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This paper focuses on the stochastic analysis of a viscoelastic bistable energy harvesting system under colored noise
and harmonic excitation, and adopts the time-delayed feedback control to improve its harvesting efficiency. Firstly, to obtain
the dimensionless governing equation of the system, the original bistable system is approximated as a system without
viscoelastic term by using the stochastic averaging method of energy envelope, and then is further decoupled to derive
an equivalent system. The credibility of the proposed method is validated by contrasting the consistency between the
numerical and the analytical results of the equivalent system under different noise conditions. The influence of system
parameters on average output power is analyzed, and the control effect of the time-delayed feedback control on system
performance is compared. The output performance of the system is improved with the occurrence of stochastic resonance
(SR). Therefore, the signal-to-noise ratio expression for measuring SR is derived, and the dependence of its SR behavior
on different parameters is explored.

Keywords: energy harvesting, bistability, stochastic averaging method, stochastic resonance, time-delayed
feedback control
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1. Introduction
The sustainable development of society requires the sup-

port of energy, while traditional energy obviously cannot meet
the long-term development demand, which means that the
search and exploration of sustainable energy is inevitable.
With the digging of sustainable energy, it is noticed that vi-
bration is ubiquitous in the environment.[1,2] Therefore, the
vibration energy harvesting technique has attracted extensive
attention. With the rapid development of self-supplied elec-
tronic equipment with low energy consumption, vibration en-
ergy harvesting has been utilized in many fields in recent
years, such as biomedical field, environmental monitoring
field and mechanical engineering field.[3–5] The earliest pro-
posed linear energy harvesting system is appropriate to work
under narrow-band excitation, while the energy conversion ef-
ficiency is unsatisfactory when the vibration energy source is
in a wide frequency spectrum.[6,7] For improving the work-
ing efficiency of energy harvester and broadening its work-
ing frequency bandwidth, various nonlinear energy harvest-
ing systems have been proposed and designed successively
which mainly involve impact,[8,9] monostable Duffing,[10,11]

and bistable oscillator.[12,13]

Among them, the bistable oscillator will produce peri-
odic inter-well vibration due to the special double-well restor-
ing force potential, which can effectively promote the per-
formance of energy collection system.[14] Meanwhile, as the
bistable oscillator is adopted, there is no requirement for the

frequency and vibration form of external excitation, which en-
hances the deficiency that the linear energy harvester is only
applicable to a narrow frequency spectrum.[15] Accordingly,
the research on bistable energy harvesting attracts many schol-
ars. Stanton et al.[16] verified the inherent adaptability of non-
linear system with excellent performance in practical applica-
tion by a bistable oscillator constructed by piezoelectric can-
tilever and permanent magnet. Cohen et al.[17] applied slow-
fast decomposition to assess the dynamic of bistable energy
harvesting system under low frequency excitation, and made
an effort to solve the asymmetry of restoring force potential
of bistable energy harvesting system. Liu et al.[18] designed
a new bistable energy harvester based on the amplified piezo-
electric structure, and provided a approach to explore the inter-
well motion through frequency spectrum. The research of
Zheng et al.[19] focused on the performance optimization anal-
ysis and experimental research of bistable energy harvester
due to SR behavior. Wang et al.[20] adopted the configura-
tion of elastic amplifier to enhance the basic excitation for
providing sufficient kinetic energy to jump over the potential
well barrier of large-amplitude bistable motion, and analyzed
the response and productivity characteristics of the proposed
system by simulation and experiment. Yousefpour et al.[21]

utilized the input saturation terminal sliding mode control
method based on disturbance observer in bistable piezomagne-
toelastic energy harvester to achieve the control of switching
different attractors of vibration energy harvesting system. In
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addition, the time-delay that widely exists in natural and prac-
tical applications and often hinders the stability of the system
makes it necessary to introduce time-delayed feedback control
into the energy harvesting system.[22]

Despite the fact that time delay is generally used to
suppress the large-amplitude vibration of the system, it can
also enlarge the resonance amplitude and further promote
the system performance under some appropriate time delay
parameters.[23–26] Huan et al.[27] proposed a new approach to
determine the asymptotic stability of quasi-integrable Hamil-
tonian systems with random time delay control, and provided
a two-degree-of-freedom networked control system driven by
Gaussian white noise under random time delay control to ver-
ify the applicability and effectiveness of the proposed ap-
proach. Xu et al.[28] analyzed the SR of a delayed tristable
system excited by harmonic signals and correlated noises, and
found that proper time delay is beneficial to enhance SR and
increase system output. Yang and Cao[29] studied the stochas-
tic response and SR of hybrid energy harvesting system un-
der the control of time-delay feedback, and found that time-
delayed feedback can improve the performance of hybrid en-
ergy harvesting system and enhance the SR phenomenon of
the system. Zhang et al.[30] applied time-delay feedback con-
trol in nonlinear piezoelectric energy harvester driven by ad-
ditive and multiplicative white Gaussian noise to improve sys-
tem performance. De and Ali[31] investigated the broadband
energy harvesting of bistable energy harvester with sufficient
power output, and adopted time-delayed feedback control to
upgrade the efficiency of energy harvester.

Furthermore, the improvement and perfecting of the en-
ergy harvester can be achieved not only by oscillator design
and control methods, but also by application of advanced ma-
terial that has viscoelastic behavior[32] and the proper use of
the dynamics of the system. Viscoelastic material has been
applied in physics, medicine, engineering, mathematics, and
other fields because of its unique characteristics of stress re-
laxation, creep, energy storage, and dissipation.[33–36] Oumbé
Tékam et al.[37] focused on the dynamics of fractional vis-
coelastic materials applied to a strong nonlinear energy har-
vesting system, and analyzed the complexity of system re-
sponse by controlling viscoelastic parameters. According to
research by Huang et al.,[38] the relationship between the pa-
rameters of the tristable viscoelastic vibration isolation sys-
tem under random excitation and the dynamic characteristics
of system under the time-delayed feedback control was estab-
lished. Tuwa et al.[39] analyzed the dynamics of a quarter au-
tomobile suspension with a fractional derivative viscoelastic
model, and explored the dependence of the amplitude of a
quarter automobile suspension model on viscoelastic param-
eters. Yang et al.[40] investigated the stochastic response of
a hybrid energy harvesting system combining piezoelectric
and electromagnetic technologies with viscoelastic materials,

driven by narrowband colored noise. Especially, in bistable
and multistable systems, SR phenomenon widely used in sig-
nal processing can be commonly observed.[41] Since the no-
tion of SR was put forward, related researches have developed
rapidly and been applied in many fields,[42–44] including me-
chanical fault detection.[45] Lei et al.[46] presented an under-
damped SR method with steady-state matching to overcome
the shortcomings of traditional SR method in weak feature ex-
traction, which can diagnose early bearing faults. Li et al.[47]

proposed a novel coupled bistable SR system, which made its
output behavior have satisfactory bandpass filtering character-
istic. Zhang and Lei[48] discussed the influence of Gaussian
coloured noise on the logical SR of a cross-bifurcation non-
smooth system.

However, few studies consider simultaneously optimiz-
ing the performance of energy harvesting systems utilizing
viscoelastic materials, time-delayed feedback control, and
stochastic resonance. In addition, considering that all noises
in nature have correlation time, which is colored noise. There-
fore, the stochastic response and SR of viscoelastic bistable
system with time-delayed feedback control driven by Gaus-
sian colored noise and periodic excitation are analyzed in this
paper.

The remaining parts of this paper are structured as fol-
lows: In Section 2, the model of bistable viscoelastic energy
harvesting system controlled by time-delayed feedback is pro-
vided, and the equivalent system is obtained by stochastic av-
eraging method of energy envelope. In Section 3, the steady-
state probability density function (PDF) of equivalent system
is obtained and the stochastic response of equivalent system is
analyzed. In Section 4, the output signal-to-noise ratio (SNR)
expression of the system is solved and then the SR analysis
is proceeded. In Section 5, the conclusions of the paper are
given.

2. System description and analysis
2.1. System governing equations

In the running automobile tires and other rotating ma-
chines, the vibration energy harvesting source of the energy
harvesting system can be considered as the combination of
random excitation and periodic excitation.[49] To improve the
model, viscoelastic term is considered as damping term, and
time-delayed feedback control of displacement and velocity is
used. The energy harvester model with time-delayed feedback
control coupled piezoelectric circuit operating in rotating en-
vironment is given Fig. 1, and its corresponding system gov-
erning equations are as follows:

MẌ +Z +
dU0(X)

dX
+ kV̄

= −MẌb +F(Xδ1 , Ẋδ2)+A0Gsin(ΩT ),

Cp
˙̄V +

V̄
R
− kẊ = 0, (1)
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where X and Ẋ are the relative displacement and velocity. Z
and Ẍb represent the viscoelastic force and the base accelera-
tion, respectively. F(Xδ1 , Ẋδ2) = Λ1X(T −δ1)+Λ2Ẋ(T −δ2)

indicates the time-delayed feedback signal. A0Gsin(ΩT ) is
the harmonic excitation caused by the mass gravity G in a ro-
tating environment, where A0 and Ω denote the amplitude and
frequency of this harmonic excitation, respectively. R, Cp, V̄ ,
k are the load resistance, the capacitance of the piezoelectric
component, the voltage across resistance R, and the piezoelec-
tric coupling coefficient, respectively. U0(X) denotes symmet-
ric restoring force potential of mechanical oscillation system,
which can be expressed as

U0(X) =
1
2

r1(1−a)X2 +
1
4

r3X4, (2)

where a, r1, r3 are tuning parameter, the linear and nonlin-
ear spring constants, respectively. When nonlinear strength
r3/r1 > 0 and tuning parameter a > 1, the system is
nonlinear bistable with two stable equilibria at X∗1,2 =

±
√
(a−1)/(r3/r1), and the center X∗3 = 0 is an unstable sad-

dle point. Figure 2 shows the potential function U0(X) for
different nonlinear strengths and tuning parameters.

M

Controller

Colored
noise

Periodic
excitation

X⇁Xb

Xb

Cp

X

Z
V
↩

dU0
dX

.
R

↩

⇁

(a)

(b)

Fig. 1. A simplified structure for viscoelastic energy harvester con-
trolled by time delay feedback: (a) mechanical diagram, (b) an equiva-
lent circuit of piezoelectric mechanism.

2.0

1.5

0.5

-0.5
-2 -1

1.0

0

0 1 2

X

U
0
↼X
↽

Fig. 2. Restoring force potential U0(X) for different nonlinear strengths
and tuning parameters.

The following transformations are introduced to dimen-
sionlessize the system equations:

x = X , xb = Xb, ω =

√
r1

M
, t = ωT, ς =

1
r1
,

c1 = a−1, c3 =
r3

r1
, V =

CpV̄
k

,

θ =
k2

r1Cp
, µ =

1
CpRω

, λ1 =
Λ1

r1
, λ2 =

Λ2

Mω
,

ε =
A0

r1
, τ1 = ωδ1, τ2 = ωδ2. (3)

According to the transformation [Eq. (3)], the dimension-
less system governing equation can be obtained as

ẍ+ ςZ− c1x+ c3x3 +θV

= −ẍb +λ1xτ1 +λ2ẋτ2 + εGsin(Ω t), (4a)

V̇ +µV − ẋ = 0, (4b)

in which x and ẋ denote the dimensionless displacement and
velocity of the mass M. ς , c1, and c2 are the coefficient of vis-
coelastic force Z, linear and nonlinear stiffness coefficients, re-
spectively. λ1 and τ1 denote the feedback gain and time delay
of the dimensionless displacement, while λ2 and τ2 denote that
of the dimensionless velocity. θ , µ , and ε are the electrome-
chanical coupling coefficient, time constant ratio, and the di-
mensionless coefficient of harmonic excitation, respectively.
−ẍb = ξ (t) is colored noise, indicating random excitation and
satisfying

E [ξ (t)] = 0, R(τ) = E [ξ (t)ξ (t + τ)] =
D
c

exp
(
−|τ|

c

)
, (5)

where c and D represent the correlation time and intensity of
ξ (t), respectively.

In system (4), the expression of viscoelastic term Z is

Z[x(t)] =
∫ t

0
G(t− τ)x(τ)dτ =

∫ t

0
G(u)x(t−u)du, (6)

where G(t) is the relaxation function that can be deduced from
the generalized Maxwell model[50]

G(t) = ∑
i

βi exp(−t/αi) , (7)

where αi is the relaxation time of the viscoelastic force, which
is non-negative. βi denotes the magnitude of the viscoelastic
force, which can be positive or negative.[51]

Substituting Eq. (7) into Eq. (6), Z can be rewritten as

Z =
∫ t

0
∑

i
βi exp(−s/αi)x(t− s)ds. (8)
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2.2. Stochastic averaging method of energy envelope and
the equivalent system

The generalized harmonic function is introduced to as-
sume that the displacement and velocity of the system are in
the following forms:

x(t) = A(H(t))cosφ(t)− x∗i ,

ẋ(t) =−A(H(t))ω(H(t))sinφ(t),

φ(t) = ω(H(t))t +ϕ(t), (9)

where x∗i can be rewritten as x∗1,2 = ±
√

c1/c3,x∗3 = 0 accord-
ing to transformation (3). i = 1,2,3 in turn denote three mo-
tions, which are vibrating in the right potential well, vibrating
in the left potential well and jumping between two potential
wells. ω(H) and A(H) represent the energy-dependent fre-
quency and amplitude, and they both have slow varying pro-
cesses. Thus, we can approximate the time-delayed feedback
control of displacement and velocity as

xτ1 = x(t− τ1) ≈ (x(t)− x∗i )cos(ω(H(t))τ1)

− ẋ
ω(H(t))

sin(ω(H(t))τ1) , (10a)

ẋτ2 = ẋ(t− τ2) ≈ (x(t)− x∗i )ω(H(t))sin(ω(H(t))τ2)

− ẋ(t)cos(ω(H(t))τ2) . (10b)

Substituting Eq. (10a) into Eq. (8) and noting that the ex-
ponential decay term e−s/αi can be neglected while system (4)
is subjected to excitation for a long time. The derivation of
Eq. (11) below shows that Z can be approximated as a combi-
nation of the equivalent damping and stiffness terms.

Z =
∫ t

0
∑

i
βi e−s/αi

[
(x− x∗i )cos(ω(H)s)

− ẋ
ω(H)

sin(ω(H)s)
]

ds

= ∑
i

{
βiαi

1+α2
i ω(H)2 (x− x∗i )−

βiα
2
i

1+α2
i ω(H)2 ẋ

+
[
βi(x− x∗i )(ω(H)αi sinω(H)t− cosω(H)t)

+
βiẋ

ω(H)
(ω(H)αi cosω(H)t + sinω(H)t)

]
× αi e−t/αi

1+α2
i ω(H)2

}
≈ ∑

i

(
βiαi

1+α2
i ω(H)2 (x− x∗i )−

βiα
2
i

1+α2
i ω(H)2 ẋ

)
. (11)

Let i = 1, ςZ can be written as

ςZ =
ςβ1α1

1+α2
1 ω(H)2 (x− x∗i )−

ςβ1α2
1

1+α2
1 ω(H)2 ẋ. (12)

Integrating Eq. (4b) according to Eqs. (9) and (10b), and
neglecting the transient exponential decay term, the expression
for the steady-state part of voltage is obtained as follows:

V (t) = C e−µt +
∫ t

0
e−µ(t−s)ẋds≈

∫ t

0
e−µτ ẋ(t− τ)dτ

≈ ω2(H(t))
µ2 +ω2(H(t))

(x(t)− x∗i )

+
µ

µ2 +ω2(H(t))
ẋ(t). (13)

Substituting Eqs. (10), (12), and (13) into Eq. (4a), the
expression for the equivalent decoupled system is obtained as

ẍ+ ς̃ ẋ− c1x+ c3x3 + c̃(x− x∗i ) = ξ (t)+ εGsin(Ω t), (14)

in which

ς̃ = − ςβ1α2
1

1+α2
1 ω(H)2 +

θ µ

µ2 +ω2(H)

+λ1
sin(ω(H)τ1)

ω(H)
−λ2 cos(ω(H)τ2),

c̃ =
ςβ1α1

1+α2
1 ω(H)2 +

θω2(H)

µ2 +ω2(H)

−λ1 cos(ω(H)τ1)−λ2ω(H)sin(ω(H)τ2). (15)

According to Eq. (14), the expressions for the potential
function U(x) and the total energy H can be obtained as fol-
lows:

U(x) =
1
2
(c̃− c1)x2 +

1
4

c3x4,

H =
1
2

ẋ2 +
1
2
(c̃− c1)x2 +

1
4

c3x4. (16a)

Further analysis of the equivalent decoupled system
Eq. (14) requires the energy-dependent frequency ω(H) to be
obtained in advance, which in turn requires first obtaining the
energy-dependent period T (H). Due to the symmetry, the pe-
riod expressions for the periodic motion of the left and right
potential wells are the same and can both be expressed as

T (H) = 2
∫ xmax

xmin

dx√
2H−2U(x)

, (17)

where xmax and xmin represent the maximum and minimum
displacements determined by H =U(A) without time-delayed
feedback control, respectively, which are expressed as follows:

xmax =

√(
c1− c̃0 +

√
(c1− c̃0)2 +4c3H

)
/c3,

xmin =

√(
c1− c̃0−

√
(c1− c̃0)2 +4c3H

)
/c3, (18)

in which

c̃0 =
ςβ1α1

1+α2
1 ω(H)2 +

θω2(H)

µ2 +ω2(H)
.

Furthermore, due to symmetry, xmin =−xmax holds when
the periodic motion is jumping between potential wells, and
the period in this case can be expressed as

T (H) = 4
∫ xmax

0

dx√
2H−2U(x)

. (19)
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According to the relationship between ω(H) and T (H)

characterized by Eq. (20), ω(H) can be calculated by adopt-
ing the iterative algorithm.[52]

ω(H) =
2π

T (H)
. (20)

The total energy H and the energy-dependent frequency
ω(H) of the bistable system without time-delayed feedback
control are depicted Fig. 3. We can observe that when H < 0,
i.e., the periodic motion being performed by the system is vi-
brating in the left or right potential well, ω(H) has two sym-
metric maxima at the two stable points and the rate of ω(H)

decrease gradually increases as one moves away from the sta-
ble points. When H > 0, i.e., the periodic motion is jumping
between potential wells, ω(H) increases rapidly with the in-
crease of H.

Figure 4 depicts the variation of potential function U(x)
and potential well depth ∆U for various time-delayed feed-
back control parameters. The relationship between U(X) and
∆U is given by ∆U = |min(U(X))|. As explained earlier in
Eq. (2) for the parameter taking of the potential energy func-
tion, the system should be nonlinear and bistable when both
parameters c1 and c3 are taken to be greater than 0. This is ver-
ified Figs. 4(a) and 4(b), which shows U(x) as a displacement-
dependent symmetric double-well potential function. Fig-
ure 4(a) also reveals that the increase of τ2 leads to a periodic
variation of U(x). Figure 4(b) shows that varying the feedback
gains of x and ẋ can modify both well depth and well interval

for two fixed time delays. Figures 4(a) and 4(b) reveal that the
influence of increasing or decreasing the feedback gain λ2 on
the well depth ∆U varies with different values of time delay for
either displacement or velocity time lag feedback control. The
influence of the feedback gain on the potential energy function
can only be determined when the time delay value is fixed.

-

- - -

- --

(a)

(b)

Fig. 3. (a) The total energy H and (b) the energy-dependent frequency ω(H)
with fixed c1 = 3, c3 = 3, ς = 1, β1 =−0.1, α1 = 1, θ = 0.3, µ = 0.05.

(a) (b)

(c) (d)

-

-

-

-

-

-

-
- - - -

Fig. 4. Fixed system parameters c1 = 3, c3 = 3, ς = 1, β1 = −0.1, α1 = 1, θ = 0.3, µ = 0.05. (a) The potential U(x) with fixed λ1 = 0.01,
λ2 = 0.01, τ1 = 1. (b) The potential U(x) for different (λ1,λ2) with fixed τ1 = 1, τ2 = 1. Panels (c) and (d) indicate the potential well depth
∆U in respect to τ1 and τ2, respectively, with fixed (λ2,τ2) = (0.01,1) and (λ1,τ1) = (0.01,1) in turn.
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3. Stochastic response
After subtracting Eq. (16a) from Eq. (16b) and perform-

ing simultaneous open square operations on the left and right
sides of the resulting new equation, the velocity of the system
expressed in terms of potential U(x) and total energy H can be
obtained

ẋ =
√

2H−2U(x). (21)

The first derivative of the total energy H can be obtained
by taking the derivative of t on both sides of Eq. (16b)

Ḣ =−ẋ
[
ẍ+(c̃− c1)x+ c3x3] . (22)

Transforming Eq. (14) to obtain the expression for ẍ, sub-
stituting it into the above equation. Then, the equivalent de-
coupled system Eq. (14) can be expressed as two first-order
equations for the system velocity ẋ and the total energy H, as
follows:

ẋ =
√

2H−2U(x),

Ḣ =−ẋ(ς̃ ẋ− c̃x∗i )+ ẋξ (t)+ ẋεGsin(Ω t). (23)

Since the energy process H(t) can be approximated as a
Markov diffusion process, the stochastic averaging method of
the energy envelope can be applied to obtain the average Itô
equation governing H(t) as follows:

dH = m(H)dt +σ(H)dB(t), (24)

where m(H), σ(H), B(t) denote the drift coefficient, diffusion
coefficient, and standard Wiener process, respectively. m(H)

and σ(H) can be expressed as follows:

m(H) =−〈ẋ(ς̃ ẋ− c̃x∗i )〉t +
D

1+ c2ω2(H)
+ 〈ẋεGsin(Ω t)〉t ,

σ
2(H) =

2D
1+ c2ω2(H)

〈
ẋ2〉

t , (25)

where 〈(·)〉t = 1
T
∫ T

0 (·)dt represents the time averaging cal-
culation. Meanwhile, in the absence of harmonic excitation,
according to the symmetry of the left and right potential wells,
we can obtain

〈ẋx∗i 〉t =
1
T

∫ T

0
ẋx∗i dt =

1
T

∮
x∗i dx

=
1

Tr +Tl

[∮
r
x∗1 dx+

∮
l
x∗2 dx

]
. (26)

Then, according to the Itô equation (24), the steady-state
PDF of the total energy p(H) can be obtained

p(H) =
N−1

σ2(H)
exp
(∫ 2m(H)

σ2(H)
dH
)
, (27)

in which N−1 denotes a normalization constant.

Therefore, according to (d/dH) ln
[
T (H)〈ẋ2〉t

]
=

〈ẋ2〉−1
t ,[53] the joint steady-state PDF of the equivalent sys-

tem Eq. (14) can be obtained by the following derivation:

p(x, ẋ) =
p(H)

T (H)
=

N−1〈ẋ2〉t
σ2(H)

× exp
[∫ H

0

(
2m(s)
σ2(s)

− 1
〈ẋ2〉t

)
ds
]

=
N−1(1+ c2ω2(H))

D

× exp
[
−ς̃(1+ c2ω2(H))

D

(
1
2

ẋ2 +
1
2
(c̃− c1)x2

+
1
4

c3x4− xεGsin(Ω t)
)]

. (28)

Further, the expressions for the mean square voltage
E
[
V 2
]

and mean output power E [P] can be derived from
Eq. (13) and (28) as follows:

E
[
V 2] = ∫

∞

−∞

∫
∞

−∞

(
ω2(H)

µ2 +ω2(H)
(x− x∗i )

+
µ

µ2 +ω2(H)
ẋ
)

p(x, ẋ)dxdẋ,

E [P] = θ µE
[
V 2] . (29)

p(x, ẋ), E[V 2], and E[P] obtained by the stochastic averaging
method of the energy envelope, are important indicators to
characterize the performance of the vibration energy harvester.
Therefore, it is necessary to verify the accuracy of the adopted
theoretical analysis method, which can be done by comparing
the agreement between the numerical results obtained from the
Monte Carlo method and the analytical results obtained from
the adopted theoretical method.

Meanwhile, the previous analysis Fig. 4 regarding the ef-
fect of the time-delayed feedback control parameters on the
potential function in the absence of harmonic excitation re-
veals that the time-delayed feedback control may have an im-
portant impact on the performance of the vibration energy har-
vesting system. Therefore, the impact of time-delayed feed-
back control on mean output power E[P] under harmonic-free
excitation will be analyzed accordingly in this section. In ad-
dition, since viscoelastic damping is considered, the effect of
viscoelastic parameters on the system performance will also be
discussed. An example is given here and the main parameters
of the system are fixed as c1 = 3, c3 = 3, θ = 0.3, µ = 0.05,
ς = 1, β1 = −0.1, α1 = 1, D = 0.004, c = 0.3 in the absence
of other mentions.

Figures 5 and 6 show the theoretical and numerical results
obtained by the stochastic averaging method of energy enve-
lope and the Monte Carlo method, respectively. The results
exhibit a high level of agreement. Figure 5 shows the joint
probability density function, while figure 6 shows the marginal
probability density function. The theoretical and numerical re-
sults are represented by the solid line and circle symbols in
Fig. 6.
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The comparison of Figs. 6(a) and 6(b) reveals that the in-
crease in noise intensity D increases p(x)|x=0, which reveals
that the transition between two potential wells occurs rela-
tively easily. In contrast, the comparison of Figs. 6(a) and
6(c) shows that the increase in the correlation time c makes

the peak value of p(x) larger, which means that the transition
between the two potential wells is relatively difficult. In addi-
tion, it can be noticed from Fig. 6(d) that the increase in noise
intensity broadens the range of the SR, while the correlation
time has little effect.

Analytical result
(a)

Numerical result
(b)

-- - -

1.01.0

Fig. 5. Comparisons between analytical results (a) and numerical results (b) of joint stationary PDF with fixed λ1 = 0.01, λ2 = 0.01, τ1 = 1.5,
τ2 = 1.5.

(a) (b)

(c) (d)

1.0

1.0
1.0

- -

-- --

--

Fig. 6. Comparisons of stationary PDF of displacement x and velocity ẋ for different D and c, with fixed λ1 = 0.01, λ2 = 0.01, τ1 = 1.5, τ2 = 1.5.

The dependence of the mean output power E[P] on the
time delay is depicted Fig. 7. Figure 7(a) shows that the unidi-
rectional variation of either the time delay τ1 of the displace-
ment or the time delay τ2 of the velocity results in a consequent
periodic variation of E[P]. Thereby, E[P] has many local peaks
that can be reached by choosing the corresponding time delay
combination (τ1,τ2) in the region of concern. For example,
in the region S = {(τ1,τ2)|τ1 ∈ [0,2],τ2 ∈ [2,4]}, the peak of
E[P] on the region S is obtained at the point of the time de-
lay combination (τ1,τ2) = (0.6,2.4) labeled Fig. 7(a). It can
be observed Fig. 7(b) that under the same displacement delay
feedback control, the output performance of system that also
considers velocity delay feedback at (λ2,τ2) = (0.005,2.4) is

significantly better than one of the displacement delay feed-
back control only. Figure 7(b) also reveals that the effect of
the displacement feedback gain λ1 on the output power E[P]
is similar to its effect on the well depth ∆U , i.e., both need to
be at a determined value of the time delay to discuss whether
the effect of increasing λ1 brings a positive or negative effect
on E[P].

It can be observed Fig. 7(b) that the effect of the feed-
back gain on the output power at smaller time delays is op-
posite to that at larger time delays in the time delay range of
[0,2], and the case at smaller time delays can be inferred by ob-
taining the case at larger time delays. Figure 8(a) depicts the
variation of mean output power E[P] with the displacement
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feedback gain λ1 and velocity feedback gain λ2 for time de-
lay (τ1,τ2) = (1.5,1.5). The results show that E[P] increases
with λ1 and decreases with λ2, i.e., taking a combination of
larger displacement positive feedback gain and velocity nega-
tive feedback gain is more effective in increasing E[P].

Thus, a larger combination of positive feedback gain and
negative feedback gain(λ1,λ2)= (0.01,−0.01) with (τ1,τ2)=

(1.5,1.5) under control is observed in Figs. 8(b), 8(d), 9, and
10 compared with the uncontrolled case. Obviously, figure 8
shows the output power in the control case is better than that
in the uncontrolled case for different noise intensities and vis-
coelastic parameters. However, after the magnitude of vis-
coelastic force β1 reaches a certain value, control or not has no
effect on the output power. According to Figs. 8(c) and 8(d),
it is suggested to adopt a smaller α1 and a relatively larger β1,
which can achieve a greater mean output power E[P] and better
system performance. The results of Fig. 8 show that improving

the performance of the time-delayed feedback-controlled en-
ergy harvester can be achieved by selecting appropriate time-
delayed control parameters.

Figure 9 shows the influence of linear stiffness coefficient
c1 and nonlinear stiffness coefficient c3 on mean output power
E[P]. It can be observed in Fig. 9 that E[P] first increases
and then decreases with the increase of c1, which means that
there is an optimum value of c1 around 0.8 to maximise E[P],
while the change of E[P] caused by the increase of c3 is just
the opposite, first decreasing and then increasing. Meanwhile,
figure 9 reveals that when the stiffness coefficients c1 and c3

are large, E[P] under the considered time-delayed feedback
control is larger than that without the time-delayed feedback
control. Therefore, the energy harvester can improve its per-
formance by adopting appropriate stiffness coefficients, such
as c1 = 0.8 and smaller c3.

.


 

. .

.


 

.

 

X. .

Y. .

Z. .

(a)
(b)

E
[P

] 
↼


-
3
↽

E
[P

] 
↼


-
3
↽

τ2 τ1

Fig. 7. (a) The mean output power E[P] regarding τ1 and τ2 with fixed λ1 =−0.005, λ2 = 0.005. (b) The mean output power E[P] regarding
τ1 for different time-delayed feedback control parameters (λ1,λ2,τ2).

E
[P

]

E
[P

] 
↼


-
3
↽

(a)
(b)

(c) (d)

Fig. 8. Fixed time delays (τ1,τ2) = (1.5,1.5). (a) The mean output power E[P] regarding λ1 and λ2. (b) The mean output power E[P] regarding
D for different (λ1,λ2). (c) The mean output power E[P] regarding α1 for different (λ1,λ2). (d) The mean output power E[P] regarding β1 for
different (λ1,λ2).
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(a) (b)

E
[P

] 
(1
0
-
3
)

Fig. 9. (a) The mean output power E[P] regarding c1 for different (λ1,λ2). (b) The mean output power E[P] regarding c3 for different (λ1,λ2).

Figure 10 illustrates the dependence of mean output
power E[P] on electromechanical coupling coefficient θ and
time constant ratio µ . In Fig. 10, the increase of θ and µ both
cause the increase of E[P]. The difference is that with the in-
crease of θ , the growth rate of E[P] also increases, while the
rate of E[P] increase caused by the increase of µ gradually
slows down. According to the analysis of Fig. 10, larger θ and
µ are beneficial to improve the system performance.

E
[P

] 
(1
0
-
3
)

E
[P

] 
(1
0
-
3
)

(a)

(b)

1.0

0.10

Fig. 10. (a) The mean output power E[P] regarding θ for different
(λ1,λ2). (b) The mean output power E[P] regarding µ for different
(λ1,λ2).

Figures 7–10 demonstrate that the system output perfor-
mance can be effectively improved by using appropriate time-
delayed feedback control parameters.

4. Stochastic resonance
The response analysis of the system shows that the time-

delayed feedback control without harmonic excitation has a
significant effect on the system performance improvement.

Meanwhile, in order to harvest as much electrical energy as
possible in the external environment, the time-delayed feed-
back control energy harvester is mounted on the vehicle tires to
achieve uniform excitation of the energy harvester through the
periodic excitation caused by the gravity of the object while
the vehicle is operating, which has been verified to effectively
improve the energy harvesting efficiency of the system.[49,54]

Existing theoretical studies clearly reveal that the system can
generate large amplitude vibrations in the presence of SR
phenomena.[19,55] It is noted that the SNR serves as an im-
portant indicator for determining the SR of the system, reveal-
ing the SR phenomenon of the system when the peak occurs.
Therefore, in this section, SR is applied to optimize the en-
ergy harvesting efficiency and characterize the effect of differ-
ent parameters on the system performance under time-delayed
feedback control by observing the effect of each parameter on
the theoretical output SNR.

The governing equation of the vibration energy harvest-
ing system Eq. (14) subjected to simultaneous excitation by
harmonics and random noise can be equivalently written as

ẋ = y,

ẏ = ς̃y+ c1x− c3x3− c̃(x− x∗i )+ξ (t)+ εGsin(Ω t). (30)

According to the stationary PDF derived Eq. (28), the ef-
fective generalized potential functions of the system displace-
ment and velocity Ue can be expressed as follows:[56]

Ue(x, ẋ, t) = ς̃(1+ c2
ω

2(H))

(
1
2

ẋ2 +
1
2
(c̃− c1)x2

+
1
4

c3x4− xεGsin(Ω t)
)
. (31)

Let (x, ẋ) = (0,0), solving the deterministic model of
system Eq. (30) without external excitation and time-delayed
feedback control, the following two stationary equilibrium
points (xs1,s2 ,0) and one non-stationary equilibrium point
(xu,0) can be obtained

xs1 =
√

(c1− c̃0)/c3,

xs2 =−
√
(c1− c̃0)/c3, xu = 0. (32)

060203-9



Chin. Phys. B 33, 060203 (2024)

Linearize Eq. (30) at equilibrium points (xs1 ,0),(xs2 ,0)
and (xu,0), and solve the corresponding characteristic equa-
tions to obtain their eigenvalues, as follows:

λ
±
s1,s2

=
1
2

[
−ς̃0±

√
|ς̃0

2−8(c1− c̃0) |
]
,

λ
±
u =

1
2

[
−ς̃0±

√
ς̃0

2 +4(c1− c̃0)

]
, (33)

where

ς̃0 =−
ςβ1α2

1

1+α2
1 ω(H)2 +

θ µ

µ2 +ω2(H)
.

Using the steepest descent method[57,58] and based on the
definition of the mean first passage time, the mean first pas-
sage time of a particle from one stable point to another can be
deduced as

Tfp = 2π

√
λ
−
u

λ
+
si λ
−
si λ

+
u

exp
[

Ue(xu,0, t)−Ue(xsi ,0, t)
D

]
. (34)

Thereby, we can obtain the expressions for the transition
rates W1,2 of the particles escaping from the potential wells
where xs1 and xs2 are located, respectively, as follows:

Wi =
1

2π

√
λ
+
si λ
−
si λ

+
u

λ
−
u

exp
[

Ue(xsi ,0, t)−Ue(xu,0, t)
D

]
. (35)

Substituting Ue expressed by Eq. (31) into Eq. (35), the
transition rate Wi can be formulated as

Wi =
1

2π

√
λ
+
si λ
−
si λ

+
u

λ
−
u

exp
[

ς̃(1+ c2ω2(H))

D

×
(

1
2

ẋ2
si
+

1
2
(c̃− c1)x2

si

+
1
4

c3x4
si
− xsiεGsin(Ω t)

)]
. (36)

Performing a Taylor expansion on the −xsiεGsin(Ω t)
term of the exponent Eq. (36), the transition rate Wi can be
approximated as

Wi = w0

[
1− ς̃(1+ c2ω2(H))

D
xsiεGsin(Ω t)+ · · ·

]

≈ w0 +w1εGsin(Ω t), (37)

in which

w0 =
1

2π

√
λ
+
si λ
−
si λ

+
u

λ
−
u

exp
[

ς̃(1+ c2ω2(H))

D

×
(

1
2

ẋ2
si
+

1
2
(c̃− c1)x2

si
+

1
4

c3x4
si

)]
,

w1 = −w0
ς̃(1+ c2ω2(H))

D
xsi . (38)

Then, the signal output power spectrum S1(Ωd) and the
noise output power spectrum S2(Ωd) can be obtained sepa-
rately as follows:

S1(Ωd) =
πx2

si
w2

1ε2G2

2(w2
0 +Ω 2)

[δ (Ωd−Ω)+δ (Ωd +Ω)] ,

S2(Ωd) =

[
1− w2

1ε2G2

2(w2
0 +Ω 2)

]
2x2

si
w0

w2
0 +Ω 2

d
. (39)

Therefore, according to the definition of SNR, its expres-
sion can be derived as follows:

SNR =

∫
∞

0 S1(Ωd)dΩd

S2(Ωd = Ω)

=
πw2

1ε2G2

4w0

[
1− w2

1ε2G2

2(w2
0 +Ω 2)

]−1

. (40)

Figures 11 and 12 depict the effect of the time-delayed
feedback control parameters on the output SNR as a function
of the noise intensity D. The results show that the optimal
noise intensity D exists for different parameters to maximize
the output SNR, which indicates the appearance of SR phe-
nomena. In addition, the increase or decrease of the maximum
value of the output SNR corresponds to the strengthening and
weakening of the SR phenomenon, respectively.

(a) (b)
X. .

Y. .

Z. .T-5

(c)

S
N

R
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1
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5
) 4
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1
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Fig. 11. (a) SNR regarding D and τ1 with fixed λ1 =−0.01 in absence of time-delayed feedback control of ẋ; (b) SNR regarding D and τ2 with
fixed λ2 = 0.01 in absence of time-delayed feedback control of x; (c) SNR regarding τ1 and τ2 with fixed (λ1,λ2) = (−0.005,0.005).

Figure 11 depicts the variation of SNR with respect to the

time delay. The results of Figs. 11(a) and 11(b) show that the

effect of time delays τ1 and τ2 on SNR is non-monotonic and

periodic within the noise intensity range considered. This re-

veals that perhaps the SNR can be driven to peak in the region

of interest by selecting the proper combination of time delays

(τ1,τ2), which is verified Fig. 11(c). The joint graph of SNR

with respect to time delays τ1 and τ2 presents multiple peaks,

and several combinations of time delays (τ1,τ2) for which the

SNR peaks are obtained presumably coincide with the combi-
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nations of time delays for which the E[P] peaks are reached as
depicted Fig. 7(a). For example, in region S = {(τ1,τ2)|τ1 ∈
[0,2],τ2 ∈ [2,4]}, E[P] peaks at (τ1,τ2) = (0.6,2.4), while
SNR achieves its peak at (τ1,τ2) = (0.6,2.5). This indirectly
verifies that the occurrence of random resonance phenomenon
is beneficial to enhance the system performance.

Figure 12 depicts the effect of feedback gains λ1 and λ2

on SNR. Figure 12(a) shows that for a fixed displacement time
delay τ1 = 1.5, the SNR increases first to a peak and then
decreases with increasing noise intensity D for different val-
ues of displacement feedback gain λ1. In addition, as λ1 in-
creases, the peak SNR increases and the noise intensity at the
peak decreases. Figure 12(b) shows that for a fixed velocity
delay τ2 = 1.5, the SNR increases and then decreases with
decreasing velocity feedback gain λ2 for small noise inten-
sity, which indicates that the variation of λ2 induces the SR
phenomenon. Meanwhile, under weak noise excitation, it can
be noticed that the velocity feedback gain is a larger negative
feedback when the SR occurs. Therefore, with fixed time de-
lay (τ1,τ2) = (1.5,1.5), the larger positive displacement feed-
back and negative velocity feedback are beneficial to the SR
occurrence and improve the system output performance when
the intensity of the random excitation is small.

S
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5
)

S
N

R
 (
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-
5
)

(a)

(b)

Fig. 12. (a) SNR regarding D and λ1 with fixed τ1 = 1.5 in absence of
time-delayed feedback control of ẋ; (b) SNR regarding D and λ2 with
fixed τ2 = 1.5 in absence of time-delayed feedback control of x.

Based on the previous conclusions on the effect of feed-
back gain on SR, figures 13–15 illustrate the variation of SNR
affected by system parameters for larger combination of dis-
placement positive feedback gain and velocity negative feed-
back gain (λ1,λ2) = (0.01,−0.01) with time delay fixed at
(τ1,τ2) = (1.5,1.5).

Figure 13 shows the SNR respect to D under multiple vis-
coelastic parameters α1 and β1, illustrating the influence of α1

and β1 on SNR. The results of Fig. 13 reveal that no SR oc-
curs when α1 is small or β1 is relatively large. As α1 increases
and β1 decreases, the peak value of SNR decreases and the
excitation intensity required to reach the peak increases. This
indicates that a less large α1 and a relatively large β1, for ex-
ample (α1,β1) = (0.5,−0.1), can be chosen to enhance the
system performance by the SR phenomenon.
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Fig. 13. SNR regarding D with fixed λ1 = 0.01, λ2 =−0.01, τ1 = 1.5,
τ2 = 1.5: (a) for different α1, (b) for different β1.
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Fig. 14. SNR regarding D with fixed λ1 = 0.01, λ2 =−0.01, τ1 = 1.5,
τ2 = 1.5: (a) for different c1, (b) for different c3.
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Figure 14 depicts the linear stiffness coefficient c1 and
nonlinear stiffness coefficient c3 impact on SNR. Figure 14
shows that the peak of SNR decrease with the increase of lin-
ear stiffness coefficient c1 and the decrease of nonlinear stiff-
ness coefficient c3, which means that the intensity of SR phe-
nomenon is weakened. Simultaneously, the noise intensity D
required to reach the peak value increases, which indicates that
the SR behavior needs greater random excitation. In addition,
SNR is more sensitive to the change of linear stiffness coef-
ficient c1 than nonlinear stiffness coefficient c3. The above
results reveal that under weak noise excitation, the smaller lin-
ear stiffness coefficients c1 and larger nonlinear stiffness coef-
ficient c3 is recommended to induce the SR phenomenon, and
then improve the system performance.

The influence of electromechanical coupling coefficient
θ and time constant ratio µ on SNR is depicted in Fig. 15.
It can be observed in Fig. 15(a) that as θ increases, the peak
value of SNR increases obviously, while the noise intensity
D corresponding to the peak value increases slightly. Con-
trary to the influence of θ increase on SNR, figure 15(b) shows
that with the increase of µ , the peak value of SNR decreases
weakly and the noise intensity required to reach the peak value
increases obviously. Therefore, choosing a larger electrome-
chanical coupling coefficient θ and a smaller time constant ra-
tio µ can conducive to the strong SR phenomenon to promote
the system performance.
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Fig. 15. SNR regarding D with fixed λ1 = 0.01, λ2 =−0.01, τ1 = 1.5,
τ2 = 1.5: (a) for different θ , (b) for different µ .

Based on the conclusions in Section 3, the preferred time-
delayed feedback control parameters for Figs. 11–15 are se-
lected. The induction of stochastic resonance phenomena by

the various system parameters under different noise intensities
is analyzed, and the obtained results of the investigation and
the conclusions in Section 3 can be roughly echoed.

5. Conclusions
In this paper, the stochastic response and stochastic res-

onance (SR) of a bistable energy harvesting system with vis-
coelastic material under colored noise excitation in a rotating
environment were studied. Initially, the dimensionless govern-
ing equation of the system was derived, and the viscoelastic
term was approximated as a combination of stiffness term and
damping term by the stochastic averaging method of energy
envelope, and then the equivalent system was derived by de-
coupling the system. Furthermore, the steady-state probability
density function (PDF) of the equivalent system was deduced,
and the effectiveness of adopted method was validated by con-
trasting the consistency between the numerical and the ana-
lytical results. The influence of time-delayed feedback con-
trol parameters and system parameters on mean output power
was analyzed to give suggestions for improving system per-
formance. In addition, the impact of various parameters on
the SR behavior indicated by the signal-to-noise ratio (SNR)
in the rotating environment was considered to further improve
the system performance. Combined with the analyses of mean
output power E[P] and SNR under different parameters, the
following suggestions can be given to improve the output per-
formance of the system in rotating environment:

(i) The optimal performance of that system in the inter-
est delay range can be achieved by choosing appropriate time
delay groups (τ1,τ2).

(ii) Under weak noise excitation, fixed time delays
(τ1,τ2) = (1.5,1.5), large positive displacement feedback and
negative velocity feedback can induce strong random reso-
nance and promote system performance.

(iii) As for the parameters of viscoelastic force, the
smaller relaxation time α1 and the larger magnitude β1 can
obtain larger E[P] and SNR, which symbolizes the excellent
output performance of system.

(iv) The influence of stiffness coefficients c1 and c3 on
the system performance can be reflected in E[P] and SNR.
The results show that smaller linear stiffness coefficient and
larger nonlinear stiffness coefficient can promote the system
efficiency.

(v) Larger electromechanical coupling coefficient θ and
smaller time constant µ are more conducive to the appear-
ance of strong SR behavior, which means that these are rec-
ommended to increase the energy harvesting efficiency of the
system.
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