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In recent years, the traffic congestion problem has become more and more serious, and the research on traffic system
control has become a new hot spot. Studying the bifurcation characteristics of traffic flow systems and designing control
schemes for unstable pivots can alleviate the traffic congestion problem from a new perspective. In this work, the full-speed
differential model considering the vehicle network environment is improved in order to adjust the traffic flow from the
perspective of bifurcation control, the existence conditions of Hopf bifurcation and saddle-node bifurcation in the model are
proved theoretically, and the stability mutation point for the stability of the transportation system is found. For the unstable
bifurcation point, a nonlinear system feedback controller is designed by using Chebyshev polynomial approximation and
stochastic feedback control method. The advancement, postponement, and elimination of Hopf bifurcation are achieved
without changing the system equilibrium point, and the mutation behavior of the transportation system is controlled so as to
alleviate the traffic congestion. The changes in the stability of complex traffic systems are explained through the bifurcation
analysis, which can better capture the characteristics of the traffic flow. By adjusting the control parameters in the feedback
controllers, the influence of the boundary conditions on the stability of the traffic system is adequately described, and the
effects of the unstable focuses and saddle points on the system are suppressed to slow down the traffic flow. In addition, the
unstable bifurcation points can be eliminated and the Hopf bifurcation can be controlled to advance, delay, and disappear,
so as to realize the control of the stability behavior of the traffic system, which can help to alleviate the traffic congestion

and describe the actual traffic phenomena as well.

Keywords: bifurcation analysis, vehicle queuing, bifurcation control, Hopf bifurcation
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1. Introduction

In the contemporary era of rapid economic development,
economic loss, environmental pollution, and energy consump-
tion caused by traffic congestion have become important issues
affecting the national economy and people’s livelihood. There
have been fewer mixed traffic behaviors such as pedestrians
and lane changes on highways, various traffic phenomena such
as phantom traffic jams, smooth traffic flow, vehicles walking
and stopping, and synchronous flow often appear alternately,
thus leading to further aggravation of traffic congestion. How-
ever, it is difficult to find out the mechanism that triggers off
these changes, which creates new requirements for highway
traffic congestion mitigation and control. With the rapid de-
velopment of smart city construction and connected vehicles,
traffic system control research has become a new hot spot.

Traffic flow models are the main tools to carry out the
theoretical research on traffic flow, and they can reveal the
essential properties of various traffic flow phenomena, repro-
duce and explain the formation process and evolution law of
complex traffic flow. The models of traffic behavior are di-
vided into two types: microscopic model and macro model.
The microscopic model mainly studies the state of rear vehi-
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cles following the front vehicle in a single lane in a queue. In
the process of simulating the movement of a single vehicle on
an urban road, a variety of factors have been considered such
as vehicle performance and inter-vehicle interactions,!'=3! the
influence of driver behavior and attributes,*! the influence
of pavement quality and road conditions,!®8! the influence
of the information environment and weather conditions,®-10]
etc. The models have been established, and simulations and
analyses have been carried out. Most of the studies on high-
way traffic flow focused on macro traffic flow modeling and
analysis. The traffic flow were regarded as a continuous fluid
medium and a large number of gas models and fluid dynamics
models were used!!!=13! to describe the traffic phenomenon,
and a large number of macro traffic flow models have been
proposed. This class of model mainly involved the conti-
nuity equation and the velocity—density relationship of traf-
fic flow, which can better describe the collective behavior of
traffic flow. Currently, the bifurcation phenomenon of traf-
fic flow mainly has been investigated based on the follower
model. Zhang et al. conducted a Hopf bifurcation analy-
sis based on a newly proposed follower model considering
time-lag speed difference, and examined the effect of time-lag
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speed on traffic flow through theoretical analysis and numer-
ical simulation.!"*) Ngoduy and Li investigated the bifurca-
tion phenomenon in a class of Hopf bifurcation phenomenon
in time-lagged follow-through model and constructed a gener-
alized bifurcation structure for follow-through models consid-
ering multiple time delays.!!>! In the same year, Jin and Meng
studied the dynamics of an optimal speed model with differen-
tial speed delay feedback control, selecting the time delays and
feedback gains from the corresponding stable intervals, and
the proposed control strategy can effectively suppress traffic
congestion and significantly improve the stability of the traf-
fic flow.1®! Petersik ef al. conducted a bifurcation analysis of
a variety of artificial neural network-based automobile heel-
ing models for bifurcation analysis and found that subcritical
Hopf bifurcation can make vehicle flow change stability.[!”]

However, there are few researches on analyzing the traf-
fic flow bifurcation phenomenon based on macro traffic flow
models, and some researches only partially address this aspect.
Li used the discrete form of Payne’s model to show that the
appearance of bifurcation points can lead to the transforma-
tion of the traffic flow pattern from free flow to synchronous
flow, and that chaotic phenomena can lead to the emergence
of traffic congestion.!!® Ren et al. investigated the Hopf bi-
furcation phenomenon in a heterogeneous traffic flow model
incorporating the driver’s psychological headway differences
and the self-stabilization effect on the psychological headway,
which in turn leads to the analysis of Hopf bifurcation in a
heterogeneous traffic flow model considering the variation of
the electronic throttle angle with memory, which was set as
the starting point of a heterogeneous continuous traffic flow to
analyze the heterogeneous evolution of bifurcation behavior in
traffic flow.?%?!! Lyu e al. performed an analysis of Hopf bi-
furcation based on a newly proposed macro traffic flow model,
and their study showed that the occurrence of Hopf bifurcation
has a significant influence on the stability of the traffic flow,
resulting in equal-amplitude oscillations in the density wave
of the traffic flow.[?”] The bifurcation analysis method is not
widely used in traffic flow theory, especially the use of bifur-
cation theory to analyze, predict, and control the actual traffic
phenomenon has not been well solved.

The objective of bifurcation control is to design a feed-
back controller to change the bifurcation characteristics of the
system in order to obtain the desired dynamic behavior. Typ-
ical bifurcation controls include the delaying of the inherent
bifurcation behavior of the original system, the changing of
the parameter values or design parameters corresponding to
the system at the bifurcation point to make a new bifurca-
tion, the changing of the location of the equilibrium point,
the changing of the topology of the original nonlinear sys-
tem as well as the type of bifurcation, and the changing of
the diversity and amplitude of the original limit loop. Cur-

rently, the main methods of controlling bifurcation are to con-
trol the linear feedback, nonlinear feedback, [23-251 and delayed
feedback,?%%7] approximation methods, normative type meth-
ods, and others.!?$2°1 The bifurcation control method is to ef-
fectively control the bifurcation dynamics behavior of the sys-
tem by adjusting the control parameters and feedback gain of
the controller and extending the feedback delay, exploring the
relationship between the time delay and bifurcation of the sys-
tem, introducing the delayed feedback controller into the pro-
posed system, and changing the effect of the change of the
feedback gain on the bifurcation, so as to achieve asymptoti-

30.31] many

cally stabilizing control of the unstable system.|
studies in China, it is to set a nonlinear controller to be the
system for Hopf bifurcation and stability control. The corre-
sponding relations among the bifurcation parameters, stabil-
ity parameters and control parameters are obtained through
analyses, and then the control parameters of the controller
are adjusted to achieve the behaviors such as Hopf bifurca-
tion delay and bifurcation solution stability range change of
the system.3?! Bifurcation analysis, as an emerging nonlinear
analysis method, can finely dissect the subtle dynamics that
can occur in a nonlinear system with the change of its parame-
ters, which is potentially advantageous for controlling the be-
havior of stability mutations in transportation systems.
However, there is less literature on the use of bifurcation
analysis methods for studying the traffic control. In the re-
search on bifurcation control based on transportation systems,
Cheng et al. conducted a two-parameter bifurcation analy-
sis based on a railroad wheelset model, and it was pointed
out that the supercritical bifurcation and subcritical bifurca-
tion, which divide the bifurcation curves through generalized
Hopf points, play a key role in determining the occurrence
of wheel flange lifting and derailment of high-speed railroad
vehicles. 33 In the same year, Wang er al. investigated the bi-
furcation phenomenon in a class of non-uniform traffic flow
models containing multiple vehicles, and in order to describe
the interactions between different types of vehicles, bifurca-
tion analysis was applied to study the laws of the magnitude
of the inter-vehicle spacing in the traffic system.**! Kamath et
al. investigated the effect of delayed feedback on the dynam-
ics of a classical car following model (CCFM) and demon-
strated that the transition of the traffic flow from a locally
steady state to an unstable state occurs through Hopf bifur-
cation, which leads to limit cycles in the dynamics of the sys-
tem, providing phenomenological insights into the effect of
delayed feedback control on the emergence and evolution of
traffic congestion. >3] Newell carried out a bifurcation analy-
sis based on a microscopic traffic flow model and obtained the
existence condition of Hopf bifurcation for their model. ¢!
In the same year, Ren ef al. proposed an OVM-based traffic
flow model, based on which bifurcation analysis was carried
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out, and based on which a feedback control study was carried
out by considering the driver’s expectation and response de-
lay, and it was shown that the Hopf bifurcation phenomenon
caused by small disturbances can be suppressed by a feedback

r.1371 The innovation of this work lies in the design of

controlle
a nonlinear stochastic feedback controller to study the bifur-
cation phenomenon and control process in a nonlinear trans-
portation system, in order to delay or eliminate the occurrence
of bifurcation and change the behavior of bifurcation types; by
controlling the amplitude of the limit ring, etc., the stability of
the transportation system can be improved, providing a theo-
retical basis for preventing and alleviating traffic congestion.
For the control of nonlinear stochastic dynamical system, it is
mainly realized by studying the change of bifurcation points
in the system model and the change of system stability after
adding a nonlinear feedback controller. That is, the stochas-
tic problem of the system is transformed into a bifurcation-
controlling problem for its equivalent deterministic system by
means of Chebyshev polynomial approximation, so as to de-
sign the feedback controller to realize the delay and change
of the Hopf bifurcation of the system. The delay and disap-
pearance of the bifurcation points are achieved by adjusting
the values of the control parameters of the controlled system
model to achieve the effect of controlling the transportation
system.

The rest of this paper is arranged as follows. In Section 2,
we introduce the background of the problem and propose our
new model based on the traditional full velocity difference
model. In Section 3, the linear stability condition of the model
is derived. In Section 4, the model is analyzed nonlinearly
to obtain a linear system with stochastic control model. In
Section 5, the existence conditions of Hopf bifurcation and
saddle-node bifurcation of the model and the setup procedure
of feedback controller for Hopf bifurcation are derived. In
the experimental part of Section 6, the phase, density spatio-
temporal and bifurcation diagrams for different traveling wave
speeds and feedback controllers are plotted by characterizing
the critical points of the bifurcation points, which provide a
strong support and validation for the theoretical part of this
paper. Finally, Section 7 is devoted to the summation of this
study, points out the shortcomings of the work, and looks for-
ward to the next step.

2. Improved full-speed differential model in con-
nected vehicle environment

In order to describe the dynamic behavior of high-density
vehicles on a single lane, Newell established one of the most
famous traffic models, which is called optimal velocity model
(OVM).3¢1 The OVM can successfully describe some real
traffic phenomena, such as stop and go, traffic jam, and so
on. However, compared with the actual data, the acceleration

of OVM is too large and its deceleration is unrealistic. There-
fore, Ren et al. proposed the full velocity difference model
(FVD),7! which replaced the density gradient term with ve-
locity gradient. The FVD model is described as follows:

dv, (1)
dt

= alV(Axy (1)) — va(t)] + AAv, (1), (1)

where a and A are two reaction coefficients, v,(¢) represents
the speed of vehicle n at time ¢, and V(Ax,(¢)) denotes the
optimal speed function.

In the actual traffic it is often observed that the distance
between the vehicle and the vehicle in front is much greater
than the safety distance, but the driver still maintains a similar
speed to the surrounding vehicles and does not accelerate to
shorten the distance from the vehicle in front. This will result
in most sections of urban roads being idle, which is uncon-
ducive to smooth traffic. In order to verify this phenomenon,
we take the traffic video data collected from the 7.6-meter-high
overpass of Lanzhou Beibinhe Road at 7:15 a.m. in the morn-
ing rush hour as an example. The spacing between vehicles is
calculated by measuring the spacing between the white mark-
ing lines of the actual road lanes. Urban expressways usually
have dense, uniform steady-state traffic flow characteristics.
This traffic flow has certain fluid properties such as mobility,
fluctuation, surge, compression, and diffusion, which makes
the macro traffic flow model a suitable descriptive tool.[*3! To
verify the traffic flow characteristics of the morning peak, we
plot an actual driving road map, inter-vehicle distance versus
time graph, and speed versus time graph are obtained as shown
in Fig. 1.

From Fig. 1(a), we can see that for cars labeled 1, 2, 3, 4,
5, and 6 in the video, the spacing between car 1 and car 2 is
7 m, the spacing between car 2 and car 3 is 6.5 m, the spac-
ing between car 5 and car 6 is 8 m, but the spacing between
car 4 and car 5 is 20 m, which is a great waste of road, and
is unconducive to improving traffic flow. From Fig. 1(b), we
can see that the spacing between car 1 and car 5 in the video
is between 7 m and 8.5 m, which greatly increases the road
utilization rate and helps to reduce traffic congestion. From
Fig. 1(c), we can see that the inter-vehicle distances between
car 2, car 3, and car 4 do not fluctuate much over time, and
each vehicle floats above and below its respective baseline. In
this traffic flow state, the relative position between vehicles
changes less, and the distance between vehicles remains rela-
tively stable. And the speed over time fluctuation graph is also
consistent with this situation, when the driver travelling speed
is relatively consistent, the inter-vehicle distance will remain
relatively stable. This state is in line with the traffic flow char-
acteristics of dense and uniform steady state, therefore, this
video can be used to carry out bifurcation analysis and other
researches on the macro traffic flow model.
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(c) Trend of workshop distance over
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Fig. 1. (a)—(b) Traffic flow, (c) inter-vehicle distance versus time, and (d) speed versus time.

For a real transportation system, vehicles traveling on the
road are easily affected by various random interference fac-
tors. Especially with the development of intelligent transporta-
tion, the drawbacks of the FVD model are becoming more and
more prominent, and it is unable to accurately describe the
real traffic situation in the car network environment. There-
fore, this paper focuses on analyzing the characteristics of
real-time detection of road conditions and timely detection of
driver fatigue in vehicle networking environment, and consid-
ers the influence of vehicle—vehicle communication to con-
struct a macro traffic flow model more suitable for vehicle net-
working environment.

Based on the consideration of vehicle—vehicle communi-
cation, it is found that the existing literature has less considera-
tion of the influence on traffic flow in the context of connected
vehicles. In the context of connected vehicles, real-time com-
munication between vehicles can be achieved through the net-
work as shown in Fig. 2. By determining the distance between
the vehicle and the vehicle in front, it is recommended that the
driver should accelerate or decelerate to maintain an appropri-
ate distance from the vehicle in front. This is beneficial for
improving road utilization and reducing traffic congestion.

By collecting and analyzing communication data between
vehicles, researchers can more accurately understand the dy-
namics of traffic flows. With the support of vehicle-to-vehicle
communication, the bifurcation analysis can more accurately
predict the bifurcation points of the traffic flow, understand the
congestion points, and bottleneck areas of the traffic flow, and
then optimize the traffic organization. The bifurcation analysis
of macro traffic flow model can be combined with intelligent
traffic control system to achieve real-time traffic control. For
example, by the real-time monitoring of the traffic flow sta-
tus, the timing of traffic signals can be adjusted to optimize
the organization and scheduling of the traffic flow, reducing
the likelihood of traffic congestion and accidents. Bifurcation

analysis through the macro traffic flow model can also be used
to assess the effectiveness of traffic policies. For example, af-
ter the implementation of a new traffic policy, bifurcation anal-
ysis can be used to simulate the changes in traffic flow, in order
to evaluate the effectiveness and feasibility of the policy.

I ‘oy’.: Vehicle—vehicle communication

a 7 B
A N\
/ b \ ‘ \
\\ \\ \\
A NS N
~ D B =
OO0 T W O W’ TN

L L n -
PR —— FERA —— FEEA

Fig. 2. Schematic diagram of vehicle-to-vehicle communication network.

In order to better describe the changing state of traffic
flow in the environment of connected vehicles, we discuss the
classification of the distance between front vehicle and rear
vehicle based on the recognition range of the adaptive cruise
control system, making the new model closer to the real traffic
flow state of connected vehicles.

(i) The current rear inter-vehicle distance is greater than
the range recognized by the adaptive cruise system. &, is in-
troduced to represent the disturbance of the adaptive cruise
system, 8] and it is expressed as

0, A > xp,
= A
S tanh (— — 8) Avy(t), A <xp, @)

X0
where A represents the distance between vehicles, xp the dis-
tance recognized by the adaptive cruise system, and € the dis-
tance ratio correction parameter. When the current rear vehi-
cles are far away, the inter-vehicle distance A is greater than
the recognition range xo of the adaptive cruise system, that is,
A > xp. At this time, the adaptive cruise system cannot recog-
nize the front and rear vehicles, and the vehicle running state is
not disturbed by the adaptive cruise system. Disturbance term
£,(t) = 0, the new model is the same as FVD model. The new
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model is as follows:
dv,(t)
dr

= alV(Axy (1)) — va(t)] + AAvy(t). 3)

(i1) The current rear inter-vehicle distance is within the
range recognized by the adaptive cruise system.

Let 6,(¢) represent the influence state of the acceleration
and deceleration of the front vehicle on the rear vehicle under
the influence of the internet of vehicles, and a,; denote the
acceleration of the vehicle in front. The expression of 6,(¢) is
as follows:

_ 713 Ap+1 < Oa
en(t) - { 17 i1 > 0 (4)

When the distance between the front and rear vehicles is
within the recognizable range, the inter-vehicle distance A is
within the recognizable range xy of the adaptive cruise sys-
tem. At this time, the adaptive cruise system can recognize
the front and rear vehicles. At this time A < xg, the distur-
bance item &, = tanh(A /xp — 0.8)Av,(¢), and the vehicle run-
ning state will be disturbed by the adaptive cruise system. That
is, when the front vehicle decelerates, the following vehicle
will also decelerate, and when the front vehicle accelerates,
the following vehicle will also accelerate. The new model is
as follows:

dv, (1)

dr

(iii) Only for one-way lanes and no overtaking.

= a[V(Axy (1)) = va ()] + AAvy (1) + 6a(1)Ga (7). (5)

The model will be aimed at one-way lanes without over-
taking, where one-way lanes refer to two lanes that allow only
one direction of travel. Because the micro car following model
simulates the motion of vehicles following each other on a
one-way lane without overtaking.

Based on the above three assumptions, an improved full
speed difference model is proposed based on FVD model. The
model is described as follows:

dv, (1)

S = afV (A1) = (1)) + 280 (0) + 0, (1) (1), 6)

where a and A are two reaction coefficients, v,(f) represents
the speed of vehicle n at time 7, and V(Ax,(¢)) denotes the
optimal speed function.

In Eq. (6), 6,(¢) represents the influential state of the ac-
celeration and deceleration of the front vehicle on the rear ve-
hicle under the influence of the internet of vehicles. The ex-
pression of 6,(z) is as follows:

_ _17 ap+1 S 07
en(t) - { 1’ Qpa1 > 0. (7)

In Eq. (6), &, is introduced to represent the disturbance of the
adaptive cruise system, and the expression of &, is as follows:
0, A > xp,
= A
Sn tanh ( — 8) Av, (1), A < xo, ®

X0

where A represents the distance between vehicles and x( de-
notes the distance recognized by the adaptive cruise system.

The above micro variables are converted into macro vari-
ables and micro equations into continuous models as indicated
below:

va(t) = v(x,1), V1 (t) = var1 (x+ A1),
V(A (1)) = Ve(p), V(Axa(t)) = V'(h), (9

where v(x,7) and p(x,t) represent the macro velocity and
macro density, where 4 = 1/p and V.(p) denote the equi-
librium velocity, V/(h) = —p2V!(p) and A = 1/7 ignore the
higher-order terms, and expand Av,(¢) into a Taylor series:
Av,(t) =v(x+A,1) —v(x,1) = veA 4+ (1/2)v, A%, Bring it into
the micro model yields

ap 9P _ g
ot dx (10)
v v Ve(p)—v

E+(V_AA_MA)8;¢ T

where M = tanh(f—0 —€).
The core parameters of the model and their denotation are

1
+ E(A +M)A%vy,,

summarized in Table 1.

Table 1. Core parameters of the model.

Parameter Symbol
Driver’s sensitivity a
Weight coefficient A
Acceleration of the vehicle in front Ant1
Radiation effect of the preceding vehicle on the present 6,(1)
vehicle

Workshop distance A
Recognizable range of the adaptive cruise system X0
Interference items from the preceding vehicle to the cur- &,
rent vehicle

3. Linear analysis

Based on the full speed difference model, this section pro-
poses a model considering the influence of vehicle networking
environment. The model is described as follows:

9 9P _ g
Vo veaa—mayy Yelp) =z 1 2
T +(v—24A MA)ax =—7—+ 2(1 +M)A%vy,.

Firstly, the linear stability analysis method is used to
study the stability conditions of the model shock wave.

It is assumed that the initial traffic flow is a stable traffic
flow with small disturbance. As done in Ref. [38], the traffic
flow is decomposed into

p(x,t) = po + Zk Prexp(ikx + opt),

v(x,1) =vo+ Y, Prexp(ikx+ oyr), (12)
where (p(x),v(x)) is stable shock wave solution of model (11).
Equation (12) is replaced with Eq. (11) and the resulting equa-

tion is linearized, the higher-order terms of disturbance p; and
vy, are ignored, and the following equation is obtained:
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(ox + ikvo) P + ikpodr = 0,

1A 1 1 13

@ﬁk_ 2(2.+M)A2k2+(7k+T+(V0—)~A—MA)ik:|\7k=0. (13)
Equation (13) is rewritten in the matrix form as follows:

oy + ikvg ikpo i
VIp 1 1 ) { N ] =0. (14)
% 5(/1 + M)A + o+ T +(vo—AA —MA)ik | [ Vk
\

The equation has a nontrivial solution only when the de- Im(6;) = —k [vo + pOV/(po)] +0 (k3) . (22)

terminant of its coefficient matrix is zero, so the following
quadratic equation is obtained:
ikpoV!
(Gk+ikvo)2+ PO;(PO)
1

1
+FF 5(/1 +M)A%K? — (A +M)Aik| (ikvg+ o;) = 0.

15)

Consider the long wave expansion, let ik =~ 0, o =
o1(ik) + 0y (ik)? + - - -, substitute it into Eq. (15), and separate
the real part and imaginary part. Thus, the following equation
is obtained:

(; + va> (01 +7) — (A+M)p,+

pve(p) _
7 =0 (16)

(o1 +7)* + (; +2vx) 0y — (01 + V) (A +M)

1
+(u0+2<a +M))\7x:O, a7)
evidently
L TO4M)T—pV(p)
o] = —V+ 15275, R (18)
T M- pV(p))?
2 = — =
(142Tv,)3
T(+M)7,—pV.(p)
+T(A+M) 14275,
1
T.(to + 5 (-+ M)
+ 1277, (19

The stability condition of model (11) depends on the real part
of 0. In fact, when o, > 0, model (12) is stable. It can be
seen from Eq. (19) that the viscosity coefficient u gradually
increases and its stability will gradually lose in the stable state.

In fact, the stability condition of uniform traffic flow
(po,vo) can also be considered. Through the above discus-
sion, the following conclusions are drawn: for uniform traffic
flow (po,vo), there are

61 = —[vo+ oV (po)]. (20)
1
02 = = poVe(Po) (A +M) +poVe(po)l (2D

When 6, > 0, the uniform traffic flow (pg,vp) is stable,
that is, the linear stability condition of model (11) is

(A +M)+poV:(po) >0,

The propagation speed of small disturbances can be derived
from Eq. (22) and expressed as vo + poV'(po)-

4. Nonlinear analysis

The type of equilibrium point and its stability of the sys-
tem can reflect the situation of traffic flow. By using the trav-
eling wave substitution of the system, the equilibrium point is
studied, the phase plane near the equilibrium point is drawn,
and the equilibrium point is compared to better reflect the sta-
bility changes near different equilibrium points. According to
a new traffic flow model based on a high-order continuum, the
model is composed of the following two equations: a local

conservation equation of vehicle number ‘3—‘; + ‘)(a‘; ") — 0 and
an equation of motion:

v v
_ Velp)—v 1 2
= S S+ M)A v (23)

The model uses periodic boundary conditions. In fact, the
traffic phenomenon generated by bifurcation points is more
obvious in the open loop section than in the closed loop sec-
tion. Therefore, this paper is on the assumption that the main
section is under an open boundary condition, that is,

{ p(l,t) =p(2,t)---p(L,t) =p(L—1,1),

V(1,1) = v(2,8) - (Lo) = v(L— 1,1). @24

Suppose that the model has traveling wave solutions p(z) and
v(z), where z = x — ¢t is the traveling wave velocity ¢ < 0.
By using the above results and substituting them into equation
dp/dt+9d(pv)/dx =0 and Eq. (24), the following results can
be obtained: —cp, +¢q, =0, and
—cg—‘; +(v—214A —MA)g—:
%v
R

= S (e(p) =)+ 5 (A +M)A2

T (25)

From formula —cp, + ¢g; = 0, it can be inferred that ¢, = cp;.
To obtain the derivative of z at both ends of the equation pv =
q, at the same time there should be ¢, = pv, + vp,. From for-
mula g, = ¢p; and formula g, = pv, +vp,, then v, = cp./p —
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gp./p? and v, = [(cp —q)/p?|p=. Meanwhile, integrating
equation with respect to z yields —cp + g = const = g,.. At the
same time ¢ = ¢, + cp. Then, bring v, = cp,/p — qp,/p> and
v, = [(cp — q)/p?]p.; into Eq. (25) and rewrite the resulting
equation, then the following equation is obtained:

2 g+«
Pzz‘f'm (P —AA _MA) Pz

2p(ve(p)p —cp —g+)
T(A. +M)AZCI*

—0. (26)

The second-order ordinary differential equation can be ob-
tained by the simplification p,; — G(p,¢.)p. — F(p,c,q.) =0,
in which

2 (&g
=% -

Let y = dp/dz, then equation (25) can be transformed into a
system of first-order ordinary differential equations as follows:

dp

- =)

d

o (29)

Then, for the type of equilibrium point and its stability, it
is mainly determined by a system of equations composed of
Eq. (29). Let the terms on the right-hand side of Eq. (25) be 0,
then y = 0 and F = 0, from which the coordinates of equilib-
rium point (a,b) can be obtained. Therefore, the linear repre-
sentation of the system can be obtained by Taylor expansion of
Eq. (29) according to the coordinates of the equilibrium point:

p =y
(30)
{ Y = G(pi,q:)y +F'(pi,c,q:) (p — pi)-

Thus, the Jacobian matrix of the system at the equilibrium
01
F G
tionis 12— G;A — F! =0, where G;(pi, c,q+) = G(p,c,q.) and
F =F(p,c,q.), and specifically

_2<(5)*—AA—MA>, 31

[c—piV/(pi) = Ve(pi)]-  (32)

pointis L = [ } . The corresponding characteristic equa-

T T(A+M)A2g,

Since at the equilibrium point (p;,0), F = 0, then g, + cp; —
piVe(pi) =0, thus F/ can be written as

Fl— —2(q- "’pizVeI(Pi))
: T(A+M)A%q,

According to the qualitative theory of differential equations,
the equilibrium point type of linear system (30) can be deter-
mined as follows: (i) when F/ > 0, the equilibrium point is

a saddle point; (ii) when Gl2 +4F/ > 0 and F/ <0, the equi-
librium point is a node; (iii) when G? +4F/ < 0 and G; # 0,
the equilibrium point is a focus; (iv) when Fi’ < 0and G; =0,
the equilibrium point is the center. When z — =00, the stabil-
ity of the linear system at the saddle point is unstable; when
G; <0 (or G; > 0), the stability at the node and focal point, for
7z — +oo (or z — —o0) is stable.

From the Hartman—Gorban linearization theorem, the
nonlinear system (29) and the linear system (39) have the same
equilibrium point. For the equilibrium point that is not the
center, the stability at the equilibrium point is the same for the
nonlinear system (29) and the linear system (39). Given any
set of traveling wave velocity ¢ and traveling wave parameter
g« the equilibrium points py, pa, p3 of the linear system (29)
can be solved. Select the equilibrium velocity function pro-
posed in Ref. [39]:

-1
Ve[p] = vf{ [1 +exp (‘Wjﬂ _372% 106},
(33)

where v represents the free flow velocity, and py, denotes the
maximum or congestion density.

The parameters in the model in this section are obtained
by referring to relevant literature in the same field, and their
values are as follows: 404! free flow velocity v¢ = 30 m/s,
congestion density p, = 0.2 veh/m, driver’s reaction time
T = 10 s, disturbance propagation speed co = 11 m/s, and vis-
cosity coefficient yg = 550. When p is equal to O, this is a
trivial equilibrium point and has no practical meaning, so only
other equilibrium points need discussing. From the above dis-
cussion and Egs. (29) and (30), the type and stability of the
equilibrium point can be judged as shown in Table 1, where
the equilibrium point is represented by p; (i = 1,2,3).

Table 1. Equilibrium point type and its stability when model parameters are
given, where A; = G? +4F/,i=1,2,3.

c(ms™1), g, (vehs™!) py (vehm™!)  p, (vehm™!)  p3(vehm )
(¢,q+) = (—1.371,0.2) 0.0065 0.0938 0.1447
F/ >0, A; <0, F/ >0,
saddle point G; <0, saddle point
unstable for spiral point stable for
7 — too unstable for 7 — oo
Z— +oo
stable for
7— —o0
(c,q+) = (—1.38,0.64) 0.0223 0.0594
F >0, A <0,
saddle point G; <0,
stable for spiral point
7 — oo unstable for
Z— oo
stable for
7— —o0

Two groups of parameters in Table 2 are selected to simu-

late the stability of the nonlinear system (29) at the equilibrium
point. The phase plane near the equilibrium point is shown
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in Figs. 1 and 2, where the equilibrium point is (p;,0), with
i=1,2,3 and p; < p2 < p3. It can be seen from the figures
that the type of equilibrium point and the stability change near
the equilibrium point of the system are consistent with the the-

(N

0.04 008 0.12 0.16 0.20

oretical analysis results.

2.

=]

1.

(=]

o

dp/dz (10-3)

—1.

o

—2.

(=]

2.0

1.0

dp/dz (1073)

—-1.0

—-2.0

\
0 0.02 0.04 0.06 0.08 0.10 0.12
p

Fig. 3. Phase planes in the vicinity of model’s equilibrium point for
(a)c=—1.371 and g+ = 0.2 and (b) ¢ = —1.38 and g, = 0.64.
Figure 3(a) corresponds to the first case in Table 1. It
can be seen from Table 1 that when z — oo, the system is
unstable at the equilibrium points (p;,0) and (p2,0), and the

0
—2p;i e
T(A+ M)AZq

L(g.) =

—piV!(pi) — Ve(pi)]

Let its eigenvalue be A, A = R(q.) £ jI(g+), then its character-
istic equation will be

(A + M)A

2 g« = .
— (Z-2A-MA B b3 by
)A2 \ p J

nearby tracks are far from this point. When z — oo, there are
several spiral trajectories close to the saddle point (p,,0) and
tend to focus (p3,0), when z — —oo, these trajectories move
away from the focus and eventually tend to infinity. The re-
sults show that the system is stable at (p3,0) when z — oo,
the system is unstable at (p3,0) when z — —oo, and the tra-
jectory can be regarded as the saddle point focus saddle point
solution of the system.

Figure 3(b) corresponds to the second case in Table 1.
Figure 3(b) also shows that the system is unstable at the equi-
librium point (p3,0). At z — oo, the spiral trajectory tends
to focus (p1,0), and the system is stable at this point, when
7 — —oo, the spiral trajectory is far from the focus (p;,0), and
the system is unstable.

5. Bifurcation analysis considering full speed
difference model

5.1. Derivation of Hopf bifurcation existence condition
considering full speed difference model

Lemma 1>l Consider the system X € R", x = f (x, 1),
and A € R, with A serving as variable parameter. If the
equilibrium point f (x,) ’(ono) = 0,x] is satisfied, then L =

D, f (xz,A) | (vo.h)» and its eigenvalue is (A1) £if (1), if
o (A) =0and B(A) = >0, c=a(d)|, #0, then the
system has a Hopf bifurcation at A = Ay.

For system (29), let ¢, be a variable parameter which has
an equilibrium point (1, 0) for any value of g, and the deriva-

tive matrix at the equilibrium point is

1
b1 by (34)

=9

\
Let the pair of eigenvalues of this equation be R(g.) £ jI(g«),

then the following results will be obtained:

_ b1+ by B 1 g«

A2 — (by +b4)A + (bybg — bybs) = 0. (35) Rla) === =G ma (p—M—MA) (36)

by +by)?

1(g:) = \/ (b1bs — byb3) — %

— Pt 1 hV/(p)) — N — 1=* _
[ ri gt Vi) ~Ve(pl - g (5 24 - m8) ) an
: |
_pl _ Thus, we have
Order R(po,q+,) = 0, then = (A+M)Apo. (40)
R(po, q*o) = ((q* /p—AA— MA)) |q*:q*0 20. (39) Also the following expression is available at the same time:
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10 = (- - EE

N .
B T(A+M)A2q,

Since F' = 0 at the equilibrium point, it follows that g, +cp; —

piVe(pi) =0, F/ can be written as

i 2q+pPVe(pi)
W= TG mazg. @

From Eq. (40) it follows that

2(q: +p7Ve(pi))

T(A+M)A%q, (“43)

I(va Q*) =
P=Po

qx ZQ*O
Since V/(p) < 0, when —p3Ve(po) > gs, > 0. At this
point, 1(po,q+«,) > O there is a Hopf bifurcation in the system
at gx = G-
5.2. Derivation of existence conditions for saddle intersec-
tion bifurcation for macro traffic flow modeling

Lemma 2/*?1 Consider the system x’ = f (x,1), ¢ € R",

[c=piV](pi) = Ve(pi)] — (W (f, —AA —MA)>2-

(41)

Then for any small € > 0, the approximate expression of the
solution curve around (xg, Ao) is
e%b

74-0( )

_ 2
x=¢e@+o(e), A= 7

(46)

For system (29), let g, be a variable parameter, then the

derivative matrix at the equilibrium point will be expressed
in Eq. (47). When g,, = —p3V/ (po), there exists ¢ = <(1)>
satisfying L¢ = 0. At this time,

_ _ 2 _ %
wLO;»w((;HM)AZ ((A+M)A Po) 1). (47)

Substituting the variables 1) and ¢ into Eqs. (44) and (45), the

following results can be obtained

A € R, A serving as a variable parameter. If (xp,A) satis- 0
fies the equilibrium point condition f(xz,A) ’(XO,M) = 0,1, a=v Tf(m 9) (¥0:4+))
then L = D, f (z, A)MO;LO is taken. And let 1) and ¢ be _ ( <7L+M) ‘10) 1)
the left unit eigenvector and the right unit eigenvector of L, Po
i.e., wL =0 and L¢ = 0, respectively, then A = Ay will be a
saddle-knotted bifurcation of the system when the following o 2P0
condition is satisfied: T(A+M)A%q,,
. P) 0 43
D) a=y- = f@24) |a #0, 44 T+ A%, o
n 0°
i) b=y} el9" S5 fi@A) (a0 9] #0- (45)  Then
|
b=y YY" e f,(a;/l)| 2) 2z (A +m)a— L0
i=1 8 2 (o, (A+M)A? Po
00 1
(10 (o 0)(5)
y 4Ve(po) +8poVe(Po) +2p5Ve (po) —4c  2g.
_ 2q+ 0 0
M+MM%§
8 Vl 2 "
_ 4Ve(po) +8poVe (po) +2p5Ve' (o) — Lo, 49)

T(A+M)A2q,,

So when g,, = —p; 2V! (po), system (29) has a saddle-junction-type bifurcation at ¢, = G-

5.3. Consider Hopf bifurcation type for full velocity difference model

For the Hopf bifurcation problem, since the n-dimensional system can be restricted to a two-dimensional central manifold

by the central manifold method, herein only the Hopf bifurcation of the two-dimensional system is considered.
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Lemma 34?1 The parameters of a two-dimensional sys-
temare assumed as follows:

' =f(z,y) z=(x,x) €R’ 7YeR (50)

The equilibrium point of the system is the origin O (0,0), and
the eigenvalues at the origin are o (y) iw(y). Also y=0,
when the partial derivative matrix of the system has pure imag-
inary eigenvalue iy , that is, & (0) = 0,0 (0) = @y > 0. By
taking the coordinate transformation, the system (50) can be
written as

{X’lza(y)xl—a)(y)x2+f1 (x1,%2,7), 1)
=0

(V) x1+ o (V) x2+ f2 (x1,%2,7),
which fi, o =0 (x} +x%).

Theorem 1 (Hopf bifurcation theorem for models) Let
the partial derivative matrix D (y) of system (50) at the origin
have eigenvalues ¢ () i (y), and satisfy a (0) =0, ® (0) =
wp > 0, and ¢ = & (0) # 0, then there will exist an analytic
function y(g) = ¥, %X such that for y = y(&) # 0. The sys-

k=2
tem (43) has a unique closed orbit in a sufficiently small neigh-
borhood of the origin Iz, whose period is

T (g) = % (1 + i rw") . (52)
k=2

When € — 0 and y(€) — 0, I converges to the origin. Let
Y1 be the coefficient of the first term in the analytic function

unstable limit ring when 7 and ¢ have the same sign, and I
will be an unstable limit ring when 7;; and ¢ have different
signs.

The proof of Theorem 1 and the formula 7, 7 for the co-
efficients can be found in Ref. [42], especially when k = 2:

p=—a/c,tr=—(b+1p0 (0) /oy, (53)
in which

a= (1/16) [flxxx"’flxyy +f2xxy +f2yyy]
+ (1/16@0) [flx)' (f~1xx+flyy) _f~2xy (f~2xx+f2yy)
_flxxf2xx "Fflynyyy}a (54)

where fiic and fo., are the partial derivatives at (0, 0, 0),
a is an important parameter to judge the stability of the limit
ring. Assuming that the conditions of Theorem 1 hold, the
following stability conclusion is drawn according to the Hopf
bifurcation:

(i) If a < 0(> 0), then the limit ring I3 is stable (unsta-
ble);

(ii) If a and ¢ have different signs (same sign), then the
Hopf bifurcation is supercritical (subcritical);

(iii) If @ = 0, then the Hopf bifurcation is degenerate.

For system (29), let g, be a variable parameter which
has an equilibrium point (pg,0) for any value of ¢., and let
P = p — po, translate the coordinates and move the equilibrium
point to the origin, at which point the system can be expressed

y(€) = X7, 1e" that is not equal to zero, then I will be an  as follows:
|
P =y,
2 g 2(p + po) i i X (55)
/_ . __2ptpo) B
YT M)Al (,5 +Po (* *M)A>y T(A L M)AZq. (g +¢(P + po) = (P + po)Ve(P + po)]-

By performing a Taylor expansion at the equilibrium point (p,y) = (0,0), the system can be linearized as & = L (q.) & + f,
where f is a smooth vector function whose components f; , are the Taylor expansions of the least quadratic terms about &, which
can be expressed as follows:

0
f= N N N N N N . (56)
ki1 p? +kaoy? +kiapy+kinp> + kaaoy + kiap?y +kiapy? + 0 (p,y)*
The Jacobi matrix L (g.) can be expressed as

0 1

2P oy v 2 (e .
T(7L+M)Azq*[c piV, (pi) — Ve(pi)] (p LA MA)

Lg.)= =(pr). e

Its eigenvalues are the roots of the following characteris-  —b(g.) =detL(g.),

maa) =3 (001 @)-4a(0). )

From the Hopf bifurcation condition we have

tic equation:
A2 —0oA+A=0, (58)

of which, 0 = 6(gx) =d(q:) =trL(qs), A = A(qs) =
070503-10
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6(0)=0, A(0)=wi>0. (60)

For smaller variables, |g.| can be introduced in the form of

@(g.) = 300, 0(g.)=1\/44(5.) ~ 2 (4.). ©1)

This leads to the following eigenvalue expressions:

M(g)=2(q.), X(q:)=2L(qs), (62)
in which
Ags) =0a(g.)+iw(gs),
a(0)=0, ®(0)=aw>0. (63)

Let o + i@ip, be the eigenvector L (g.) corresponding to the
eigenvalue A (g, ), with
L(wre+iwim):iw0(wre+iwim)- (64)

Considering that the real part and the imaginary part on both
sides of the above equation are equal, thus

Lo, =
{ i = @) e, 65)
Loxe = — 0y Oy
Equation (65) is rectified as follows:
L{0n®x] = [Omor] | © (66)
m € m € a)D O .

Equation (55) has the same form as Eq. (45), so that the
value of a in Eq. (29) can be calculated according to Eq. (55)
as follows:

a = (1/16) [ﬁ)"ly"liz +f2y~2)72)"2]

+ (1/16a0) [~ fosrs (P + Pomoma) | (73)
further, the value of ¢ can be calculated as follows:
c=0d(0)= ! >0 (74)
210Po

Thus, for equation system (29), the Hopf bifurcation is super-
critical when a < 0 and subcritical when a > 0.

5.4. Hopf bifurcation feedback controller design for macro
traffic flow modeling

In this subsection, the analysis of the improved macro
traffic flow system model begins with the bifurcation control,
i.e., the feedback controller that modifies the bifurcation char-
acteristics of the system, such as bifurcation going forward,

o 0 —a)o} N 0
Yy = Y+ N 5 5 B B 5 .
[0’0 0 k11p? +kooy? +kiopy +ki11p° + kaxoy? +k112P2y+k122py2+0(p,y)4

From this
(@i Ore] ' L [0 0] = { 620 7 ] : (67)
ordering
= [omor] ' 2, (68)
yields the following expression:
§ = [omor] ' & (69)

Substituting the equation ' = L (g.)& + f into Eq. (69) ob-
tains

¥ = [0 O] L[ Ore] G+ [0 ] F

0 — - _
= {(Do g’o}yﬂaxmwre] 'f. (70)
In addition, the eigenvectors of L (g.) can be calculated as
follows:
R S
Wpe + 10 = [1} +i —b(gx) (71)
0

Substituting Eq. (56) and the values of @, and @ into
Eq. (59) yields

(72)

backward or disappearing at the equilibrium point in the con-
trol system. Hopf bifurcation control mainly includes shifting
the original bifurcation points of the system and controlling
the magnitude of the limit loop amplitude. Thus, the effect of
preventing or relieving traffic congestion is achieved.

By designing the feedback controller, the occurrence of
Hopf bifurcation can be delayed and the limit loop ampli-
tude can be controlled. That is to say, completely eliminat-
ing Hopf bifurcation without changing the system equilibrium
point can be achieved by controlling the limit loop amplitude.
Firstly, the Hopf bifurcation point is controlled, i.e., the bifur-
cation appearing at the equilibrium point in the control sys-
tem is advanced or delayed. From the Hopf bifurcation ex-
istence condition in Subsection 3.2.2, it is known that point
g« = 0.2 is an equilibrium point of the system when parameter
is (0.056904, 0), and the system will have Hopf bifurcation
behavior at that point. In this subsection, the feedback con-
troller is designed to delay or advance the Hopf bifurcation

appearing at this equilibrium point.
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For ease of derivation, equation (29) for the nonlinear sys-
tem of traffic flow is reduced to the following form:

dy 2 14 44

& T (ArM)A? {p ra M“}y
20elp) =) 5 ,
T(h+M)a2g.” ~ i+ myaz?

By replacing the density variable p; in Eq. (75) with x, the

(75)

system can be simplified into

d
s = Ay+Bx*+Cx.
dz

Combined with the form of the variables in the system
model (76), the feedbacks can be set to be

(76)

C(x,y) = kix+koy + kax*. (77)

The controlled system after adding the feedback controller

equation (i.e. Eq. (77)) becomes

x=y, (78)
y=(ka+A)y+ (B+k3) x>+ (ki +C)x+D.

Let o =k +A and B = k; + C, the stochastic system (78) is
expanded by the orthogonal approximation as

X0 = Yo,

29)
Yo = otyo + > [x1] 4+ (b+k3) Xo + Bxo

Ad
+ 5 [So] +A (k4 + ,u”) So+D,
o (79)
X4 = ya,

ré
V4 = ayat - [xa] + (b +k3) Xa + Py

A
+ > [S4] +A (ks + ") S4+ D.

This yields a deterministic system equivalent to sys-
tem (75). From the Hopf bifurcation analysis theory of equiv-
alent systems in Subsection 5.3, it follows that system (79)

0

L(q.) = [c—piV! (pi) — Ve(pi)]

—2p;
T(A+M)AZq,

Let its eigenvalue be A, A = R(q.) £ jI(g+), then its character-
istic equation will be

A% — (b1 +b4)A + (b1by — bab3) = 0. (82)
|

A 44
(M)A (p A4 MA)

undergoes Hopf bifurcation at (0.056904,0), corresponding to
the controlled system (78) satisfying the following conditions:

—\/38 V38
k1+r+ﬂc:Tf, .uc:<_k1_2—”),
a> Oa = —a < kz7 (80)
k1 +2kz < 1, ki 42k < 1.

Then, by controlling the values of parameters k1, k>, and k3 in
the nonlinear feedback controller C (x,y) = kyx + koy + k3x?,
the Hopf bifurcation phenomenon of the stochastic system can

be advanced or retarded.

5.5. Derivation of existence conditions for Bogdanov—
Takens (BT) bifurcation of system

Consider the system X € R", % = f(x,A), and
A € R, A as variable parameters. If the equilibrium
point  f (x,1) |(x()7lo) = 0,x; is satisfied, denote L =
Dyf (x,A) ’(XOJ%)’ and its eigenvalue is a(A) £ i (1), if
o (Ay) =0 and B (A) = ® # 0, then the system has a BT bi-
furcation at A = Ay.

According to the bifurcation theory of deterministic non-
linear dynamical systems: the sufficient and necessary condi-
tions for the existence of BT branches of the system are as
follows.

(i) There exists a pair of conjugate eigenvalues o (1) &
iB (1) in the Jacobian matrix.

(i1) The Jacobian matrix must have at least one zero
real eigenvalue and a pair of purely imaginary eigenvalues,
o(A)=0and B () =w#0.

(iii) The other eigenvalues of the Jacobian matrix have
negative real parts.

For system (29), let ¢, be a variable parameter which has
an equilibrium point (1, 0) for any value of ¢., and the deriva-

tive matrix at the equilibrium point is

2 by by
- b3 b4 ’

P=Po
a+=q*o
Let the pair of eigenvalues of this equation be R(g.) £ jI(g«),

1

2 1)

then the following results can be obtained:

b1+b4_ 1

Ra)=—=—=g7m

7y (‘;* 24 —MA), (83)

2 _ .
Iq.) = ¢ R \/_wmz;)m

[c—piV!(pi) —Ve(pi)] — (W (li; —AA —MA)>27 (84)
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1
o~ T IR £0. (85)

Ordering R(po, q+,) = 0 yields
£0. (86)

Ripng) = (% -2a-ma))
qx=qx

=R'(q:)

Thus

= (A+M)Apy. (87)

Also the following equation is available at the same time

—2pi

I(gs) = \/(b1b4—b2b3)_ (b —Zb4)2 _ \/_

From F = 0 at the equilibrium point, it follows that g, +cp; —

piVe(pi) =0, and F/ can be written as

2(g«+piVe(pi)
Fl =22 B
P T T+ M)A, (89)
From Egs. (87) and (88) it follows that
2(g«+pVe(pi))
1(po,q+) =\| = Az (90)
T(A+M)A%q, p=po
qx=qx
Because of V/(p) < 0, when g., = copo, & (po,4x,) =0,

and when —p3V{ (o) # Gs,» B (Po,g+,) # 0. At this point,
I(po,q+,) > 0 and there is a BT bifurcation in the system at

G+ = Ggxg-

5.6. Derivation of joint KdV-mKdV equation for model

In this subsection, the nonlinear properties of the traf-
fic flow are analyzed by using an approximate uptake method
that considers coarse-grained long-wave modes. We focus on
studying the system behavior under the nearly neutral stability

condition of the system. We introduce a slow scale for the spa-
X=¢€e(x—bt)

tial variableX and the temporal variable T : { T — 63

Traffic flow density and speed are set to be

{ppo+62ﬁ<x,f>,

91
u=ug+ea(X,T). O

Substituting Eq. (91) into Eq. (11), performing a Taylor ex-
pansion and retaining up to the fifth order of €, we derive the
following nonlinear partial differential equation:

£%a (4—puy)
+&* [(uo + (1 — p) poul, — AA — b) Ixii + (1 — p) uouldxp|
1
4 ﬁﬁ—ﬁz 76”52“//
2
1 A2,
[~ (A~ apBp™ul(p))) 5 0%
&3 [Orit+ (a+ (1 — p)(popul + pul))dxii
+ (1 = p) (uopug + dug)dxp] = 0. (92)
According to the second-order term of € in Eq. (92), we ob-
tain 4 = pdg, ;) + O (82). On the basis of the third-order term

T(A+M)A%q, e = piV(pi) = Ve(pi)] = (

1 X 2
m(% —2A —MA)) . (88)

\
of € in Eq. (92), we consider p()ﬁgn([) +ug— b =0. With
Eq. (92) and & = pig, ;) + O (82), the third-order term of €
in polig, (1) +uo — b = 0 can be rewritten as

u, (uo +apoul,+ AAug — AA —up — pou/e) oxp
= 0e%xp. (93)

Therefore, equation (92) can be rewritten as

%a (4— pul,)

+&3 [(uo +(1—p)poul —AA — b) dxi+ (1—p) uou’CBXﬁ]
1
+&* | pit— pul, — Eaﬁzug

2
3 = (A —appep®u (p))] 5 R

2
+&°[drti+ (i+a (popul + pul)) oxit
+ (1= p) (uopug + tiu) dxp + 69xp| = 0. 94)
From the fourth-order term of € in Eq. (94), we obtain
A A 1 A2
pit = uyp 24+ WeP
1 2 A2
+5 [A = (A —apBrp’uc (p))] - okt (99)

Inserting Eq. (95) into the fifth-order term of € in Eq. (11)
yields

orp — f103P — frPxp

+e [ 208D + f10¢p + f50%
Az 2

fr==TF == p)Ve(p)ul?

f2 = — (Zu/e—&—aug) R f3 =0, f4 =0,

1

fs=—5 [u2 — (1 p) (poupu +2u? +uoull)] . (96)

Therefore, the amplitude of the isolated wave solution is

P =0,

orp — f103P — frPoxp
€ [—f30xP + fa05P + f50%P
__2lANS
24fifs—5hfs
In order to derive the joint KdV-mKdV equation, the follow-

2] — 07
o7

ing setting is used:

Al "
o = 2u, +au,,
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B = (uZ — (1—p) (pousul +2uf +uoull)),
1 A?

y=—3 - (A -apBroiu(p)] 5 )

Then the joint KdAV-mKdV equation is expressed as drp +
(a+BpP)poxp + ydii = 0. One solution to the above joint
KdV-mKdV equation is

B 2 4
p(x,1) = 27(; {1 +tanh { ZZM <x 142‘[327/:)] . (99)

6. Numerical simulations

6.1. Macro traffic flow model bifurcation simulation

First, the initial value of the parameter g, is selected to
be 0.2, and the actual calculation direction of g. is about
—30 — 30. In the bifurcation diagram, there are three bifur-
cation points in the figure, namely one Hopf (H) bifurcation
points and two limit points (LPs). Figure 4 shows a bifurca-
tion diagram with the appropriate parameters for g..

0.4
(a)

0.3

* 0.2
>l LP (LP bifurcation)
0.1 3(4H (Hopf bifurcation)
%LP (LP bifurcation)

0

30 —-20 —-10 O 10 20 30
q*

0.4
(b)

0.3
2 0.2

LP (LP bifurcation point)

7 u (Hopf bifurcation point)
0.1 W LP (LP bifurcation

*point)

0
0 0.2 0.4 0.6 0.8 1.0

9

Fig. 4. Bifurcation diagram of p — g, for (a) a wide range of parameter
g+ and (b) a suitable range of the parameter g,.

If the limit point (LP) is selected as the starting point of
the bifurcation calculation, the bifurcation calculation starting
from this limit point will have a bifurcation type with a codi-
mension of 2. At the same time, the activation parameters g.
and c are free parameters, and it can be found that the codi-
mension is 2 bifurcations, such as Bogdanov-Takens (BT) bi-
furcation, cusp (CP) bifurcation, etc. The corresponding bifur-
cation diagrams are shown in Fig. 5.

When the parameter ¢ = —9.3370322, and g¢. =
0.92428529, the BT bifurcation is obtained, and the state
variable of the BT bifurcation point is (0.091434, 0.000000).

When the parameter ¢ = —22.588037, g, = 1.900569, the CP
bifurcation is obtained, and the state variable of the CP bifur-
cation point is (0.060141, 0.000000). Below, we will con-
tinue to analyze the changes in the stability of the traffic sys-
tem when the parameters pass through some of the bifurcation
critical points calculated above. First, in order to study the
influence of Hopf bifurcation on traffic flow, in this paper the
stability change of the system in the phase plane is investigated
when the parameter g, passes through the point 0.46311827.

Q =15

0.5 1.0 1.5 2.0
q*

Fig. 5. Continuation solution diagram starting from limit point bifurca-
tion: the bifurcation diagram with variables ¢ and g as coordinates of
vertical axis and horizontal axis.

Next, in this paper the influence of limit cycle bifurca-
tions on traffic flow is studied when the parameter g, passes
through the point 0.17258763. First, consider the case of
g« > 0.17258763, and set ¢. = 0.18. At this time, the sys-
tem has two equilibrium points, i.e. a focal point (0.1017, 0)
and a saddle point (0.1266, 0) as shown in Fig. 6. Therefore,
the traffic system on the left side of the red line is stable, while
the traffic system on the right side of the red line is unstable.

The red dashed line separates two different traffic flow
scenarios, with the track on the left side of the dashed line
approaching the stable focus and the track on the right side ap-
proaching infinity, indicating that with LP2 taken as the crit-
ical point, the traffic on the left side of LP2 tends to be in a
free-flow state, while the right side of LP2 is constantly ap-
proaching the congested flow, and ultimately congested. The
traffic system at this point can still be represented by syn-
chronous flow. In the macro traffic flow model, g, usually
represents the maximum (or stable) traffic flow rate of the bot-
tleneck section, also known as capacity. From the formula
—cp + g = const = g, it can be seen that g, also represents a
flow difference, that is, the difference in flow between the pos-
itive flow ¢ and the negative flow cp, which refers to the max-
imum traffic flow that the road can carry under certain condi-
tions. When the traffic flow rate reaches ¢, the road will run
in the best condition, further increase the traffic flow rate will
lead to congestion and delay. Therefore, making good use of
g« can help planners and urban designers to better optimize
road traffic management and improve urban traffic operation
efficiency.
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Fig. 6. Phase plane diagram of state change before and after the system has passed through saddle junction bifurcation for ¢, = 0.18 (a),

0.17258763 (b), and 0.168 (c).

First, the change in the stability of the system when
passing through the saddle-junction bifurcation point is an-
alyzed as an example of the second saddle-junction bifur-
cation of the system. At this point, the system parame-
ter g. = 0.17258763. The change of the system state be-
fore and after passing through the saddle-junction bifurca-
tion are shown in Fig. 6. Consider the case with g, >
0.17258763, say, g, = 0.18, as shown in Fig. 6(a). The sys-
tem has three equilibrium points, i.e., a saddle junction point
(0.15119,0), a focal point (0.098651,0), and another saddle
junction point (0.0058981,0). The track inside the area on
the left side of the red line keeps approaching the equilibrium
point (0.098651,0). Therefore, the area on the left side of
the red dashed line is stable, while the others are unstable.
As the parameter g, decreases, the red dashed line moves to
the left and the area on the left side of the red dashed line

0.4
(a)
0.3+
L 0.2f
LP (LP bifurcation
1point) H (Hopf bifurcation point)
0.1¢ ‘“\ LP (LP bifurcation
N point)
0 R n r R R R R .
0 0.2 0.4 0.6 0.8 1.0
q*
0.4r
(c)
0.3}
a 0.2
H (Hopf bifurcation point)
LP (LP bif t’¥\ LP (LP bifurcation
ifurcation >~ i
0.1 oint) \F\)(imt) A
S
0 r R R .
0 0.2 0.4 0.6 0.8 1.0
q*

decreases. When ¢, = 0.17258763, a saddle node appears.
When g, < 0.17258763, say, ¢« = 0.16, the equilibrium point
in the system disappears and the whole system becomes un-
stable.

6.2. Improved Hopf bifurcation control simulation for
macro traffic flow models

From the Subsection 5.4, it can be seen that by adjust-
ing the values of parameters ki, k, and k3 in the nonlinear
feedback controller C (x,y) = kix+koy+ k3x?, the Hopf bifur-
cation phenomenon of the stochastic system can be advanced
or retarded. In the following, the control coefficient & is taken
for example and bifurcation diagrams for the controlled sys-
tem are drawn to verify the role that the feedback controller

plays.

0.4
(b)

0.3

Q 0.2¢
LP (LP Wfurcation H (Hopf bifurcation
point) point)
LP (LP bifurcation
0.1 >~ _ point) A
> !
0 . "
0 0.2 0.4 0.6 0.8 1.0
q.
0.4y
(d)

0.3

a2 0.2
LP bifurcation LP bifurcation
0.1
\
\
0 . R " s
0 0.2 0.4 0.6 0.8 1.0

9

Fig. 7. System Hopf bifurcation movement diagrams for k; = 0 (a), 0.3 (b), 0.5 (c), and 0.8 (d), respectively.

When the system is not added to the control equation,
the Hopf bifurcation occurs at the equilibrium point (x,y) =
(0.056904,0). The bifurcation diagram of the system is drawn
by substituting the relevant parameters as shown in Fig. 7. It
can be seen from the figure that by adjusting the feedback con-

troller, the Hopf bifurcation of the system is gradually delayed,
and the Hopf bifurcation disappears when k; = 0.8. It is ver-
ified that the feedback controller designed by the bifurcation
control method can eliminate or delay the occurrence of the
Hopf bifurcation behavior of the stochastic system, and pre-
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vent the stability of the traffic flow from changing abruptly
due to the Hopf bifurcation, which causes the traffic system to
enter the chaotic instability. By eliminating the unstable bi-
furcation phenomenon, traffic congestion can be induced and
prevented in advance.

From Fig. 8(a), it can be seen that at this time the sys-
tem is not subjected to feedback control. When z — +oo, the

2.0

1.0
0
—-1.0
—-2.0

dp/dz (1073)

0.04 0.08 012 0.16 0.20

dp/dz (10-3)

Density (veh/m)

B
~
<
5]
Z
>
=
12}
=}
A )
0.04 - - )
— 200 »%
1000 - “0 O
Time (s) 2000 %Q(bpe

Fig. 8. System Hopf bifurcation variation phase plane diagrams for k; =

for k1 =0 (e), 0.3 (b), 0.5 (c), and 0.8 (d), respectively.

When the system is added to the feedback control, it can
be seen from Figs. 8(b)-8(d) that the system state changes
differently when the control parameters take different values.
The values of the parameters k» and k3 are kept unchanged
so as to study the effect of the control coefficient k; on the
system. When k| = 0.3, the critical value of Hopf bifurca-
tion of the controlled system will advance to g, = 0.787. At
this time, the system trajectory converges to the focal point
(0.078279,0), and when z — oo, the line trajectory in the
figure converges to the focal point (0.078279,0), which indi-

dp/dz (103)

trajectory of the line in the graph converges to the focal point
(0.089061,0), which indicates that the state of the system is
stable at this equilibrium point; when 7 — —oo, the trajectory
of the curve diverges at a distant position and produces oscil-
lations with the same amplitude, indicating that the state of the

system at this point is unstable.

2.0f J(b \\
1.0 \.
0
—-1.0
—2.0 R
0 0.04 0.08 0.12 0.16
P

0 (a), 0.3 (b), 0.5 (c), and 0.8 (d), and density spatiotemporal diagrams

cates that the system state is stable at this equilibrium point,
when z — —oo, the trajectory of the curve diverges to the far
side and produces the oscillation phenomenon with the same
amplitude, thus indicating that the system state at this point
is unstable. Compared with Fig. 8(a), the Hopf bifurcation
advancement occurs: when the parameter k; and k3 are con-
stant and k; = 0.5, the controlled system Hopf bifurcation
critical value is advanced to ¢, = 0.826. The corresponding
system trajectory tends to be close to the equilibrium point
(0.065422,0), when z — oo, the trajectory tends to the focal
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point (0.065422,0), indicating that the system state is stable
at this equilibrium point; when z — —oo, the trajectory at the
focal point diverges at a distant point and the system is unsta-
ble at this equilibrium point (0.065422,0). When k; = 0.8,
ky = 0.4, and k3 = 0.6, the Hopf bifurcation disappears at the
equilibrium point (0.089061,0) as shown in Fig. 7(d).

From Fig. 8(e), it can be seen that when the system with-
out control parameters passes through the Hopf bifurcation
point, the amplitude of the initial small disturbance gradually
increases with the spatiotemporal displacement, and a periodic
oscillation phenomenon with equal amplitude appears in the
system, reflecting the oscillation congestion phenomenon cor-
responding to the stop and go traffic. As the nonlinear feed-
back parameters of the system continue to increase, the state
changes of the system are shown in Figs. 8(f)-8(h), indicating
that the amplitude oscillation phenomenon changes with con-
trol parameters. When the parameters are controlled, as shown
in Fig. 8(f), after adding small disturbances to the system, the
oscillation amplitude of the system decreases with spatiotem-
poral displacement increasing. When the parameters are con-
trolled as shown in Fig. 8(g), the phenomenon of constant
amplitude oscillation in the system is significantly reduced.
When the parameters are controlled, as shown in Fig. 8(h), the
small disturbances added to the system dissipate over time and
there is no fluctuation of time. At this point, the Hopf bifurca-
tion of the system disappears and the traffic flow is in a smooth
state.

Then the density spatiotemporal diagrams of the system
before and after passing through the saddle junction bifurca-
tion are plotted in Fig. 9 in order to analyze the state change
of the system when it passes through this bifurcation point.
In Fig. 9(a), the density spatiotemporal diagram before the
system passes through the saddle junction bifurcation, and
its initial density is 0.03 veh/m. From this diagram, it can
be seen that when a small perturbation of amplitude 0.01 is
added to the system, the perturbation dissipates with the spa-
tiotemporal displacement and the system is in a stable state.
Figure 9(b) shows the spatiotemporal plot of the density after
passing through the saddle junction bifurcation point, with its
initial density being 0.005 veh/m. It can also be seen from this
figure that when a small perturbation is added to the system,
the small perturbation in the system is amplified and the sys-
tem becomes unstable, and the local clustering phenomenon
observed in highway traffic occurs. From the changes of the
system in Fig. 7, it can be concluded that the initial small
perturbation disappears without any amplification because the
value of the initial density is in a stable interval of the model.
However, when the initial density value is greater than the den-
sity value of the saddle junction bifurcation point of the sys-
tem, the system becomes unstable and the local clustering ef-
fect observed in freeway traffic appears as it evolves in time

and space.

F 0.060{®
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0.050 0
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300 200 100 g0 &

N
Space (100 m) &
Fig. 9. Spatiotemporal plot of density of the system before and after

passing through saddle junction bifurcation for pg = 0.03 veh/m (a) and
0.005 veh/m (b).

In Fig. 9(a), the traffic flow system is gradually stabilized
before passing through the saddle junction bifurcation. The
small perturbation on the initial density of the road section
gradually decreases with time, indicating that the perturbation
in the traffic flow disappears and tends to stabilize the process.
The density of vehicles on the road section decreases, and the
number of vehicles is reduced. The distance between cars is
therefore larger, and the speed of vehicles is accelerated. The
traffic flow will end up as a uniform traffic flow, and tends to
be stable.

After the saddle junction bifurcation, in Fig. 9(b), the traf-
fic flow system gradually tends to be unstable. The average
density value of the road section gradually increases with the
time fluctuation growing, which indicates that the disturbance
in the traffic flow increases, the traffic loss is stabilized, and
the complex local cluster structure appears. This situation cor-
responds to the stop-and-go phenomenon in the actual traf-
fic. With the gradual increase of the vehicle density value, the
number of vehicles on the road section increases, the inter-
vehicle distance becomes smaller. Therefore the vehicle speed
on the road section slows down, and the traffic flow system
tends to be unstable.

In the following, we will conduct the simulation of the
system density spatiotemporal maps by using the new model
and the FVD model under the condition of the same initial
density, respectively.

In Fig. 10, the following figure is divided into 2 sub-
figures for ease of analysis: sub-figure 1 and sub-figure 2. The
sub-figure 1 shows the density spatiotemporal map of the tra-
ditional FVD macro-model, including Figs. 10(a), 10(c), and
10(e). The sub-figure 2 displays the density spatiotemporal
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map of the new model considering the connected car environ-
ment, including Figs. 10(b), 10(d), and 10(f): with Figs. 10(e)
and 10(f) showing the density fluctuations of Figs. 10(c) and
10(d) at the same time.

It is found that under the same parameter conditions,
small disturbances develop into single and multiple clusters
as the initial density increases. Under the same initial den-
sity p, after the influence of vehicle networking factors is con-

Density (veh/m)

0.14
0.12
0.10 -
~— 0.08 4
>
0.06
0.04
.02 4
0.0 5

veh/m)

Densit;

7400

200

1000
Time (s)

2000 0 o ™)

gpat®

0.13

0.12}
__0.11H
£ o.10
§ 0.091
< 0.08
0.07
0.06
0.05
0.04}
0.03

(e)

1ty

Dens

0 50 100 150 200 250 300 350
Space (100 m)

sidered in the model, the traffic congestion can be effectively
suppressed. Based on the simulation results of the FVD model
and the new model considering the connected car factor, the
following conclusions can be drawn: as can be seen from sub-
figures 1 and 2, with the increase of the initial density, the
amplitude of the density wave amplifying from small pertur-
bations to the appearance of near-periodic oscillatory-type os-
cillations is observed in both models.
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Fig. 10. Comparison of the FVD model with new model density spatiotemporal map simulations for different values of pg: (a) pp = 0.02 veh/m
(FVD model), (b) pg = 0.02 veh/m (new model), (c) po = 0.05 veh/m (FVD model), (d) pop = 0.05 veh/m (new model), (e) pp = 0.05 veh/m

(FVD model), (f) pp = 0.05 veh/m (new model).

However, comparing the density spatiotemporal plots of
the FVD model on the left side and those of the new model on
the right side (e.g., Fig. 10(c) versus Figs. 10(d) and 10(e) ver-
sus Fig. 10(f)), it can be found that the density oscillation of
the FVD model is more intense under the same initial density
condition, which indicates that the density fluctuation of traf-
fic flow can be effectively reduced by adding the vehicle net-
working factor to the new model. In addition, compared with
the FVD model, the new model has great traffic flow density
when the system tends to stabilize. Therefore, the new model
is more reasonable in terms of traffic stability.

Next, the density spatiotemporal maps of the traffic flow
system for the new model and the GK model are plotted, re-

spectively, under the same initial density conditions. It is
shown as follows.

For ease of analysis, figure 11 is divided into two sub-
figures, i.e. sub-figure 1 and sub-figure 2. Sub-figure 1 in-
cludes the density spatiotemporal maps of the traditional GK
model, as shown in Figs. 11(a), 11(c), and 11(e). Sub-figure 2,
on the other hand, shows the density spatiotemporal maps of
the new model that considers the connected car environment as
described in Figs. 11(b), 11(d), and 11(f). Figures 11(e) and
11(f) show the simultaneous density fluctuations in Figs. 11(c)
and 11(d).

It is found that under the same parameter conditions,

small perturbations evolve into single or multiple density clus-
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ters as the initial density increases. Under the same initial den- side (e.g., Fig. 11(c) versus Fig. 11(d) and Fig. 11(e) versus
sity, the introduction of vehicle networking factor in the new  Fig. 11(f)), it can be observed that the density fluctuation of
model can effectively suppress traffic congestion. By observ-  the GK model is very significant under the same initial density
ing the simulation results of the GK model and the new model, condition. This indicates that the density fluctuation of traffic
the following conclusions are drawn: from sub-figures 1 and2,  flow can be effectively reduced after introducing the vehicle
it can be seen that with the increase of the initial density, both ~ networking factor into the new model. In addition, compared
models show the phenomenon of the increase of amplitude of ~ with the GK model, the new model has a high density of traf-
the density wave amplified from the small perturbations to the ~ fic flow when the system tends to stabilize. Therefore, it can
near-periodic oscillations. be concluded that the new model is more reasonable in terms

By comparing the density spatiotemporal plots of the GK  of traffic stability. Next, we will compare the three models by
model on the left side with those of the new model on the right ~ using a tabular format.
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Fig. 11. Comparison of density spatiotemporal map simulations between GK model with new model: (a) pp = 0.02 veh/m (GK model),
(b) po = 0.02 veh/m (new model), (c) pp = 0.05 veh/m (GK model), (d) pop = 0.05 veh/m (new model), (e) pop = 0.05 veh/m (GK model),
(f) po = 0.05 veh/m (new model).

Table 3. Comparisons of traffic flow density data among three models.

Distance span (m) Average density (veh/m) Density fluctuation range (veh/m)
FVD GK CVM FVD GK CVM
0-50 0.079 0.068 0.067 0.038-0.112 0-0.095 0.038-0.095
50-100 0.066 0.061 0.065 0.042-0.094 0-0.078 0.043-0.088
100-150 0.058 0.053 0.059 0.058-0.061 0.047-0.074 0.059-0.060
Average 0.067 0.060 0.063 - - -
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From Table 3, it can be seen that for the average density
values, there is not much difference among the three models on
the same road section, with the maximum FVD being 0.067,
the minimum GK being 0.060, and the CVM being 0.063 be-
tween the two. For the density fluctuation range indicator, the
GK model has the highest density fluctuation among the three
models, and even zero. The corresponding density fluctuation
values of CVM are lower than those of the other two models,
reflecting a relatively stable traffic flow. In terms of variance,
the CVM model has a variance 29% lower than FVD and 58%
lower than GK model.
compared with FVD model and GK model, connected vehicle

Therefore, it can be concluded that

model (CVM) is very suitable for describing the traffic phe-
nomenon of urban freeways under the vehicle networking fac-
tors considered in this work.

7. Conclusions

In this work, the integration of bifurcation control theory
and traffic flow theory in nonlinear dynamics is discussed, with
a focus on attempting to solve the problems such as the analy-
sis and control of the stability suddenly changing behavior of
traffic system. First, a new model is established by consider-
ing the influencing factors of adaptive cruise control system,
and various bifurcation conditions of the system, such as Hopf
bifurcation, saddle-knot bifurcation, BT bifurcation, etc., are

2
(x0:9+9) — ( (A +M)A2 <(A+M)A_

L @ h) ¢]

J
Cl:V"ﬁf(fBJ]*)

b‘I"Zﬁllei[

sy = (G (e ) 1)< ()

9x 2 .
p)l) P T T M)Ay,

derived through the combination of stability analysis and bi-
furcation analysis. Traffic phenomena such as time-walking
and stability’s sudden changes triggered by bifurcation points
can be better explained by the density spatiotemporal map and
phase plane map of the traffic system. In this work, a feed-
back controller is designed for the unstable bifurcation points
of the traffic flow model to change the time of the bifurca-
tion points occurring by adjusting the traffic flow parameters
so that the unstable bifurcation points disappear. The effect of
the feedback controller on Hopf bifurcation of traffic flow is
investigated through numerical simulation, and the occurrence
of Hopf bifurcation is delayed or eliminated by changing the
control parameters of the feedback controller, which reduces
the periodic oscillation phenomenon of the traffic density, and
thus realizing the mitigation or preventive control of traffic
congestion. In this work, new models and methods required
for the prevention and control of sudden road changes in be-
havior are investigated, and the control strategies for unstable
branching points such as saddle-knot bifurcation and BT bi-
furcation are designed for future work.

Appendix A: Deduction of conditions for exis-
tence of saddle node bifurcation

As mentioned earlier,

#£0, (Al)
T(A+M)A2q,,

(A2)

For system (11), let g, be a variable parameter which has an equilibrium point (19, 0) for any value of g., then the derivative

matrix at the equilibrium point will be

0
by by
L= =% o 2 a s(ph). @y
T M)Az, €~ PVeP) =VelP)] s (O —AA = MA) oo b3 by
Dueto L = D, f (x, A”Xolo then
9 9 0 —2p; _ —2pic+2p7V!(pi) +2p:Ve(pi)
Wfi(wj’)kxo,%) —%L(q*)—% (W[ pt (pz) (P:)]) - T(?L JrM)AZq*
d 9
8p[ 2pic+2p7V!(pi) +2piVe(pi)| T (A +M)A? —$T()H—M)A 4+ [=2pic+2p?V! (pi) +2piVe (pi)]
- (T(R+M)A%.)"
[ 2c+4pV. (pl)—l—Zp,V”(p,)—FZVe(pl)—|—2p,V’(pl)] T(A+M)A%q,
(T(A+M)A%,)
 T(A+M)A%c[=2pic+2p2V.(pi) +2piVe(pi)] (Ad)

(T(A+M)A%.)*
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Due to g, = —cp, replacing T(A +M)A%c [=2pic+2pV/(p;) +2piVe(pi)| = T (A +M)A%q, [~2c+2p;V!(p;) +2Ve(p;)] with
Eq. (A4) yields
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