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Multi-soliton solutions, breather-like and bound-state solitons for
complex modified Korteweg–de Vries equation in optical fibers
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Under investigation in this paper is a complex modified Korteweg–de Vries (KdV) equation, which describes the prop-
agation of short pulses in optical fibers. Bilinear forms and multi-soliton solutions are obtained through the Hirota method
and symbolic computation. Breather-like and bound-state solitons are constructed in which the signs of the imaginary parts
of the complex wave numbers and the initial separations of the two parallel solitons are important factors for the interaction
patterns. The periodic structures and position-induced phase shift of some solutions are introduced.
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1. Introduction
Nonlinear evolution equations have been used to de-

scribe the nonlinear physical phenomena in such fields as
fluid mechanics, plasma physics, optical fibres, and solid state
physics.[1–9] In the shallow water, internal solitary waves can
be described by the Korteweg–de Vries (KdV) equation to the
first order.[10–14] A useful variant of the KdV equation is the
extended KdV (eKdV)[15]

ηt +(c0 +α1η +α2η
2)ηx +β1ηxxx = 0, (1)

where η(x, t) is the wave amplitude related to the isopycnic
vertical displacement, t is the time variable, x is the spatial
variable in the direction of wave propagation, the coefficients
α1, α2, and β1 are functions of the steady background stratifi-
cation and shear through the linear eigenmode of interest, the
linear phase speed c0 is the eigenvalue of the Sturm–Louiville
problem for the eigenmode, while the subscripts denote the
partial derivatives.[16]

For a two-layer fluid, the coefficients of Eq. (1) in the
Boussinesq approximation are[17]

c0 =

√
hρh1h2

(h1 +h2)
,

α1 =
3c0(h1−h2)

2h1h2
,

α2 =
3c0

h2
1h2

2

[
7(h1−h2)

2

8
−
(h3

1 +h3
2

h1 +h2

)2
]
,

β1 =
c0h1h2

6
, (2)

where h denotes the gravitational acceleration, ρ is the rel-
ative density difference between the two layers, and h1 and
h2 are the thicknesses of the upper layer and the lower layer,

respectively. General relations for the coefficients with con-
tinuous stratification and shear can be found in Ref. [18]. In
certain stratification, with certain critical combinations of the
fluid density parameters, the quadratic nonlinear coefficient α1

is equal to zero, and the eKdV equation is reduced to the mod-
ified KdV (mKdV) equation[19–21]

ut +6u2ux +uxxx = 0, (3)

where u(x, t) is the function of the scaled coordinates x and
t, and the subscript denotes derivative. The complex mKdV
equation describing the propagation of optical pulses is writ-
ten as[22–25]

ut +6|u|2ux +uxxx = 0, (4)

where u is the envelope of the electric field, x is the propa-
gation distance, and t is the retarded time. The superregu-
lar breathers for Eq. (4) have been studied,[22] and such for-
mations have been demonstrated also in the vector field.[23]

Multi-soliton solutions for Eq. (4) are obtained by using the
Darboux transformation and the reduction technique.[24] The
N-th-order rogue wave solutions for Eq. (4) are constructed by
the Darboux matrix method.[25]

This paper will be structured as follows: In Section 2,
bilinear forms and multi-soliton solutions for Eq. (4) will be
constructed through the Hirota method and symbolic computa-
tion, and the velocity of the soliton will be derived employing
the concept of characteristic line. In Section 3, breather-like
and bound-state solitons for Eq. (4) will be generated from the
interactions of two stationary solitons, and the initial separa-
tion of the two stationary solitons will be found to be a fac-
tor that affects the interaction patterns between two stationary
solitons. In Section 4, an intrinsic periodical mechanism in
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the two-soliton solutions for Eq. (4) will be found analytically,
and the concept of position-induced phase shift will be intro-
duced, which can be interpreted via the asymptotic analysis.
Our conclusions will be given in Section 5.

2. Bilinear forms and multi-soliton solutions for
Eq. (4)
In order to detect the form of linearizable representation

for Eq. (4), a transformation

q(x, t) =
g
f
, (5)

will be introduced, where f is a real function of x and t, while
g is a complex one. Substituting expression (5) into Eq. (4),
the bilinear forms for Eq. (4) will be obtained as

D2
x f · f −2g ·g∗ = 0, Dtg · f +D3

xg · f = 0, (6)

where the Hirota D-operator is defined as[26]

Dn1
x Dn2

t p ·q =

(
∂

∂x
− ∂

∂x′

)n1

×
(

∂

∂ t
− ∂

∂ t ′

)n2

p(x, t)q
(
x′, t ′

)∣∣∣∣
x′=x,t ′=t

, (7)

p(x, t) is a function of x and t, q(x′, t ′) is a function of the for-
mal variables x′ and t ′, while n1 and n2 are all the non-negative
integers.

In order to obtain the soliton solutions for Eq. (4), f and
g are expended with respect to a small parameter ε as

f = 1+ ε
2 f2 + ε

4 f4 + · · · ,
g = εg1 + ε

3g3 + ε
5g5 + · · · , (8)

where fℓ (ℓ = 2,4, . . .) are the real functions of x and t, while
gℓ are the complex ones.

Truncating expressions (8) as

f = 1+ ε
2 f2, g = εg1, (9)

and substituting expressions (9) into bilinear forms (6) with
ε = 1, the one-soliton solutions are obtained as

q =
g1

1+ f2
, (10)

where

f2 = Aeξ+ξ ∗ , g1 = eξ , ξ = kx+ωt +ζ ,

A =
1

(ω +ω∗)2 , ω =−k3,

with the wave number k, the phase ω , and the free phase con-
stant ζ as the complex constants.

Without loss of generality, if we take ζ as zero and
k = a + bi (a and b are real constants), the intensity of the
soliton can be derived as

|u|2 = e2a(−a2t+3b2t+x)[
1+

e2a(−a2t+3b2t+x)

4a2

]2 . (11)

In order to derive the velocity of the soliton, we employ
the concept of characteristic line for the solitonic propagation.
Characteristic-line equation can be written as

2a(−a2t +3b2t + x) = const. (12)

Differentiating Eq. (12) on both sides with respect to t, we
obtain the velocity of the soliton as

v = a2−3b2. (13)

Thus, v < 0 the left-propagating solitons, v > 0 corresponds
to the right-propagating solitons, and v = 0 the stationary soli-
tons, which are shown in Fig. 1.
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Fig. 1. Propagation of one solitons via Eq. (11) with ζ = 0: (a)
√

2+ i; (b)
√

2+
√

3
3 i; (c)

√
2+

√
6

3 i.

Next, truncating expressions (8) as

f = 1+ ε
2 f2 + ε

4 f4, g = εg1 + ε
3g3, (14)

and substituting expressions (14) into bilinear forms (6) with
ε = 1, the two-soliton solutions are obtained as

q =
g1 +g3

1+ f2 + f4
, (15)

where

g1 = eξ1 + eξ2 , g3 = A123 eξ1+ξ2+ξ ∗1 +A124 eξ1+ξ2+ξ ∗2 ,

f2 = A13 eξ1+ξ ∗1 +A23 eξ2+ξ ∗1 +A14 eξ1+ξ ∗2 +A24 eξ2+ξ ∗2 ,

f4 = A1234 eξ1+ξ ∗1 +ξ2+ξ ∗2 ,

ξ j = k jx+ω jt +ζ j, ω j =−k3
j ,

A12 = (ω1−ω2)
2, A34 = (ω∗1 −ω

∗
2 )

2,

A j,l+2 =
1

(ω j +ω∗j )
2 , A123 = A12A13A23,

A124 = A12A14A24, A1234 = A12A13A14A23A24A34,

with kl , ωl , and ζl as the complex constants, j, l = 1, 2.
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3. Breather-like and bound-state solitons for
Eq. (4)
The breather-like soliton solution for Eq. (4) can be de-

rived via certain choices of parameters in the two-soliton solu-
tions (15). The first prerequisite for the formation of breather-
like solitons is that the two solitons have to be parallel, i.e.,
they travel in the same direction with the same speed. An-
other is that the two parallel solitons have to be comparable
in energy, i.e., their difference of amplitude should not be too
large, which can be achieved by taking fairly close values for
the complex wave numbers k1 and k2. It is also found that the
signs of the imaginary parts of k1 and k2 have to be opposite
for breather-like solitons to form. Another crucial factor that
affects the formation of the breather-like solitons is the initial
separation of the two solitons, which can be adjusted by virtue
of setting different values to ζ1 and ζ2.

The formation of breather-like solitons is depicted in
Fig. 2, when the initial separation of the two stationary solitons
is gradually reduced. If the initial separation is big enough,
i.e., the two solitons are separated well apart, there is little mu-
tual interactions between the two solitons in Fig. 2(a). As we
can see in Fig. 2(b), the mutual attractions cause periodic os-
cillations and produce conjunctival bandages between the two
soltions, when the two stationary solitons are drawn closer.
From Fig. 2(c), we can observe that the oscillations become
bigger and more energy pools into the conjunctive bandage,
when the two stationary solitons are initiated even closer to

each other. Finally, as seen in Fig. 2(d), when the initial sep-
aration of the two stationary solitons is small enough, the two
solitons interact strongly, and the soliton profiles are broken
periodically, while the conjunctive bandages merge into the
breather-like solitons.

From Fig. 3, when k1 and k2 are set to be complex con-
jugates, and ζ1 and ζ2 are set to be 0, solutions (15) becomes
real, and the breather-like solitons of the real mKdV equation
can be derived.

Different from the breather-like solitons, the signs of the
imaginary parts of k1 and k2 have to be the same for the bound-
state solitons. When the two stationary solitons are separated
well apart, the two stationary solitons have little mutual in-
teractions as seen in Fig. 4(a). From Fig. 4(b), we can find
that there are periodic oscillations, when the two stationary
solitons are drawn closer. The tendency that the two parallel
solitons attract and repulse each other is clear, and it should
be noted that the period of the oscillations in the case for the
bound-state solitons here is much larger then that in the case
for the breather-like solitons in Fig. 2(b). In Fig. 4(c), the
bound-state soliton is formed, and the two stationary solitons
attract and repulse each other with energy peaks forming peri-
odically. Proper adjustments in the phase constants ζ1 and ζ2

can make the bound-state solitons in more symmetrical pat-
terns as shown in Fig. 4(d), in which case, the amplification
in the energy peaks is more remarkable than the asymmetric
case.
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Fig. 2. Interactions between two stationary solitons via Eq. (15) with k1 =
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Fig. 4. Interactions of two stationary solitons via Eq. (15) with k1 =
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4. Periodic structures and position-induced
phase shift
Taking k1 = a1 +b1 i and k2 = a2 +b2 i to emphasize the

periodic property, we can rewrite Eq. (15) as

u =
e iΦ1+φ1Q1 + e iΦ2+φ2Q2

D+2r eΘ1+Θ2+θ1+θ2 cos(Φ1−Φ2 +φ1−φ2 +ϕ)
, (16)

where

Q1 = eΘ1+θ1 +B12 e2Θ2+Θ1+2θ2+θ1 ,

Q2 = eΘ2+θ2 +B11 e2Θ1+Θ2+2θ1+θ2 ,

D = 1+A11 e2Θ1+2θ1 +A12 e2Θ2+2θ2 +C11 e2Θ1+2Θ2+2θ1+2θ2 ,

B11 = r1 e iϕ1 , B12 = r2 e iϕ2 ,

Θ j = a j[x+(3b2
j −a2

j)t],

Φ j = b j[x+(b2
j −3a2

j)t], θ j = Re(ζ j),

φ j = Im(ζ j), A13 = r e iϕ ,

and j = 1, 2, a1, a2, b1, b2 are real numbers, while Re(z) and
Im(z) are the real and imaginary parts of z, respectively. The
intensity of u can be expressed as

|u|2 = |Q1|2 + |Q2|2 +2P
[D+2rχ cos(ρ +ϕ)]2

, (17)

with

χ = eΘ2+Θ1+θ2+θ1 , ρ = Φ1−Φ2 +φ1−φ2,

P = χ cosρ + r1 e3Θ1+3θ1 cos(ρ−ϕ1)

+r2 e3Θ2+3θ2 cos(ρ +ϕ2)

+r1r2χ
2 cos(ρ +ϕ2−ϕ1).

In the case of two stationary solitons, from Eq. (13), we have
a2

i = 3b2
j , so

Φ1−Φ2 = (b1−b2)x+(b2
1−b2

2−3a2
1 +3a2

2)t

= (b1−b2)x+8(b3
2−b3

1)t, (18)

from which the period of the periodic behavior can be ex-
pressed as

Γ =
2π

|b1(b2
1−3a2

1)−b2(b2
2−3a2

2)|
=

2π

8|b3
1−b3

2|
. (19)

From Eq. (19), it can be seen that when the absolute val-
ues of b1 and b2 are close enough, the signs of them can sig-
nificantly alter the value of the period Γ . In Fig. 2, they take
the opposite sign, then the period is Γ = 0.288, which is much
smaller than the case in Fig. 4, where the period is Γ = 1.079.
This is in agreement with the phenomenon that the period of
oscillations in Fig. 4 is much bigger than that in Fig. 2. When
the absolute values of them are in big disparity, the different
signs will not make big difference in the period, and the in-
teractions of two stationary solitons can exhibit breather-like
patterns in Figs. 5(a) and 5(b). Moreover, when the absolute
values of them are in medium disparity, periodic structures be-
tween the breather-like and bound-state solitons can be gener-
ated in Fig. 5(c).
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Fig. 5. Interactions of two stationary solitons and periodic structures via Eq. (15) with (a) k1 =
1
5 +

3
√

3
15 i, k2 = 1+

√
3

3 i, ζ1 =− 4
5 , and ζ2 = 0;

(b) k1 =
1
5 −

3
√

3
15 i, k2 = 1+

√
3

3 i, ζ1 =− 21
25 , and ζ2 = 0; (c) k1 =

1
2 +

√
3

6 i, k2 = 1+
√

3
3 i, ζ1 = ζ2 = 0.

From Fig. 6, we can see an obvious phase difference in the
1st soliton, when the the position of the 2nd soliton is changed
from the far right of the 1st soliton to the far left. Because
this phase shift is caused by the relative position of the two
solitons, we call it the position-induced phase shift. This phe-
nomenon can be interpreted via the asymptotic analysis. When
the 2nd soliton is positioned at the far right of the 1st soliton,
θ2→−∞, and

|u|2→
(

eΘ1+θ1

1+A11 e2Θ1+2θ1

)
. (20)

When the 2nd soliton is positioned at the far left of the 1th

soliton, θ2→ ∞, and

|u|2→
(

eΘ1+θ1+∆φp

1+A11 e2Θ1+2θ1+2∆φp

)
, (21)

where the position-induced phase shift ∆φp can be determined
from

∆φp =
(a1−a2)

2− (b1−b2)
2

(a1 +a2)2 +(b1−b2)2 , (22)

and ∆φp < 0 as a1a2 > 0.
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Fig. 6. Position-induced phase shift of the stationary solitons via
Eq. (15) with k1 = 6

5 + 2
√

3
5 i, k2 = 1 +

√
3

3 i, ζ1 = 0: (a) ζ2 = −8,
(b) ζ2 = 8.

5. Conclusions
In this paper, a complex mKdV equation which describes

propagation of short pulses in optical fibers, i.e., Eq. (4), has
been investigated. Bilinear forms and multi-soliton solutions
for Eq. (4) have be constructed through the Hirota method and
symbolic computation. The breather-like and bound-state soli-
tons for Eq. (4) have been constructed with the interactions
between two parallel solitons. We have found that the signs
of the imaginary parts of the complex wave numbers and the
initial separation of the two parallel solitons are important for
the interaction patterns. With the decreasing of the separa-
tion between the two parallel solitons, their mutual interaction
gradually strengthens and in this process different interaction
patterns can be observed in Figs. 2–4. An intrinsic periodi-
cal mechanism has been found analytically via rewriting the
two-soliton solution (15) as solution (16). The breather-like
and bound-state solitons can be interpreted with the periodical
mechanism in Fig. 5. The concept of position-induced phase
shift has been introduced, which can be seen in Fig. 6.
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