i.e., there exists an equivalent network with 4 independent ob-
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servers and i > 2. This kind of network is called 4 indepen-
dent. Suppose that the set S, refers to the set of indicators r
such that spacelike separated party A, only receives classical
systems and |S,/| is the number of parties meeting conditions.
Recall the quantum bound for the i — |S,|-independent

quantum network in Ref. [22], we have

1 1
(ML s, A Bo) |50 + (T, igs, Ay Br) |50 < V2. (C1)

Considering that

1
(ML igs, AL Bo) |1 < 1,

1

| (T s A Br) |

1

IN

)

it follows that

1

(T, s, Ax Bo) | =BT < \ﬁcosze,
[Ty, igs Ay B1)|"

for some 6 € [0, 3].
Similar to the proof of inequality (A3), we have

(C2)

(C3)

IA[ERVAL:
= (M ie (1.2 AL Bo)|F + (T e 1.2,y A B1)
< [(Mies, AL 7 (T g, AT Bo) |

+|<HiesgA;i>|ﬁ|< xi,i¢sgA,v_,-Bl>|ﬁ
< (cosv)% (vV2cos 6) e (sinv)% (v/2sin” 0)

h\\

h—|Sg|

+ (sinv)% (sin@)

[(COSV) i (cosO) M]

(C4)

Here, the last from the fact that

the maximum value of the binary continuous function

2(h—|Sg|) 2(h \ D
f(v,0) = (cosv)%(cose) 4 (sinv)2(51n6) T s 1

when (v,0) = (0,0).
Let us assume that the network consists of classical phys-

inequality comes

ical systems and non-signaling systems, then we get

|<Hx,-,i¢SgA;ctBO>| <1,
[Ty igs, Ax B1)| < 1.

(C5)
(Co)
Similar to the previous proofs, we have the following inequal-
ities:
1 1
LALE VAL
1 !
< [(Mies, A7 + [(Mics, AL ) |7

2 .2
< e, (cosv;) # +Tics, (sinv;) 7
2|Sg|

. T “ho . 2[Sg|
< {sm (2 - v)] + (sinv) &

Asgl | 2l
= (cosv) &+ (sinv) %

h— \Sg\

<27H (CT)

where v = IS ‘):lsgl v;, the third line of inequality (C7) fol-
lows from the inequality [(A}) =+ (A; )| < 1, which means
[(AT)] < cos?v; and [(A

ity (C7) arises from the computation of the extreme point of
2[Sg|

g(v) = (cosv) 2l + (sinv) 7.

Wl < sin®v;; the last line of inequal-

Appendix D: Quantum violations

Here we show quantum violations of /-QNL inequalities
in n-layer k-forked tree-shaped quantum networks or cyclic
networks. Assume that each source can be written in the form
of S, = |¢,){(¢,| with |¢,) = c0s6,|00) + sinb,|11).

In the tree network, for odd layer number n > 3, using the

81(" k)

quantum observables {A,, shown in Ref. [15], we can

get

(1|0 4 |y | 700 :(1—|—Hg'(nk>(sm26)fl("k)7. (C8)

( ) M [1(nk) .
Thus, if 1¥1""sin26, > (2 1®H —1)"7 | then inequal-
ity (7) can be v101ated and this implies that there exists I-QNN

for tree-shaped networks with [ >

same observables {A,, }*! (1" *)

1 k2 For even n, using the

, we have

1

N _1 2
|L| 2R 4 || B0 = (1+n51<"’<)(sm29 )RUE )3 (C9)

and prove that there is I-QNN for tree-shaped networks with

fr(nk)—1 £ (n k)
[> 2T when T8 Msin2e, > (2 200 —1)%5
For cyclic networks, it follows from
|1+ U377 = (1411, (sin26) 7 1)2,  (C10)
2 2 0 4.1
|I|n 4 |J3] :(1+Hi:1(sm26i)n)2 (C11)

that we obtain a violation of inequality (11) when
n—3 n—

IT}_,sin26; > (27— — 1)71, and a violation inequality (12)

when IT_ sin26; > %5 71)
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