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This paper addresses the issue of nonfragile state estimation for memristive recurrent neural networks with propor-
tional delay and sensor saturations. In practical engineering, numerous unnecessary signals are transmitted to the estimator
through the networks, which increases the burden of communication bandwidth. A dynamic event-triggered mechanism,
instead of a static event-triggered mechanism, is employed to select useful data. By constructing a meaningful Lyapunov—
Krasovskii functional, a delay-dependent criterion is derived in terms of linear matrix inequalities for ensuring the global
asymptotic stability of the augmented system. In the end, two numerical simulations are employed to illustrate the feasibil-

ity and validity of the proposed theoretical results.
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1. Introduction

For decades, recurrent neural networks (RNNs) have re-
ceived considerable attention due to their extraordinary ap-
plications in a variety of areas such as control engineering,
dynamic optimization, and computer vision.[!=3] Dynamical
analyses (e.g., dissipativity, stability, and synchronization), as
theoretical foundations of RNNs, are key steps for designs of
RNNS in practical engineering, which have attracted consider-
able interests, see Refs. [4—6]. As the fourth basic circuit el-
ement, memristor!’! was proposed in 1971. The memristance
depends on the amount of charge that has passed through the
memristor in a specific direction which satisfies M = d¢/dgq.
The physical entity of the first memristor was not developed
until 2008 by HP Labs, as shown in Fig. 1. Due to these fea-
tures (e.g., nanometer size, memory characteristics) of mem-
ristors, a host of systems based on memristor have become a
popular research area, particularly in the field of RNNs, see
Refs. [8—11]. When a memristor is integrated into a computer
system, it has the capability to retrieve information that was
appeared in the past time. It is worth noting that even in the
event of a power failure, the information remains accessible
once the connection is restored.

It is often proved to be difficult to fully obtain neuron
states due to the large size of neural networks and the utility of
the measuring equipment.!!?] Therefore, state estimation (SE)
issue has developed into a research hotspot, e.g., a great deal
of significant results were reported in Refs. [13,14] and the
references therein. The SE issue for delayed RNNs has been
introduced for the first time in Ref. [14]. The extended dis-
sipative SE problem of delayed RNNs has been discussed in
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Ref. [6], in which the developed results have been verified by
a quadruple tank process system. As is known, time delays
are frequently inevitable during information transmission and
limited processing speeds which may cause oscillation and in-
stability. Discrete time delay and distributed time delay are
both types of common time delays. In addition, the concept of
proportional delay has recently been the subject of extensive
research. It has been shown that proportional time delay also
has a crucial impact on control systems and web quality of ser-
vice (QoS) routing.!'>19 In addition, the authors studied the
polynomial stability of complex-valued NNs. By means of an
exponential function e, the proportional delay was converted
into the discrete delay in Ref. [17]. However, the condition
based on such a method is delay-independent and conserva-
tive. In Ref. [18], a delay-dependent criterion has been in-
ferred by a novel Lyapunov—Krasovskii functional (LKF), but
it cannot be directly applied in research of SE issue.
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Fig. 1. Physical model of memristor element.[!!]

In practical systems, many unnecessary signals are trans-
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ferred to estimators through networks. In order to avoid the
waste of network resources caused by data transmission, sev-
eral event-triggered schemes have been proposed and have at-
tracted considerable attention, see Refs. [19-23]. In Ref. [20],
the problem of nonfragile SE for RNNs with sensor nonlin-
earity was investigated. A simplified event-triggered mecha-
nism (ETM) that relies on incomplete measurements was in-
troduced. For fractional-order systems, an event-triggered al-
gorithm was applied to multi-agent systems in Ref. [21]. Re-
cently, there has been a growing amount of attention focused
on the dynamic event-triggered mechanism (DETM) which is
increasingly preferred in practical applications due to the time-
varying event-triggered threshold. For instance, the event-
based SE issue for RNNs with unknown time delays has been
studied in Ref. [22]. The H.. SE issue of complex networks
under DETM subject to cyber attacks has been addressed in
Ref. [23]. In regards of memristive recurrent neural networks
(MRNNS5), the nonfragile estimation problem subject to pro-
portional delay under DETM has not been thoroughly investi-
gated.

On the other hand, the output of the sensor is limited by
the physical characteristics of its components and technology.
Not only network delays but also sensor saturation could im-
pact the system performance. Taking into consideration of the
sensor saturation, time delay for a class of MRNNSs is practi-
cal. Furthermore, most studies on the SE issues of NNs fail
to consider the potential impact of perturbations in real-world
scenarios. These perturbations can arise from the complex
and dynamic environments, leading to the fragility of the de-
signed estimator up to date. As such, nonfragile techniques
have drawn significant research attention for various types of
dynamic systems in order to tolerate the effects of estimator
gain perturbations.?) In Ref. [24], the desired filter is sup-
posed to have gain variations composed of linear fractional
parametric uncertainties. Due to the insertion of network, a
few challenges have happened during the data transmission
such as packet dropouts and communication delay. More-
over, cyber attacks jeopardize the stability of systems, which
may cause physical damage.!”-?3! For instance, the authors of
Ref. [25] investigated the SE issue of NNs with cyber-attacks
under hybrid triggered scheme. Recently, a novel DETM was
applied to the control problem of MRNNSs with multiple cyber-
attacks.!2%) In spite of this, there are few results about designs
of a nonfragile estimator for MRNNs with proportional delay
and sensor saturation under DETM, which in a way motivates
our investigation.

Inspired by the aforementioned reasons, our objective is
to address the nonfragile SE issue for delayed MRNNs with
ROSS under the DETM. The main merits of our investigation
are summarized as follows: (i) This paper discusses the SE
issue of delayed MRNN’s subject to cyber-attacks, sensor satu-

ration and gain perturbation. (ii) To decrease the unnecessary
signals transmissions, a DETM is introduced into the SE issue
of MRNNSs in this paper and communication delay is consid-
ered in the signals transmissions. (iii) Based on the Lyapunov
theory and the reciprocal convexity lemma, a less conserva-
tive delay-dependent criterion has been derived to ensure the
asymptotic stability of the augmented system. (iv) To illustrate
the usefulness and advantages of our presented estimation al-
gorithm for MRNNS, two numerical simulations are presented.

Notation In this paper, R" denotes the set of n-
dimensional vector. M, M7 represents the transpose, the
symbol * stands for the symmetric term in a symmetric ma-
trix, and col{-} stands for an column vector. / and 0 denote
the identity matrix and the zero matrix of compatible dimen-
sions, respectively. £{-} means the mathematical expectation

operator.

2. Preliminaries and problem statement

In this section, we consider the following MRNNSs subject
to proportional delay:

&)= —hi(&i(1) +Zau Si(1))g;(5;(1))

+ibu (;(t) g} (&ilpjt)),

Jj=

1
&i(to) = @i(t0), to € [p, 1], (1)

where &;(t) represents the state of the ith neuron at time t;
h; > 0, gj(-) stands for the activation function; p denotes
the proportional delay factor satisfying 0 < p <1 and pt =
t — (1 —pt), in which (1 — p)¢ presents the transmission func-
tion. The initial condition ¢;(-) € C([p, 1],R). Here a;;(-) and
bij(-) stand for the memristive connection weights and can be
expressed as

1 1
b
hi(& l {JZ (Wi + W) x sgn,»j+Rﬁj7
Wa b
a;j(§;(t)) = Fj X sgn;;, bij(Ej(t)) = - x sgn;;,

1 i

where W“ and Wb are the memductances of memristors Fy;;
with Fy; satlsfymg Wi =1/Fujs W) =1/Fyij C; is the capac-
itor; sgn;; = 1 if i # j, otherwise —1. Combine the memristor
structure and circuit analysis, the model of MRNNSs is shown
in Fig. 2. Here ¢; is the neural state of the ith subsystem; F;;,
R;, and C; stand for the memristors, resistor, and capacitor, re-
spectively. For convenience, we make z represent i, a and b
throughout this paper. Due to the characteristics of the mem-
ristor, the connection weight z;;(&;(1)) in Eq. (1) can be defined
as

iy 1&GOI<T,

(s = {h &) > T,
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gy = G [SOIST,
Zt,](é](t)) - { 1" |éj(t)‘ > 7—,

Zij’

2

in which 7" > 0 stands for the switching jump, z;; and z}; are
constants. Notice that z;;(§;()) is switching by the states. It
is obvious that system (1) is a discontinuous switched system.
For this reason, the solutions of MRNNSs should be handled in
Filippov’s sense.!?’! According to the differential inclusions

and set-valued maps,?8 we obtain

&) € — colhl, 'YEr) + ilco{a;j,a;;}g,(éj(r))

where co{l} 1} — . co{zl2y} = [z, with by —
min{A},h!}, h; = max{h,h}}, Z; = min{z;;,z;}, Zij =

max{z;;,z;;}.

For presentation simplicity, we take
[ﬂvj} = [hivﬁi]an’ [Avi] = [Qijaaij]nxn» [577] =
[Bij bijlxn, E(t) = colu{&i(1)}, g(&(r)) = colu{g;(&;(1))},
2(&(pt)) = colu{g;(§;(pt))}. Then, systems (3) can be ex-

pressed in the matrix form as

§(1) = —H(NE (1) + A& (1)) +B(1)g(E (pr), @)

where H(t) € [H, H], A(t) € [A, A, and B(t) € [B,B] are

n
+Y co{b.. bl g.(Ei(pjt 3) )
J; by Bijre; (6Pt measurable functions.
I Iz In Fyj (1,§=1,2,...,n)
Fyin Fyaon F
...... ¢ fimn e
Fiiz Froo ) Fnz
Fyoin For .anl l
Fain Fuzn ) F,
Fa2 Fia F,
...... — ¢ lan2 P,
Fain Famo —¢ Fum
e C Cn
51 52 ...... E"
R T e R, =
A N/ N/
LY | i
fi for fn
Fig. 2. Circuit of MRNNSs.
Assumption 1 The activation function g(-) : R” — R" sat-  where #H = %, Z = #, AZ = H F,(1)N;, with
isfies the following sector-bounded condition: f;,r (1) Fn(t) <ILp,

[&(k1) — &(K2) — G (11 — 102)]"[B(K1) — B(K2)
—Gh(k — 1)) <0, VK, Kk €R",

where &(0) = 0, the real matrices G and G, are known with

compatible dimensions.

Based on Lemma 1 of Ref. [29], system model (4) is fur-

ther rewritten as
(1) = —(H+AH)E (1) + (A+AA)2(& (1))
+(B+AB)g(&(pt)),
(1) = Sat(E&(t))),

®)

(6)

HZ = [HZ13H227“'7HZH P

z (t ‘E(t) S1112’;‘—[}1: [ththZw”,th],
] Nh = '/\/Z = [IVHIVH"WI}’!]T’
N————

diag{0, ---, 0, Fu(t), 0, ---,0}, Ft) =
—— ——

Fu(t) =
-1 n—/
diag{F11(t), -, Foun(t), -, Fomd (1), -, Fon ()}, Hoy =
OZ*l,n .
201,202, Zen | With z4 = %, () € R™ is the actual

Onfé,n

measurement output. E is a known constant matrix with com-
patible dimensions. Sat(-) € R” — R™ is a saturation function

defined as
Sat(v) = col{Sat(v;) Sat(v2) --- Sat(vy)},
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(N



Chin. Phys. B 33, 070203 (2024)

where Sat(v;) = sign(v;)min{v;max,|vj|} (j =1,2,...,m),
Vj max 18 the saturation level.

Remark 1 It is challenging to analyze the dynamic be-
haviors of MRNNs because of the state-dependent nature of
the memristive connection weights. What is more, traditional
methods cannot be directly applied to investigate the stability
and SE issues for MRNNSs. Distinct from the existing works
(e.g., Refs. [4,30]), MRNNs (1) have been transformed into
a class of uncertain systems by incorporating the switching
functions in this paper.

Considering the real environment, a nonfragile estimator
to mitigate the impact of possible gain perturbations and the
following estimator is constructed:

E(r) = —HE() + Ag(é(1) + Be(E (p1))
+ (K +AK) (1) — EE(1)),
#(1) = EE(r), )

where & (1), #(¢), and K denote the estimation of &(r), (),
and the estimator gain matrix to be designed, respectively. In
Eq. (8), 7,(t) — E& (1) is usually called an innovation. AK sig-
nifies the fluctuations with H Fy (£) Ny, FL(t) Fe(t) <I.

In reality, numerous extraneous signals are transmitted
into the estimator through the networks. An ETM which re-
lies on the available output measurements is often employed
to select valuable data so as to decrease the strain on commu-
nication bandwidth.

Assumption 2 Time delay always exists when signals
travel through a communication channel in a practical system.
Assuming that the communication delay is v; € (0,V) with
, nb},
the set {nbhly € N}
presents the successfully transmitted sequence; and the cur-

v = max{v;}; the sampling sequence is {0, h, 2b, ...
in which b is the sampling period;

rent sampling sequence is denoted by the set {#;h+¢h} (£ =
1,2,. N an|
the released data at the instant #;f) will arrive at the designed

—t,—1). Considering the effect of network delay,

estimator at the release instant 7,6 + V.
The last sampled data 7(5;h 4 £h) will be transmitted by
the DETM when the following condition is violated:

m(txh))" U [m(th + £h) — 7 (b))
(tb + Eh)Um(1eh + £h), ©)

[m(th+ L) —
<e(t)r"

where U € R™ > 0 is a symmetric matrix. The function €()
represents the DETM threshold 3! satisfying

e = % L(lt) p} (21 + ) — 2(1h)]”

Ulr(h +£h) — (b))l (10)

where p > 0 is a given constant.
Remark 2 From Eq. (10), it is not difficult to see that €(z)
is a time-varying function. Compared to the existing static

ETMs in Ref. [19,32,33], the DETM employed in this paper
is more reasonable. Furthermore, if the error approaches zero,
€(r) — 0. Namely, the dynamic threshold €(¢) will be fixed.
It is worth noting that the proposed DETM (9) will be degen-
erated into the traditional one with a fixed threshold when we
select €(0) =1/p.

Similar to the method proposed in Ref. [34], we end up
with the following representations of functions v(¢) and e,(t):

t—nbh, te6y,
v(it)= t—ub—th, 1€y, (11)
t_tkh_th> t€®dM>
0, re€6y,
es(t) = q  w(teh) —w(tch+Lh), t €6y, (12)
n(tkb)_n<tkh+th)7 te@dM7
where @y = [tkh + v, b+ h+ \_/), Oy = [tkf) +ih+ v,
tkb+€h+h+\7), (=1,2,....dy—1, @dM = [lk[)+th+\_/,

tix1h+ Vie1). Then one has 0 < v < v(t) </ +V = v from
Eq. (11), in which v denotes the upper bound of v(¢).

Based on the above analysis, the available input of the
designed estimator (8) is

75 (1) = w(teh) = es(t) + Sat(EE(t — v (1))). (13)
Combining with Egs. (11) and (12), we have
) 1 1 .
=2 [% - p} T (1)Uey(t). (14)

This paper considers the impact of cyber-attacks when
sampling data is transmitted over the network. When the
cyber-attacks occur, the sampling data and the aggressive sig-
nals are transmitted to the designed estimator. The actual input
of the designed estimator can be expressed by

(1) = (1 — () m(1) + e(1)a(E (1 — 6(1)))
= (1—&(t))[es(r) +Sa(EE (1 — v (1)))]
+e(Mn(E(r—8(1)), (15)

where 0 < §(r) < d, h(E(r)) denotes the cyber-attacks; €(r)
is a stochastic variable describing the random nature of
cyber-attacks and obeys the Bernoulli distributed satisfying
Prob{e(r) =1} =&{e(t)} =&

Next, by defining e(r) = &(1) — €(r) and 3(e(r)) =
2(E(1)) — g(& (1)), the error dynamical can be obtained by

é(t) = —He(t) + AZ(e(r)) + AAg(E (1)) + Ba(E (p1))
+ABg(& (pr) — E& (1) — [(1 — £(1))ey(1)
+Sat(EE(t—v(1)))] — e(r)(K+AK)R(E(t — 5(t)()1)6,)

where v, £ [E"(r)e" (1)]", @g(r) = [¢7(E(1)E" (e(t))]", v(t —

V) 2v(t—v(t)),v(t—§&) 2 v(t—3(t)). From Egs. (6) and

(16), one has

O = — (H+TE)v(t) + A, (t) + Bog(pt) — EKes(t)

070203-4
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+&KSat(EZv(t — vi)) + y — EKR(v(t — &), (17)

where € = 1—E, g = € —€(t), ¥, = eolah(é(l —-&)) —
g0Kes(t) — eoKSat(EE(t — V), E=[E —E],Z=[Z0),

~ H4+AH O P A+AA 0 5 B+AB 0
H:[ A H}’ “4:[ AA A]’ B:[ AB B]’

=[] o= [ ]

Assumption 3133 Cyber-attacks A(-) satisfy the follow-
ing inequality:

15(E@))l2 < 1GE @)z, (18)

where G is the constant matrix upper bound of the nonlinear
function A(-).

Lemma 15! For any integrable vector function f(-) :
[to, 1] — R" and positive matrix Q, we have

( £(7) /f ©)d7) + 37O

fT(T)Qf(T) dr

< (11 —19)
fo

f(s)ds — 25 f [ f(u)duds.

Lemma 256 For v € [O 1} matrices ¥ > 0, L and vectors

t
where = [|! f

X1, X>. The following inequality holds

L . 1 T XIT Y L||\x
—— Yy — Yio < —
le X1 l_vlz X2 = [762 Y| |l
in which
Y L
e

3. Main results

For the sake of description, denote

% /t . v(s)ds

v(s)ds v(t —d) v(t — &) 5,/t v(s)ds

&= col{v, vt—Vv)v(t—v)

1 —v;
X [
wv(f> /t—v
1 [~
X
s(t) /tfv

x Sat(EZv(t —v,)) h(v(t — 5;))};

v(s)ds @g(t) @g(p1) Uy eg(t)

\Z 1
o, (t) = .
v(t) V-V,

N:ﬂ(f)zv<1

In this section, a nonfragile estimator for system (1) is
designed. Then, a delay-dependent sufficient criterion will be
derived for guaranteeing the asymptotic stability of the aug-
mented system by constructing a sensible LKF.

Theorem 1 Suppose that v, d, and gain matrix K are
given. The augmented system (17) is asymptotically stable

if there exist symmetric definite matrices O, 21, Z, Q, Qy, P
matrices Ly, Ly, VW and positive scalar ki, k» such that

<o, (19)
| diag{Z,2) I,
Qa = [ « diag{Z, Z}] >0
_ [diag{Q,0} Ly
&y = [ £ diag{Q, Q}} 20

where T = Y7, Y + 2[0Wx + 20, W7, 1i = 21[Plyp +
110(9110 l“pOln + lT[Zl + Ql] 1 — ng] 6 — l;Q]lz +
LI Z+ v Q) T = ATy Ay — A] QA T3 = [ UL+
114]/{]3 +ll3l/{113, 1 = —K’]lTFlll —|—2K1ITF211() Klllolllo +
KQZ;ITngIh — Kzlﬂllm, T5 = lT EIl3 lf41114, )Z =
—(7‘2 +IlE_)ll +./~U10—|—Bll1 —8’Cl13 —8/Cl14—£"€ll5, Ay =
[A; Az], Ay = [(h = B)" V3L + 15— 2)"), Ay =
[(3=0)" V3(ls+hL—215)", Aq = [A| A], Ay = [(1 —
B V3(l 413 —21)"], Ay = (I3 — b)" V3(l3+ b — 215)7],
F =12 (GG +G5G)/2, F, = -1 (GT+GY)/2, I =
(020 (0= 1)2n Ton O2px(15—0)20] (£=1,2,...,15).
Proof Choose the following LKF for Eq. (17):

4
Vi=Y Vi, @n
h=1
where
Vlt:U;TPUt»
! T 1 2
Vi = /p 91(0)0%,($)dC + 5 (),
1
V= [ w(rew(@)dc+ / 0" Zw(()dC.
Vs —vlv/+c ¢)dgdg
T
+d/ /+c Zo(c)dgdl, (22)

Defining the infinitesimal operator £ of V; as in Ref. [37]:
LV, = lim i{E{V(UHAh},)} —V(v;)}, we obtain
A—0T

E{LV,} = E{2v Py}, (23)
E{LVx} = E{@; (1) O (1) — 9 (P1)P O 5 (p1)
+ e5(t) (1)}, (24)
E{LV3} =E{v/[Z1+ Qi]v, —v' (t —d) Z1v(t — d)
v (t—Vv)Qu(t—Vv)}, (25)
E(LVa} =E (ol 2 +v* Qo —v [ oT(0)Qu(E)ag
—a [ o(©)zeE)aty 6)
By means of Lemma 1, one gets
v [ or0eu()a
o[ s@eewac [ ooeeac
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<- v{vil[v, ot — )" Qv — vt — )]

—&-i[vt—&-v(t—vt)—z/t

Vi Vi Ji—v,

2 t
xQ[v,—H)(t—v,)——/
t

Vi Jt—w

v(§)de]
v(¢)dE]

+ [v(it—v)—v(E—Vv)] Qu(t—v)

oy (1)

—v({t—v)]+ [v(it—w)+v(t—v)

@y(1)

[ Toag)).

wv(t) JI=V;

+vu(t—v)—

Then, we have

v [ o000

<=5 Ll —helh —tG— 2 &+ b -2+
~ 20— bl - bl el — G
— 5 G+ b 21" Ol + = 2s)E. @

According to the definition of gt (¢) and Lemma 2, one has
t ~ ~
v [ o000t < -Faiaad. e
—v

Similar to Eq. (28), we have
.[ - -
—d/t O(OZO(0AL < AL, @9)

Recalling the triggering protocol (9) and the adaptive law
(13), one obtains

e(r)e(r) <y (ub)Un(tch) — pe; (1)Ues(t)
= Sat"(EZ&E(t — v;) ) USat(EZE(t —vy))

+Sat"(ETE(t — v Uey(t) + (1 — p)et (1)U 1)
(30)

_~

In view of Assumptions 1 and 3, we can reach

Ki [~ 0, Fivy + 20, Fag (1) — @ (1) 9 (1)] > 0,
K (t—8)I'G"GIu(t — &)
—1'(&(t—8))h(&(r—&))] = 0. 31

According to the analysis of saturation function in
Ref. [38], we have

Sat"(EZv(t — v;)) [EZv(t — v;) — Sat(EZv(t — v;)) | > 0.
(32)

Then, for any matrix W, it can be refereed from Eq. (17) that

EQRLNW + allyW)[—(H + T E)Ly + Al + By

—&R1;3 — &K1y —ERLis — Il +w] &) =0. (33)

Taking Egs. (23)—(33) into account, it can be concluded
that E{LV,} < ZTT'E,. Then, combining the inequalities (19)
and (20), it is realized that the augmented system (17) is
stochastically asymptotically stable. The proof is complete.

Theorem 1 shows the performance analysis under the as-
sumption of a known matrix gain /. Next, we calculate the es-
timator gain K in the following subsection based on the above
condition.

Theorem 2 For given scalars d > 0 and v > 0, the aug-
mented system (17) is asymptotically stable under DETM if
there exist scalars k7, k» > 0, u > 0, symmetric positive ma-
trices P, O, 21, Z, Q, Qy, and any matrices W, Ly, L, such
that

T # uNT
* —ul 0 | <O, (34)
x  x  —ul
— dlag{Z7Z} Ly
Q= [ . diag{z,Z}] >0,
— dlag{Q7Q} LV
Q, = { . diag{Q, Q}} >0, 35)

where T =T+ ¥, T/ = Y3_, %, ¥ = sym{(I] + all,)IT},
IT = —Wly + Al + Blyy — Wiz — EWlis — —EWL s
with Wy = [0 X"]" and W = {W;,Wh}; 1} has been defined
in Theorem 1. If Eqs. (34) and (35) are feasible, the desired
estimator gain matrix K is determined by £ = W, Tx.

Proof The matrix T’ can be decomposed as follows:

T =T+AT, (36)
where T =T +%, T =Y, % ¥ = sym{(/] +
alir2)H}’ IT = WI}'AUI + W/Allo + WBU — «ZIWI@lB —

A - N H O 5 Z0
8W’C14 — WIClls, H = |:E ,H_E:|, Z = |:0 Z:|,
- 0

£ = M AF = AFON + NTF O with 7 =
AT 0 W' 0", W = WH), WH. WH, WH, F(t) =
diag{F,(t), Fu(t), Fp(t), Fu(t)}, Hj = diag{Hn, Hp}.
H, = diag{M;, 1o}, Fi(t) = diag{F, (), Fu(1)}, Fi(r) =

o

diag{F,(1), F.()}, Ny = [Ni 0; NG, 0], A, = [ﬁ/fzg ’
~Ny0 0 00 O 0 0

y 0] & 0 ON, 00 0 0 0

Hk:{Hk}N: 0 00 N,O O 0 0

NE 0 0 0 0—8N, —EN; —EN;
Through the above transformation and Eq. (19), we can
rewrite Eq. (36) as

T=T+HFON+NF'(t)H" <0. (37

Based on the S-procedure that Eq. (37) is true if there ex-
ist a positive scalar u such that

T <T+uHH +u'N'N <0. (38)
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By using the Schur complement and denoting X = W, C,
it is easy to prove that the inequality (38) is satisfied if
Egs. (34) and (35) hold. This completes the proof.

When the gain perturbations AKX and cyber-attacks are not
considered, the desired estimator (8) will be degenerated into
a traditional one with an ideal estimator gain under DETMs.
In this case, the following corollary is concluded easily with
AK =0,¢(t)=0.

Corollary 1 For given scalars v > 0, the augmented
system is asymptotically stable if there exist scalars x; > 0,
u > 0, positive matrices P, O, Q, Q;, and matrices L,
W = {W;, W} satisfying

T # uN'T
x —ul 0 <0, 39)
* ok —ul
dlag{QvQ} LV
. 0 40
* diag{Q, 9} > U (40)
where
_ 5
r=1Yy &,
k=1

EV=N+L+[QL - 5Q1h—AjQyA,y,
5y = sym{—~[[Wyli + [TW Al + [TWBl; — [TWIs
— [{Wilo — [[Wsailio},
s = asym{—lgWl; + GW Al + EWBIL; — EWIg
— [EWilo — [Wsarlho},
3 = 2loUly + U0 + 1o (1 —p)lo,
Z4 = 2N EDyl3 — 20511, with Wy =W = [0 X",
H=[QT000000aQ700]",
Q=[H;,0000 H, H, 000],

(x]

(x]

L = 0255 (0=1)2n L2n O2px (10—0)20], (£ =1,2,...,10),

Wi — WiH 0

h=—XE WoH+XE|’
N,0000 O 0000

N=100000N, 0000

00000 0 N,0OO

/Al, B, 17, and 1> have been defined in Theorem 2. Then the de-
sired estimator gain matrix K is determined by K = W, tx.
Remark 3 In this section, we have tackled the nonfrag-
ile state estimation issue of MRNNs with proportional de-
lays under DETMs and sensor saturations. In Theorem 1, a
delay-dependent criterion has been established to guarantee
the scholastic asymptotic stability. Then, the gain matrix is
obtained by solving the solutions of LMI (34) in Theorem 2.
Remark 4 So far, only a few methods have been uti-
lized to study the dynamic analysis of MRNNs. The methods
introduced in Refs. [4,26] utilize few variables but overlook
the excitatory and inhibitory influence of z;;(&;()), leading to

conservatism. In addition, the authors in Refs. [30,39] con-
sider MRNNs as switched systems with finite subsystems, in
which the number of subsystems can reach up to 227" Consid-
ering the switched property of memristive weights a;;(& (1))
and b;;(&(r)), the switching function is employed to recon-
struct the MRNNs (1) as an uncertain system. In contrast to
the methods mentioned above, the robust analysis approach

achieves a balance between conservatism and complexity.

4. Numerical example

To illustrate the effectiveness of the designed estimator,
one numerical simulation is provided.

Example 1 Consider the following parameters of
MRNNSs (1) as

anter={ OB L gy fo0 181
R AP C R i
bii(&1) = {:gi: 2: i i: bi2(&1) = {:g(l); 2: i i:
(&) = {o.(l)f{éfi'gl,l’ (%) = {_3? B
o= {815 g = (00 512

£=| s o) =l Nimiozoal

Assume that the transmission delay v = 0.1, the PD factor
pi = 0.4 (i = 1,2). Moreover, we set the activation functions
as

0.4&, (1) — tanh(0.2&, (t)) +0.2&, (1)
g(g(’)):[ 10.9§z(t)+tanh20.7§2(t)) ’ }

020.2 04 0.2
0 02 0 09|
Next, two cases are presented to illustrate the usefulness

which implies G| = { ] and G, =
of the proposed method.

Case A Suppose that the cyber-attack is ignored, which
means £(¢) = 0. Choose the sampling period & = 0.1. We
have €(0) = 0.36, p =4, d = 0.15. Solving the linear matrix
inequalities (LMIs) (34) and (35), we can reach

Wy = 102 x [2.46 —1.37]7 o {1.2602 —0.3911} 7

—1.37 3.38 1.3526 0.6403

and k1 = 0.5201, ko = 0.1940, u = 0.0122.
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State responses

Error e(t)

1 I I I I

Event-triggered threshold €(t)
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Fig. 3. Trajectories of &(r) and &(¢) with £(¢) = 0.
9 T
ei(t)
wea(t) |

2 4 6 8 10 12 14 16 18 20
Time (s)

Fig. 4. Estimation errors ¢;(7) with £(r) = 0.
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Fig. 5. Adaptive law €(t) of the proposed DETM with £(¢) = 0.

In this case, the estimation system with a gain fluctua-

tion under DETMs is taken into consideration. The initial

parameters of system (1) are chosen as £(0) = [4.2; 3.1],

A

£ =1[-3.9;—2.8]. Based on the above parameters, Figs. 3—
6 plot all the simulation results. Figure 3 depicts the state of
neurons and the corresponding estimates. Figure 4 plots the
estimation errors between & (1) and &(r). Figure 5 shows the
trajectory of adaptive law e(¢) with €(0) = 0.36. As can be
seen from Fig. 5, €(r) converges to a constant gradually. In
Fig. 6, the results of release instants and release interval under
DETMs are described. In Fig. 4, only 33 of the 20/h = 200
sampled data are transmitted to the nonfragile estimator. That
is to say, 16.5% of the measured data is chosen under the
DETMs. It is obvious that v (¢),v2(¢) converge to zeros fi-
nally which verify our theoretical analysis.

‘—* Event-based release instants and release interval

*

2 4 6 8 10 12 14 16 18 20

Fig. 6. Release instants with adaptive threshold €(r) in case A.

5 T
e a(t)
ah ) |
\ &(t)
Nk SEENICR

2\ ,

State responses
N
7/
)
1

/| - I I I I I
2 4 6 8 10 12 14 16 18 20

Time (s)
Fig. 7. Trajectories of &(¢) and &(¢) with cyber-attacks.

Case B We take the influence of cyber attacks into ac-

count and suppose the function 7(& (r)) = [t?;fllf?d.oféil((tt))))} '

Under Assumption 3, we choose G = diag{0.02, 0.1}. The
sampling period 4 = 0.1 s. the initial condition of adaptive
law €(0) = 0.36, p =4, d = 0.15. Solving the LMIs (34) and
(35), we have the following feasible solutions:

W 1.3396 —0.0814] K= {—0.0106 —0.3293] ’

~ |—0.0814 0.8253 0.2459 —-0.1053
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and k1 = 11.1938, kp =5.2842, u = 0.31111.

ei(t)

wea(t)

Error e(t)

2 4 6 8 10 12 14 16 18 20
Time (s)

Fig. 8. Estimation errors ¢;(7) under DETM.

0.40
I fia(t)
e fLQ(t) T

0.35F
0.30} . |
0.25F . ,

0.20F - 1

Cyber-attacks

010 - 1
0055 % 1

0.00F

—0.05— . . . . . . . .
2 4 6 8 10 12 14 16 18 20

Time (s)

Fig. 9. Graph of 7i;(¢), i = 1,2.

In this simulation, both the static ETMs and DETMs are
taken into consideration. Choose the probability of cyber-
attacks to be € = 0.2. Based on the above parameters, Figs. 7—-
11 plot all the simulation results in detail. Figure 7 depicts
the state of neurons and corresponding estimates. Figure 8
plots the estimation errors between & () and & (¢) with cyber-
attacks. It is obvious that the errors v;(¢) converge to 0, im-
plying that system (17) exhibits asymptotic stability (i = 1,2).
Figure 9 shows the graph of cyber-attacks. The adaptive law
€(r) is shown in Fig. 10. In Fig. 11, the results of release in-
stants under static ETMs and DETMs are described. Under
the static ETMs and DETMSs, the measured data transmitted
to the designed estimator is 16% and 11%, respectively. We
could find that the amount of signal data transmitted to the
designed estimator through the network is reduced obviously
than the static ETMs in Ref. [20]. Therefore, the validity of
the proposed theoretical results is verified in this numerical
simulation.

0.36 T
e(t)

0.34f ]

0.32 ]

0.30 J

0.28 ]

Event-triggered threshold e(t)

0.24— . . . . . . . .
2 4 6 8 10 12 14 16 18 20
Time (s)
Fig. 10. Adaptive law €(r) of the proposed DETM.
T T T T T
+ Release instants with adaptive law €(t)
X Release instants with fixed threshold §
0
=
=1
[}
>
&)
X XXX XRKXKRROBRKK X X X X X X X X X X X X X
. . . . . . . . . .

2 4 6 8 10 12 14 16 18 20
Time (s)

Fig. 11. Release instants with adaptive threshold () and fixed thresh-
old in Ref. [20].

5. Conclusion

We have investigated the nonfragile SE for MRNNs with
proportional delay subject to sensor saturations. In order to
reduce the load of communication networks, a DETM is em-
ployed to select the meaningful signals. By constructing a
novel LKF, a delay-dependent criterion is established under
which the augmented system is scholastically asymptotic sta-
bility. The effectiveness of the approved method in this study
is illustrated by a numerical example. In addition, it is possi-
ble to extend our method and scheme to uncertain systems or
complex-valued NNs. Hybrid delays!*’! and attacks**! could
be taken into account to reflect the complex environment.
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