CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Density of excess modes below the first phonon mode in four-dimensional glasses

Lijin Wang(FFliT), Ding Xu(’& %), and Shiyun Zhang(Fk tt: 72)
Citation:Chin. Phys. B, 2024, 33 (7): 076401. DOI: 10.1088/1674-1056/ad3dd1
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

K-core attack, equilibrium K-core, and kinetically constrained spin system

Hai-Jun Zhou(JE %)
Chin. Phys. B, 2024, 33 (6): 066402. DOI: 10.1088/1674-1056/ad4329

Low-frequency hybridized excess vibrations of two-dimensional glasses

Licun Fu(f-J37.4%), Yiming Zheng(#f—"3), and Lijin Wang( L #iT)
Chin. Phys. B, 2024, 33 (5): 056401. DOI: 10.1088/1674-1056/ad205e

Quench dynamics in 1D model with 3rd-nearest-neighbor hoppings

Shuai Yue({& 1), Xiang-Fa Zhou ()& #£ %), and Zheng-Wei Zhou(J# 1E &)
Chin. Phys. B, 2021, 30 (2): 026402. DOI: 10.1088/1674-1056/abd742

Characteristics of phase transitions via intervention in random networks

Jia Xiao (%4Wf), Hong Jin-Song (3t #h#2), Yang Hong-Chun (#%%), Yang Chun (%), Shi Xiao-Hong (S2H&4T),
Hu Jian-Quan (# % 4%)

Chin. Phys. B, 2014, 23 (7): 076401.  DOI: 10.1088/1674-1056/23/7/076401
Simulations of the flipping images and microparameters of molecular orientations in
liquids according to molecule string model

Wang Li-Na (£ NI #F), Zhao Xing-Yu (%% 5%), Zhang Li-Li (7K NN TIN), Huang Yi-Neng (3% PLRE
Chin. Phys. B, 2012, 21 (8): 086403.  DOI: 10.1088/1674-1056/21/8/086403


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad3dd1
https://doi.org/10.1088/1674-1056/ad3dd1
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad4329
https://doi.org/10.1088/1674-1056/ad4329
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad205e
https://doi.org/10.1088/1674-1056/ad205e
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd742
https://doi.org/10.1088/1674-1056/abd742
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/23/7/076401
https://doi.org/10.1088/1674-1056/23/7/076401
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/21/8/086403
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/21/8/086403
https://doi.org/10.1088/1674-1056/21/8/086403

Chin. Phys. B 33, 076401 (2024)

Density of excess modes below the first phonon mode
in four-dimensional glasses

Lijin Wang(F R0 7, Ding Xu(& 41>, and Shiyun Zhang(K tt 72)>*

1 School of Physics and Optoelectronic Engineering, Anhui University, Hefei 230601, China
2Department of Physics, University of Science and Technology of China, Hefei 230026, China

(Received 22 February 2024; revised manuscript received 2 April 2024; accepted manuscript online 12 April 2024)

Glasses are known to possess low-frequency excess modes beyond the Debye prediction. For decades, it has been
assumed that evolution of low-frequency density of excess modes D(®) with frequency @ follows a power-law scaling:
D(w) ~ o”. However, it remains debated on the value of ¥ at low frequencies below the first phonon-like mode in finite-
size glasses. Early simulation studies reported y = 4 at low frequencies in two- (2D), three- (3D), and four-dimensional (4D)
glasses, whereas recent observations in 2D and 3D glasses suggested ¥ = 3.5 in a lower-frequency regime. It is uncertain
whether the low-frequency scaling of D(®) ~ > could be generalized to 4D glasses. Here, we conduct numerical
simulation studies of excess modes at frequencies below the first phonon-like mode in 4D model glasses. It is found that
the system size dependence of D(®) below the first phonon-like mode varies with spatial dimensions: D(®) increases in
2D glasses but decreases in 3D and 4D glasses as the system size increases. Furthermore, we demonstrate that the @3-
scaling, rather than the @* scaling, works in the lowest-frequency regime accessed in 4D glasses, regardless of interaction
potentials and system sizes examined. Therefore, our findings in 4D glasses, combined with previous results in 2D and 3D
glasses, suggest a common low-frequency scaling of D(®) ~ @3 below the first phonon-like mode across different spatial
dimensions, which would inspire further theoretical studies.

Keywords: vibrational density of states, excess modes, four-dimensional glasses, scaling, computer simulation

PACS: 64.70.Q-, 64.70.kj

1. Introduction

The presence of disorder endows glasses with a vari-
ety of exotic properties that distinguish them from their crys-
talline counterparts. One mysterious but universal hallmark of
glasses is that there exist excess vibrational modes at low fre-
quencies @. These excess modes (also termed non-phononic
or quasi-localized modes) are beyond the prediction of De-
bye theory,!!! which expects that the low-frequency density of
vibrational modes D(®) = Ap@?~!, with d being the spatial
dimension and Ay, the Debye level given by Debye theory. In-
terestingly, in addition to the initial idea of resorting to excess
modes to rationalize the anomalous temperature dependence

1251 numerous studies over the

of thermodynamic properties,
last two decades have demonstrated that excess modes could
also shed light on deciphering other mysterious peculiarities
of glasses and glass transition.[~'°) For example, soft spots
defined from low-frequency excess modes show strong spa-
tial correlation with those particles exhibiting larger rearrange-
ments upon deformations or thermal excitations; 3112151 the
glass transition could be understood from low-frequency prop-
erties of excess modes;[1#10] the strength of sound attenu-
ation due to disorder in glasses correlates closely with the

17-19

low-frequency density of excess modes.!!”~!°1 However, un-

derstanding of low-frequency excess modes themselves still
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remains far from satisfactory.

One subject of intense debate up to date is how the den-
sity of excess modes D(®) evolves with @. In the literature, it
is assumed that D(®) follows a power law, D(®) ~ ®". How-
ever, the value of the scaling exponent 7 is still under debate.
There have been some theoretical efforts on this, and relevant
theories or phenomenological models!?*->°! predicted that y
could be 2, 3, or 4. Nevertheless, the inconsistency on the
value of ¥ in different theoretical frameworks has not yet been
reconciled.

Nowadays, computer simulations make it possible to di-
rectly determine spectra of excess modes in large model glass
formers. However, when the system size is large enough,
glasses as well as crystals would behave like a continuum elas-
tic medium, 33?1 and the frequencies of low-frequency ex-
cess modes will converge to those of phonon-like modes (also
termed extended modes), hence resulting in the hybridization
of excess modes and phonon-like modes. The mode hybridiza-
tion poses great difficulties in the numerical determination of
the spectrum of excess modes, because one has to conceive ef-
fective ways to distinguish between excess modes and phonon-
like modes. To deal with the hybridization problem, several
ideas have been proposed recently.

One approach is to separate modes by presetting a thresh-
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old of participation ratio, given that the participation ratio
of excess modes usually takes smaller values than phonon-
like modes.333* For excess modes hybridizing with phonon-
like modes, this approach could lead to D(®) ~ @* in three-
dimensional (3D) systems; however, it could not work well
in two-dimensional (2D) systems where there are very few
or even no excess modes at very low frequencies.*3! Subse-
quently, Wang et al.!'”l obtained the density of excess modes
by subtracting the Debye contribution from the total density
of states, and found that D(®) ~ @? in 2D glasses while
D(®) ~ @* in 3D glasses. The quartic scaling of the den-
sity of excess modes in 3D glasses agrees with what has been
reported from separating the modes using the participation

ratio cutoff.[33:34

] Additionally, there are more other meth-
ods proposed in recent years to de-hybridize between the ex-
cess modes and phonon-like modes, e.g., the nonlinear mode
method,?>! the augmented potential method, %! and the pin-
ning method.37-3

The frequency of the first phonon-like mode could be
given by ; = \/G/p(2%/L), where G, p, and L are the shear
modulus, the mass density, and the liner size of the system,
respectively. Therefore, when the system size (or L) becomes
smaller, ®; will be pushed to a higher frequency, thus leaving
below @, a low-frequency window where only excess modes
dwell.[*0) 1t is then straightforward to assume that the den-
sity of excess modes is equal to the total density of vibra-
tional modes at frequencies significantly below @;. Follow-
ing this line of research, there have been numerous numerical
studies!!7#0-41 focusing on the spectrum of excess modes be-
low @;.

Early numerical studies***'*¥ argued that D(®) ~ @
with ¥ = 4 at low frequencies below ®; in 3D systems, which
is in agreement with the results from studying excess modes

17.33.34] Moreover, it has

hybridizing with phonon-like modes.!
also been argued that the quartic scaling could be general-
ized to 2D and four-dimensional (4D) glasses. #4341 How-
ever, the universality of the quartic scaling of the excess-mode
spectrum below @; has recently been challenged by some sim-
ulation studies!!7#24346-511 in both 2D and 3D glasses. Of
these studies reporting the deviations from the low-frequency
* distribution, in Refs. [17,48,49] researchers reported that
Y = 3.5 in a low-frequency regime far below w; in both 2D
and 3D glasses, regardless of the system size and interaction
potential model. In addition, the ®* and @3~ scalings could
even be observed simultaneously in some glasses but appear in
different frequency regimes: the > scaling, when compared
to the w* one, appears in a lower-frequency regime. Then, it
is interesting to check whether the scenario of the ®>* scal-
ing of the excess-mode spectrum observed in both 2D and 3D
glasses could persist as well in 4D glasses.

In this work, we numerically investigate the density of

excess modes below the first phonon-like mode in 4D model
glasses with different system sizes, and probe frequencies
down to values as small as possible by resorting to extremely
large ensemble sizes. First, we show that the system size N
dependence of the density of excess modes below the first
phonon-like mode in 2D glasses is different from those in
both 3D and 4D glasses.

low-frequency @3 scaling of the excess-mode spectrum ob-

Second, we demonstrate that a

served previously in both 2D and 3D glasses works well in 4D
glasses, thus suggesting the universality of this scaling across
different spatial dimensions (at least when d takes values of 2,
3, and 4).

2. Simulation details

We conducted numerical simulations in two well-studied
model glass-forming systems in 4D, which are both composed
of a 50: 50 binary mixture of A particles and B particles with
equal mass. Note that 4D refers to the dimensionality being 4.
The 4D simulations incorporate an additional axis, referred to
as, e.g., the h-axis here, alongside the commonly used x-, y-,
and z-axes in 3D. Any two of the four axes in 4D are set to
be mutually perpendicular, and particles along the h-axis pos-
sess properties such as positions and velocities, as in any other
axis.

(D In the inverse power law (IPL) potential model, the in-
teraction between two particles i and j is V(r;;) = [(%’/’)10 +
co+ cz(%’})2 + C4(%)4]H(rfj —rij). Here, H(r) is the Heav-
iside step function, r;; is the particle separation, oy, = 1.0,
ogg = 1.4, and 0,3 = 1.18. The constants ¢, ¢2, and ¢4 could
make continuous the first and second derivatives of V (r;;)
at the interaction cutoff rj; = 1.480;;. The number density
n=N/L*in 4D is chosen to be 0.80.

(I) In the harmonic (HARM) potential model, V (r;;) =
- %{')ZH(@, — r;j), where G,y = 1.0, Oas = 1.4, and
oxp = 1.2. The pressure is held to be 0.01 in 4D.

We generated zero-temperature (7 = 0) glasses by
quenching instantaneously very high-temperature liquids via
energy minimization>?! to their inherent structures, and these
T = 0 glasses are thus poorly annealed. We obtained vibra-
tional modes by diagonalizing dynamical matrix of T =0
glasses. To avoid the binning issue (see Ref. [48] for a de-
tailed description) in the calculation of density of states given
by D(w) = ﬁ[ﬁ’l’d&w — ;) with w; being the eigen-
frequency of the /-th mode, we calculated instead the cumu-
lative density of states, /(@) = [, D(®')d@’, by counting the
number of modes up to ®. We will show mainly systematic
results obtained from the IPL model, and some results from
the HARM model will be presented.

076401-2
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3. Results and discussion

There are usually two types of excess modes in the
literature: 3333401 one is excess modes hybridizing with

phonon-like modes; the other is excess modes not hybridiz-

101

ing with phonon-like modes, e.g., excess modes below the first
phonon-like mode w;. In this work, we focus particularly on
excess modes below @; in 4D glasses. As for excess modes
hybridizing with phonon-like modes in 4D glasses, we leave it
for a future study.

T — T T T —
| (@) —N=196 / (b) —— N=2048 (c) — N=5000
1075 —— N=1600 T —— N=32768 T [ — N=20000 7
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Fig. 1. Finite-size effects on the cumulative density of states /(@) in 2D (a), 3D (b), and 4D (c) IPL model glasses. Each vertical
dotted line marks approximately the frequency of the first phonon-like mode w; = \/G/p (27 /L), where the shear modulus G was
determined by taking the average over different samples. Specifically, the vertical dotted lines from right to left: (a) for N = 196,
N = 1600, and N = 30000; (b) for N = 2048, N = 32768, and N = 140000; (c) for N = 5000, N = 20000, and N = 100000. Some data
in 2D and 3D IPL model glasses are taken from Refs. [17,48,49], to which we refer for further simulation details. One could observe
that /(@) at frequencies far below @; in 2D glasses increases with increasing N, whereas the N dependence of /(@) at frequencies far
below @, in both 3D and 4D glasses behaves oppositely from that in 2D glasses. For reference, in (d), (e) and (f) are I(®) versus the
reduced frequency @/ for the same data as in (a), (b) and (c), respectively.

We present in Fig. 1 how spatial dimensions influence the
dependence of the cumulative density of excess modes I(®)
on system sizes. As shown in Fig. 1(a) for 2D glasses, I(®) at
frequencies below ®; increases with increasing N, suggesting
that there are more excess modes in a larger 2D system, which

41491 This is also

is consistent with previous numerical studies. [
in line with the prediction from a theoretical study!*'3! based
on the continuity elasticity, see Refs. [46,49] for a detailed
comparison between the simulation and theory.

Next, we turn to check how I(®) at frequencies below
@ evolves with N in 3D and 4D glasses. From the numer-
ical results presented in Fig. 2 of Ref. [41], one could con-
clude that there are nearly no finite-size effects on I(®) in 3D
IPL model glasses when N changes from 1000 to 4000 and
also in 4D IPL model glasses when N changes from 5000 to
20000. However, it was reported subsequently that the scaling
of the low-frequency /(@) suffers from finite-size effects in
3D glasses.[*?! This thus implies that there should be a finite-

size effect on I(®) in 3D glasses, but it is unclear whether
I(w) increases with increasing N in 3D glasses as it does in 2D
glasses. This motivates us to revisit the N dependence of I(®)
in both 3D and 4D glasses by probing frequencies down to
very small values. What unexpected is that the N dependence
of I(®) in both 3D and 4D glasses is different from that in 2D
glasses. In contrary to 2D glasses, there are less excess modes
in larger systems in both 3D and 4D glasses, as conveyed in
Figs. 1(b) and 1(c) where I(®) decreases as N increases. This
numerical observation in 3D and 4D glasses seems to be at
odds with the theoretical prediction in Refs. [41,53] where it
is expected that I(®) should never decrease with increasing N.
Further work is needed to understand the notable difference in
the finite-size effect observed here across various spatial di-
mensions.

Currently, figuring out the value of the scaling exponent
B in I(®w) ~ P at low frequencies below @; in glasses has

¢ [41,46,48.49

become a debated topi | Some numerical studies ar-

076401-3



Chin. Phys. B 33, 076401 (2024)

gued that B ~ 5 below @ in 2D, 3D, and 4D glasses.[40-41:44]

17,42,48,49

However, there are other studies! I reporting that  ~

5 works conditionally in both 2D and 3D glasses. Specif-
ically, thanks to much lower frequencies being probed in
Refs. [17,48,49], it was reported that there is a low-frequency
region where 3 = 4.5 works well in both 2D and 3D glasses,
which is independent of the system size and interaction po-
tential model. In addition, the @° scaling could work in
some glasses in an intermediate-frequency regime near @, but
above which the @*> scaling is observed. We indicate two
®* in Fig. 1(a) for 2D glasses and
Fig. 1(b) for 3D glasses; however, here we refer the readers to

power-law lines of (@) ~

Refs. [17,48,49] where detailed presentations and discussions
of the density of excess modes in 2D!17:4%1 and 3D[*8] glasses
have been made.

As for in 4D glasses, I(w) ~ @° is what the low-
frequency excess modes are suggested to follow according to
Refs. [41,45]; however, excess modes in the extremely low-
frequency regime where the scaling may change if based on
studies in 2D and 3D glasses, have not yet been probed in 4D
glasses. Therefore, it is necessary to check whether the X
scaling could persist down to much lower frequencies in 4D
glasses; if not, whether the power-law scaling of (@) ~ @*?
applying to both 2D and 3D glasses could also be a good de-
scription to the low-frequency I(®) data in 4D glasses.

We show in Fig. 2(a) the @ dependence of the cumulative
density of excess modes I(®) for systems with sizes N = 5000,
N = 20000, and 100000. We also draw three different types of
lines indicating I(®) ~ @*, I(®) ~ ®*> and I(®) ~ ®°, re-
spectively, which could provide a preliminary estimate of the
applicability of different scaling laws. Though it seems that
that every scaling law has its applicability in some frequency
range for each N, it is obvious that /(@) ~ @* could only work
at the lowest frequencies where these data points still seem to
depend on the ensemble size. Note that the ensemble size de-
pendence of the several lowest-frequency data points is ampli-
fied in reduced plots of I(®)/®?, as shown in Figs. 2(b) and
2(c). Therefore, it requires more data to check whether the
I(@) ~ @* is possible at very low frequencies, which is now
impossible due to the computational capacity. To have a strin-
gent check of the other two scalings, we show reduced plots of
I(w)/ oP in Figs. 2(b) and 2(c) since a plateau in the plot of
I(®)/@P will indicate more convincingly /(@) ~ ®P.

We first check how the scaling of I(@) ~ @° performs at
low frequencies by plotting /(®)/®’ vs. ® in Fig. 2(b). One
could observe that there is not any frequency regime where
I(w) ~ ®° could work when N is small, e.g., when N = 5000.
This could be expected if one assumes that the claim[*? of
I(®) ~ ®> will be observed only when N is large enough in 3D
glasses, applies as well to 4D glasses. With N increasing, there
is a trend of curve up with increasing ® in the intermediate-

frequency regime around ® = 0.4, see, e.g., the plot for
N = 20000; finally, we could see an apparent intermediate-
frequency plateau in our largest system (N = 100000) exam-
ined, hence suggesting that /(@) ~ @° at these frequencies. To
our knowledge, the scaling of I(®) ~ @’ was assumed implic-
itly to work down to zero frequency in 4D glasses. However,
the I(®) ~ @’ scaling observed in N = 100000 could not per-
sist when going down to the lowest-frequency regime we could
access, because there is a visible upturn with decreasing ® be-
low the plateau. The scenario observed here in 4D glasses that
I(®) ~ ® works in some glasses at intermediate frequencies
but fails at low frequencies resembles very much that observed
in 2D and 3D glasses, which motivates us next to revisit the
scaling of I(®) in the low-frequency regime where I(®) ~ ®>
is observed to break down.
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Fig. 2. The cumulative density of states /() in (a) and corresponding
I(w)/®> in (b) and I(w)/®*> in (c) for 4D IPL model glasses with
system sizes N = 5000, N = 20000, and N = 100000. The /(@) ~ o*>
scaling seems to be a good description to the low-frequency spectrum
of excess modes in these system sizes under study. We indicate in (a)
the a)4, ©*’ and ©° power-law lines. The horizontal dashed lines in
(b) and (c) serve as a guide to eyes. For each N, data from two different
ensemble sizes Ng are shown. Note that /(@) in (a) has been scaled by
a factor [y for visualization purpose: (Ip = 0.01, N = 5000), (Ip = 0.1,
N =20000) and (Ip = 1, N = 100000).
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One natural candidate of the scaling at the lowest frequen-
cies in 4D glasses is I(®) ~ ®*? since this scaling is followed
by excess modes in both 2D and 3D glasses,!!7#341 which is
also the reason why we show lines indicating I(®) ~ ®*3 in
Fig. 2(a). We thus plot I(®)/®*> vs. ® in Fig. 2(c), and a
low-frequency plateau in each plot for N could be observed.
This suggests that the /(@) ~ ®*>
frequency excess modes in 4D glasses, independent of system

scaling is followed by low-

sizes.
in 2D and 3D
it seems that scenarios regarding the scaling

Taken together with the results
glasses, 174849
of the density of excess modes at low frequencies below the
first phonon-like mode in 2D, 3D, and 4D glasses are the same.
We note that much more configurations are needed to smooth
the lowest-frequency I(®) data in 4D glasses. Additionally,
we could not exclude the possibility that there may be a scal-
ing of, e.g., I(®) ~ ®* as shown in Fig. 2(a), different from
the scaling of I(®) ~
could probe, which, on the other hand, presents the difficulty

™ at much lower frequencies than we

in the numerical determination of the scaling of /(®) at low

frequencies.
(a) _ T T T T T T T T T T TT]
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Fig. 3. (a) Frequency @ dependence of the average participation ratio
P, () for the 4D IPL model glasses with different system sizes N. At
low frequencies examined, P, (®) tends to approach a plateau whose
value depends on N. (b) NPy (®) vs. o for the same data in (a). Py (®)
scales approximately with N~ at low frequencies. The inset of (b)
shows the N dependence of w;, @. and w,. Here, @; is the frequency
of the first phonon-like mode, @, is the upper frequency cutoff of the
low-frequency ®*? scaling presented in Fig. 2, and @, is the upper fre-
quency cutoff of the low-frequency plateau of Px(®). Ensemble sizes
Ng used to obtain P, (@) are Ng = 10 K for N = 5000, Ng = 10 K for
N = 20000, and Ng = 6.4 K for N = 100000.

Moreover, we proceed to characterize the spatial local-

ization of excess modes in 4D glasses at very low frequen-
cies, particularly where I(@) ~ @*>. The mode localization
could usually be quantified by the participation ratio P(ay) =
(XN leri)?
NYY, ler*”
particle i in the mode /. A localized mode has a small value

where e ; is the polarization vector pertaining to

of participation ratio, whereas a large value of participation ra-
tio is indicative of an extended mode. Like in 3D glasses, 3]
we find that the participation ratio of different modes exhibits
significant fluctuations as well in 4D glasses; therefore, as sug-
gested in Refs. [41,48], we check the frequency dependence of
the average participation ratio P, (®) in Fig. 3(a). Py(®) de-
creases with decreasing @ at intermediate @, and converges
approximately to a low-frequency plateau when @ decreases
below around the frequency , ~= 0.27 in all the three systems
studied. However, the height of the low-frequency plateau de-
pends on N.

We then compare in the inset of Fig. 3(b), @,, ®; (the
frequency of the first phonon-like mode), and @, (the upper
frequency cutoff of the low-frequency w*? scaling presented
in Fig. 2). Here . > , in all the three system sizes, but @
decreases and approaches m, when N increases. Additionally,
both @. and @, lie significantly below @;. Future work will
check whether @, > . could be observed in larger systems.
In addition, we show in Fig. 3(b) the plot of NP, (®) vs. ® to
check whether the reported relation!*!! of Py (®) ~ N~! could
persist at much lower frequencies where I(®) ~ @*>. This re-
lation seems to work, though there are large fluctuations (pos-
sibly due to statistics) in the low-frequency data collapse.
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Fig. 4. (a) The reduced cumulative density of states I(®)/@*> for 4D
HARM model glasses with N = 1024. The inset shows the average
participation ratio Py (®) vs. @.

Finally, to check the interaction potential model depen-
dence of the low-frequency scaling of I(®) ~ @*3 in 4D
model glasses, we calculated I(®) in the 4D HARM model
glasses with ensemble sizes up to about two million. As
demonstrated in Fig. 4, the plot of I(®)/®*> vs. @ is a plateau
at the lowest frequencies, thus supporting the robustness of the
scaling of I(w) ~ @*> across different interaction potential
models. Moreover, the upper frequency cutoff @, of this scal-
ing seems to be around the onset frequency @,, below which
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the average participation ratio P,(®) is approximately con-
stant, see the inset in Fig. 4. However, we note that @, does
not need to coincide with @ if taking into account results from
4D TPL model glasses in the inset to Fig. 3(b), where @, could
be visibly different from @y. Note that the absolute value of
the characteristic frequencies, e.g., @, and @y, depends largely
on potential models and densities (or pressures).

4. Summary and outlook

In conclusion, we have conducted computer simulation
studies of the low-frequency excess modes significantly below
the first phonon-like mode. We observe an increase in the den-
sity of excess modes at frequencies below the first phonon-like
mode in 2D glasses but a decrease in both 3D and 4D glasses
as the system size increases. This thus suggests that the de-
pendence of the excess mode density on system sizes varies
with spatial dimensions, warranting further investigation. Im-
portantly, we find the density of excess modes in the lowest-
frequency regime accessed scales with ®>~ instead of the pre-
viously reported @* in 4D glasses;*!! the w* scaling could
work but conditionally. Moreover, we demonstrate that the
low-frequency > scaling is independent of system sizes and
interaction potential models examined. Taken together with
the observation of the @ scaling at low frequencies below
the first phonon-like mode in both 2D and 3D glasses, 1748491
our findings indicate that this low-frequency scaling exhibits
robustness across different spatial dimensions.

Our work raises several open questions. First, will the
glass stability influence the low-frequency @3- scaling of the
spectrum of excess modes in 4D glasses as well as 3D glasses?
The @3 scaling was reported to be independent of the glass
stability in 2D glasses,*°! and it is then interesting to check
whether this could persist in other spatial dimensions. Second,
is the low-frequency @3~ scaling in 4D glasses (including in
2D and 3D glasses) due to finite-size effects? It is difficult to
answer it in simulations, but future theoretical work may shed
light on this. Third, will the stress distribution affect the low-
frequency scaling of the density of excess modes in 4D glasses
as it does in 2D and 3D glasses?*”! Fourth, how about the scal-
ing of the density of excess modes hybridizing with phonon-
like modes in 4D glasses? Previous observations!!7#849] in
2D and 3D glasses tell us that the density of excess modes hy-
bridizing with phonon-like modes differs from that of excess
modes not hybridizing with phonon-like modes. Therefore, it
is imperative to directly investigate the scaling behavior of hy-
bridized excess modes in 4D glasses, which we find, however,
poses significant computational challenges at present if using
the method of diagonalizing dynamical matrix. Future work
will check whether the method of using the Fourier transfor-

S [54.55

mation of the velocity correlation function I to get the

density of states could help in dealing with this issue. Finally,

will the low-frequency @37 scaling of the density of excess
modes in 4D glasses as well as in 2D and 3D glasses survive
when going to much lower frequencies? This poses another
computation challenge. Actually, the inability to determine
in simulations the scaling behavior of excess modes at low
enough frequencies also constitutes an obstacle to the numer-
ical investigation of properties of excess modes. Future work
should also check how the anharmonicty induced by thermal
excitations affects the scaling of the density of excess modes,
which is more related to realistic experiments. The Fourier
transformation of the velocity correlation functions should be
a good tool to use when studying this.
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