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Effect of distribution shape on the melting transition, local ordering,
and dynamics in a model size-polydisperse two-dimensional fluid
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We study the effect of particle size polydispersity () on the melting transition (7*), local ordering, solid-liquid
coexistence phase and dynamics of two-dimensional Lennard—Jones fluids up to moderate polydispersity by means of
computer simulations. The particle sizes are drawn at random from the Gaussian (G) and uniform (U) distribution functions.
For these systems, we further consider two different kinds of particles, viz., particles having the same mass irrespective of
size, and in the other case the mass of the particle scales with its size. It is observed that with increasing polydispersity,
the value of T* initially increases due to improved packing efficiency (¢) followed by a decrease and terminates at § ~
8% (U-system) and 14% (G-system) with no significant difference for both mass types. The interesting observation is
that the particular value at which ¢ drops suddenly coincides with the peak of the heat capacity (Cp) curve, indicating
a transition. The quantification of local particle ordering through the hexatic order parameter (Qg), Voronoi construction
and pair correlation function reveals that the ordering decreases with increasing 6 and T. Furthermore, the solid-liquid
coexistence region for the G-system is shown to be comparatively wider in the T—0 plane phase diagram than that for the U
system. Finally, the study of dynamics reveals that polydisperse systems relax faster compared to monodisperse systems;
however, no significant qualitative differences, depending on the distribution type and mass polydispersity, are observed.

Keywords: polydispersity, ordering, phase diagram, dynamics

PACS: 47.57.—s, 87.10.Tf, 83.10.Rs, 87.15.Z¢g

1. Introduction

Systems with varying particle shapes, sizes, masses, and
other energetic properties are ubiquitous in nature. For in-
stance, a complex heterogeneous environment as observed in
cell membranes or cytoplasm consists of different constituents
varying in shape/size and energetic parameters, and in col-
loidal systems in general. A simplified and generic coarse-
grained fluid model serves as a convenient tool to study such
complex systems, e.g., the Lennard—Jones (LJ) fluid model is
able to explain the properties of argon, neon, binary mixtures,
etc.['-%1 However, theory governing the melting and freezing
transitions in a two-dimensional (2D) system has not yet been
clearly understood.!”#! In addition, whether the phase transi-
tion is of first or second order in nature is still debatable be-
cause the transition is interrupted by the formation of the hex-
atic phase.>-14!

In polydisperse systems, added complexities in the sys-
tem, e.g., formation of multiphase structures,'”! and slow
relaxation!!®! to overcome crystallization, also pose interest-
ing challenges. Polydisperse LJ fluids exhibit a shift in tran-
sition parameters, such as solid—liquid transition temperature,
with the formation of rich solid—fluid coexisting regions in the
phase diagram along with enhanced fractionation and forma-
tion of new phases at larger cutoff.l">~18] The ordering and
dynamics of such systems greatly rely on the nature of the

19,20

interactions.!'??%! To comprehend this complex behavior, un-

derstanding the connection between the microscopic dynamics
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and the bulk properties is of utmost importance. On approach-
ing the transition region, the motion of the particles drastically
slows down, leading to structural arrest, which is reflected in
the sudden increase in viscosity, as seen in glass formers.[?!:2?]
Although ideal mode coupling theory has shed some light on
microscopic dynamics, it still predicts the structural arrest at a
certain critical value of temperature above the speculated glass
transition temperature 7.[23-24]

It is observed that the fundamental properties of almost
all fluids are alike and rely not only on interactions but
mainly on the local ordering!>*?>! because spatial ordering
is greatly influenced when particle size disparity is consid-
ered and changes with varying polydispersity. On the other
hand, polydisperse systems with size distribution in the phys-
ical world often possess mass distribution. Theoretical studies
of multi-component systems that address size-polydispersity
such as colloids use a coarse-grained description to study
the thermodynamic properties, such as free energy and phase
diagrams.[?6-3%1 Colloidal research has revealed a variety of
novel colloidal crystalline and disordered states that can be
achieved with square and triangular 2D substrates. The ap-
pearance of colloidal molecular crystal states in the substrate is
presented in Refs. [31,32]. Colloidal studies have also shown
to exhibit various ordered and partially ordered states such as
star and pinwheel states which can be observed directly in ex-
periments and can be adjusted by varying substrate strength. In
ordered states, multistep melting occurs, with one species ro-
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tating while the other remains orientationally ordered. Bose—
Einstein condensates interacting with periodic substrates or
superconductors with periodic pinning can likewise exhibit
this phenomenon. 32! In another study, a particle-based model
was used to study the dynamics of a sphere dimer, revealing its
self-diffusiophoresis mechanism. The asymmetric distribution
of catalytic activity led to an asymmetric gradient field, result-
ing in translational and rotational motion. The model revealed
that systems with many dimers formed assemblies, with the
chirality of the dimers playing a significant role in the forma-
tion of self assemblies.[*3 In 2D, even size monodisperse LJ-
fluid shows heterogeneous structure, heterogeneous dynamics,
and complex behavior when close to its phase transition. The
nature of phase transitions in 2D is still a point of contention
when polydispersity is taken into account. [26-27-34]

While the majority of size polydisperse systems in nature
follow log-normal distribution, a sizable fraction of them also
follows Gaussian distribution. Size distributions of nanoparti-
cles synthesized using chemical and physical routes are very
close to Gaussian in nature. 3738 Some examples include iron
oxide nanoparticles'*>! measured by dynamic light scattering
and silver nanoparticles**-33! determined from a TEM image.
Uniform size distribution, on the other hand, can be consid-
ered as the extreme case where multiple Gaussian size dis-
tributed systems of similar peak height and very close means
are distributed within a pair of upper and lower values. While
log-normal distributions are cumbersome to work with analyt-
ically, Gaussian and uniform distributions are comparatively
easier, and the lower and upper bounds to the particle size
can be easily controlled latter. Thus, in this study, we focus
our attention on the Gaussian and uniform size distributions
of particles and study both static and dynamic properties of
the system upon variation of polydispersity. In particular, we
investigate the behavior of melting transition, growth/decay
of crystallization with the variation in polydispersity through
(Qg) and Voronoi construction. Recent studies on theory and
numerical simulations indicate a temperature independent ter-
minal polydispersity & beyond which crystallization tends to
vanish.[*>#3] A 1ot of research has focused on polydispersity
in size and their dynamics, which tend to alter the current un-
derstanding of the statics and dynamics of the pure systems by
shifting the phase transition parameter and the nature of phase
diagram. This is because polydispersity shifts the transition
temperature towards higher values.*#! The present study aims
to illuminate the various static and dynamic properties around
the terminal polydispersity and the role of polydispersity in
understanding the nature of coexistence phase diagram as ob-
served through hexatic phase.

The remainder of the paper is organized as follows. In
Section 2, we discuss the details of the simulation set-up and
the model systems, and in Section 3, we discuss results on the
behavior of thermodynamic transition temperature. Followed

by discussion of spatial ordering, positional correlation and
particle dynamics in Sections 4-6, respectively, and we finally
conclude the paper in Section 7.

2. Model and simulation details

Constant NPT molecular dynamic (MD) simulations 434!

are performed considering N = 2500-10000 number of
coarse-grained particles. All the pair-wise interactions in the
system are modeled via a LJ potential, defined as

Uy, (r) = 4¢ [(Gij/rij)l2 - (Gij/rij)ﬂ ; (1
with 7;; the separation between a pair of particles 7 and j,
€ (=1, for all particles under consideration) is the depth of
the potential, and o;; = (0; + 0;)/2 is the effective diame-
ter, where 0j/; is the diameter of particle i/j. The LJ po-
tential is truncated and shifted to zero at a cut-off distance
re = 2.50;;. All the physical quantities used in this study are
expressed in reduced units, where length is measured in units

of (o) (mean size), temperature T in units of €/kpg with kp
Boltzmann constant, pressure in units of £/ (c)°, and time in

1Ly = \/m(c)? /€ units.[*>4%] Thus, by having the experimen-
tal values of interaction strength, size, and mass one can easily
relate LJ reduced units to the corresponding real units. 6! In
order to generate a size polydispersed system, we draw at ran-
dom the value of particle diameter ¢ from a given distribution.
In this study, we consider two types of distribution, namely,
(a) uniform distribution (U) defined as

_[1/(b—a), for a< o <b,
P(o) = { 0, otherwise, )
with mean (a4 b)/2 and variance (b —a)?/12, and
(b) Gaussian distribution (G) defined as
1 1 (o—{0) )2
P(o)=——=exp|—=| —— ] |, 3
()d%p[z(d @

with d = \/o — (o) as standard deviation (SD) and (o) as
mean. In this study, we fix the mean particle size at 2.0 for
both U and G systems and study the effect of varying the ex-
tent of size-polydispersity in the respective systems through
the systematic variation of variance about the mean. Here,
the degree of polydispersity is characterized by the polydis-
persity index (PDI), defined as the ratio of the SD to mean,
i.e. 6 = SD/mean, which for U system reads § = % (2%2)
In addition to size distribution, we also consider two cases of
particle mass: (i) the same mass system, i.e., irrespective of
sizes all particles have same mass of m = 1, and (ii) poly-
mass, i.e., mass scales with size, e.g., mass of the ith particle
m; = (no?/4)p, with p, the particle density which, for sim-
plicity, we assume it to be unity. Since we study a 2d system,
the value of projected area of a particle is assigned as its mass
instead of the actual volume. A summary of the systems stud-
ied is presented in Table 1.
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Table 1. System summary.

2500-10000

(a) uniform

No. of particles N
Size distribution

(mean value = 2) (b) Gaussian

Particle mass m; (a) same mass (m = 1 for all)

(b) poly-mass (scales with size)

For the above systems, constant NPT simulations are per-
formed using Nosé—Hoover thermostat and barostat to main-
tain constant temperature and pressure, respectively. The pres-
sure along X- and Y-directions is set to P = 1.5. The damping
factors for thermostat and barostat are kept at 1.0 and 10.0,
respectively. To update the position and velocity of the parti-
cles, we integrate the equations of motion using a velocity-
Verlet scheme with an integration time-step of ot = 0.005.
Initially, the systems at a given temperature are prepared at
very low density and then slowly compressed to reach the tar-
get pressure. After reaching the desired P value, the systems
are relaxed further for about 10’ MD. The well equilibrated
samples are then switched to constant NVT ensemble and per-
form production runs, which typically last for 10’ MD steps or
more. Switching to constant NVT ensemble is for convenience
while calculating dynamical quantities such as mean-square

(size scale)

(a) Gaussian 6=7% | —

6~10%

displacement. All the simulations reported here are performed
using the LAMMPS open-source code.*”! As a reference sys-
tem, one-component (1C) system, i.e., size mono-disperse, is
prepared following the same protocol described above. For
the 1C system, we set the particle size and interaction energy
to unity.

3. Thermodynamics

Simulation snapshots of typical equilibrated samples are
shown in Fig. 1 at different values of é for both G and U sys-
tems for T below the respective transition temperatures. Par-
ticles of similar sizes tend to group together forming mosaic-
like structure as the polydispersity increases. Since we are in-
terested in how the distribution in size and mass scaling affect
the transition, we perform continuous heating-cooling cycles
from T = 0.1 to 3.0 (under NPT condition) to locate the melt-
ing transition for all of the systems. The data reported here
are for a system with N = 5000 particles (otherwise stated
clearly), which is sufficiently large in the sense that no sig-
nificant change in 7™ is seen around this N value. The depen-
dence of transition temperature on the system size is shown in
supplementary Fig. S1.

(size scale)
—
1.5 2.5

(size scale)
—

0~11.547% %

(b) Uniform 6~7%

6~11.547%

Fig. 1. Typical simulation snapshots of relaxed samples (a) Gaussian and (b) uniform systems at different § values indicated in the figure, and
T =0.4 (< T*) and number of particles N = 5000. Color bar indicates particle size distribution.

In Fig. 2, we display the plot of enthalpy H (= u+ Pdv)
and heat capacity Cp = (dH/9dT)p for systems. Here, u is the
internal energy and v is the volume per particle. The max-
ima position of Cp curves gives the approximate value of ther-
modynamic transition temperature, 7*. As one can see, the
introduction of mass polydispersity shows no significant ef-
fect in the value of T (except for height of Cp curve). For
the pure 1C reference system we see 7" ~ 0.57 at P = 1.5
which is consistent with earlier study.’®! The transition tem-

perature (T*) increases as 0 increases until 6 ~ 2% and then
gradually decreases. This effect has also been seen in stud-
ies of model ionic liquids in which particle size polydispersity
varies in the anion.!*®! This is because with small introduction
of 8, the packing efficiency is greatly enhanced, as shown in
Fig. 3 (¢ =~ 68.35% for 1C and ~ 74% for G and U systems
for 6 = 0.5% at T = 0.5). The sudden drop in the ¢ value cor-
responds to the temperature of the Cp peak for both the poly-
disperse systems where a solid melts to an isotropic liquid. On
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further increasing 8, T* diminishes rapidly due to decreasing
particle correlation and the solid—liquid transition temperature
drops gradually as it approaches the terminal polydispersity,
as shown by the shift in the discontinuity of ¢. This transition
is also reflected by the heat capacity plot indicated by the sud-
den change in the enthalpy curve. The introduction of mass
polydispersity shows no significant shift in the T* value for
the polydisperse systems (although differences appear in the
intensity of Cp values but not the peak position) are observed,
see Fig. 2(a). For the polydisperse systems, there is no signif-
icant difference in the ¢ value above their respective T*, this
is because the system is dominated by liquid phase for all § at
T>T"

For the G system, no significant difference in the Cp peaks
for both the same mass and polydisperse mass systems is ob-
served, see Fig. 2(a). In contrast, the Cp values for the U sys-
tems are relatively higher in magnitude when polydispersity
in mass is introduced in the systems with no distinct shift in
T*. This indicates that the polydisperse mass systems require
greater heat to undergo a phase change as compared to the cor-
responding mono-disperse mass systems. The differences in
the Cp peak gradually decrease with increasing polydispersity
(see Figs. 2(iii) and 2(iv)) for both the systems. The plot of T*
as a function of 6 is shown in Fig. 4. It is observed that with in-
creasing & the value of T* increases and remains roughly con-
stant in a narrow interval 1%-2%, beyond which it gradually
decreases and terminates at & ~ 8% (U-system) and &, ~ 14%
(G-system) (also shown by the plot of ¢ in Fig. 3). Above this
0 the particles in the systems are dominated by fluid phase and
hence no solid-liquid transition is possible, as indicated by the
terminated values. Hence, the terminal polydispersities for U
and G systems are 8% and 14%, respectively. This observa-
tion is in accordance with the earlier findings that beyond a
terminal value of polydispersity (&), crystallization, as well as
the fluid-solid coexistence tends to vanish.!**-33! In addition,
the terminal polydispersity is reported to occur anywhere be-
tween 5%—15%.15% Tt is interesting to note that in the limit of
small polydispersity (6 < 2%) the size-polydisperse system is
insensitive to the type of distribution. In addition, the systems
show no significant qualitative difference when polydispersity

in mass is introduced. Despite the fact that mass polydisper-
sity has an unappreciable impact on 7* in both systems, its
function in the nature of ordering remains unknown and is dis-
cussed briefly in Section 4. We now move on to understand the
role of polydispersity in the nature of particle ordering charac-
terized by hexatic order parameter and pair correlation func-

tion.
" (a) Gaussian
LN B B s T T T T T
'(1) (Same mass) A '(11) (Polydisperse mass) A 10
10 P g
- /{" A+ f, -4
9 pa I+ A6
- / s " 7
) T / L // :
| / L 4 12
I ./ ]
T+ ‘)/ 1 :';d Jo
1. [
]
\ V)
P T I I I I I T B
03 06 09 12 15 03 06 09 12 1.5 1.8
T T
b) Uniform
11 T I T I T I T I T T I T T I T I T
'(1) (Same mass) ,:_”{11) (Polydisperse mass);_ 10
10_— /1//__ / 18
/ 1 7 :
(] Ve | = . e Jd6
=T rd / - e ]
L =N g a4
8- // i // /
— —2
1. . ]
E (I a1 ;/I/l Lo Y
14 T, I T I T I T I T ] T I II I T I T I T ]
12 (il —1c Gv .
L --5=05% A l‘ -
10~ —-5=1% 1\ —
N \ 5=2.9% ! N
S OF , =% IC u\ ]
6 AL T A 1
LN Ml i 2
2B \:\/\.\;’7“ AP R »'\D";
0 L | I i/\n s [ I PR B
0

306 09 1.2 1.5 03 0.6 09 12 15 1.8
T T

Fig. 2. Plot of enthalpy H (upper panel) and the corresponding heat
capacity Cp (lower panel) for (a) Gaussian and (b) uniform systems at
different values of 6 indicated in the figure plotted together with 1C
system (values indicated on the right). The region enclosed by the two
vertical dash-lines marks the region where transition is observed.

08 T T~ T T T T T T T T T T T T T T T T T T T T T T
E o7 n
o
RS i
T 06l -
g
s b r—1c
2 o0s 1%
E ~2%
L L S G
3 - §~11.547% WgNg-;cm’
—— O~ 07 —
A 04— 0~14.14% - 6~11.547%
ol L 1 P R N U RPN RPN SRR N I
0 02 04 06 08 10 12 14 16 18 20 02 04 06 08 10 12 14 16 18 20

T

T

Fig. 3. Plot of packing fraction (¢) as a function of T for mass polydisperse systems. Packing efficiency greatly enhances with small introduction of &
in comparison to 1C system. (a) Gaussian distributed system, where the differences in the value of ¢ gradually diminish approaching its &. (b) Uniform
system, similar trend as that of G system is observed. Vertical dash line marks the transition point of 1C system, 7 ~ 0.57, where the sudden drop in the

¢ value is observed indicating the melting of solid to liquid.
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0.9 T T | T | T | T | T | T | T
L | G-same mass i
| o—e G-polydisperse mass
0.8 i U-same mass 7

=—a U-polydisperse mass

5 (%)

Fig. 4. Transition temperature (7*) as a function of polydispersity (&) for
both the G and U systems. The vertical dash line is to guide the eyes indi-
cating the limit beyond which T* deviates. The higher values of T* for G
and U systems with small introduction of polydispersity are because of the
increase in packing efficiency which enhances the ordering.

4. Spatial ordering and hexatic order parameter

The local orientation order of a particle located at r; hav-
ing M nearest neighbors is examined through the hexatic order
parameter, Qg (r;) = ﬁ Y, ei%%k and ¢ the angle between
X-axis and the vector drawn from the center atom to the near-
est neighbor particles.!!?!

(a) Gaussian
1.0

(Solid l;nc ~ pol‘ydispcrsc‘: mass)
(dash line ~ same mass)

(Qs)

\ &‘k ) (i)

(Solid 1{ne ~ pollydispersé mass)
(dash line ~ same mass)
1C (j ~5.7%
0~0.5%
O0~1%  0~1.5%
0~8%

Fig. 5. Mean global hexatic parameter, (Qg) vs. T~! at different val-
ues of & indicated in the figure for (a)—(i) Gaussian and (b)—(i) uni-
form systems. The same plot as a function of reduced temperature,
0 = (T —T*)/T*, is shown on the right. The horizontal dash line indi-
cates (Qg) = 50% at 6 = 0. Note that with small 8, (Q¢) approaches to
that of 1C due to higher packing efficiency (see text for details).

In Fig. 5, the global hexatic order parameter (Qs) (i.e.,
averaged over all the particles) plotted as a function of inverse
temperature is displayed for polydisperse systems, as well as
the reference 1C system. For an ideal crystal/perfect hexago-
nal structure all particles must be trapped in a cage indicated
by Q¢ > 0.7.1271 The strength of confinement/caging depends
on 7 and & as shown in the figure. The value of (Qg) grows
as temperature decreases and saturates at a particular value,
which depends on the value of §. In general, the saturated (or

low temperature) value of (Qg) decreases for increasing poly-
dispersity and beyond a certain value of  the value is less than
0.5, e.g., see curves corresponding to § = 13.2% (Gaussian)
and 6 = 10% (uniform). The observed behavior is consistent
with other studies where it is reported that increasing poly-
dispersity at fixed volume fraction lowers the structural corre-

1571 1t is interesting to

lations, pressure, energy, and viscosity.
note that the decrease of (Qg) with increasing & is relatively
fast in the case of U systems, indicating a higher order hexatic
ordering in the Gaussian system for a given value of §. This
may be understood from the fact that (for a given value of 9)
the particle size spread from its mean value is wider in the uni-
form system and consequently there is a larger disparity which
eventually diminishes the orientation correlation, as reflected
by the smaller values of (Qg). It can be seen from Fig. 5 that
the hexatic ordering approaches 1C values and is even signifi-
cantly higher for small 6 < 8% and 3% (not shown) for G and
U systems, respectively. This eventually suggests higher pack-
ing efficiency and ordering for small 8. Hence, the higher val-
ues of T* for small polydispersities. Although it is well known
that polydispersity acts against the formation of ordered struc-
ture but small 8, in contrast it enhances the packing efficiency
leading to higher ordering, as shown in Fig. 3. In general,
with &, structural correlation decreases. However, at much
larger &, there is an increase in particle fractionation. Within
the fractionated solid clusters, local orientational ordering is
plausible, although (Qg) is small, as observed for 6 = 29%
in the U system for wider temperature range. On the other
hand, in addition to size, introduction of mass polydispersity
slightly lowers (Qg) value in all the systems investigated. Fi-
nally, to highlight the difference in the growth of hexatic order
around T*, we plot (Q¢) as a function of reduced tempera-
ture 6 = (T — T*)/T* for both reference 1C system and size-
polydisperse systems, see Fig. 5 (right-hand panel). In Fig. 6,
the plot of (Qs) as a function of & obtained at the respective
T* is displayed. For both G and U systems, (Qs) values are
relatively high at small §, even at the transition point that is
well above the solid-liquid coexistence region. However, it
decreases gradually with &, as shown in Fig. 6. The effect of
mass polydispersity on (Qg(T*)) for both the systems is in-
significant in all polydispersity ranges.

B s —T T T T T T
I (a) Gaussian 4 F (b) Uniform g
0.8%- 1 1
Same mass 4 4
= e—e Polydisperse mass

§ (in %)

6 (in %)

Fig. 6. Plot of average global hexatic parameter (Qg) at the transition (7*)
point for (a) Gaussian and (b) uniform distributed systems.
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At a certain value of § and T, the existence of solid and
liquid phases is equally probable. This state is evidenced by
(Q6) = 0.5. At this particular value of T, both solid-like and
liquid-like ordering are equally probable, i.e., (Qg) =~ 50%,
and hence can be speculated as the coexistence of both solid
and liquid phase.?”) Based on this, a phase diagram is con-
structed in the 7—0 plane for the polydisperse system in the
following manner. During a continuous cooling/heating cycle
we monitor the growth/decay of (Qg) and note the tempera-
ture at which (Qg) = 0.5 and thus in this manner a coexis-
tence region or curve separating the solid-like ({Qg) > 0.5)
and liquid-like ({Q¢) < 0.5) regions are obtained, see Fig. 7.
In order to quantify the presence of solid-like and liquid-like
particles at the coexistence region, we examined the distribu-
tion of hexatic order parameter, QJg, as shown in Fig. 8 for each
0 at the coexistence temperature (indicated in Fig. 7). The dis-
tribution shows two peaks (above and below Qg = 0.5), which
supports the coexistence of both solid and liquid-like parti-
cles for G as well as U systems. However, the 1C system ex-
hibits a unimodal distribution with mean value of around 0.5.
This suggests that the 1C system has a variety of hexagonal
phases, ranging from isotropic liquid to solid-like, as seen by
the distribution of Qg in the coexistence area. It is more likely
for isotropic liquid (or hexagonally packed solid) to occur for
temperatures slightly above (or below) T where Qg ~ 50%.
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Fig. 7. Phase diagram in polydispersity index (8) and temperature plane con-
structed from hexatic order parameter showing liquid-like ((Qg) < 0.5) and
solid-like ((Qs) > 0.5) phases. Since at (Qg) ~ 0.5, i.e., at approximately
50% hexatic ordering, the presence of solid-like and liquid-like particles is
equally probable[27J (see text for detail). (a) G system and (b) U system. No
significant difference between systems with the same mass particles and dif-
ferent masses is seen. The solid line is a guide to the data points indicated by
solid circles and stars.

As one can see, the coexistence region extends to § =
13.5% for the Gaussian system and & = 10% for the uniform
system (and vanishes beyond those values), and thus a larger
coexistence region in the case of Gaussian system. In the case
of uniform system the smaller particles (whose population is
large compared to Gaussian system) get trapped in the intersti-
tial sites of the bigger particles and eventually distort the hex-
atic ordering. An interesting difference is seen in the small &
limit, where for the uniform system the value of (Qg) drops to
a smaller value for 0 < & < 0.5%, while for Gaussian system
the drop to a similar value is seen for § > 0.5%. Comparing

both the systems, we see that for small increment in polydis-
persity, the T’ at which 50% (Qg) ordering is observed is much
higher in magnitude in case of G system in contrast to the U
system and approaches to that of the 1C system, which is well
above their T* value. Furthermore, increasing polydispersity
sharply drops the (Q¢) value due to decreasing ¢, which then
continues to decay until it vanishes on approaching 14% &. To
further comprehend the nature of particle ordering, we analyze
the radial distribution of particle in the following section.
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Fig. 8. The distribution of the hexagonal order parameter, Qg, at the
coexistence temperature indicated in Fig. 7 for different values of & for
both G and U systems (polydisperse mass). Sample over 10 equilibrated
frames for each & value. The presence of bimodal peaks suggests the
presence of liquid-like (Qg < 0.5) as well as solid-like (Q¢ > 0.5) clus-
ters for the polydisperse systems. See text for details.

Another means to comprehend the local ordering is by
constructing Voronoi tessellation (VT), which depicts geom-
etry of the system by dividing the space into regions based
on the proximity to a set of points. However, in the physical
systems (such as granular materials) particles are not simply
points — they vary in shape and size. Traditional VT, which
considers particles as points, may not adequately represent the
geometry of polydisperse systems. To address this limitation,
researchers have developed the concept of Set Voronoi tessel-
lation (SVT), which considers a set of points on each particle’s
surface rather than individual points.>®! This technique gives a
more realistic depiction of non-spherical or polydisperse parti-
cles spatial effect and enables the extraction of significant local
information of systems composed of arbitrarily shaped parti-
cles. Figure 9 displays the SVT of uniform size distributed
systems for 6 = 10% at three different 7. The color bar on
the left-hand (black-white) indicates particle diameter and that
on the right-hand (blue-red) indicates the number of closest
neighbors or coordination number (N.). This figure clearly
depicts how particle correlation fluctuates with temperature.
At modest T values, the majority of particles have six close
neighbors (N, = 6), indicated by the hexagonal structure in-
ducing stability in the system. With increasing 7', the hexago-
nal shape is distorted and the particle correlation decays. This
behavior is similar to the analysis of Qg and depends on the
shape of the distribution. N, varies with both T and 6. At
small 8, most particles have N, = 6 (not shown) and increases
with 8 due to the creation of smaller particles. This eventu-
ally destabilizes the system by distorting the ordering in the
system.
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R

5. Pair correlation

To look at the local ordering we calculate the radial dis-
A (XY 8(r—ri))), with 7ij =
r;—rj,r=|r|,Aand N are the area of the simulation box and

tribution function, g(r) = 13
number of particles, respectively.*! In Fig. 10, we display
pair correlation function obtained at three different values of
reduced temperature 8 = (T — T*)/T* around the transition
for various &. It is clear from figure that for small introduc-
tion of 6 ~ 0.5%, the ordering is much enhanced in both the

0 system and approach to that of the 1C below transition. The

oo o
Fig. 9. Voronoi tessellation weighted by particle size for the uniform system (6 = 10%) at three different values of temperatures. The color bar
from black to white (left-hand) shows particle diameter, while blue-white-red (right-hand) denotes particle nearest neighbor. Particle correlation

shifts as temperature varies. The figure shows that for modest 7 values, the majority of particles have six closest neighbors. This behavior is
similar for all § values and distributions studied. Note that the particle size has been reduced for clarity.

amplitude of oscillation of the first peak is consistently the
highest in the § system, indicating a higher order short range
ordering which then decays gradually. It is expected that with
increasing 8, the neighboring particles should increase. This is
seen for 6 > 2.9% and 7% in Fig. 10. Note that the 7™ for the
d systems are significantly higher than 1C, see Fig. 4. Hence, a
small increment in 7" above transition significantly diminishes
ordering, as is also observed in Fig. 3 where ¢ decay steeply
with T approaching the transition region. This indicates that
size-polydisperse systems (at the considered value of &) lack
long-range order, even at the transition point.

0.5% 1% 2.9% 7%
(3)5 — T T T T T T T 5 T T T T T T T T T 5 — T T T T T T T T 5 — T T T T T T T
o —1c 1t 1t 17 1
0=-lg4t- 4F —4 4 -+ 4 ‘l\ .
o e °r 1°0 ]
> 2 2 - 2 1 2r B
1+ 1F = = \
MV S 1 S ]
) ST T T T ] 5 ST T T T T T ] ST T T
0=0 4 - 4 4 - 4k B
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S 2 2+ 2 4 2+ -
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=3 -1 3 - 3r - 3r B
T2k 4 2F 4 2F 42 -
1= 1= 1+ 1
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Fig. 10. Comparison of radial distribution function (rdf) or g(r) for the G and U systems with the 1C system at and around 7* in reduced
temperature 6, where 6 = 0 is the transition point, & = —1 and 1 represent the temperature 1% below and above the transition point, respectively,
for three polydispersity indices. Around the transition point, the first order peak for & systems is significantly higher than that of the 1C system
due to enhanced positional correlation induced by packing efficiency and the higher order peaks rapidly decay with distance as compared to

1C. See SI for the case of polydisperse mass.

For all T's under consideration, we find that the amplitude
of oscillation is largest for 1C, followed by Gaussian and uni-
form size-polydisperse systems, respectively, and higher order
peak positions are shifted to smaller values for polydisperse
systems. The oscillation in both the G and U systems grad-
ually decreases with increasing 7', this happens because the
presence of uncorrelated particles grows progressively with
T, leading to structural decay, as indicated by the compressed

transition ¢ value in Fig. 3. On further increasing 8, the pres-
ence of like and unlike particles becomes equally probable,
where like particles group together forming distinct phases
(see Fig. 1), eventually increasing the particles correlation.

It is evident from Fig. 10 that the curves below T* closely
follow each other for all temperatures but gradually decay
above O = 0 with distance, as is evident from the shift of
higher order peaks, which is an indication of the formation
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of a liquid-like structure. This is akin for all polydisperse sys-
tems in the considered polydispersity ranges. The ordering
of the particles is more perceptible with higher order peaks
more pronounced in the lower 0 in both the polydisperse sys-
tems as compared to the 1C system, owing to the fact that
the presence of the smaller particles is more pronounced (see
Fig. 1) in the polydisperse system because of higher packing
efficiency. Since the particles’ motion is dependent on the sur-
rounding temperature, decreasing the temperature below 7*
tends to lower the kinetic energy of the individual particles, the
smaller particles get trapped in the six or higher order neigh-
bors and eventually remain confined, leading to higher or-
der neighbors with longer oscillation. These oscillations with
higher order peaks gradually diminish with increasing temper-
ature and eventually decay, a property of liquid-like structure.
In the higher temperature regime, individual particles gain ki-
netic energy and can knock off the surrounding neighbors with
ease creating defects. This knock-on effect continues distort-
ing the shape of the structural order in the higher temperature
regions for all systems. The ordering is more appreciable and
pronounced, even above T* in the 1C systems as compared
to both the polydisperse systems for all 6 values. A similar

trend is observed for systems with polydisperse masses (see
supplementary information). The nature of ordering can also
be apprehended from the collective dynamics of the particle
examined in the following section.

6. Dynamics

The particle dynamics are dependent on the local environ-
ment and we characterize the statistical nature of the particle
dynamics through mean-square displacement (MSD), defined
as

N

LY (i)~ mi(O)2,

AP) = —
(art) N &

“
where N is the number of particles, and 7; is the position of the
ith particle. To calculate MSD, we switch from NPT to NVT
ensemble (to avoid artifacts due to volume fluctuation during
NPT runs), where the temperature of the system is maintained
using a Langevin thermostat. Since our main focus is on the ef-
fect of polydispersity on the dynamics, we confine our analysis
for T — T* (or 6 — 0), where the differences in the dynamics
between the systems are expected to magnify.
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Fig. 11. MSD curves for Gaussian and uniform systems (same mass particles) at different values of d (indicated at the top of the figure) together
with reference 1C system. The curves are obtained at three different values of reduced temperature: (a) 8 = —1, (b) 8 =0, and (c) 6 =1 (in
%). Horizontal dashed lines are drawn at (Ar?) /G = 1. See SI for the case of polydisperse mass.

The MSD curves obtained are shown in Fig. 11, where
both inertial (Ar? ~ ¢, at short-times) and diffusive (Ar? ~ ¢!,
at long-times) regimes are observed for all the systems. Note

that in some of the curves, e.g. Fig. 11(b), after reaching dif-

fusive regime the MSD curves again go inertial/ballistic. This
observed behavior may be related to the individual motion of
the particles coupled with cooperative movement of the cluster

(which the particle belongs to) at this time scale. However, at
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sufficiently long time, the curve again crosses over to diffusive
behavior. An interesting quantity of relevance is the mean re-
laxation time, 7, defined as the average of the time taken by the
particles to cover their own sizes. From the MSD curves 7 val-
ues are extracted by looking at the time where (Ar?) /G2 = 1.
In general, with a decrease in temperature the relaxation time
increases for all systems because with lowering 7 it becomes
harder for a particle to escape the cage formed by its neigh-
boring particles, see the value of time where (Ar?)/G> = 1
shifting to higher value with lowering 6 for a given & in the
figure. Furthermore, it is clear from the figure that 7 for the
size-polydisperse systems is small compared to the 1C sys-
tem. This suggests a higher caging effect as well as ordering
in monodisperse system, as expected. For T < T*, a strong
caging effect (indicated by the relatively broad plateau at in-
termediate times) is observed in all the systems. An interest-
ing observation, at the transition temperature (6 =~ 0) is that
for &6 < 1% the relaxation time for U-system is Ty ~ 3071,
while for G-system it is Tg &~ 5007y, which is an order of
magnitude larger and the value is closer to the 1C system.
When increasing polydispersity further, i.e., 8 > 2.9% in the
figure, the caging effect is more pronounced in the uniform

distributed systems at and below the transition, but for 8 > 0
(or T > T*) both the systems shows comparable MSD curve.
This behavior may be understood from the fact that at a given
d the particles spreading from the mean are consistently the
highest in the uniform systems and consequently smaller par-
ticles get trapped in the interstitial sites of the bigger particles,
enhancing the caging effects by the formation of higher or-
der neighbors, although distorting the hexatic phase. Overall,
with the increase of 8, the caging effects gradually increase in
both the polydisperse systems. In Fig. 12, we display the mean
relaxation time as a function of polydispersity index for both
Gaussian and uniform systems (and same mass and polydis-
perse mass cases). The observed trend is that 7 decreases with
increasing & (although some non-monotonicity for 6 < 0),
and hence an increase of diffusion constant is expected for
higher polydisperse systems, which is consistent with other
works. !5 The effect of mass polydispersity on the dynamics
is reflected in the relaxation dynamics for both systems around
the transition, where it is observed that the value of 7 is con-
sistently higher (than the same mass case) and thus there is a
slower structural relaxation.

10 T

I
-1

&% G-same mass

©-# G-polydisperse mass
G-© U-same mass \
10 & @@ U-polydisperse mass _| |- N

S
Il
=
|

PrANRRTTIn

/
PR NI

L clo 1 FE S ¢
4 5 6 1

| |
0 1 2 3
§ (in %)

§ (in %)

o
o
-

|
3 4
§ (in %)

Fig. 12. Relaxation time (7) as a function of polydispersity for different values of reduced temperature (6). Filled symbols represent the data
points for polydisperse mass and the open symbols are for the same mass for both the Gaussian (G) and uniform (U) systems, respectively.

7. Conclusion

In this work we provide an in-depth analysis of the effect
of size and mass polydispersity on the melting/freezing tran-
sition and its consequence on the solid-liquid phase diagram,
and statics and dynamics in general of a model LJ fluid in 2D.
It is observed that, irrespective of the types of size distribu-
tion considered, the introduction of size-polydispersity leads
to elevation of 7" (w.r.t. monodisperse system) due to an in-
crease in the packing fraction, which then decreases upon a
further increase of 6 and terminates at 6 ~ 8% (U-system) and
0 ~ 14% (G-system), where the transition gets broadened and
diminishes. Increasing polydispersity also decreases the par-
ticle correlations, thereby decreasing the global hexatic order
parameter, (Qg). The (Qg) values for U systems are consis-
tently the lowest in comparison with G systems for the same
value of 8. The phase diagram in T—0 plane indicates that the
solid-liquid coexistence is wider for the G-systems due to the
relatively narrow particle size distribution as compared to the

U-system. Furthermore, the analysis of (Qg) indicates that the
local particle ordering is higher in the smaller polydispersity
ranges and ordering increases with lowering temperature, as
is also shown by the qualitative analysis of the pair correla-
tion function. The effect of mass polydispersity on the particle
ordering manifested from the dynamics of the individual par-
ticle motion is consistently the highest for 1C in comparison
with the polydisperse systems in all temperature ranges, con-
sequently suggesting a higher structural order.

It is important to point out that here we have investi-
gated only the Gaussian and uniform particle-size distribu-
tions. However, other distributions such as log-normal dis-
tribution and Weibull distribution are also important because
they represent many naturally occurring size distributions. For
instance, log-normal distribution is often used to describe par-
ticle size distributions in materials science, and the Weibull
distribution is commonly applied in reliability engineering and
failure analysis. On the other hand, studies related to trans-
port properties of size-polydisperse fluids have not been ex-
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plored enough to date for lower dimensional systems. Hence,

we shall explore the behavior of transport properties such as

thermal conductivity and viscosity considering a wide variety

of size-distribution functions in our upcoming work.
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