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Combining the deviation between thin layers’ adjacent surfaces with the confining potential method applied to the
quantum curved systems, we derive the effective Schrödinger equation describing the particle constrained within a curved
layer, accompanied by a general geometric potential Vgq composed of a compression-corrected geometric potential V ∗gq
and a novel potential V ∗∗gq brought by the deviation. Applying this analysis to the cylindrical layer emerges two types of
deviation-induced geometric potential, resulting from the the cases of slant deviation and tangent deviation, respectively,
which strongly renormalizes the purely geometric potential and contribute to the energy spectrum based on a very substantial
deepening of bound states they offer.
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1. Introduction
Quantum dynamics on curved surface has engaged much

attention of physicists, accompanied by the advanced develop-
ments of nano-technology and low-dimensional materials.[1–4]

As examples, subject to the relaxation of elastic stress of
the thin solid film, the roll-up nanotubes and nano-corrugated
structures has been successfully fabricated.[5,6] It has been ob-
served that the spatial geometry produces systematic effects on
the dynamics and spectrum of confined electron,[7–10] which
not only demonstrate the importance of surface curvature, but
also stimulate the need of the theory to study low-dimensional
curved systems.

Physically, the confining potential method[11,12] has
widely been applied in the studies of low-dimensional sys-
tems. As an important consequence, the geometric potential Vg

taken as the equivalent of the geometric deformation appears
in the effective Schrödinger equation, which depends not only
on the intrinsic curvature provided by the surface geometry,
but also on the extrinsic curvature results from the exterior nor-
mal of the embedded surface.[11–15] Specifically, the existence
of Vg results in the appearance of atomic-like bound states
on the two-dimensional sheet rolled up into an Archimedean
spiral,[5] and reconstructs electron level structures on corru-
gated nanotubes.[7,8] Moreover, the relativity-corrected geo-
metric potential in Minkowski space[16,17] and the spin con-
nection geometric potential acting on spin particles[17,18] are
obtained, which contributes to modulating the transport prop-

erties and spin-flip behavior of the particle. Importantly, the
validity of this method was further verified by optical analogue
realizations of the geometric potential in photonic crystal.[19]

Methodically, researchers normally treat the curved thin
layer as a surface in previous applications, where the intro-
duced compression direction is along the surface normal.[11,12]

While during the process of synthesizing nano-materials, the
incompatibilities between the substrate and the attachment are
sometimes brought,[2,4,20–22] which leads to the deviation be-
tween adjacent surfaces of the thin layers. However, there are
no theories to consider both the curvature and surfaces’ devia-
tion of the layer. How do these two effects interplay with each
other and modulate the quantum behaviors of particles within
curved thin layers? Our work is an approach towards such a
problem theoretically.

In our work, we focus on the quantum dynamics of the
particle within curved layers. The confining potential method
is carried out to constrain the particle, where the deviation is
incorporated to characterize the change of the compression di-
rection. To explicitly exemplify the contribution of geomet-
ric effects in this case, an effective Schrödinger equation for
the curved thin layers with deviations is proposed. In this
equation, the well-known geometric potential still exists and
is deformed by the compression direction, but also a novel ef-
fective potential related to the adjacent surfaces’ deviations
is observed. With these effective potentials, the contribu-
tions of the deviation on the energy spectrum are discussed.
These establish a procedure to analyze the quantum behaviors
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within curved thin layers and generalize the confining poten-
tial method.

The outline for our paper is given as follows. In Sec-
tion 2, we derive the effective Schrödinger equation describ-
ing the particle constrained within the curved layer. In Sec-
tion 3, based on the surface Schrödinger equation, the behav-
iors of the particle on cylindrical geometries are specifically
analyzed, focusing on the effect of two specific types of the
deviations. Finally, we draw our conclusion and discussion in
Section 4.

2. Schrödinger equation within curved thin lay-
ers with deviations
To begin with, we consider a surface S ⊂ R3 that is rep-

resented by a parameterization of S = S(qa,qb), where qa and
qb are the surface coordinate components. In this way, the thin
layer with S as the base can be parameterized as

𝑅(qa,qb,q3) = 𝑟+q3𝑛′(qa,qb),

𝑛′ =
𝑛+δ𝑟

[1+(δ𝑟)2]1/2 ,

δ𝑟 =
∂𝑟

∂qa δ ra +
∂𝑟

∂qb δ rb = 𝑟′aδ ra +𝑟′bδ rb, (1)

where 𝑟 denotes the position vector on S, q3 is the curvilinear
coordinate along 𝑛′, as shown in Fig. 1. The general com-
pression direction vector 𝑛′ is thus composed of δ𝑟 and 𝑛,
which are the disturbance along the tangential plane spanned
by two tangent unit basis vector 𝑒qa ,𝑒qb and the normal unit
basis vector of S, respectively.

S

o

A

A0

n

r

R

A′

n′

δr

Fig. 1. The curved thin layer with the deviation.

Accordingly, for the coordinate system defined in Eq. (1),
the metric tensor Gab in the three-dimensional (3D) space can
be expressed in terms of surface metrics[23] gab = ∂a𝑟 · ∂b𝑟

(a,b = 1,2) as

Gab =
∂R
∂qa ·

∂R
∂qb

=

(
∂𝑟

∂qa +q3 ∂𝑛′

∂qa

)
·
(

∂𝑟

∂qb +q3 ∂𝑛′

∂qb

)
= gab−2α

∗c
aq3gcb +α

∗c
aα
∗d

b(q
3)2gcd ,

Ga3 = G3a =

(
∂𝑟

∂qa +q3 ∂𝑛′

∂qa

)
·𝑛′,

G33 = 1, (2)

where α∗b
a is the corrected Weingarten curvature matrix[12] de-

fined as

∂𝑛′

∂qa =−α
∗b

a
∂𝑟

∂qb . (3)

Taking δ𝑟′a = ∂δ𝑟/∂qa, δ𝑟′b = ∂δ𝑟/∂qb, 𝑛′a = ∂𝑛/∂qa, and
𝑛′b = ∂𝑛/∂qb will yield(

α∗a
a α∗a

b

α∗b
a α∗b

b

)
=

1
[1+(δ𝑟)2]1/2

1
|g|

×
(

L−δ𝑟′a ·𝑟′a M−δ𝑟′a ·𝑟′b
M−δ𝑟′b ·𝑟′a N−δ𝑟′b ·𝑟′b

)
×
(

G −F
−F E

)
, (4)

where |g| is the determinant of gab and the parameters of the
first and second fundamental forms of a surface are expressed
as

E = 𝑟′a ·𝑟′a, F = 𝑟′a ·𝑟′b, G = 𝑟′b ·𝑟′b,
L = −𝑟′a ·𝑛′a, M =−𝑟′a ·𝑛′b =−𝑟′b ·𝑛′a,
N = −𝑟′b ·𝑛′b, (5)

then the effective mean curvature H∗ and Gaussian curvature
K∗ can be written as

H∗ =
α∗a

a +α∗b
b

2
=

1
[1+(δ𝑟)2]1/2

[
H +
−Gδ𝑟′a ·𝑟′a−Eδ𝑟′b ·𝑟′b +F(δ𝑟′a ·𝑟′b +δ𝑟′b ·𝑟′a)

2|g|

]
,

K∗ = det(α∗) =
1

[1+(δ𝑟)2]

[
K +
−Nδ𝑟′a ·𝑟′a−Lδ𝑟′b ·𝑟′b +M(δ𝑟′a ·𝑟′b +δ𝑟′b ·𝑟′a)

|g|

]
, (6)

where H and K are the curvatures of S. According to the
Eq. (2), |G| known as the determinant of Gi j (i, j = 1,2,3)
can be expressed as

|G| = GaaGbb(1− cos2
θa3− cos2

θb3)−GabGba,

cosθa3 =
1

[1+(δ𝑟)2]1/2

𝑟′a ·δ𝑟
|𝑟′a +q3∂a𝑛′|

=
1

[1+(δ𝑟)2]1/2

Eδ ra +Fδ rb

|𝑟′a +q3∂a𝑛′|
,

cosθb3 =
1

[1+(δ𝑟)2]1/2

𝑟′b ·δ𝑟
|𝑟′b +q3∂b𝑛′|
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=
1

[1+(δ𝑟)2]1/2

Fδ ra +Gδ rb

|𝑟′b +q3∂b𝑛′|
, (7)

where ∂a𝑛
′ = ∂𝑛′/∂qa and ∂b𝑛

′ = ∂𝑛′/∂qb. Generally,
𝑒qa⊥𝑒qb , namely, the orthogonal coordinates leads to F =

M = 0. Therefore, equation (6) can be rewritten as

H∗ =
1

[1+(δ𝑟)2]1/2

[
H +
−Gδ𝑟′a ·𝑟′a−Eδ𝑟′b ·𝑟′b

2|g|

]
,

K∗ =
1

[1+(δ𝑟)2]

[
K +
−Nδ𝑟′a ·𝑟′a−Lδ𝑟′b ·𝑟′b

|g|

]
,

δ𝑟′a =
∂ (δ ra)

∂qa 𝑟′a +δ ra
∂ 2𝑟

∂ (qa)2 +
∂ (δ rb)

∂qa 𝑟′b +δ rb
∂ 2𝑟

∂qbqa ,

δ𝑟′b =
∂ (δ ra)

∂qb 𝑟′a +δ ra
∂ 2𝑟

∂qaqb +
∂ (δ rb)

∂qb 𝑟′b +δ rb
∂ 2𝑟

∂ (qb)2 . (8)

For simplicity, keeping the consistency of the compression
direction around S determines that the δ𝑟 is independent of
(qa,qb). Consequently, equations (7) and (8) turn into

cos2
θa3 =

1
[1+(δ𝑟)2]

E2δ ra
2

E +(q3)2 + 2q3(−L)
[1+(δ𝑟)2]1/2

,

cos2
θb3 =

1
[1+(δ𝑟)2]

G2δ rb
2

G+(q3)2 + 2q3(−N)

[1+(δ𝑟)2]1/2

,

H∗ =
1

[1+(δ𝑟)2]1/2 H, K∗ =
1

[1+(δ𝑟)2]
K. (9)

Combing Eqs. (2) and (9), |G| and |g| satisfy the relationship

|G| = ( f + fδ )|g|= f ∗|g|,
f = [1−2H∗q3 +K∗(q3)2]2,

fδ = −[1−2q3
α
′a
a +(q3)2(α ′

a
a)

2]

× [1−2q3
α
′b
b +(q3)2(α ′

b
b)

2](cos2
θa3 + cos2

θb3)

= −[1−2H∗q3 +K∗(q3)2]2(cos2
θa3 + cos2

θb3),

f ∗ = [1−2H∗q3 +K∗(q3)2]2(1− cos2
θa3− cos2

θb3), (10)

where f ∗ is the corrected rescaling factor.[7]

Following Refs. [11,12], we next investigate the behav-
iors of particles constrained within the curved layer based on
the Schrödinger equation

ih̄
∂ψ

∂ t
=− h̄2

2m

(
1√
G

∂

∂qi

√
GGi j ∂ψ

∂q j

)
+Vλ ψ, (11)

where h̄ is the Planck constant divided by 2π , m is the mass
of the particle, and the squeezing potential V = Vλ (q3) is in-
troduced to keep the particles always attached to the predeter-
mined surface. To investigate the geometric effect, we decou-
ple the wave function ψ(q1,q2,q3, t) as

ψ(q1,q2,q3, t) =

(
|G|
|g|

)−1/4

ψ
′(q1,q2,q3, t)

= f ∗−1/4
χs(q1,q2, t)χn(q3, t) (12)

based on the conservation of probability density∫
|ψ|2
√

Gdq1dq2dq3 =
∫
|χs|2|χn|2

√
gdq1dq2dq3, (13)

where χs and χn are wave functions defined on the surface
and along the normal direction, respectively. Under such a cir-
cumstance, by substituting Eq. (12) into Eq. (11), we separate
Eq. (11) into a surface part and a normal part as follows:

ih̄
∂ χs

∂ t
= − h̄2

2m
1
√

g
∂a

[
gab√g

∂ χs

∂qb

]
+Vgqχs,

ih̄
∂ χn

∂ t
= − h̄2

2m
∂ 2χn

∂q32 +Vλ χn. (14)

The general geometric potential Vgq (q3 → 0) can be derived
as

C∗ =
1

1+δ𝑟2 =
1

1+Eδ ra
2 +Gδ rb

2 ,

C∗∗ =
−2(Lδ ra

2 +Nδ rb
2)

(1+δ𝑟2)3/2
=
−2(Lδ ra

2 +Nδ rb
2)

(1+Eδ ra
2 +Gδ rb

2)3/2
,

Vgq = − h̄2

2m
f ∗−1/4

∂3[ f ∗
1/4

∂3[ln( f ∗−1/4)]]q3→0

= V ∗gq +V ∗∗gq ,

V ∗gq = − h̄2

2m

[
C∗(H2−K)+

H
2

C∗∗√
C∗

]
,

V ∗∗gq = − h̄2

2m

[
− (δ ra

2 +δ rb
2)

2

+
2C∗(GL2δ ra

2 +EN2δ rb
2)

EG
+

3C∗∗2

16C∗2

]
. (15)

It is worth noting that Vgq is composed of V ∗gq and V ∗∗gq , the
former is the curvature-dependent term that consists of two
parts. One is the deformed version of the well-known geomet-
ric potential − h̄2

2mC∗(H2−K), where the first corrected factor
C∗ related to the length of the deviation δ r that is written as
the first fundamental form of S, the other part − h̄2

4m
HC∗∗√

C∗
is the

coupled term where the second corrected factor C∗∗ related to
the second fundamental form of S, representing the projection
of the deviation in 𝑛. The latter V ∗∗gq is the novel potential
that is independent of curvatures, which is originated from the
coupling between the surface metrics and the deviation.

And it is worth noting that when |δ𝑟| = 0, the com-
pression direction returns to 𝑛, we can obtain that Vgq =

− h̄2

2m (H
2 − K) from Eq. (15), which is consistent with the

results in Refs. [11,12]. Particularly, in Refs. [24,25], re-
searchers kept the compression direction at 𝑛, considered the
cases where the thickness of the curved layer is uniform and
the thickness is a function of position (qa,qb), respectively, to
obtain the thickness-corrected version of the well-known geo-
metric potential and the effective potential relevant to the cou-
ple of the inhomogeneous confinement and the ground-state
energy, respectively. Different from these cases, the general
geometric potential Vgq are due to the deviation between the
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adjacent surfaces of the layer, such as the shear dislocation,
which originates from the change in the direction of compres-
sion in the confining potential method. To be specific, in the
following, we will investigate the general geometric effects on
the cylinder geometry based on Eqs. (14) and (15).

3. Cylindrical layers with deviations
It is well known that the cylinder geometry is a typical

nanostructure, and its extensive investigation involves various
nanotubes.[5,26–29] We consider a cylindrical thin-layer with
radius r, as shown in Fig. 2. In the cylindrical coordinate sys-
tem (θ ,y,ρ), the line element is given by

ds2 = r2 dθ
2 + dy2 + dρ

2. (16)

ey

r
o

θ

q3n

(a)

ey

δry

rδrθ

r
o

θ

q3n′

(b)

ey

ro

θ

q3n′

(c)

Fig. 2. Cylinder thin-layer with different deviations. (a) Normal compres-
sion, (b) slant compression, (c) tangent compression.

With the above definitions of metrics Eq. (5), the first and
second fundamental forms of the cylinder are

E = gθθ = r2, G = gyy = 1, F = gθy = gyθ = 0,

L =−r, M = N = 0, (17)

and the metric tensor Gi j of the normal thin layers (as shown
in Fig. 2(a)) can be defined as

Gθθ = (r+q3)2, Gyy = 1, Gθy = Gyθ = 0,

Gθ3 = G3θ = Gy3 = G3y = 0, G33 = 1. (18)

When there is an offset from the adjacent surfaces of the cylin-
drical layer (as shown in Figs. 2(b) and 2(c)), in lights of
Eq. (9), we can obtain

H∗ =
1

2r(1+ r2δ rθ
2 +δ ry

2)1/2
,

K∗ =
1

(1+ r2δ rθ
2 +δ ry

2)
K = 0, (19)

where δ rθ and δ ry are the offsets along the 𝑒θ and 𝑒y, respec-
tively. Following Eq. (14), the surface Schrödinger equation
in cylindrical layer can be expressed as

ih̄
∂ χs(θ ,y)

∂ t
=− h̄2

2m
1

(r+η)2 ∂
2
θ −

h̄2

2m
∂

2
y +Vgc,

Vgc =V ∗gc +V ∗∗gc , (20)

where Vgc is the general geometric potential that particle ex-
periences. According to Eq. (15), the specific form can be
expressed as

C∗ =
1

1+ r2δ rθ
2 +δ ry

2 , C∗∗ =
2rδ rθ

2

(1+ r2δ rθ
2 +δ ry

2)3/2
,

Vgc =V ∗gc +V ∗∗gc ,

V ∗gc =−
h̄2

2m

[
1+2r2δ rθ

2

4r2(1+ r2δ rθ
2 +δ ry

2)

]
,

V ∗∗gc =− h̄2

2m

[
3δ rθ

2

2
−

δ ry
2

2
+

3δ rθ
4r2

4(1+ r2δ rθ
2 +δ ry

2)

]
. (21)

It is straightforward to find that in the absence of the devia-
tion (δ rθ = δ ry = 0), Vgc = − h̄2

2m
1

4r2 agrees with the previous
results in Refs. [16,30]. To elaborately analyze the geometric
effects resulting from deviations, in the following, we will take
two cases into consideration.

(i) δ rθ = 0, δ ry 6= 0. The compression form should turn
from normal compression to slant compression, as shown in
Fig. 2(b). And equation (21) is expressed as

C∗y =
1

1+δ ry
2 , C∗∗y = 0,

Vgcy =V ∗gcy +V ∗∗gcy,

V ∗gcy =−
h̄2

2m

[
1

4r2(1+δ ry
2)

]
,

V ∗∗gcy =−
h̄2

2m

[
−

δ ry
2

2

]
. (22)

The specific properties of V ∗gcy, V ∗∗gcy, and Vgcy versus
tanβ = δ ry/r are described in Fig. 3. Clearly, V ∗gcy is al-
ways negative, and the larger deviation raises up it. Besides,
for a thicker layer with a larger radius r, the effect of V ∗gcy

would become weaker. Compared to the potential V ∗gcy, the
deviation-dependent term V ∗∗gcy acts as a parabolic-barrier. The
differences between the potentials V ∗∗gcy and V ∗gcy are their signs,
which can compensate for or even overwrite the value of V ∗gcy,

076801-4



Chin. Phys. B 33, 076801 (2024)

and this kind of effect is enhanced for the larger offset and

smaller curvature radius. Together with these potentials, in the

case of small radius accompanied with negligible deviation,

Vgcy may result in the appearance of the bound states,[7,8,31,32]

while as the deviation increases, the bound states will

disappear and Vgcy would shift the spectrum in different di-

rections.

(ii) δ ry = 0,δ rθ 6= 0. At this time, the tangent compres-

sion is employed, as shown in Fig. 2(c). Here the general geo-

metric potential Eq. (15) takes the form as

C∗θ =
1

1+ r2δ rθ
2 , C∗∗θ =

2rδ rθ
2

(1+ r2δ rθ
2)3/2

,

Vgcθ = V ∗gcθ +V ∗∗gcθ ,

V ∗gcθ = − h̄2

2m

[
1+2r2δ rθ

2

4r2(1+ r2δ rθ
2)

]
= − h̄2

2m

[
1+2(rδ rθ )

2

4r2(1+(rδ rθ )
2)

]
,

V ∗∗gcθ = − h̄2

2m

[
3δ rθ

2

2
+

3δ rθ
4r2

4(1+ r2δ rθ
2)

]
= − h̄2

2m

[
3(rδ rθ )

2

2r2 +
3(rδ rθ )

4

4r2(1+(rδ rθ )2)

]
. (23)

Figure 4 describes V ∗gcθ
, V ∗∗gcθ

, and Vgcθ versus tanγ =

rδ rθ/r for the cases of r = 0.25, r = 0.5, and r = 1. It is obvi-
ous to find that both V ∗gcθ

and V ∗∗gcθ
are all negative. Compared

with the two, the deviation term V ∗∗gcθ
plays a main role, man-

ifests as significantly suppressing the effective potential and
generally drops as the deviation increases, which is differ from
the case of slant compression. Therefore, the combined poten-
tial Vgcθ shows the similar trend as those for V ∗∗gcθ

. Considering
for instance a value of r = 0.5 and tanγ = 5, Vgcθ =−13.843,
compared to Vgc =−1, we find an enhancement of typical ge-
ometric potential by over 10, the geometric potential wells are
dramatically deepened, especially in the smaller radius and
larger deviation, which naturally generates new bound states.
These results are helpful to change the band structure and ma-
nipulate the electron transport.[28,29]
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4. Discussion and conclusion

In conclusion, we have considered quantum physics re-
lated to a curved thin-layer with the deviation. Using the con-
fining potential method in the treatment of general compres-
sion form, we derived the surface Schrödinger equation with
a general geometric potential, which is taken as an equiva-
lent description of the quantum dynamics within curved lay-
ers. The deviation renders a gigantic renormalization of the
quantum geometric potential which has very significant con-
sequences for the electronic properties of the nano-materials.
Applying our theoretical framework to the case of cylindrical

thin layer, we find two types of the general geometric poten-
tial Vgcy and Vgcθ , which corresponds to the slant compression
and tangent compression, respectively. The former weakens
the constrain on the bounded particles, making them behave
like free-particles. While the latter significantly strengthen the
constrain, which accumulates the negative level eigenstates in
the low-energy part of the electronic energy spectrum. What
is more, the combined potential Vgc is still valid to arbitrary
deviation regarded as a combination of the slant deviation and
tangent deviation. These potentials can effectively manipulate
the band-structure bases on theirs ability to change the role
played by potentials.
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In addition to the geometric potential, the geometric ef-
fect can also be shown by geometric momentum (GM) whose
operator is 𝑃 = −ih̄∇Σ +H𝑛,[14,15,33] where ∇Σ denotes the
gradient operator acted on the surface and H𝑛 symbolizes the
mean curvature vector field. Based on the result Vgq, the in-
troduce of the deviation δ𝑟 should allow a new field H∗𝑛′ re-
places H𝑛 in the case of curved layer. Can the corrected GM
operator be taken as the generators of the infinitesimal parallel
transport of a vector on the curved thin layer with the devi-
ation, which is still an interesting project that needs further
investigation.

As a potential application, the deviations between the ad-
jacent surfaces of the thin layer can be employed not only
to guide the shift direction of the energy level structures, but
also to manipulate the transport properties of nano-materials
based on the bound states they generate. These results provide
a prospect of possible application to design soft nano-based
devices by adjusting the offsets between the substrate and at-
tachment.
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