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Motivated by recent experimental progress on the quasi-one-dimensional quantum magnet NiNb,Og, we study the
spin dynamics of an § = 1 ferromagnetic Heisenberg chain with single-ion anisotropy by using a semiclassical molecular
dynamics approach. This system undergoes a quantum phase transition from a ferromagnetic to a paramagnetic state under a
transverse magnetic field, and the magnetic response reflecting this transition is well described by our semiclassical method.
We show that at low temperature the transverse component of the dynamical structure factor depicts clearly the magnon
dispersion, and the longitudinal component exhibits two continua associated with single- and two-magnon excitations,
respectively. These spin excitation spectra show interesting temperature dependence as effects of magnon interactions. Our
findings shed light on the experimental detection of spin excitations in a large class of quasi-one-dimensional magnets.

Keywords: one-dimensional ferromagnetism, spin dynamics, magnon excitation, molecular dynamics

PACS: 75.10.Jm, 75.40.Gb, 75.40.Mg

1. Introduction

Quantum fluctuations in quasi-one-dimensional (q1D)
quantum spin systems can give rise to a number of novel
quantum phases and exotic emergent phenomena, including
fractionalized excitations, symmetry protected topological or-
der, and emergent quantum integrability.['! Many interest-
ing phenomena are associated with quantum antiferromagnetic
(AFM) systems for the strong quantum fluctuations in these
systems. On the one hand, the AFM order parameter does
not commute with the Heisenberg or XXZ Hamiltonian. On
the other hand, frustration effects are more significant in AFM
systems. As for ferromagnetic (FM) systems, many proper-
ties have been well studied. For example, the ground state of
an FM Heisenberg model is a simple product state with all
spins aligned in parallel, and the elementary excitation is a
spin wave, or a magnon, which carries a spin quantum number
§=1.110

Recently, there are numerous experimental and theoret-
ical studies on a q1D FM quantum magnet CoNb,Og.[!1-16]
This compound consists of effective S = 1/2 FM chains that
are aligned in a frustrated manner (forming a triangular lat-
tice in the plane perpendicular to the chain direction). Along
each chain, the system is approximately described by an Ising
model, and the elementary excitations are domain walls, or
spinons. This is further evidenced by the experimental finding
that, upon applying a transverse field, the low-energy prop-
erties of the system are controlled by a 1D quantum criti-
cal point (QCP) belonging to the transverse field Ising uni-

fCorresponding author. E-mail: rong.yu@ruc.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ad3c32

versality, which is hidden inside a 3D magnetically ordered
phase.[13]

CoNb;,Og is one compound in a large family of qlD
magnets.[23] Recently, its § = 1 counterpart, NiNb,Og, has
been studied."'7-18 Similar to CoNb,Og, NiNbyOg also ex-
hibits Ising anisotropy, and the ground state undergoes an FM
to paramagnetic (PM) quantum phase transition under a trans-
verse field.[?*?3] Thermal transport measurements found sim-
ilar behaviors of the thermal conductivity near the quantum
phase transitions of both CoNb;Og and NiNb,Og.!'3! How-
ever, recent THz spectroscopy measurements!!”! revealed a
magnon-like excitation mode in NiNb,Og, implying very dif-
ferent underlying physics of these two materials. Theoreti-
cal study showed that the effective model of NiNb;Og is the
FM S = 1 Heisenberg chain, and the Ising anisotropy comes
from the single-ion anisotropy, which is weak compared to the
Heisenberg exchange interaction.!!7-192%1 As a result, the ele-
mentary excitation of the NiNb,Og system is a magnon. It has
been demonstrated based on experiment and spin-wave the-
ory that magnon—magnon interaction plays a crucial role in
understanding the temperature dependence of the spin gap in
NiNb,Og.[°1 One then wonders the spectral signatures of sin-
gle and multiple magnons, and how the spin excitation spec-
trum would evolve with field and temperature. The linear spin-
wave theory works well at zero temperature and in the zero and
large field limits. However, it would be complicated to apply
this theory to finite temperature, and the applicability of the
theory to generic field values has to be justified.
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Motivated by recent progress on NiNb,Og and the open
theoretical questions, in this work, we examine the spin dy-
namics of an effective 1D spin model for NiNb,O¢ via a
simple semiclassical approach, which combines the numeri-
cal techniques of classical Monte Carlo (MC) and molecu-
lar dynamics (MD) simulations. This method allows us to
access to spin dynamics of the system on both sides of the
quantum phase transition. We calculate the spin dynamical
structure factor (DSF) and confirm a magnon dispersion in the
transverse component of the DSF. Remarkably, we find two
continua excitations in the longitudinal channel at finite tem-
peratures, and show that they are associated with single- and
two-magnon excitations, respectively. Our study reveals the
importance of the single-ion anisotropy for the the observed
two-magnon continuum. We discuss ways of probing these
spectral signatures in NiNb,;Og and other q1D magnets with
large spin sizes.

2. Model and methods

We study an effective 1D S = 1 FM Heisenberg model for
NiNb,Og. The model Hamiltonian reads

H=-J} 5 Si1—DY (S;)’ —gh:}.S{, (1)

where J > 0 is the FM interaction along the chain, D > 0 is
the easy-axis single-ion anisotropy, and 4, denotes the ap-
plied transverse magnetic field with gyromagnetic factor g.
For NiNb,Og, J ~ 10-15 K, D ~ 5, and g ~ 2.3.12?3] In this
work, we set J = 1 as the energy unit and take D = 0.5 in the
numerical simulations.

We investigate the spin dynamics of the model in Eq. (1)
via a semiclassical method by using classical MC and MD

21.221 An individual simulation consists of two

simulations. !
major stages as described below.

First, we treat the spin as a classical vector with fixed
magnitude S = 1 and introduce two angles 0 and ¢ to express
the direction of the spin vector in the three-dimensional spher-
ical coordinates as S = (sin 6 cos @, sin O sin@,cos 6). Then a
classical MC simulation is employed to obtain the thermody-
namic properties of the system and to generate spin configura-
tions in equilibrium for the MD simulation. We then sample
in the (cos0,¢) space to ensure the uniform sampling in the
entire spin configuration space. The variation (6cos,8¢)
is adjusted during the thermalization of a simulation so that
the acceptance rate stays close to 50% within the temperature
range we considered. We further implement an overrelaxation
algorithm!?%%7! to reduce the autocorrelation time. During ev-
ery overrelaxation, we perform a specular reflection of the lo-
cal spin S; about the local field h; exerted on it within the
plane spanned by S? and h;. In practice, an overrelaxation is

performed when the spin configuration is not accepted at an
MC update.

During the MC simulation, we calculate the magnetic sus-
ceptibility y with respect to the applied field via

x=yr <<<ZS?‘>2> - <ZSf>2> , @

where T is the temperature and N represents the number of
total spins.

In the next step, we obtain the spin dynamics of the sys-
tem by solving the following equation of motion (EOM) for
each spin:

7Si(t):i[H(t)7Si(t)]7 3)

where S;(t) = e’ S;e =1 is the spin operator in the Heisen-
berg representation. We solve the above EOM via the MD
simulation. To be specific, we start from the spin configuration
generated by the MC algorithm. .S;(¢) of each spin is then de-
termined from the integration of coupled EOMs in Eq. (3).[2%]
These equations are numerically integrated by a vectorized
fourth-order predictor—corrector method.>”! We carry the in-
tegration up to a maximum time tyx = 100/J, with a time step
At =0.01/J.
The DSF S(g, @) is then calculated via

5%(q,0) = Y et [ (s (1)s%(0))

—(S2(1))(S¥(0))] ' dt, &)

where o = x,y,z. Note that we have used Simpson’s rule!*’!

for the numerical integration involved in Eq. (4), and for the
time integration in Eq. (4), we take the time interval to be
0.1J-!. To obtain good statistics, each DSF is averaged over
100 MD simulations with independent spin configurations. In
the simulation, we have taken a chain of length L = 100 with
periodic boundary condition. The finite-size effect is found to
be negligible.

We compare our numerical results with those of the lin-
ear spin-wave theory, which we outline below. We first treat
the i, = 0 case in the FM state. From the Hamiltonian in
Eq. (1), we perform a Holstein—Primakoff (H-P) transforma-
tion to map the spin Hamiltonian to that of interacting bosons
(magnons). We then get the magnon dispersion

€y =2J(1—cosq)+D. 3)

In the PM state driven by the transverse field 4., we can
construct a spin-wave theory in the large A, limit. In this limit,
the ground state corresponds to a configuration that all spins
are fully polarized to the S* direction by the transverse field.
The elementary excitation is then a magnon (spin wave) where
one spin deviates from the ground-state configuration. To see
this explicitly, we first perform a rotation of 7 /2 about the Sf
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axis for each spin. This sends S7 — S7 and S; — —S7. We then
make use of

(5= ;57

FEPI SR ©

The Hamiltonian on the rotated basis is then rewritten as
D
H = —J}.Si-Siv1—gh ) S;+5 Y (5)°
1 1 1
D _
— 7 LISH?+(57)7] ™
1

We can then perform a H-P transformation on this rotated ba-
sis. The transverse field 4, (longitudinal field in the rotated
basis) corresponds to the chemical potential of the magnons.
The penultimate term acts as a repulsive Coulomb interaction
between magnons, and the last term refers to creating and an-
nihilating two magnons on a site. In the single-magnon sector,
the spin-wave (single-magnon) dispersion reads

€g =2J(1 —cosq) —D/2+ gh,. (3)

The energy—momentum relation of the two-magnon contin-
uum reads

a)Z(qak) = €k+q + €

4] l—cos%cos(k—&-%) —D+2gh,. (9)

3. Phase diagram and field evolution of the spin

gap

At zero field, the model in Eq. (1) has an FM Ising or-
dered ground state. Because of the single-ion anisotropy D,
the spins are lined up along the S° direction. The transverse
field h, suppresses the Ising order by aligning spins in the S*
direction, and turns the FM ground state to a PM one via a
quantum phase transition at /5 (see Fig. 1). In a 1D system,
the FM order is stabilized only at 7 = 0, but finite-temperature
crossovers can still be observed. For example, at low tempera-
ture on the FM side, the system behaves as a classically FM or-
dered one because of the largely enhanced correlation length.
On the other hand, on the PM side, the transverse field in-
troduces fluctuations to substantially suppress the FM correla-
tion. We then expect a finite-temperature crossover between a
renormalized classical and a disordered regime when increas-
ing the field. To see this, we calculate the field dependent
transverse susceptibility ) from the MC simulations at sev-
eral temperatures. As shown in Fig. 2(a), with increasing A,
x first increases, develops a peak, then is quickly suppressed.
The peak signals a crossover from the classical renormalized
regime to the disordered regime, shown as the dashed line with
square symbols in Fig. 1. Note that quantum fluctuations are
not captured by our classical MC simulations, therefore the

quantum critical regime in the vicinity of the QCP is not iden-
tified. However, we can determine the position of the QCP by
extrapolating the crossover line to the 7 = O limit. This gives
h$/J ~0.4.

0.3 . . 2.0
O
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O /’
\ o {15
0.2t o ’
\\ ,
~ ’ ~
) -0 U [ {11.0
SRS / 3
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0 - L 0
0 0.4 0.8 1.2
h

z

Fig. 1. The phase diagram in the field—temperature plane and the field
dependent spin gap. The green curve with circles represents the spin gap
extracted from the transverse DSF $” (¢, w) at g =0 and T = 0.01. The
dashed line with magenta squares shows a crossover between classical
renormalized and disordered regimes, which is determined from the peak
position of the field dependent susceptibility (see Fig. 2). These field de-
pendent behaviors indicate an FM to PM quantum phase transition with
QCP located at h§ ~ 0.4.

We then calculate the transverse component of the DSF
$7(qg=0,w) at T = 0.01 via the semiclassical MD method.
As shown in Fig. 2(b), $Y(¢ = 0, ®) shows a single peak at
finite energy @, indicating a gapped excitation. At this low
temperature, the spins are converged to their ground-state con-
figuration. It is then expected that the DSF is characterized
by the excitation from the ground state to the lowest excited
state. The extracted spin gap (in Fig. 1) first decreases with
increasing the field A, until it closes at h,/J =~ 0.4. The gap
then reopens in higher fields. The gap closing and reopen-
ing behavior is consistent with that of an FM transverse field
Ising chain, demonstrating clearly the FM to PM transition in
the ground state. The critical field value extrapolated from
the DSF agrees well with that from the susceptibility. Given
that the elementary excitations on both FM and PM sides are
magnons as shown in Section 2, the gap closing and reopening
behavior clearly indicates the softening of magnons when the
FM-to-PM transition is approached.

1.6 40

—&— T=0.01 :;:-' fg 1
T=0.05| —~ /A U Ay
1.2 k/z:/ r=0101 3 30 o
A4 | ——T1=015] © —ho=04
< 0.8 S I S (5
~ A\ h,=1.0

04 o —
0 (a) % 0 /\ (b)

0 02 04 06 0.8 0 1 2 3 4
h, w

Fig. 2. (a) Field dependent magnetic susceptibility x at several tempera-
tures. The peak indicates a crossover between the classical renormalized
and disordered regimes. (b) The transverse DSF $7 (¢, ) at ¢ = 0 and
T = 0.01. The energy of the peak in each curve determines the spin gap
shown in Fig. 1.
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4. Spin excitation spectra

With the phase diagram settled, we now examine the low-
energy excitations of the system. At zero temperature, the low-
energy spin excitations in either the FM or the PM phase are
described by the spin-wave theory presented in Section 2. The
elementary excitation is a magnon which characterizes the de-
viation from the fully polarized spin state along either S; or Sy
direction, depending on the field. In Fig. 3, we present cal-
culated $*(¢, @) and $%(g, ) at finite momentum ¢ for two
field values h, = 0 and A, =1 at T = 0.1. We see that the
transverse mode, $*(g, ®) in the FM and $%(g, ®) in the PM
state, displays clearly a dispersive magnon band. However, by
fitting the numerical magnon dispersions to Egs. (5) and (8),
we find they better fit to e, = 2J(1 —cosq) +2D at h, = 0 and
€g=2J(1 —cosq) — D+ ghy at hy = 1. Compared to the spin-
wave theory, D is doubled. The discrepancy comes from the
semiclassical approximation to the single-ion anisotropy term.
The EOM for S} associated with this term reads %Sj‘ (1) =

i[D(8%)2,8%] = D(SYS¢ + S387). For S = 1, the term on the

right-hand side corresponds to a quadrupolar operator. How-
ever, by treating the spin operators as classical vectors, we take
the following approximation D(S)S% 4 S3S7) ~ 2DS}S? when
performing the MD simulation. This approximation causes
the double counting of the D term, as appeared in the magnon
dispersion in MD simulations. Note that this issue only leads
to a global shift of the spin gap, but will not affect the shape
of the dispersion.

Next, we investigate the longitudinal modes, which cor-
respond to S¥(g, w) in the FM and $*(g, @) in the PM state.
These modes exhibit more interesting features. As shown in
Figs. 3(b) and 3(c), for both A, = 0 and h, = 1, the longitudi-
nal modes exhibit prominent gapless continua extending to the
Brillouin zone (BZ) boundary. This is rather surprising. First,
a continuum is usually associated with fractionalized spin ex-
citations, but for an FM Heisenberg chain, the elementary ex-
citation is a magnon carrying S = 1. Moreover, even the con-
tinuum of an Ising chain is gapped when the system is away
from the QCP.

To understand the nature of these continuous excitations,
we note that the spectral weights of the longitudinal excitations
are much weaker than those of the transverse modes. This im-
plies that the observed continua are finite-temperature effects.
At finite temperature, the magnon density is nonzero. These
magnons reside in the single magnon band, and can be further
excited. Assuming a magnon residing on the state with mo-
mentum k and energy €, it can be excited to another state in
the magnon band with momentum & + ¢ and energy €;,. The
excitation energy is then

a)(q,k):ek+q—ek:41singsin(k+g), (10)

forming a gapless continuum with half-bandwidth of 4/. Note
that this process only alters the energy and momentum of a
magnon, but does not modify the magnon density. So it shows
up in the longitudinal channel. Also note that it relies on a fi-
nite magnon density in the initial state, which is possible only
at finite temperature. This type of excitations is exactly the
gapless continua observed in Fig. 3(b) and 3(c), on both the
FM and PM sides of the phase diagram.

I1.5

1.0

Fig. 3. Spin excitation spectra of $**(¢, ®) [in (a) and (c)] and §%(g, ®)
[in (b) and (d)] at T = 0.1 for i, = O (upper panels) and &, = 1 (lower
panels). The solid lines depict single magnon (spin wave) dispersion.
The dash-dotted lines refer to the boundaries of the continua associated
with one-magnon excitations. The dashed lines show boundaries of the
two-magnon continua. See text for more information.

Besides this gapless continuum, we observe another
gapped continuum in the longitudinal mode at 4, = 1 on the
PM side.
momentum relation of two-magnon excitations in Eq. (9)

Numerically, we find that it fits to the energy—

when we substitute 2D for D. This implies that this contin-
uum originates from two-magnon excitations. But we need to
understand why these excitations are only observed in the PM
phase and the longitudinal channel.

The answer to these questions lies in the Hamiltonian on
the rotated basis of Eq. (7). The last term of this Hamilto-
nian contains a (Sf)2 process, which generates a two-magnon
bound state (with a pair of magnons on one site) from the fully
polarized (zero magnon) state. As a result, the ground state
is a superposition of the zero- and two-magnon states. It is
then possible that the magnon density does not change when
exciting from the ground state to the two-magnon continuum,
which must take place in the longitudinal channel. This is in-
deed what is observed in the numerical results. In the FM
state, from Eq. (1) we see that the (Si*)2 process is missing
in the Hamiltonian. The two-magnon state is not mixed with
the ground state and hence a two-magnon continuum is not
observed.
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Next we examine the evolution of these continua in the
longitudinal excitations with temperature. In Fig. 4 we show
S$*(q,®) at hy = 1 in the PM state for two temperatures T =
0.5 and T = 1. Compared to $*(¢g, ®) at T = 0.1 in Fig. 3(c),
we see two major features. First, with increasing tempera-
ture, the overall spectral weight initially increases, then de-
creases; second, the bandwidths of both continua decrease
with increasing temperature. The initial increase of the spec-
tral weights of the continua is due to the larger (multi-)magnon
population at higher temperature. The spectral weights then
decay as the temperature further increases. The second fea-
ture is associated with the magnon—-magnon interaction. As
we discussed in Section 2, the £ (5%)? term in Eq. (7) acts as
a repulsive onsite interaction between magnons. With increas-
ing temperature, the localization effects caused by this term
lead to suppression of both bandwidth and spectral weight of
the transverse single-magnon mode (not shown). Accordingly,
the bandwidths of the two continua in the longitudinal mode
are also suppressed. For the two-magnon continuum, since
the bandwidth suppression is about the center of the contin-
uum, effectively, the two-magnon spin gap at g = 0 increases
with increasing temperature. In addition, from Eq. (9) we see
that the center of the two-magnon continuum depends on both
D and h,. They also affect the evolution of the two-magnon

spin gap.

9 3
3 3 9
--------- 1 ce T
———— 1
)2 ™ 0 Trl/2 ™ 0
q q

Fig. 4. The $*(¢q,w) at by =1 and T = 0.5 [in (a)] and T = 1.0 [in
(b)], respectively. The dashed and dash-dotted lines show boundaries of
magnon continua at zero temperature according to the spin-wave theory.

5. Discussion and conclusion

In this work, we have investigated spin dynamics of
an S = 1 ferromagnetic Heisenberg model with single-ion
anisotropy by using a semiclassical MD method. We show
that the magnetic responses and evolution of the spin gap with
the applied transverse magnetic field are well described by our
numerical approach. We further study the DSF of this model,
and find a magnon dispersion in the transverse component. In-
terestingly, we find two continua excitations in the longitudinal
component of DSF at finite temperature. Based on spin-wave
analysis, these two continua are ascribed to single- and two-
magnon excitations, respectively. We show that the single-ion
anisotropy couples the 2-magnon bound state to the 0-magnon
ground state, which is crucial for the observation of the two-
magnon continuum in the longitudinal excitation spectra. Note

that this mechanism does not exist in the S = 1/2 model, but is
generic for Heisenberg models with S > 1. In the present work,
we have shown the existence of magnon-origin continua in the
case of the easy-axis anisotropy (positive D in our model).
It would be interesting to further explore the similar physics
in the easy-plane anisotropic case (negative D) by using ad-
vanced quantum many-body techniques, given that either the
Haldane or the large-D ground state in the easy-plane case is
beyond our present semiclassical approach. Our model is per-

tinent to the S = 1 spin chain compound NiNb,Og and other

[30

q1D magnets with large spin size.[**! Our results also suggest

that very different low-energy spin dynamics in NiNb,Og from
its effective spin S = 1/2 counterpart CoNb,Og, though both
compounds exhibit easy-axis anisotropy. The calculated spin
dynamics, especially the continua in spin excitation spectra
can be verified by various experiments including inelastic neu-
tron scattering and Raman scattering.
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