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By using the numerical renormalization group (NRG) method, we construct a large dataset with about one million
spectral functions of the Anderson quantum impurity model. The dataset contains the density of states (DOS) of the host
material, the strength of Coulomb interaction between on-site electrons (U), and the hybridization between the host material
and the impurity site (Γ ). The continued DOS and spectral functions are stored with Chebyshev coefficients and wavelet
functions, respectively. From this dataset, we build seven different machine learning networks to predict the spectral
function from the input data, DOS, U , and Γ . Three different evaluation indexes, mean absolute error (MAE), relative error
(RE) and root mean square error (RMSE), are used to analyze the prediction abilities of different network models. Detailed
analysis shows that, for the two kinds of widely used recurrent neural networks (RNNs), gate recurrent unit (GRU) has better
performance than the long short term memory (LSTM) network. A combination of bidirectional GRU (BiGRU) and GRU
has the best performance among GRU, BiGRU, LSTM, and BiLSTM. The MAE peak of BiGRU+GRU reaches 0.00037.
We have also tested a one-dimensional convolutional neural network (1DCNN) with 20 hidden layers and a residual neural
network (ResNet), we find that the 1DCNN has almost the same performance of the BiGRU+GRU network for the original
dataset, while the robustness testing seems to be a little weak than BiGRU+GRU when we test all these models on two
other independent datasets. The ResNet has the worst performance among all the seven network models. The datasets
presented in this paper, including the large data set of the spectral function of Anderson quantum impurity model, are
openly available at https://doi.org/10.57760/sciencedb.j00113.00192.
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1. Introduction

The Anderson quantum impurity model (AQIM) is a
very basic and important model in quantum many-body the-
ory. It was first proposed in the 1960s to investigate the se-
ries of Kondo problems in diluted magnetic conductors.[1,2]

The AQIM exhibits certain properties of strongly correlated
physics, and plays an essential role in dynamical mean field
theory.[3] Various theoretical and numerical methods are de-
veloped to solve this model, e.g., Bethe ansatz method,[4,5]

boundary conformal field theory,[6,7] slave-boson mean field
theory,[8,9] non-corssing[8] and one-crossing[10–12] approx-
imations, numerical renormalization group (NRG),[13,14]

Hirsch–Fye[15–17] and continuous-time[18] quantum Monte
Carlo simulations, etc.

In recent years, machine learning methods have been
widely used in different areas of physics,[19] i.e., reconstruct-
ing the image of black hole M87,[20] searching for new funda-
mental physics beyond the standard model,[21] dealing with
large database in particle physics,[22] identifying different
phases in condensed matter physics,[23–25] accelerating quan-
tum Monte Carlo simulation,[26] first-principles calculations
and material design,[27–31] to name just a few. For the AQIM in

condensed matter physics, previous investigations show great
power of machine learning in the prediction of spectral func-
tion and Green’s function.[32–36] Arsenault et al.[32] construct
for the first time the machine learning network with the Hub-
bard interaction, hybridization strength and impurity occupa-
tion as the input parameters. The typical constant density of
states (DOS) for the host material is considered in this semi-
nal work. The AQIM model is further investigated by Sturm
et al.[33] by using neural networks and kernel ridge regres-
sion methods for very large databases, in which the Hubbard
interaction, hybridization, impurity level, magnetic field, and
temperature are designed as the input parameters. The band
structure of host material beyond the constant DOS has been
considered in Refs. [34,35]. In Ref. [34], the authors consider
small clusters as the host material which is hybridized to the
impurity. Different configurations of cluster energies are gen-
erated as input data for machine learning. Ren et al.[35] have
tried for the first time using the DOS of the host material as
the input data, and completed the solution of AQIM by using
CNN and RNNs to predict spectral functions.

The quantum impurity solver is heavily used dynamical
mean field theory. The development of generalized, fast and
accurate quantum impurity solvers is an important research
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direction in this field. The rapid development of machine
learning methods in the last few years has brought several or-
ders of magnitude improvement in the computational speed
of impurity solvers.[33] However, in comparison with conven-
tional methods, such as NRG and quantum Monte Carlo meth-
ods, the generality of machine learning models for impurity
solving is still under development. In the initial works like
Refs. [32,33], only a few discrete parameters are considered
for the prediction of the spectral function. In Ref. [35], the
DOS is introduced in the machine learning models. However,
the general machine learning models, which have both con-
tinuous DOS and discrete parameters (such as on-site Columb
intearction, hybridization, and impurity energy) as the input
parameters, are not developed. In this work, we fill this gap,
generalize the previous investigations by considering both the
DOS of host material, the Columb interaction, and hybridiza-
tion as the input data for machine learning to predict the spec-
tral function. The prediction abilities of CNNs (including
1DCNN and ResNet) and RNNs are investigated in this work.
The paper is organized as follows. In Section 2, we present
the model Hamiltonian, the input data and NRG-calculation-
generated standard output data. In Secion 3, we give a brief
introduction about the network structures used in this work.
We analyze the predition abilities of different networks in Sec-
tion 4. A brief conclusion is given in Section 5.

2. Data set generation
The Hamiltonian of AQIM can be written as

Ĥ = ∑
σ

εd d̂†
σ d̂σ +Un̂d↑n̂d↓+ ∑

𝑘,σ

ε𝑘ĉ†
𝑘σ

ĉ𝑘σ

+
1√
N ∑

𝑘,σ

V𝑘(d̂†
σ ĉ𝑘σ + ĉ†

𝑘σ
d̂σ ), (1)

where εd is the energy of the impurity, d̂†
σ and d̂σ represent

the creation and annihilation operators of the impurity states
respectively, σ =↑, ↓ represents the spin state, ↑ indicates that
the spin state is upward, ↓ means downward spin. Un̂d↑n̂d↓
represents the Coulomb interaction of the magnetic impurity,
n̂dσ = d̂†

σ d̂σ represents the particle population operator. ε𝑘

represents the dispersion energy of the impurity material, ĉ†
𝑘σ

and ĉ𝑘σ represent the creation and annihilation operators of
electron state with spin σ and wave vector 𝑘, respectively. V𝑘

describes the magnitude of the hybrid intensity, and N rep-
resents the total number of wave vectors. We use the NRG
method, which solves different DOSs and corresponding spec-
tral functions to construct input and output data sets for ma-
chine learning. In NRG calculations, the Hamiltonian can be
rewritten in the following one-dimensional form:

Ĥ = ∑
σ

εd d̂†
σ d̂σ +Un̂d↑n̂d↓+V ∑

σ

(d̂†
σ ĉ0σ + ĉ†

0σ
d̂σ )

+
∞

∑
σ ,n=0

[εnĉ†
nσ ĉnσ + tn(ĉ†

nσ ĉn+1σ + ĉ†
n+1σ

ĉnσ )], (2)

where V = (∑k |Vk|2 /N)
1/2

describes the hybridization
of the impurity state and conduction electrons, ĉ0σ =

∑k Vkĉkσ/
(√

NV
)
. ĉ†

nσ and ĉnσ (n ≥ 0) represent the cre-
ation and annihilation operators in the one-dimensional chain,
εn and tn are the coefficients of on-site energies and hopping
terms in the chain. These coefficients can be obtained from the
hybridization function V𝑘 and the DOS of the conduction elec-
trons after some proper discretization of the original model 1.
In this work, we use the improved discretization scheme pro-
posed in Ref. [37]. We choose the half-band-width of the con-
duction electron D = 1 as the unit of energy. The NRG dis-
cretization parameter Λ is set to 2. We set four discrete grids
Nz = 4 to smooth the odd–even oscillation, z = 0.25, 0.5, 0.75,
1. In NRG calculations, at most 2000 states have been kept in
each iteration.
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Fig. 1. NRG calculates the spectral function of a randomly selected sam-
ple. (a) DOS and two random variables. One random variable is the
strength of Hubbard’s repulsive force U = −2εd , where εd = −0.20307
is the impurity energy. Another random variable is the strength of the
coupling between the impurity and the free electron Γ = πV 2/(2D) =
0.06541. (b) Spectral function. We choose half-width D = 1 as the unit
of energy.

Here we give a detailed description of the dataset gener-
ated by NRG calculation. In our investigation, both discrete
parameters and continuous DOS function are input data for
machine learning. The impurity energy εd has been randomly
distributed in the interval [−D/2,0], while the Coulomb inter-
action U = −2εd is in the interval [0,D]. The hybridization
strength in NRG calculation Γ = πV 2/(2D) has been ran-
domly distributed in the interval [0,D/10]. The DOS of the
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host material has been generalized as follows. We set the in-
terval ω ∈ [−2D,2D], which is expressed as ω j = ( j−4)D/3,
( j = 1,2, . . . ,7), corresponding to 7 grids. At the grid points
between [−2D,2D], we generate 7 random numbers corre-
sponding to them (in the range [0,1]). In order to synthe-
size this set of scatter data into a smooth continuous func-
tion curve, we adopt the cubic spline interpolation method,
which approximates the data in a small interval with low de-
gree polynomials and uses the connection conditions of these
polynomials to ensure the smoothness of the whole curve. We
normalize this fitted function f (ω), to get the DOS, ρ(ω) =

f (ω)/
∫ D
−D f (ω)dω for ω ∈ [−D,D], ρ(ω) = 0 otherwise.

Secondly, we use logarithmic equal-scale coordinates to cal-
ibrate the DOS for NRG calculation, 2918 grid points are
constructed for zero-temperature calculation, ω

±
j = ±2Λ− j

( j = 0,1,2, . . . ,1458). Correspondingly, 2918 points of the
spectral function with logarithmic coordinate are obtained by
NRG calculation. Figure 1 shows an example of NRG calcula-
tion. One can find from Fig. 1(b) that the spectral function has
three peaks, which correspond to the extended energy level of
the impurity states and the Abrikosov–Suhl resonance peak,
respectively.

In our investigation, the input data have two different
types, discrete parameters and continuous function, while the
output is essentially a function. For both the input DOS and
output spectral function, we have 2918 points. Even the CNN
is demanding for such a large system. Appropriate organiza-
tion and pretreatment of the input and output data is essen-
tial for machine learning. A rough approach is to sample the
functions with fewer points, as demonstrated in Ref. [35]. For
general investigations, here we use the Chebyshev polynomial
to express the input DOS function, while the output spectral
function is approximated by wavelets (practical investigation
shows that the Chebyshev polynomial is unstable to approxi-
mate the spectral function at the two ends).

We use Chebyshev polynomials of the second kind to ap-
proximate the input DOS,

ρ(ω) =
N−1

∑
i=0

cigiUi(ω), (3)

where N is the number of terms of the truncated polynomial,

Ui(ω) =
sin[(i+1)arccos(ω/D)]

sin[arccos(ω/D)]
(4)

is the Chebyshev polynomial defined in the interval ω ∈
[−D,D], gi is a proper coefficient corresponding to a special
kernel function which can be used to reduce the Gibbs oscil-
lation. We find that the Jackson kernel[38] works well for our
problem,

gi =
1

N +1

[
(N− i+1)cos

iπ
N +1

+ sin
iπ

N +1
cot

π

N +1

]
. (5)

ci in Eq. (3) is the expansion coefficient. We find that N = 80
is sufficient to approximate the DOS (see Fig. 2 for typical fit-
ting). Combining εd , Γ , and these coefficients {ci}, we get the
input data for machine learning,

𝑥= (x1,x2, . . . ,x82) = (εd ,Γ ,c0,c1, . . . ,c79). (6)

We perform discrete wavelet decomposition of spectral func-
tion to obtain output data. Its working principle is to carry
out the inner product operation of the original image with
the wavelet basis function and the scale function. The coef-
ficients of 6-order wavelet decomposition are calculated, in
which 150 low-frequency component coefficients CA1 and 150
high-frequency component coefficients CD1 of decomposition
are saved respectively. The coefficients of the other higher-
frequency components are omitted. The function A(ω) is ob-
tained by wavelet reconstruction of each set of obtained co-
efficients. Figure 3 shows a typical spectral function recon-
structed from the wavelet coefficients. One can find that the
original spectral function A(ω) (black thick line) and the re-
constructed function (red thin line) coincide with each other.
The low-frequency coefficients CA1 and high-frequency co-
efficients CD1 are independent, so we can construct machine
learning models for these datasets separately. We name 𝑦a and
𝑦b the low- and high-frequency coefficients,

𝑦a = (ya,1,ya,2, . . . ,ya,150), (7)

𝑦b = (yb,1,yb,2, . . . ,yb,150). (8)

The key problem is to build the machine learning models
which work well and efficiently for the following maps:

𝑥→ 𝑦a, (9)

𝑥→ 𝑦b. (10)

We generate a very large dataset with 1 million data
(𝑥,𝑦a,𝑦b). This model-training (validating) dataset is named
τ1, 80% of τ1 is used as a training set and 20% as a valida-
tion set. Each group of input data has 82 data (𝑥), and each
group of output data has 150 low-frequency data (𝑦a) and 150
high-frequency data (𝑦b). The two parts of output samples are
trained separately. In addition, in order to unify the order of
magnitude of data and avoid the problem that the model cannot
converge due to some abnormal data values, the output data is
normalized as follows: y′a = ya/max(ya), y′b = yb/max(ya),
where y′a and y′b are the values after feature compression, as
shown in Fig. 4. The normalization constant max(ya) can be
reobtained from the normalization condition of spectral func-
tion,

∫
A(ω)dω = 1.
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Fig. 4. The characteristic compression coefficient of spectral function af-
ter three-order wavelet decomposition. (a) Low-frequency coefficient and
(b) high-frequency coefficient.

3. Neural network construction
Deep learning (DL) is a complex machine learning (ML)

algorithm. With the explosion and popularity of deep learning,

people have gradually separated this concept from machine
learning, and its core is neural network, which is a kind of
artificial intelligence technology. Based on the characteristics
of different network architectures, we describe the neural net-
works used in this work. Recurrent neural network (RNN) is
a neural network dedicated to processing data with sequence
characteristics. It is very effective for mining sequence in-
formation and semantic information in data, because it has a
storage memory unit inside, which can remember all sequence
information and use this information for the output of the cur-
rent sequence position. Convolutional neural network (CNN)
generally refers to two-dimensional convolutional neural net-
work, which is often used in the field of computer vision and is
very good at processing image information efficiently. In ad-
dition, sequence prediction can also be achieved using a one-
dimensional convolutional neural network (1DCNN), where
the one-dimensional meaning is that the convolution kernel
moves in the direction of only one dimension. Due to its rela-
tively simple model structure and the characteristics of param-
eter sharing and parallel processing, 1DCNN’s training speed
is faster than that of the variant model based on RNN. In par-
ticular, for the 1DCNN model, adjusting the appropriate pa-
rameters can also achieve a better prediction effect. A com-
plete 1DCNN combines five parts: input layer, convolution
layer, ReLU layer, pooling layer and full connection layer.

3.1. LSTM layer

In the training process of long sequence prediction, RNN
is prone to gradient dispersion and gradient explosion, which
makes RNN only have short-term memory, resulting in infor-
mation loss. In order to correct the shortcoming of RNN that
cannot handle long sequence data, Hochreiter et al.[39] pro-
posed the long short-term memory network (LSTM), which
belongs to a more advanced RNN due to its particularity of in-
ternal structure. One of the key points of the LSTM structure
is the gating system, which includes forgetting gate, input gate
and output gate. In addition, cell states are introduced, unlike
RNN which only have hidden states. Its structure is shown
in Fig. 6, and the formal equations of the three gates can be
obtained successively as follows:

Ft = σ(XtWx f +Ht−1Wh f +b f ), (11)

It = σ(XtWxi +Ht−1Whi +bi), (12)

Ot = σ(XtWxo +Ht−1Who +bo), (13)

C̃t = tanh(XtWxc +Ht−1Whc +bc), (14)

Ct = Ft �Ct−1 + It �C̃t , (15)

Ht = Ot � tanhCt , (16)

where t is the total time step, t = 1,2, . . . ,82 in this work,
� means element-wise multiplication. The three gates cor-
respond to Ft , It , Ot ∈ [0,1] in turn, Ht−1 is the cell output
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value at t−1, Xt is the eigenvector at t, W and b are the weight
matrix and bias matrix of the corresponding unit respectively,
σ is the sigmoid activation function. The cell output value
Ht−1 at t− 1 and the feature vector Xt at t first enter the for-
getting gate Ft to determine whether to filter out the memory
of the previous moment, and then select which signals need
to be updated at the current moment through the input gate
It , and cache the cell state at the current moment C̃t , which
is called the candidate memory state. The output gate Ot de-
termines which part of the cell state needs to be outputted.
Secondly, the cell state Ct processed by the tangent function is

multiplied with the corresponding elements of the output part

one by one to obtain the final cell output value Ht , thus solv-

ing the problem of gradient and achieving selective storage

of information. There is a problem in using LSTM network

modeling that the direction of encoded information can only

be from front to back. Bidirectional long short-term memory

(BiLSTM) network combines forward LSTM and backward

LSTM, and combines the output vectors of two LSTM layers

as the final calculation result to realize forward and backward

processing sequences.

h h h h h hh
h h h h

h

Bilstm/bigru layer

Dropout Dropout Dropout Dropout

Fc

Input layer

Lstm/gru layer

yyyy

′ ′ ′ ′

Lstm/gru Lstm/gru Lstm/gru

Lstm/gru Lstm/gru Lstm/gru

Lstm/gru

Lstm/gru Lstm/gru Lstm/gru Lstm/gru

Lstm/gru Lstm/gru Lstm/gru Lstm/gru

Lstm/gru

...

...

...

...

...

...

...

...x x x x

Fig. 5. RNN overall network structure.

Memory cells

Ct↩

Forget 

gate

Hidden states

Ht↩

XtInput data

Input 

gate

σFt σ σIt Ct

Ct

Ht

Ht

OtTanh

Tanh

Output 

gate

~

Fig. 6. LSTM working principle diagram. Xt is the eigenvector at time t,
Ht and Ht−1 are the output values at time t and t−1 respectively, Ct and
Ct−1 are the cell states at time t and t−1 respectively, C̃t is the candidate
memory state, Ft , It and Ot are the forgetting door, the input door, and the
output door, respectively, � means element-wise multiplication, σ and
Tanh are the sigmoid activation function.

3.2. GRU layer

Kyunghyun Cho et al.[40] proposed the gate recurrent unit
(GRU), a simplified version of LSTM, which combines cell
state and hidden state into one state and is controlled by only
two gating structures, namely update gate Zt and reset gate Rt .
Its structure is shown in Fig. 7, and the calculation equations
are as follows:

Zt = σ(XtWxz +Ht−1Whz +bz), (17)

Rt = σ(XtWxr +Ht−1Whr +br), (18)

H̃t = tanh[XtWxh +Whh(Rt�Ht−1)+bh], (19)

Ht = Zt�Ht−1 +(1−Zt)� H̃t . (20)

As can be seen from Eq. (20), the GRU model uses an up-
date gate to realize the functions of both the forgetting gate
and the input gate of the LSTM model, which greatly reduces
the number of parameters and saves the computing cost of the
computer, so it is a better choice. Forward and backward se-
quences can also be processed using the bidirectional gate re-
current unit (BiGRU).

Reset

gate
Refresh

gate

Hidden states

Ht↩

XtInput data

σRt σZt

Ht

Ht Tanh

1-

~

Fig. 7. Principle diagram of GRU network. Xt is the eigenvector at time t,
Ht and Ht−1 are the output values at time t and t−1 respectively, H̃t is the
cell output after the matrix operation, Zt and Rt are update doors and reset
doors respectively. �means element-wise multiplication, ⊕ is the matrix
addition operation, σ and Tanh are the sigmoid activation function.

057102-5



Chin. Phys. B 33, 057102 (2024)

3.3. Convolution and pooling layers

The convolution layer uses convolution operation, which
can also be understood as a cross-correlation operation in a
non-strict sense, that is, the convolution kernel multiplies and
then adds the corresponding part of the input matrix until the
convolution kernel has scanned the entire input matrix, so as
to achieve feature extraction. The equation is as follows:

𝑂(i, j) = (𝐾 ∗𝐼)(i, j) = ∑
m

∑
n
𝐼(i+m, j+n)𝐾(m,n), (21)

where 𝐼 is the input matrix, i and j correspond to the rows
and columns of the input matrix, 𝐾 is the convolution kernel
matrix with size m×n, and 𝑂 is the output matrix.

After extracting features from the convolution layer, the
output matrix enters the pooling layer. We use maximum pool-
ing, which preserves the features while reducing the number of
parameters to reduce the computation.

3.4. Residual block

In the 1DCNN network, with the increase of the num-
ber of network layers, more features can be extracted, but it
also causes the degradation problem, that is, with the deep-
ening of the network, the error rate of the prediction results
becomes higher. The core of the residual network (ResNet)
is the introduction of CNN-based identity mapping, Xl+1 =

F(Xl ,Wl) + Xl , where Xl is the input to the original l layer,
Xl+1 is the input to the l+1 layer, and F(Xl ,Wl) is the residual
part. As shown in Fig. 8, the input is directly superimposed on
the output of the non-linear layer neural network, when F→ 0,
Xl+1 = Xl , and the model degenerates into a shallow network.

l-1 layer

l layer

F↼x↽

F↼x↽⇁x

Xl

Xl

Relu

+

Fig. 8. Residual block schematic diagram, where l–1 and l are layer l–1
and layer l neural networks respectively, Xl is the input vector of layer l,
F(x) is the output of layer l network, ⊕ is the matrix addition operation,
Relu is the activation function.

3.5. Dropout and fully connected layer

In order to prevent the problem of overfitting, Hinton et
al.[41] proposed dropout. In the process of forward propaga-
tion, the activation value of a certain neuron is randomly dis-
carded with a certain probability p, so that the output result
will not be too dependent on some local features, thus increas-
ing the generalization ability of the model. An illustration of
dropout is given in Fig. 9.

Fig. 9. Dropout schematic. The circles in the figure represent neurons,
the left is a standard neural network, and the right is a neural network
after killing some neurons with a certain probability.

In the last layer of the neural network, a fully connected
layer is generally used, and the final prediction is realized after
the output of the upper layer is nonlinearly transformed.

3.6. Optimizer and loss function

We build all our network models using the pytorch frame-
work, which encapsulates many optimizers and loss functions.
As an excellent deep learning optimizer with high efficiency
and accuracy, Adam optimizer is widely used in the fields of
natural language and computer vision, and it is the best choice
for us to train network models. We choose L1 loss in pytorch
as the loss function. This loss function is often used in regres-
sion tasks, and its explicit expression is

Loss(x,y) =
1
n

n

∑
i=1
|yi−F(xi)| , (22)

where F(xi) is the predicted value and yi is the truth-value.

4. Result analysis
We train LSTM, BiLSTM, GRU, BiGRU, BiGRU +

GRU, 1DCNN and ResNet on a server with a graphics card
of NVIDIA GeForce RTX 3090 and 23.7 GB of memory. The
preparation of data is time-expensive, however, the prediction
of spectral function from trained ML models is very quick.
The average time for each set of data processed on the server
is about 112 s if we use the standard NRG calculation. The
ML model predictions are about six orders of magnitude faster,
more specifically, the GRU model takes about 0.0014 s for the
same data set, the BiGRU model takes also about 0.0014 s,
the LSTM model takes about 0.0011 s, the BiLSTM model
takes about 0.0014 s, the BiGRU+GRU model takes about
0.0022 s, the 1DCNN model takes about 0.0014 s, and the
ResNet model takes about 0.0026 s. The speedup shows great
advantage of ML investigation of the AQIM problem. Now we
go into details about the performance of different ML models.

The overall structure diagrams of RNN and 1DCNN are
shown in Figs. 5 and 10 respectively. The number of network
layers for each ML model and the corresponding hyperparam-
eters are shown in Table 1. The loss function curves obtained
through training the dataset τ1 with one million data are shown
in Fig. 11. It can be observed that when the training times
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reach 20 epochs, the loss functions of the low-frequency part
(upper subfigure in Fig. 11) and the high-frequency part (the
lower subfigure) of the spectral functions trained by all the
seven models begin to converge. The further training up to
100 epochs shows that, all the models are not underfitting or
overfitting. Furthermore, for each ML model, the difference
between the loss functions of the training set and the verifi-

cation set is very small. These results demonstrate that the
training of the all ML models convergent. From the con-
vergence of the loss functions, we can find that the model
BiGRU+GRU has the best performance, i.e., this model has
the smallest loss-value. 1DCNN and BiGRU are slightly in-
ferior to BiGRU+GRU, while GRU and LSTM models have
relatively poor convergence.

Table 1. Structure and hyperparameters of different models.

Model Epochs Batch size Hidden layers Dropout Learning rate Total params

GRU 100 100 layers 1, 2: GRU, layers 3: Linear 0.5 0.001 199830
BiGRU 90 128 layers 1, 2: BiGRU, layers 3: Linear 0.5 0.001 497814
LSTM 100 100 layers 1, 2: LSTM, layers 3: Linear 0.5 0.001 650902

BiLSTM 100 100 layers 1, 2: BiLSTM, layers 3: Linear 0.5 0.001 913046
BiGRU+GRU 100 100 layers 1, 2: BiGRU, layers 3, 4: GRU, layers 5: Linear 0.2 0.001 725910

1DCNN 100 100
layers 1, 4, 6, 8, 10, 13, 15, 17, 19: Conv1d,
layers 2, 5, 7, 9, 11, 14, 16, 18, 20: ReLU,
layers 12: MaxPool1d, layers 22: Linear

0.2 0.001 621462

ResNet 100 100
layers 1: RestNetBasicBlock,

layers 2–4: RestNetDownBlock, RestNetBasicBlock
layers 5: avgpool, layers 7: Linear

0.5 0.001 8877078

Input signals

      Conv1

kernel size: 1 Τ 7

      Conv2

kernel size: 1 Τ 7

            Conv3

1-3 layers kernel size: 1 Τ 7

         4 layer: 1 Τ 11

1 Τ 80 Τ 64

1 Τ 40 Τ 64
1 Τ 38 Τ 64

1 Τ 36 Τ 64
1 Τ 34 Τ 64

1 Τ 32 Τ 64

1 Τ 14 Τ 128

1 Τ 12 Τ 128
1 Τ 10 Τ 128

1 Τ 4 Τ 128

1 Τ 2 Τ 128
1 Τ 256 1 Τ 150

1 Τ 16 Τ 64

Output layer

Fully connected layer

Pooling layer

Convolutional layer+ReLu layer

Fig. 10. The 1DCNN overall network structure.
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1DCNN (train)
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BiLSTM (train)

GRU (train)
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(a) (b)

Fig. 11. The low-frequency loss-value curve (a) and the high-frequency loss-value curve (b) are trained by different neural networks on a dataset
of 1 million samples. The horizontal coordinate is epoch = 100, the learning rate is 0.001, and the solid and dashed lines represent the losses in
terms of the training set and the verification set, respectively. Different colors represent different neural networks.
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Table 2. The τ1 performance against the two baseline criteria of MAE
evaluation indicators.

Model Dataset Baseline proportiona Baseline proportionb

GRU τ1 91.0% 50.3%
BiGRU τ1 91.6% 68.8%
LSTM τ1 91.7% 74.1%

BiLSTM τ1 92.0% 75.0%
BiGRU+GRU τ1 92.0% 83.6%

1DCNN τ1 92.1% 75.2%
ResNet τ1 91.5% 43.4%

aBaseline proportion1 = τ1 (MAE < 0.005)/τ1,
bBaseline proportion2 = τ1 (MAE < 0.0007)/τ1.

Table 3. The τ1 performance against the two baseline criteria of RE eval-
uation indicators.

Model Dataset Baseline proportiona Baseline proportionb

GRU τ1 68.4% 2.5%
BiGRU τ1 78.8% 7.9%
LSTM τ1 80.2% 12.0%

BiLSTM τ1 85.3% 11.4%
BiGRU+GRU τ1 85.6% 17.3%

1DCNN τ1 86.2% 12.3%
ResNet τ1 60.6% 2.6%

aBaseline proportion1 = τ1 (RE < 0.05)/τ1,
bBaseline proportion2 = τ1 (RE < 0.007)/τ1.

Table 4. The τ1 performance against the two baseline criteria of RESE
evaluation indicators.

Model Dataset Baseline proportiona Baseline proportionb

GRU τ1 87.6% 18.0%
BiGRU τ1 90.2% 45.0%
LSTM τ1 90.0% 43.0%

BiLSTM τ1 90.0% 55.3%
BiGRU+GRU τ1 91.5% 63.5%

1DCNN τ1 91.5% 55.5%
ResNet τ1 89.9% 4.3%

aBaseline proportion1 = τ1 (RESE < 0.05)/τ1,
bBaseline proportion2 = τ1 (RESE < 0.007)/τ1.

Table 5. The τ2 performance against the two baseline criteria of MAE
evaluation indicators.

Model Dataset Baseline proportiona Baseline proportionb

GRU τ2 92.0% 55.8%
BiGRU τ2 92.9% 86.7%
LSTM τ2 92.7% 79.7%

BiLSTM τ2 93.0% 83.0%
BiGRU+GRU τ2 93.0% 88.2%

1DCNN τ2 92.9% 87.0%
ResNet τ2 93.0% 64.5%

aBaseline proportion1 = τ2 (MAE < 0.005)/τ2,
bBaseline proportion2 = τ2 (MAE < 0.0007)/τ2.

The low frequency and high frequency information of the
spectral functions predicted by all the machine learning mod-
els is restored in the form of wavelet-coefficients. We can re-
construct the spectral functions from these coefficients. By
comparing the predicted results and the truth-value, we can
evaluate the accuracy of learning models. Figure 12 shows the

prediction results for the same typical spectral function by us-
ing different models. From these figures, we can see the subtle
differences in the predicted results of different models. The
prediction curves of 1DCNN, BiLSTM and BiGRU+GRU
models are smooth, while the other four models show weak
edge oscillations. We use three error-evaluation indexes to
evaluate the prediction ability of different models, i.e., the
mean absolute error (MAE), the relative error (RE) and the
root mean square error (RMSE),

MAE =
1
n

n

∑
i=1
|ŷi− yi| , (23)

RE =
∑

n
i=1 |ŷi− yi|
∑

n
i=1 |yi|

, (24)

RMSE =

√
1
n

n

∑
i=1

(yi− ŷi)
2. (25)

Since the average error of each model cannot directly com-
pare the distribution of the error rate of the data, we define
two baseline standards respectively under different evaluation
indicators. The baseline standard is the proportion of the data
when the error is less than a certain specified value, and the
error of baseline standard 2 is one order of magnitude smaller
than that of baseline standard 1. The statistical results of MAE,
RE and RMSE are shown in Tables 2–4.

According to the baseline criterion 1 of the MAE in-
dex, all models have a data proportion greater than 90%, with
no significant difference in their performance. Following the
baseline standard 2 of the MAE index, the MAE reaches a
level of 10−4, with the BiGRU+GRU model exhibiting the
highest accuracy of 83.6%. The 1DCNN, BiLSTM, LSTM,
and BiGRU models also have high accuracy rates, accounting
for over 68% of the data. The performance of BiLSTM and
BiGRU is stronger compared to LSTM and GRU, respectively,
while Resnet has the poorest performance, with only 68% of
its data meeting the criteria.

From the baseline criterion 1 of the RE index, we
found that the 1DCNN performs the best, accounting for
86.2% of the data. The BiLSTM and BiGRU+GRU mod-
els showed similar proportions of high-accuracy data, around
85%. LSTM and BiGRU had moderate performance, with
80% of the data meeting the standards, while GRU and ResNet
had lower effectiveness, with less than 70% of the data meet-
ing the criteria. When considering the baseline standard 2 of
the RE index, the RE values were on the order of 10−3, and
all models displayed poor performance, with BiGRU+GRU
having the largest proportion of data.

Regarding the baseline criterion 1 of the RMSE index,
all models performed well, with approximately 90% of the
data meeting the criteria. Under the baseline standard 2 of
the RMSE index, the RMSE values were on the order of 10−4,
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with the BiGRU+GRU model having the highest proportion
of high-accuracy data at 63.5%. The 1DCNN and BiLSTM
models followed with around 55%, while the remaining mod-
els had less than 50% of the data meeting the criteria. GRU
and ResNet exhibited weaker performance.

The results indicate that when all error indicators are re-
duced by one order of magnitude, the data proportion for each
model significantly decreases. Under the baseline standard 2
of the RE and RMSE indicators, most data have higher er-
rors compared to the corresponding evaluation standards. Fig-

ure 13 illustrates the prediction results of all the seven network
models for some typical data with large errors. One can find
that the spectral functions have three peaks, however, the mid-
dle Abrikosov–Suhl resonance peak is very sharp near ω = 0,
and the derivative is not continuous at this point. We suspect
that this kind of abnormal spectral functions come from the
NRG calculation settings. We have chosen a truncation value
of energy 10−16 for NRG calculation. It seems that this trun-
cation value is not low enough to present all the spectral func-
tions.
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Table 6. The τ2 performance against the two baseline criteria of RE eval-
uation indicators.

Model Dataset Baseline proportiona Baseline proportionb

GRU τ2 91.2% 42.5%
BiGRU τ2 92.6% 82.9%
LSTM τ2 92.3% 72.0%

BiLSTM τ2 92.5% 74.2%
BiGRU+GRU τ2 92.9% 78.0%

1DCNN τ2 92.6% 83.1%
ResNet τ2 92.8% 51.6%

aBaseline proportion1 = τ2 (RE < 0.05)/τ2,
bBaseline proportion2 = τ2 (RE < 0.007)/τ2.

Table 7. The τ2 performance against the two baseline criteria of RMSE
evaluation indicators.

Model Dataset Baseline proportiona Baseline proportionb

GRU τ2 90.4% 25.1%
BiGRU τ2 92.1% 81.1%
LSTM τ2 91.9% 62.0%

BiLSTM τ2 92.0% 70.1%
BiGRU+GRU τ2 92.4% 80.5%

1DCNN τ2 92.1% 81.4%
ResNet τ2 92.4% 31.3%

aBaseline proportion1 = τ2 (RMSE < 0.005)/τ2,
bBaseline proportion2 = τ2 (RMSE < 0.0007)/τ2.

After removing all the abnormal data, a new database τ2

is obtained, which has a size of 184000 and is used to re-
train all the models. The statistics of different error rate in-
dicators are presented in Tables 5–7. One can find that under
the baseline criterion 1 of the MAE and RMSE, there is no
significant difference in the performance between the original
dataset, τ1, and the dataset τ2 after removing all the abnor-
mal data. Under the baseline criterion 1 of the RE, τ2 has
better performances than τ1 in all models. The performance
improvement of τ2 compared to τ1 is approximately 10% for
BiGRU, LSTM, BiLSTM, and BiGRU+GRU, about 20% for
GRU, and about 30% for ResNet. The best-performing mod-
els are BiGRU+GRU and 1DCNN. Considering the baseline

criterion 2 of the MAE index, τ2 slightly outperforms τ1, with
BiGRU+GRU and 1DCNN being the top-performing models.
However, under the baseline standard 2 of the RE, the accuracy
of the τ2 dataset in each model is approximately 40% to 75%
higher than that of the τ1 dataset when the error standard was
reduced by one order of magnitude. This indicates a signif-
icant improvement in model accuracy after removing the ab-
normal data, with 1DCNN and BiGRU being the best perform-
ers, accounting for over 82% of the data. The performance of
BiGRU+GRU is closed to 1DCNN and BiGRU, the accuracy
of this model is about 78%. Under the baseline standard 2 of
the RMSE index, τ2 performs 7.1% to 36.1% better than τ1 in
all models, with 1DCNN, BiGRU, and BiGRU+GRU being
the top performers, and their data proportions exceeding 80%.
We find very interesting that, for ResNet and GRU, models
that are less effective than others, the removal of abnormal
data results in a significant increase in data proportion.

Figure 14 illustrates the statistical distribution of MAE for
different models. It can be observed that the MAE statistics of
the τ1 database are not normally distributed, with a presence
of large errors. In contrast, the τ2 dataset effectively elim-
inates these large errors. On the τ2 dataset, the peak MAE
values are as follows: 0.0008 for GRU, 0.00046 for BiGRU
and 1DCNN, 0.00055 for LSTM, and 0.00037 for BiLSTM
and BiGRU+GRU. ResNet exhibits a peak MAE of 0.00064.

In order to test and improve the robustness of model per-
formance, we add a Gaussian noise with mean zero and stan-
dard deviation 0.015 to the τ2 dataset, and train all the net-
work models again. The distributions of MAE for the retrained
model are shown in Fig. 15. One can find that there are some
small amounts of data with large errors, but the overall distri-
bution of MAE is consistant with that before adding the Gaus-
sian noise. The results show that adding some disturbance to
the data can make the model have a certain anti-interference
ability and a certain robustness to noise.
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The BiGRU + GRU and 1DCNN perform better than
the other models, which is consistant with our previous
investigation.[35] This can be understood as follows. Though
the spectral function is dominated by the DOS near the Fermi
surface, the relationship between spectral function and DOS
has a long-term dependence rather than a transient correlation.
This is dramatically different from natural language process-
ing, for which LSTM has a good performance. Complex in-
ternal structure of building units, such as those used by LSTM
and ResNet, makes the parameter-update to be tardy and the
correlation to be short-ranged. 1DCNN and GRU have sim-
pler internal structures, which makes the response and read-
justment to be quick, long-term correlation can be detected in
this case.

In comparison with previous works, our ML models have
advantages. The best performance of accuracy in previous in-
vestigations is shown in Ref. [33], where the MAE is about
0.003. For the BiGRU+GRU model proposed in this work,
we find that MAE for dataset τ2 is close to 0.004, after a proper
normalization of spectral functions, which shows great perfor-
mance of accuracy and generality of our ML model. The in-
put data for the ML model proposed in Ref. [33] contain only
a few discrete parameters, while the input data for the ML
model shown in Ref. [35] contain only the continuous DOS.
In our work, both discrete parameters and continuous DOS are
considered. Furthermore, in Ref. [35], both DOS and spectral
functions are used by a rough sampling. Here we use Cheby-
shev polynomial and wavelet to describe DOS and spectral
functions respectively, which is more accurate and rigorous.

5. Conclusion
For the prediction of spectral functions, we constructed

a library of 1 million data samples and applied Chebyshev
polynomial fitting and wavelet decomposition reconstruction

methods to compress the data features. Using machine learn-
ing tools and the PyTorch framework, we trained seven dif-
ferent neural network models and compared their predictive
performance. The accuracy of the models was evaluated us-
ing mean absolute error (MAE), relative error (RE), and root
mean square error (RMSE). To test the robustness of the mod-
els, we also introduced noise into the database. Furthermore,
we compared the calculation time of our approach with tradi-
tional impurity solver methods.

The results demonstrated that the methods of Chebyshev
polynomial fitting and wavelet analysis reconstruction effec-
tively reduced the number of data features and achieved a good
fitting effect. These data processing techniques were essential
for curve fitting. In terms of predicting past and future infor-
mation, BiGRU and BiLSTM outperformed GRU and LSTM,
respectively. Moreover, combining BiGRU and GRU in the
BiGRU+GRU model produced even better results. Under the
MAE index, the BiGRU+GRU and 1DCNN models exhib-
ited the highest prediction accuracy. In terms of the RE and
RMSE indices, 1DCNN, BiGRU, and BiGRU+GRU consis-
tently demonstrated the best performance, with similar predic-
tion abilities.

Additionally, the models showed a certain level of re-
sistance to interference when Gaussian noise was added.
Compared to traditional impurity solving methods, our ma-
chine learning-based approach is 105–106 orders of magnitude
faster, highlighting its high efficiency in predicting magnetic
impurity spectral function.

Future work will aim to improve the network’s accuracy
by incorporating combined networks such as CNN + LSTM
and adding attention mechanisms. Additionally, we will ex-
plore the possibility of using other physical parameters, such
as Hubbard interaction, impurity energy, and hybrid intensity,
as input data for spectral function prediction. This research
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will contribute to the development of dynamic mean field the-
ory.

All the datasets presented in this paper, including the
large data set of the spectral function of Anderson quantum
impurity model, are compiled in the supplementary materials
(SM) in DAT format.
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[40] Cho K, van Merriënboer B, Gulcehre C, Bahdanau D, Bougares F,

Schwenk H and Bengio Y 2014 Proceedings of the 2014 Conference on
Empirical Methods in Natural Language Processing (EMNLP), Doha,
Qatar, pp. 1724–1734

[41] Hinton G E, Srivastava N, Krizhevsky A, Sutskever I and Salakhutdi-
nov R R 2012 arXiv:1207.0580v1 [cs.NE]

057102-12

http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad3908
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad3908
https://doi.org/10.57760/sciencedb.j00113.00192
https://doi.org/10.1103/PhysRev.124.41
https://dx.doi.org/10.1088/0022-3719/3/12/008
https://doi.org/10.1103/RevModPhys.68.13
https://doi.org/10.1103/RevModPhys.68.13
https://dx.doi.org/10.1088/0022-3719/16/12/017
https://dx.doi.org/10.1088/0022-3719/16/12/017
https://doi.org/10.1080/00018738300101581
https://doi.org/10.1016/0550-3213(90)90440-O
https://arxiv.org/abs/0809.3474
https://doi.org/10.1103/PhysRevB.29.3035
https://doi.org/10.1103/PhysRevB.35.5072
https://doi.org/10.1007/BF01311391
https://doi.org/10.1103/PhysRevB.64.155111
https://doi.org/10.1103/PhysRevB.64.155111
https://doi.org/10.1103/PhysRevB.83.073301
https://doi.org/10.1103/PhysRevB.83.073301
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/RevModPhys.80.395
https://doi.org/10.1103/PhysRevB.28.4059
https://doi.org/10.1103/PhysRevLett.56.2521
https://doi.org/10.1103/PhysRevB.38.433
https://doi.org/10.1103/PhysRevB.72.035122
https://doi.org/10.1103/PhysRevB.72.035122
https://doi.org/10.1103/RevModPhys.91.045002
https://dx.doi.org/10.3847/2041-8213/acc32d
https://dx.doi.org/10.3847/2041-8213/acc32d
https://doi.org/10.1038/s42254-022-00455-1
https://doi.org/10.1038/s42254-022-00455-1
https://doi.org/10.1103/RevModPhys.94.031003
https://doi.org/10.1038/nphys4035
https://doi.org/10.1038/s41567-019-0512-x
https://doi.org/10.1103/PhysRevLett.125.127401
https://doi.org/10.1103/PhysRevLett.125.127401
https://doi.org/10.1103/PhysRevB.95.035105
https://dx.doi.org/10.1088/2515-7639/ab084b
https://doi.org/10.1038/s41467-017-00839-3
https://doi.org/10.1038/s41586-018-0337-2
https://doi.org/10.1038/s41586-018-0337-2
https://doi.org/10.1063/1.5019779
https://doi.org/10.1103/PhysRevLett.120.145301
https://doi.org/10.1103/PhysRevB.90.155136
https://doi.org/10.1103/PhysRevB.103.245118
https://doi.org/10.1103/PhysRevB.103.245118
https://doi.org/10.3390/cryst12091269
https://doi.org/10.3390/cryst12091269
https://dx.doi.org/10.1088/1361-648X/ac2533
https://dx.doi.org/10.1088/1361-648X/ac2533
https://doi.org/10.1103/PhysRevB.104.235111
https://doi.org/10.1103/PhysRevB.79.085106
https://doi.org/10.1103/RevModPhys.78.275
https://doi.org/10.1103/RevModPhys.78.275
https://doi.org/10.1162/neco.1997.9.8.1735
http://dx.doi.org/10.3115/v1/D14-1179
http://dx.doi.org/10.3115/v1/D14-1179
http://dx.doi.org/10.3115/v1/D14-1179
https://doi.org/10.48550/arXiv.1207.0580

	1. Introduction
	2. Data set generation
	3. Neural network construction
	3.1. LSTM layer
	3.2. GRU layer
	3.3. Convolution and pooling layers
	3.4. Residual block
	3.5. Dropout and fully connected layer
	3.6. Optimizer and loss function

	4. Result analysis
	5. Conclusion
	References

