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Quantum discord, one of the famous quantum correlations, has been recently generalized to multipartite systems by
Radhakrishnan er al. Here we give analytical solutions of the quantum discord for a family of N-qubit quantum states. For
the bipartite system, we derive a zero quantum discord which will remain unchanged under the phase damping channel. For
multiparitite systems, it is found that the quantum discord can be classified into three categories and the quantum discord
for odd-partite systems can exhibit freezing under the phase damping channel, while the freezing does not exist in the

even-partite systems.
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1. Introduction

Quantum correlation is one of the core concepts in quan-
tum information theory. A measure of quantum correla-
tion proposed by Ollivier and Zurek!!! and Henderson and
Vedral,?! known as quantum discord, quantifies the quan-
tum correlations in bipartite systems beyond entanglement.!
It is defined as the minimum difference between the quan-
tum mutual information before and after performing projec-
tive measurements in a bipartite quantum system. Since then,
the quantum discord has been applied in many fields, such as
quantum cryptography, remote quantum state preparation, and
distributed entanglement.*"! To determine whether or not a
quantum state has zero quantum discord is always a prelim-
inary step to distinguish the quantum features of a bipartite
state from the classical.[!:8-13]

Subsequently, some definitions of the quantum discord
for tripartite or multipartite systems are proposed.*'°1 In
particular, Radhakrishnan et al. recently defined the quantum
discord for multipartite states!'”! using conditional measure-
ments, where each successive measurement is conditionally
related to the previous measurement. This multipartite gen-
eralization of quantum discord is consistent with the original
definition of quantum discord for bipartite systems.

It is well known that finding a general analytical solu-
tion of the quantum discord is hard work. Even for the bi-
partite system case, it was performed only for some special
types of quantum states. For example, Luo gave the exact so-
lution for the quantum discord of the Bell diagonal states, [*]
and then more general X-states have been studied in various

[21-29

works. 1 Zhou et al. gave the analytical solution for the

quantum discord of two non-X-states. >l In Refs. [31-39], the
lower and upper bounds of the quantum discord were given.

For multipartite systems, even fewer results are derived.[406]

fCorresponding author. E-mail: giongguo@sit.edu.cn
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For example, the quantum discord for multipartite X-states
was evaluated analytically and classified into three categories
by Li et al., and they investigated the dynamic behavior of the
quantum discord under decoherence.*! Zhou et al. focused
on the quantum discord for tripartite with fourteen parameters
and got analytic solutions in some special cases.[*") In this pa-
per, we obtain analytical solutions of the quantum discord for
a family of N-qubit quantum states.

Furthermore, characterizing the dynamics of quantum
discord under the influence of noise channels is of great impor-
tance in quantum information processing.[*47-3% The quan-
tum discord may tend to decrease at asymptotic time and may
be frozen for a time interval, which is due to unavoidable inter-
action of quantum states with its environment. Freezing plays
an important role in some quantum information processing,
which can make task execution efficiency unaffected by the
environment.?'=* Thus we also analyzed the dynamical be-
havior of the quantum discord for a family of N-qubit states
under the phase damping channel.

The rest of this article is organized as follows: In Sec-
tion 2, we calculate the quantum discord for a family of N-
qubit states. It is interesting to note that for the two-qubit
states in this family, the quantum discord is zero. In fact,
the two-qubit states in this family satisfy the necessary and
sufficient condition for zero quantum discord.!!! However, the
quantum discord in the multiparitite systems within this family
is not necessarily zero. Moreover, it is shown that the quan-
tum discord can be classified into three categories: N =4v—1;
N=2v (v>1); and N =4v+1 with v € N*, In particular,
three-qubit states can be viewed as extended X-states with the
anti-diagonal elements being zero.3!32] Moreover, we illus-
trate the level surfaces of the quantum discord for a family of
N-qubit states through images. In Section 3, we investigate the
dynamic behavior of quantum discord for a family of N-qubit

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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states under phase damping channel. We discuss and summa-
rize the results of this paper in Section 4.

2. Quantum discord of N-qubit states

In this section, we shall first summarize the definition of
the quantum discord of the N-qubit states given by Radhakr-
ishnan et al.,'" and then calculate the quantum discord for a
family of the N-qubit states.

For an N-qubit state p, the k-partite measurement for
1<k<N-1lis

H(k) — HAlAk — Hﬁl ®HA2

i J1e--Jk Jjalin ®:- ®H

Jklnek—1?

where the N subsystems are labeled as A; and H;‘tlu i is a
projector on subsystem A, that is conditional on the measure-
and A,_; with the
measurements take place in the order A —A;—--- —A,_; for
2<t<k.

The quantum discord of an N-qubit state p is defined by

ment outcome of the subsystem Ay, Aj,...,

Da.. . = min
Al AN(p) HAl»‘-AN—I

+...+SAN‘HA1..,AN,1(p)]a (D

[_SAQ...AN‘Al (p> +SA2‘HA1 (p)

for the measurement ordering Aj—A>—...—Ay_1, Where
the conditional entropy without measurement Sy, (4, (p)=
Sa,..ay(P) — Sa,(p) with Sx(p) = —Trp¥Xlog,pX, the von
Neumann entropy with respect to the (reduced) den-
on the system labeled by X, and the
ATk (p) =
) with the probability

sity matrix p*X
conditional entropy W1th measurement S

Z]]/kPE )SAl...Ak+|( j p j /pj

k k k
P =TV,
We consider the N-qubit states of the following type:

1
p= <I®N+Zc6, QI 1+Zdl®c7,®N N, @

N
where { Gl} __ are the Pauli matrices, I stands for the 2 x 2-
identity operator, and ¢;,d; € [—1,1] fori = 1,2,3.

To calculate the conditional entropy Sa,. ay(a,(P)

we need to determine the eigenvalues of p and p4! =

TrA2~-~AN(p) (I + Z 1C161)
nonnegative eigenvalues of pA! are %(1 +¢), where ¢ =

By direct calculation, the

\/c}+ 343, and the nonnegative eigenvalues of p can be
classified into three cases. More precisely, let v € NT, ¢ =

,/c%—i—c%—i—c%, and d = ,/dlz—i-d%—i—dz, then we have:

(i) If N = 2v, the 2% nonnegative eigenvalues of p are
given by 22V( +d+oc), 22V( +d-c), 22V(l —d+c), and
5 (1—d —c), each with multiplicity 2%~

(i) IfN= 4v —1, the 241 nonnegative eigenvalues of p
—di+dy+ds*o), 24» r(1+d —da+

—dy —d3+£c), and 55— st (1+dy +do—
24\/ 4.

are given by 24‘ (1
RN 24» r(1—d
ds £ ¢), each with multiplicity

(iii) If N = 4v + 1, the 2*'*! nonnegative eigenvalues of

p are given by 24L%(l +di+dr+ds£c), 24‘1“ (I1+d1—dr—
ds +c), 24\+| (1-dy —dy+d;*c), and 24L+1 (1—di+dy—
ds %+ ¢), each with multiplicity 242

Thus the conditional entropy Sa, _aya, (P) is

Say...ayla, (P Zl log, A; + log2(1 +c)

+%10g2(1,c),17 3)

where A; (i = 1,...,2V) represents the eigenvalues of p given
as above.

For convenience, we define the following entropy func-
tion:
1
He(x) = Z[(] +e+x)logy(1+&+x)
+(14+€e—x)log,(14+¢&—x)]. 4)

Lemma 1 Let p be the N-qubit quantum states in Eq. (2),

andletve N, c= /3 +c+clandd = \/d? +d? +d3.

(i) If N = 2v, then

Sas...tn ity (P) = =[Ha(c) +H_q(c)] +2Hp(c) + 2v— 1. (5)

(i) If N = 4v — 1, then

1
SAz...A4v,1 ‘A] (p) = = 5 [H*dl +dy+d3 (C) + Hdl —dy+d3 (C)

+ H*dl —dy—d3 (C) + Hd[ +dy—d3 (C)]
+2Hy(c)+4v—-2. 6)

(iii) If N = 4v + 1, then

1
- 5 [Hdl +dr+d3 (C) + H*dl —dy+d3 (C)

+ Hdl —dy—d; (C) + H*dl +dr—d3 (C)]
+2Hy(c) +4v. 7

SA2~-A4v+1 |4 (p)=

To calculate the conditional entropy S Ay [T % (p) for
1 <k <N —1, we shall first inspect the von Neumann mea-
surement. For k = 1, the von Neumann measurement on the

subsystem A can be written as
A Py ¥
(I = v (el (vA)!

where VA is a unitary operator given by VA = AT +
Wzl L ¥io; with 41y € R (i = 1,2,3) and (1)2 +

izl(yi )2 = 1. Similarly, we measure subsystem A; based on
Ap 1 for2 <k<N-—1.

:jIZOal}v (8)

the measurement outcomes on Ay, ...

Let
¥
Ag A L
{ijljp.‘jk 1 le Ji— |‘Jk><]k|( JteJk— |) ']k_o’l}’
jla"'?jk—lzoala (9)

be the von Neumann measurement on the subsystem Ay

when the outcome of the measurement on Aj,...,A;_| is
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. . . . Ay A
J1s-os Jk—1 (Jl yeeey Jk—1 = Oa 1)’ where le]j--jk—l = tjlk...jk,1[+
/TTv3 Ak with 1% Ak P
712A"i:1yj1-~jk71i6’ Wl:h Ujteiior® Yitedgai R (i=1,23)
and (1" ;| P+Yi, (yjlk___jkill-)2 = 1. To simplify the further
calculation, we set for 1 <k <N —1:

1—}1 /= 2( UiV jteiion2 T i1V jrii3 )
A _ A Ak Ak Ak
Fjlmjk—l? - 2( tjl-~-jk—1y/1~~~jk—11 +yjl~~~jk—I2y/1~~~jk—l3 ’

2 2 2
A _ Ak Ak (A
Fjl~~~jk—13 - (t.fl---.fk—l) + <yjl~~~jk—l3) (yj1~~~jk—11)
— (4 ?
Vitie-12) -

Here, for k = 1, we omit the term jj ... jr_i. That s,

(10)

I =2( =g g,

A A Al A
I 1 :2(—tA1y11+y2‘y3‘),

(_1)./'2+"'+jk1"j’4,21";’43“ r
A = Jit Tttt
J1eJk—10 =

Ai=1,

In fact, we can prove this argument by doing induction
on k. For k = 1, the statement follows directly by Eq. (12).

After performing the measurement {HJA]IJQII Sl Jko1 €
{0,1}}, we have
1 Al Ap
Pit-je1 = IN—(k—=1) " J1-Jk-1
3 N—(k—1
o (1804 Lo did,. i 0N ))

L+ (=) gl el
(16)

and pj, j,_, = 2AL,l(l + (—=1)4 ?zlcil"iA'). Performing the

Ay
measurement {IT:*

i e = 0,1} on subsystem A, we

have

(Picljtmie) Pircis)

_ (T®k—1 Ay QN—k
= ®ijl‘\j1-~-jk71 ®1 )Pjiccjir
®k—1 o 1Ak SN—k

x( ®ij|j1---jk—l ®I )
_ b A
T oN—(k=1) "1k

ky3 A N—k
® <I®N—k+ (=1)% Zi:ldiAjl---jk—zil—;'l.l{..jk,liciég

L (=) Y en

3 A. . .~QN—k
Yio1didj,...ji 1iCi )

1 A A ON—k
=—JI'""T (I + — v
L+ (=D al;

IN—(k—1) " "J1---Jk
a7

1
where Pjdljrjx—1 = Tr(pjkljbujk—lp/l~-jk) = 5. Thus Eq. (14)
holds and the probability pj . ; = Pit et Pialjr i =
L(1+ (=)' T3 ;™). which finishes the proof of the
claim.

2 2 2
QAI _ (tA1)2+ <y/3\1) _ (y;h) _ (yfz\l) ) an
. A
It is easy to check 21321(1'}1"““”711-)2 =1 and we have
A A i| AL A
O} G = (~1) i, (12)
Ap Ak o 1VikT Ak Ag
el k=1 7 ki =(=1) kl—}l"'jkflinjk‘jlmjk—l7 k=2.
(13)

For 1 <k <N —1, we claim that after performing the

measurement {Hﬁ"_fj:k D Jts--Jk € {0,1}}, the state p in

Eq. (2) reduces to

Z?:l diAjy i iGi®N7k>
l+(—l)J1 Z?:] CiI;A] )
(14)

. L A]...Ak QN —k
Piveic = SN=% i ® (1 +

with pj, = % (1+ (1) T, i), where

A
R >
J1eeJke—11? - 2’

(i=1,2,3).
k=1,

s)

|
For the N-qubit quantum states with N > 3, moreover, by

Eq. (14), we have Tra, ,..ay(0),...j,) = %Hﬁ{::ﬁ" ®1, hence

Say.ap (Pjy) =1, (18)

for 1 <k < N —2. Then the following statement holds directly.
Lemma 2 Let N > 3 and p be an N-qubit state in Eq. (2).
Then for 1 <k <N —2, we have

1
Z p/1~~ijA1~~~Ak+1(pjl---jk) =119

J1sees k=0

SAk+1 |ITA1-A% (p)=

By Lemma 1 and Lemma 2, the first N — 1 terms of the
quantum discord in Eq. (1) are constants. Hence to determine
the quantum discord of p, it suffices to find the minimum value
of the conditional entropy

1
SAN|1'[A1~~~AN—1 (p)= Z

J1seesiN-1=0

Pjijn-1 SAl AN (pjl ---jN—])' (20

After performing the measurement {H;‘l']':ﬁ L

{0,1}}, by Eq. (14), we arrive at

2J1,---5JN—1 E

1 A4 Y didj,. jy i
R I N71®(1+ i Jj1JN—2 )’
lem/N—l 27t dN-1 1+ (71)“ Z?:l Cil—l:Al

1 - A
Piiv = (14 (D" B al™). @1
i=

Thus, we have

SAy.. Ay (p./.l--a/‘N—l)
_ 1+(_1)jlz+ajl~~j1v72 1 1+(_1)jlz+a/1~~j1vfz

060303-3
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_ (1+(_1)jlz_aj1---j1v72 )1 <1+(_1)j'1_aj1~~11v72)
e )T

A
where z =Y} | ¢;[;"! and
%jy...jn-2

- \/(dlAjl w21 )2 +

Here,

(dZAjl -~-J'1\1722)2 + (d3Aj1 ---jN—23)2'

(23)

for N = 2, we omit jj...jy_2, that is, a =

\/d?+d3+d2 =d since A; =1 (i =1,2,3) by Eq. (15). In-

serting Egs. (21) and (22) into Eq. (20) yields
gEq q y

SAN‘HAIMAN—I (P)

1 1

L

(14 (-1 )j]Z+ O‘j1~~~j1v72)

J1sees ]N,1:0
x log, (1 + (_l)jlz+ Qjy.jy )
1 ! ,
TN Z (1+(71)“Z7a.fl~-~jN—2)
J1seesin—1=0

X logz(l + (_l)jlz - ajl---ijz)
1 1

+ 5(1 +2)log, (1+2)+ 5(1 —z)log,(1-2)+1. (24)

In particular, for N = 2, we have

1
(p) = Z Pji SAlAz(pj|)
J1=0

SAz‘HAl
1 1
- Z(l+Z+d)10g2(1+Z+d)71(1+Z*d)10g2(1+2*d)

1 1
——(1—z+d)log,(1 —erd)—Z(l —z—d)logy(1—z—d)

2
+ %(1 +2)logy(1+2)+ %(1 —2)log,(1—2)+1
=—Hy(z) —H_a(z) + 2Ho(z) + 1. (25)

Setting F(z) =
function of z. Thus to determine the minimum value of F(z),

Syt (p), it is easy to see that F'(z) is an even

we only need to consider the case: z > 0. Since

aF 1. 1-(%)?

= = “log,— <,

Az~ 4L

F(z) is a decreasing function of z for z > 0. Thus, we need
to determine the maximum value of z. As z =Y | ciFiA‘ and

A
L

)2 = 1, we consider

f(FAl FAI FAIv/«l)
3
= oTM +olM + eIM 4 (1 ~Y ()2 )
i=1
where [ is a parameter. Setting 8f/8EA‘ =ci— 2;,LFZ.A1 =
fori=1,2,3and df/du =0, we have 4 = +¢/2 and I;Al =
+c¢;/c. Hence the maximum value of z for z > 0 is ¢, and the

minimum of F(z) =S o[ ITA1 (p) is taken at z = c¢. Therefore,

the minimum of S, 4, (p) is

minS,  m, (p) = —Ha(c) —H_4(c) +2Ho(c) + 1. (26)
Similarly, for N > 3, it is easy to check that
SANlnAlmAN_l(p) decreases with respect to each Variilble
O, . jno» Where ji,....jn—> € {0,1}. Setting d =
max{|d|,|da|,|d3|}, we have
Xjy..jy2
S\/(‘iAjl ---ijzl)z + (JAjl ---.iN—22)2 + (jAjl ---jN—23)2 <d.
27

Without loss of generality, let |dj| > |d2| > |d3|. Then the
above equality holds for the following cases:

(i) |dy| = |d2| = |d3|: For any fixed i € {1,2,3}, I 111 =

_ AN Ay _ AN-1
1'}] e 2l_landF2 . —1'}1 e 21—0, where
le{l 2,3} and ! #1i.
Qi) |di| > |do| > |ds]: T3 = =T | =1 and
2 =... = =0, wherei=2,3.
A A A
G J| = | > \d3|:AF i = Jﬁ”f; =0T =
_ N—1 _ 2 _ N—1 _
- 1—}'1---ij21' =1 and 1—}11 - = 1—}1~~~ij21 = 0, where

il e{l1,2}and ] #1i.
Now we define

G(z

~—

1
(1+Z+d)log2(1+z+d)—1(1+z d)log,(1+z—d)

(1—z+d)log,(1— z+d)—%( —z—d)log,(1—z—d)

(1+2)log,(1+2z)+

l\)\r—‘-lk\r—‘-lkM—*

%(lfz)logZ(l—z)+1. (28)

Then we have S, pay..ay 1 (P) > G(2), where the equality
holds if one of the above cases achieves. Hence, to calculate
the minimum of S, A TN 1 (p), it suffices to find the mini-
mum of G(z). In comparison of Egs. (25) and (28), it is easy to
see that F(z) and G(z) differ only on the constant terms: d and
d, hence G(z) should also reach the minimum at z = ¢. Thus

min§, Ay |[ITA1-+AN = 1(p)=G(c)

= —Hy(c)—H_j(c)+2Ho(c) + 1. (29)

Combining Lemma 1, Lemma 2, Egs. (1), (25), (26) and (29),
we obtain the following theorem.

Theorem 1 Let v € N*, ¢ = (/2 +3+3, d =

\/d?+d3 +d3, and d = max{|d,|,|d>|,|ds|}. For the family
of N-qubit quantum states (2), we classify the quantum discord
into four cases:

(i) If N =2, then Dy, .4,(p) = 0.

@ii) If N = 2v with v > 1, then

=Hy(c)+H_4(c)—Hj(c)—H_g(c). (30)

060303-4



Chin. Phys. B 33, 060303 (2024)

(iii) If N =4v — 1, then
1

DAI e Agy— 1 (p) = 5 [H—dl +dr+d3 (C) +Hd1 —dy+d3 (C)
+H_d,-d,—d5 (c)+ Hay +dy—ds (c)
—2H;(c) —2H_;(c)]. a3

@(iv) If N =4v+ 1, then

1

13 A4p41 (p) = 5 [Hd1+d2+d3 (C) +H—d1 —dy+d3 (C)

+Hay—d,ds (c)+ H gy +dy -5 (c)

(a)

—10-06 03 02
dy

(d)

dy

—2H;(c)—2H_j(c)]. (32)

Figure 1 illustrates the level surfaces of the quantum dis-
cord for D(p) = 0.03,0.15,0.3 with ¢ = 0.1. The level sur-
faces consist of three intersecting “tubes” running along the
three Cartesian axes. As discord decreases, the tubes shrink
toward the Cartesian axes. As discord increases, the tubes ex-
pand until only a few vertices remained, where (f) has level
surfaces in eight corners, while (c) and (i) have only four cor-

ners left.

Fig. 1. Level surfaces of quantum discord for given constant ¢ = 0.1. N =4v — 1 for (a), (b), and (c), with D(p) = 0.03, 0.15, 0.3,
respectively. N =2v (v > 1) for (d), (e), and (f), with D(p) = 0.03, 0.15, 0.3, respectively. N =4v+ 1 for (g), (h), and (i), with

D(p) =0.03,0.15, 0.3, respectively.

Remark 1 In the proof of Theorem 1(i) we obtained the
zero quantum discord in the bipartite system by calculation.
Actually one can also directly check that p = 2}1 :o(Hzl ®
I)p(IT;! @I), which shows that this state satisfies the neces-
sary and sufficient condition for zero quantum discord.!'! Thus
this also shows in some extent that the consistency of defini-
tion of Radhakrishnan et al. if quantum discord with the con-
ventional one in bipartite system. Moreover, there is one zero
quantum discord state in Ref. [36], which can be viewed as a
special case of our two-qubit states.

In Refs. [31,32], extended X-states were introduced, but

the explicit analytic formulas of the quantum discord for this
extended X-states were not completely given. Since our three-
qubit states can be viewed as a special form of the extended
X-states with the anti-diagonal elements being zero, we have
given analytical solution of the quantum discord for some spe-
cial extended X-states.

3. Dynamics of quantum discord under phase
damping channel

In this section, we discuss the behavior of the quantum
discord for the family of N-qubit quantum states (2) through
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the phase damping channels> with the Kraus operators Ky =

10)(0] 4+ +/T—y[1)(1| and K; = \/¥|1)(1|, where y € [0,1] is
the decoherence rate and }; K;r K; = I. Under the phase damp-
ing channel p evolves into

ep)= )
i, iNE{Ol}

1
W(1®N+Z MT—7yi0, 01N 4 305 @ 19N

2
+Y (-

i=1

A A A ANNT
(K)'®- 0K ")p(K,'® - QK)

l\)

’]/)¥dil® Ny sl ® G3®N71> . (33)

The parameter 7y determines the influence of the noise in the
channel to the quantum discord. Obviously, if Y = 0, the quan-
tum discord is preserved. It is interesting to find some non-
trivial cases, in which the quantum discord will also be kept
unchanged. According to Theorem 1, we shall distinguish four
cases from each other.

HN=2.

In this case, it is easy to check that D4, .4,(€(p)) = 0.

(i) N=2v,veNT and (v > 1).

In this case, by Eq. (30), we have

=Hy(0) +H-_(8) — Hy(6) — H_¢(6)
:%(1+w+9)log2(l+w+9)
(1+0—0)log,(1+®—06)
(1—0+86)log,(1—w+6)
(1—o—80)log,(1—w—6)
(1+¢+06)log,(1+¢+0)
(1+¢—6)log,(1+¢—6)

(1—p+06)log,(1—¢+06)

-M~4>\-M-N-M-M~M~

(1—@—0)log,(1—9—0), (34)
where

0=\/1-N+d)+3,

0= (=7 (d} +d3) +dk

¢ =max{(1—7)"7" |di], (1 =) "7 |da],|ds]}-

We may assume @ > ¢ > 0, since Dy,; .4, (€(p)) = 0 if
o = ¢, which is not our interesting case here.

Then for 6 > 0, the derivative of Dy, .4, (€(p)) with
respect to Y is

Do, (£(0))
1, ((146)2—0?)((1—6)* - ¢?)
T4 B (-0 —w?)((1+6)2—¢?)

1 ! (1+w)279271 ! (1+(P)2792
+4(olog27(l_w)2_92 4(p10g27(1_(p)2_92, (35)
where
2., 2
! __ _C1+CZ <
0 = r <0,
_ 222 4 2
2m
In the first term of D)y . ., (€(p)), we have
(1+6)°—0?)((1-6)°—¢?)
log, 2 0?2 — o2
((1-6) w)(( 6)> - ¢?)
g = 0%)% + 0?9 — (1 + 62)(@* + ¢?) +26(w* — ¢?)
TR e +a)2q>2 (1+6%) (0?4 ¢?) —26(w? — ¢?)
<0, (37

hence the first term of D), .- Ah(e(p)) < 0. Next, we shell

4,,(€(P)) is less than 0, and

.....

verify that the rest part of D/, A,
hence D . .4, (¢(p)) <O.

In fact, if @ = |d3], then ¢’
D}, . .4, (€(p)) <0. Otherwise, we introduce a new function

=0, and it is easy to check that

flx)= llogz%, which is a strictly increasing function

(1-x)

on (0,1), since

f’(x)——ilo 1+64+x 2 146
I xIn2 (14 6)%—
10 1-0+x 2 1-6
82779 x xn2(1-67 2
N . (i)hz
X 1+6
1+91n2(g’(1+9> n;() 2n+1 )
5 N , _ (%)2}1
X n 1—
- ) — 0.
+x(1—9)1n2<n§<1—9) 20 2+ 1 )>
(38)
2v—1 23
1o = (1-9)"di], then ¢/ = — 251 (1-9)*7 || Hence,

combining with Eq. (38) yields

Lo, (l+w)?-6> (1+¢)* -6
Z(w g w62 qDk’g2(1—<p)2—92)
21 ((pza) (1+¢)>—6?

TRIye\ g T (I-gP -6
(- B o T =)

< (B g1 ) o, T

_ (2\}—1)(;;7)%2d210g28‘i‘z;2:gz <0 (9

Therefore, we have D), . ., (€(p)) < 0. Similarly, if ¢ =

.....

(I-17) 2t |d>|, we will get the same result.
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,,,,,

given in Eq. (34) of y is

1 l+w)? 1 1+ 0)?
D;n;m;A2v(8<p)) = 4a)/]0g2§1w;2 - 4(p/10g2glz§2'
(40)

.....

.....

(2v)-qubit (v > 1) sates are always monotonically decreas-
ing. The dashed lines in Fig. 2 show the dynamic behavior of
quantum discord for four-qubit states under the phase damp-
ing channel, where (a) for the case of d; = 1/3, d3 = 1/4,
and dy = —djd3 = —1/12, and (b) for the case of d; = 1/3,
dy=1/4,and dr =did3 = 1/12.

(i) N=4v—1,vENT.

We consider the case of ¢y = ¢y =c3 =0and dp = —d;d;.
Since —1 < d; < 1, we have (1 —7)?"!dy| < (1—7)>""1d|
for any y. By Eq. (31), we have

Dy,...:aq, (€(P)) = 2(Ho(d3) + Ho((1—7)*"'d1) — Ho(9)),

(41)
where ¢ = max{(1 —7)>""|d1],|d3]}.
If ¢ = |d3], we have
Doy (6(P)) = 2Ho((1 =7 1d1),  (42)

.....

.....

1
If ¢ =(1—9)>"di| > |ds], then 0 < y < 1 — |7,

1
we have

Da,:...a4,_, (E(P)) = 2Ho(d3), (43)

which is constant under the phase damping channel during the
time interval.

GvYN=4v+1,veNT,

We consider the case of c; = ¢, = ¢3 =0 and d, = dd;.
Since —1 < d; < 1, we have (1 —7)%|dy| < (1 —¥)?|d,| for
any 7. By Eq. (32), we have

Day.ing; (8(P)) = 2(Ho(d3) +Ho((1 = 1)*d1) — Ho(V)),

(44)
where ¥ = max{(1 —¥)%"|d,],|d5]|}.
If y = |d3|, then we have
Daycitg 1 (E(P)) = 2Ho((1 = 1) ¥ dh), (45)

.....

If w = (1—9)¥|d| > |ds], then 0 < y < 1 —|ds/d |,
we have

D444, (E(P)) = 2Ho(d53), (46)

which is constant under the phase damping channel during the
time interval.

Thus, we have shown that there exists frozen phe-
nomenon of the quantum discord for the (4v + 1)-qubit states
under the phase damping channel, while for the (2v)-qubit
states (v > 1), this phenomenon does not appear. The solid
lines in Fig. 2 show the frozen phenomenon in the two cases:
(@ N=3,d =1/3,ds=1/4,and dr = —d1d3 = —1/12; (b)
N=5,d =1/3,d35=1/4, and d» = d1d3 = 1/12. A sud-
den transition of quantum discord happens at Y = 0.25 in (a)
or Y= 0.134 in (b), respectively.

0.35 (a)
0.30
0.25

0.201

Discord

0.101

0.05 1

0.00

0.35 (b)

0.30

0.25

0.154

Discord

0.10

0.05 1

0.00 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Y

Fig. 2. The dynamic behavior of quantum discord under the phase
damping channel: (a) the three-qubit state (solid line) and four-qubit
state (dashed line), (b) the five-qubit state (solid line) and four-qubit
state (dashed line).

4. Conclusions

We have derived the explicit analytic solutions of the
quantum discord for a family of N-qubit states. For a bipartite
system, we derive a zero quantum discord which will remain
unchanged under the phase damping channel. For multiparitite
systems, the quantum discord can be classified into three cat-
egories and it is shown that the quantum discord for the odd-
qubit states can be freezing under the phase damping channel,
but for the even-qubit states, the quantum discord is always
decreasing under the phase damping channel. Moreover, the
level surfaces of the quantum discord for these N-qubit states
are illustrated in Fig. 1. We expect that our results will shed
some light on further discussion on multipartite quantum dis-

cord and its applications in quantum information processing.
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