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Quantum discord and its dynamics for multipartite systems
Jiaxin Luo(罗嘉欣) and Qiong Guo(郭琼)†

College of Sciences, Shanghai Institute of Technology, Shanghai 201418, China

(Received 19 February 2024; revised manuscript received 14 March 2024; accepted manuscript online 27 March 2024)

Quantum discord, one of the famous quantum correlations, has been recently generalized to multipartite systems by
Radhakrishnan et al. Here we give analytical solutions of the quantum discord for a family of N-qubit quantum states. For
the bipartite system, we derive a zero quantum discord which will remain unchanged under the phase damping channel. For
multiparitite systems, it is found that the quantum discord can be classified into three categories and the quantum discord
for odd-partite systems can exhibit freezing under the phase damping channel, while the freezing does not exist in the
even-partite systems.
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1. Introduction

Quantum correlation is one of the core concepts in quan-
tum information theory. A measure of quantum correla-
tion proposed by Ollivier and Zurek[1] and Henderson and
Vedral,[2] known as quantum discord, quantifies the quan-
tum correlations in bipartite systems beyond entanglement.[3]

It is defined as the minimum difference between the quan-
tum mutual information before and after performing projec-
tive measurements in a bipartite quantum system. Since then,
the quantum discord has been applied in many fields, such as
quantum cryptography, remote quantum state preparation, and
distributed entanglement.[4–7] To determine whether or not a
quantum state has zero quantum discord is always a prelim-
inary step to distinguish the quantum features of a bipartite
state from the classical.[1,8–13]

Subsequently, some definitions of the quantum discord
for tripartite or multipartite systems are proposed.[14–19] In
particular, Radhakrishnan et al. recently defined the quantum
discord for multipartite states[19] using conditional measure-
ments, where each successive measurement is conditionally
related to the previous measurement. This multipartite gen-
eralization of quantum discord is consistent with the original
definition of quantum discord for bipartite systems.

It is well known that finding a general analytical solu-
tion of the quantum discord is hard work. Even for the bi-
partite system case, it was performed only for some special
types of quantum states. For example, Luo gave the exact so-
lution for the quantum discord of the Bell diagonal states,[20]

and then more general X-states have been studied in various
works.[21–29] Zhou et al. gave the analytical solution for the
quantum discord of two non-X-states.[30] In Refs. [31–39], the
lower and upper bounds of the quantum discord were given.
For multipartite systems, even fewer results are derived.[40–46]

For example, the quantum discord for multipartite X-states
was evaluated analytically and classified into three categories
by Li et al., and they investigated the dynamic behavior of the
quantum discord under decoherence.[45] Zhou et al. focused
on the quantum discord for tripartite with fourteen parameters
and got analytic solutions in some special cases.[46] In this pa-
per, we obtain analytical solutions of the quantum discord for
a family of N-qubit quantum states.

Furthermore, characterizing the dynamics of quantum
discord under the influence of noise channels is of great impor-
tance in quantum information processing.[45,47–50] The quan-
tum discord may tend to decrease at asymptotic time and may
be frozen for a time interval, which is due to unavoidable inter-
action of quantum states with its environment. Freezing plays
an important role in some quantum information processing,
which can make task execution efficiency unaffected by the
environment.[51–54] Thus we also analyzed the dynamical be-
havior of the quantum discord for a family of N-qubit states
under the phase damping channel.

The rest of this article is organized as follows: In Sec-
tion 2, we calculate the quantum discord for a family of N-
qubit states. It is interesting to note that for the two-qubit
states in this family, the quantum discord is zero. In fact,
the two-qubit states in this family satisfy the necessary and
sufficient condition for zero quantum discord.[1] However, the
quantum discord in the multiparitite systems within this family
is not necessarily zero. Moreover, it is shown that the quan-
tum discord can be classified into three categories: N = 4v−1;
N = 2v (v > 1); and N = 4v+ 1 with v ∈ N+. In particular,
three-qubit states can be viewed as extended X-states with the
anti-diagonal elements being zero.[31,32] Moreover, we illus-
trate the level surfaces of the quantum discord for a family of
N-qubit states through images. In Section 3, we investigate the
dynamic behavior of quantum discord for a family of N-qubit
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states under phase damping channel. We discuss and summa-
rize the results of this paper in Section 4.

2. Quantum discord of N-qubit states
In this section, we shall first summarize the definition of

the quantum discord of the N-qubit states given by Radhakr-
ishnan et al.,[19] and then calculate the quantum discord for a
family of the N-qubit states.

For an N-qubit state ρ , the k-partite measurement for
1≤ k ≤ N−1 is

Π
(k)
j := Π

A1...Ak
j1... jk

= Π
A1
j1
⊗Π

A2
j2| j1
⊗·· ·⊗Π

Ak
jk| j1... jk−1

,

where the N subsystems are labeled as Ai and Π
At
jt | j1... jt−1

is a
projector on subsystem At that is conditional on the measure-
ment outcome of the subsystem A1, A2,. . ., and At−1 with the
measurements take place in the order A1→A2→·· ·→At−1 for
2≤ t ≤ k.

The quantum discord of an N-qubit state ρ is defined by

DA1;...;AN (ρ) = min
Π

A1 ...AN−1
[−SA2...AN |A1(ρ)+SA2|ΠA1 (ρ)

+ · · ·+SAN |ΠA1 ...AN−1 (ρ)], (1)

for the measurement ordering A1→A2→ . . .→AN−1, where
the conditional entropy without measurement SA2...AN |A1(ρ) =

SA1...AN (ρ)− SA1(ρ) with SX (ρ) = −TrρX log2ρX , the von
Neumann entropy with respect to the (reduced) den-
sity matrix ρX on the system labeled by X , and the
conditional entropy with measurement SAk+1|ΠA1 ...Ak (ρ) =

∑ j1... jk p(k)j SA1...Ak+1(Π
(k)
j ρΠ

(k)
j /p(k)j ) with the probability

p(k)j = Tr(Π (k)
j ρΠ

(k)
j ).

We consider the N-qubit states of the following type:

ρ =
1

2N

(
I⊗N +

3

∑
i=1

ciσi⊗ I⊗N−1 +
3

∑
i=1

diI⊗σi
⊗N−1

)
, (2)

where {σi}3
i=1 are the Pauli matrices, I stands for the 2× 2-

identity operator, and ci,di ∈ [−1,1] for i = 1,2,3.
To calculate the conditional entropy SA2...AN |A1(ρ),

we need to determine the eigenvalues of ρ and ρA1 =

TrA2...AN (ρ) =
1
2 (I + ∑

3
i=1 ciσi). By direct calculation, the

nonnegative eigenvalues of ρA1 are 1
2 (1 ± c), where c =√

c2
1 + c2

2 + c2
3, and the nonnegative eigenvalues of ρ can be

classified into three cases. More precisely, let v ∈ N+, c =√
c2

1 + c2
2 + c2

3, and d =
√

d2
1 +d2

2 +d2
3 , then we have:

(i) If N = 2v, the 22v nonnegative eigenvalues of ρ are
given by 1

22v (1+ d + c), 1
22v (1+ d − c), 1

22v (1− d + c), and
1

22v (1−d− c), each with multiplicity 22v−2.
(ii) If N = 4v−1, the 24v−1 nonnegative eigenvalues of ρ

are given by 1
24v−1 (1− d1 + d2 + d3± c), 1

24v−1 (1+ d1− d2 +

d3± c), 1
24v−1 (1− d1− d2− d3± c), and 1

24v−1 (1+ d1 + d2−
d3± c), each with multiplicity 24v−4;

(iii) If N = 4v+ 1, the 24v+1 nonnegative eigenvalues of
ρ are given by 1

24v+1 (1+d1 +d2 +d3±c), 1
24v+1 (1+d1−d2−

d3± c), 1
24v+1 (1− d1− d2 + d3± c), and 1

24v+1 (1− d1 + d2−
d3± c), each with multiplicity 24v−2.

Thus the conditional entropy SA2...AN |A1(ρ) is

SA2...AN |A1(ρ) = −
2N

∑
i=1

λi log2 λi +
1+ c

2
log2(1+ c)

+
1− c

2
log2(1− c)−1, (3)

where λi (i = 1, . . . ,2N) represents the eigenvalues of ρ given
as above.

For convenience, we define the following entropy func-
tion:

Hε(x) =
1
4
[(1+ ε + x)log2(1+ ε + x)

+(1+ ε− x)log2(1+ ε− x)]. (4)

Lemma 1 Let ρ be the N-qubit quantum states in Eq. (2),

and let v ∈ N+, c =
√

c2
1 + c2

2 + c2
3 and d =

√
d2

1 +d2
2 +d2

3 .
(i) If N = 2v, then

SA2...A2v|A1(ρ) =−[Hd(c)+H−d(c)]+2H0(c)+2v−1. (5)

(ii) If N = 4v−1, then

SA2...A4v−1|A1(ρ) = −
1
2
[H−d1+d2+d3(c)+Hd1−d2+d3(c)

+H−d1−d2−d3(c)+Hd1+d2−d3(c)]

+2H0(c)+4v−2. (6)

(iii) If N = 4v+1, then

SA2...A4v+1|A1(ρ) = −
1
2
[Hd1+d2+d3(c)+H−d1−d2+d3(c)

+Hd1−d2−d3(c)+H−d1+d2−d3(c)]

+2H0(c)+4v. (7)

To calculate the conditional entropy SAk+1|ΠA1 ...Ak (ρ) for
1 ≤ k ≤ N− 1, we shall first inspect the von Neumann mea-
surement. For k = 1, the von Neumann measurement on the
subsystem A1 can be written as

{Π A1
j1

=V A1 | j1〉〈 j1|(V A1)† : j1 = 0,1}, (8)

where V A1 is a unitary operator given by V A1 = tA1 I +√
−1∑

3
i=1 yA1

i σi with tA1 ,yA1
i ∈ R (i = 1,2,3) and (tA1)2 +

∑
3
i=1(y

A1
i )2 = 1. Similarly, we measure subsystem Ak based on

the measurement outcomes on A1, . . . ,Ak−1 for 2≤ k≤ N−1.
Let{

Π
Ak
jk| j1... jk−1

=V Ak
j1... jk−1

| jk〉〈 jk|
(

V Ak
j1... jk−1

)†
: jk = 0,1

}
,

j1, . . . , jk−1 = 0,1, (9)

be the von Neumann measurement on the subsystem Ak

when the outcome of the measurement on A1, . . . ,Ak−1 is

060303-2
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j1, . . . , jk−1 ( j1, . . . , jk−1 = 0,1), where V Ak
j1... jk−1

= tAk
j1... jk−1

I +
√
−1∑

3
i=1 yAk

j1... jk−1iσi with tAk
j1... jk−1

, yAk
j1... jk−1i ∈ R (i = 1,2,3)

and (tAk
j1... jk−1

)2 +∑
3
i=1(y

Ak
j1... jk−1i)

2 = 1. To simplify the further
calculation, we set for 1≤ k ≤ N−1:

Γ
Ak
j1... jk−11 = 2

(
− tAk

j1... jk−1
yAk

j1... jk−12 + yAk
j1... jk−11yAk

j1... jk−13

)
,

Γ
Ak
j1... jk−12 = 2

(
− tAk

j1... jk−1
yAk

j1... jk−11 + yAk
j1... jk−12yAk

j1... jk−13

)
,

Γ
Ak
j1... jk−13 =

(
tAk

j1... jk−1

)2
+
(

yAk
j1... jk−13

)2
−
(

yAk
j1... jk−11

)2

−
(

yAk
j1... jk−12

)2
. (10)

Here, for k = 1, we omit the term j1 . . . jk−1. That is,

Γ
A1

1 = 2
(
− tA1yA1

2 + yA1
1 yA1

3

)
,

Γ
A1

2 = 2
(
− tA1yA1

1 + yA1
2 yA1

3

)
,

Γ
A1

3 = (tA1)2 +
(

yA1
3

)2
−
(

yA1
1

)2
−
(

yA1
2

)2
. (11)

It is easy to check ∑
3
i=1(Γ

Ak
j1... jk−1i)

2 = 1 and we have

Π
A1
j1

σiΠ
A1
j1

= (−1) j1Γ
A1

i Π
A1
j1
, (12)

Π
Ak
jk| j1... jk−1

σiΠ
Ak
jk| j1... jk−1

= (−1) jkΓ
Ak
j1... jk−1iΠ

Ak
jk| j1... jk−1

, k ≥ 2.

(13)

For 1 ≤ k ≤ N − 1, we claim that after performing the
measurement {Π A1...Ak

j1... jk
: j1, . . . , jk ∈ {0,1}}, the state ρ in

Eq. (2) reduces to

ρ j1... jk =
1

2N−k Π
A1...Ak
j1... jk

⊗
(

I⊗N−k +
∑

3
i=1 diΛ j1... jk−1iσi

⊗N−k

1+(−1) j1 ∑
3
i=1 ciΓ

A1
i

)
,

(14)

with p j1... jk =
1
2k (1+(−1) j1 ∑

3
i=1 ciΓ

A1
i ), where

Λ j1... jk−1i =

{
(−1) j2+···+ jkΓ

A2
j1i Γ

A3
j1 j2i . . .Γ

Ak
j1... jk−1i, k ≥ 2,

Λi = 1, k = 1,
(i = 1,2,3). (15)

In fact, we can prove this argument by doing induction
on k. For k = 1, the statement follows directly by Eq. (12).
After performing the measurement {Π A1...Ak−1

j1... jk−1
: j1, . . . , jk−1 ∈

{0,1}}, we have

ρ j1... jk−1 =
1

2N−(k−1) Π
A1...Ak−1
j1... jk−1

⊗
(

I⊗N−(k−1)+
∑

3
i=1 diΛ j1... jk−2iσi

⊗N−(k−1)

1+(−1) j1 ∑
3
i=1 ciΓ

A1
i

)
,

(16)

and p j1... jk−1 = 1
2k−1 (1+ (−1) j1 ∑

3
i=1 ciΓ

A1
i ). Performing the

measurement {Π Ak
jk| j1... jk−1

: jk = 0,1} on subsystem Ak, we
have

(p jk| j1... jk−1
)(ρ j1... jk)

= (I⊗k−1⊗Π
Ak
jk| j1... jk−1

⊗ I⊗N−k)ρ j1... jk−1

× (I⊗k−1⊗Π
Ak
jk| j1... jk−1

⊗ I⊗N−k)

=
1

2N−(k−1) Π
A1...Ak
j1... jk

⊗
(

I⊗N−k +
(−1) jk ∑

3
i=1 diΛ j1... jk−2iΓ

Ak
j1... jk−1iσi

⊗N−k

1+(−1) j1 ∑
3
i=1 ciΓ

A1
i

)
=

1
2N−(k−1) Π

A1...Ak
j1... jk

⊗
(

I⊗N−k +
∑

3
i=1 diΛ j1... jk−1iσi

⊗N−k

1+(−1) j1 ∑
3
i=1 ciΓ

A1
i

)
,

(17)

where p jk| j1... jk−1
= Tr(p jk| j1... jk−1

ρ j1... jk) =
1
2 . Thus Eq. (14)

holds and the probability p j1... jk = p j1... jk−1 p jk| j1... jk−1
=

1
2k (1 + (−1) j1 ∑

3
ix=1 ciΓ

A1
i ), which finishes the proof of the

claim.

For the N-qubit quantum states with N ≥ 3, moreover, by
Eq. (14), we have TrAk+2...AN (ρ j1... jk) =

1
2 Π

A1...Ak
j1... jk

⊗ I, hence

SA1...Ak+1(ρ j1... jk) = 1, (18)

for 1≤ k≤N−2. Then the following statement holds directly.
Lemma 2 Let N ≥ 3 and ρ be an N-qubit state in Eq. (2).

Then for 1≤ k ≤ N−2, we have

SAk+1|ΠA1 ...Ak (ρ) =
1

∑
j1,..., jk=0

p j1... jk SA1...Ak+1(ρ j1... jk) = 1. (19)

By Lemma 1 and Lemma 2, the first N− 1 terms of the
quantum discord in Eq. (1) are constants. Hence to determine
the quantum discord of ρ , it suffices to find the minimum value
of the conditional entropy

SAN |ΠA1 ...AN−1 (ρ)=
1

∑
j1,..., jN−1=0

p j1... jN−1SA1...AN (ρ j1... jN−1). (20)

After performing the measurement {Π A1...AN−1
j1... jN−1

: j1, . . . , jN−1 ∈
{0,1}}, by Eq. (14), we arrive at

ρ j1... jN−1 =
1
2

Π
A1...AN−1
j1... jN−1

⊗
(

I +
∑

3
i=1 diΛ j1... jN−2iσi

1+(−1) j1 ∑
3
i=1 ciΓ

A1
i

)
,

p j1... jN−1 =
1

2N−1

(
1+(−1) j1

3

∑
i=1

ciΓ
A1

i

)
. (21)

Thus, we have

SA1...AN (ρ j1... jN−1)

=−
(1+(−1) j1z+α j1... jN−2

2(1+(−1) j1z)

)
log2

(1+(−1) j1 z+α j1... jN−2

2(1+(−1) j1z)

)
060303-3
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−
(1+(−1) j1z−α j1... jN−2

2(1+(−1) j1z)

)
log2

(1+(−1) j1z−α j1... jN−2

2(1+(−1) j1z)

)
,

(22)

where z = ∑
3
i=1 ciΓ

A1
i and

α j1... jN−2

=
√
(d1Λ j1... jN−21)2 +(d2Λ j1... jN−22)2 +(d3Λ j1... jN−23)2.

(23)

Here, for N = 2, we omit j1 . . . jN−2, that is, α =√
d2

1 +d2
2 +d2

3 = d since Λi = 1 (i = 1,2,3) by Eq. (15). In-
serting Eqs. (21) and (22) into Eq. (20) yields

SAN |ΠA1 ...AN−1 (ρ)

=− 1
2N

1

∑
j1,..., jN−1=0

(1+(−1) j1z+α j1... jN−2)

× log2(1+(−1) j1z+α j1... jN−2)

− 1
2N

1

∑
j1,..., jN−1=0

(1+(−1) j1z−α j1... jN−2)

× log2(1+(−1) j1z−α j1... jN−2)

+
1
2
(1+ z)log2(1+ z)+

1
2
(1− z)log2(1− z)+1. (24)

In particular, for N = 2, we have

SA2|ΠA1 (ρ) =
1

∑
j1=0

p j1SA1A2(ρ j1)

=− 1
4
(1+ z+d)log2(1+ z+d)−1

4
(1+ z−d)log2(1+ z−d)

− 1
4
(1− z+d)log2(1− z+d)−1

4
(1− z−d)log2(1− z−d)

+
1
2
(1+ z)log2(1+ z)+

1
2
(1− z)log2(1− z)+1

=−Hd(z)−H−d(z)+2H0(z)+1. (25)

Setting F(z) = SA2|ΠA1 (ρ), it is easy to see that F(z) is an even
function of z. Thus to determine the minimum value of F(z),
we only need to consider the case: z≥ 0. Since

dF
dz

=−1
4

log2
1− ( d

1+z )
2

1− ( d
1−z )

2
≤ 0,

F(z) is a decreasing function of z for z ≥ 0. Thus, we need
to determine the maximum value of z. As z = ∑

3
i=1 ciΓ

A1
i and

∑
3
i=1(Γ

A1
i )2 = 1, we consider

f (Γ A1
1 ,Γ A1

2 ,Γ A1
3 ,µ)

= c1Γ
A1

1 + c2Γ
A1

2 + c3Γ
A1

3 +µ

(
1−

3

∑
i=1

(Γ A1
i )2

)
,

where µ is a parameter. Setting ∂ f/∂Γ
A1

i = ci− 2µΓ
A1

i = 0
for i = 1,2,3 and ∂ f/∂ µ = 0, we have µ =±c/2 and Γ

A1
i =

±ci/c. Hence the maximum value of z for z ≥ 0 is c, and the

minimum of F(z) = SA2|ΠA1 (ρ) is taken at z = c. Therefore,
the minimum of SA2|ΠA1 (ρ) is

minSA2|ΠA1 (ρ) =−Hd(c)−H−d(c)+2H0(c)+1. (26)

Similarly, for N ≥ 3, it is easy to check that
SAN |ΠA1 ...AN−1 (ρ) decreases with respect to each variable

α j1... jN−2 , where j1, . . . , jN−2 ∈ {0,1}. Setting d̃ =

max{|d1|, |d2|, |d3|}, we have

α j1... jN−2

≤
√
(d̃Λ j1... jN−21)2 +(d̃Λ j1... jN−22)2 +(d̃Λ j1... jN−23)2 ≤ d̃.

(27)

Without loss of generality, let |d1| ≥ |d2| ≥ |d3|. Then the
above equality holds for the following cases:

(i) |d1| = |d2| = |d3|: For any fixed i ∈ {1,2,3}, Γ
A2
j1i =

· · · = Γ
AN−1
j1... jN−2i = 1 and Γ

A2
j1l = · · · = Γ

AN−1
j1... jN−2l = 0, where

l ∈ {1,2,3} and l 6= i.
(ii) |d1| > |d2| ≥ |d3|: Γ

A2
j11 = · · · = Γ

AN−1
j1... jN−21 = 1 and

Γ
A2
j1i = · · ·= Γ

AN−1
j1... jN−2i = 0, where i = 2,3.

(iii) |d1|= |d2|> |d3|: Γ
A2
j13 = · · ·= Γ

AN−1
j1... jN−23 = 0, Γ

A2
j1i =

· · · = Γ
AN−1
j1... jN−2i = 1 and Γ

A2
j1l = · · · = Γ

AN−1
j1... jN−2l = 0, where

i, l ∈ {1,2} and l 6= i.
Now we define

G(z)

= − 1
4
(1+z+d̃)log2(1+z+d̃)−1

4
(1+z−d̃)log2(1+z−d̃)

− 1
4
(1−z+d̃)log2(1−z+d̃)−1

4
(1−z−d̃)log2(1−z−d̃)

+
1
2
(1+ z)log2(1+ z)+

1
2
(1− z)log2(1− z)+1. (28)

Then we have SAN |ΠA1 ...AN−1 (ρ) ≥ G(z), where the equality
holds if one of the above cases achieves. Hence, to calculate
the minimum of SAN |ΠA1...AN−1 (ρ), it suffices to find the mini-
mum of G(z). In comparison of Eqs. (25) and (28), it is easy to
see that F(z) and G(z) differ only on the constant terms: d and
d̃, hence G(z) should also reach the minimum at z = c. Thus

minSAN |ΠA1 ...AN−1 (ρ) = G(c)

=−Hd̃(c)−H−d̃(c)+2H0(c)+1. (29)

Combining Lemma 1, Lemma 2, Eqs. (1), (25), (26) and (29),
we obtain the following theorem.

Theorem 1 Let v ∈ N+, c =
√

c2
1 + c2

2 + c2
3, d =√

d2
1 +d2

2 +d2
3 , and d̃ = max{|d1|, |d2|, |d3|}. For the family

of N-qubit quantum states (2), we classify the quantum discord
into four cases:

(i) If N = 2, then DA1;A2(ρ) = 0.
(ii) If N = 2v with v > 1, then

DA1;...;A2v(ρ) = Hd(c)+H−d(c)−Hd̃(c)−H−d̃(c). (30)
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(iii) If N = 4v−1, then

DA1;...;A4v−1(ρ) =
1
2
[H−d1+d2+d3(c)+Hd1−d2+d3(c)

+H−d1−d2−d3(c)+Hd1+d2−d3(c)

−2Hd̃(c)−2H−d̃(c)]. (31)

(iv) If N = 4v+1, then

DA1;...;A4v+1(ρ) =
1
2
[Hd1+d2+d3(c)+H−d1−d2+d3(c)

+Hd1−d2−d3(c)+H−d1+d2−d3(c)

−2Hd̃(c)−2H−d̃(c)]. (32)

Figure 1 illustrates the level surfaces of the quantum dis-
cord for D(ρ) = 0.03,0.15,0.3 with c = 0.1. The level sur-
faces consist of three intersecting “tubes” running along the
three Cartesian axes. As discord decreases, the tubes shrink
toward the Cartesian axes. As discord increases, the tubes ex-
pand until only a few vertices remained, where (f) has level
surfaces in eight corners, while (c) and (i) have only four cor-
ners left.

Fig. 1. Level surfaces of quantum discord for given constant c = 0.1. N = 4v− 1 for (a), (b), and (c), with D(ρ) = 0.03, 0.15, 0.3,
respectively. N = 2v (v > 1) for (d), (e), and (f), with D(ρ) = 0.03, 0.15, 0.3, respectively. N = 4v+ 1 for (g), (h), and (i), with
D(ρ) = 0.03, 0.15, 0.3, respectively.

Remark 1 In the proof of Theorem 1(i) we obtained the
zero quantum discord in the bipartite system by calculation.
Actually one can also directly check that ρ = ∑

1
j1=0(Π

A1
j1
⊗

I)ρ(Π A1
j1
⊗ I), which shows that this state satisfies the neces-

sary and sufficient condition for zero quantum discord.[1] Thus
this also shows in some extent that the consistency of defini-
tion of Radhakrishnan et al. if quantum discord with the con-
ventional one in bipartite system. Moreover, there is one zero
quantum discord state in Ref. [36], which can be viewed as a
special case of our two-qubit states.

In Refs. [31,32], extended X-states were introduced, but

the explicit analytic formulas of the quantum discord for this
extended X-states were not completely given. Since our three-
qubit states can be viewed as a special form of the extended
X-states with the anti-diagonal elements being zero, we have
given analytical solution of the quantum discord for some spe-
cial extended X-states.

3. Dynamics of quantum discord under phase
damping channel
In this section, we discuss the behavior of the quantum

discord for the family of N-qubit quantum states (2) through
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the phase damping channels[55] with the Kraus operators K0 =

|0〉〈0|+
√

1− γ|1〉〈1| and K1 =
√

γ|1〉〈1|, where γ ∈ [0,1] is
the decoherence rate and ∑i K†

i Ki = I. Under the phase damp-
ing channel ρ evolves into

ε(ρ) = ∑
i1,...,iN∈{0,1}

(KA1
i1
⊗·· ·⊗KAN

iN )ρ(KA1
i1
⊗·· ·⊗KAN

iN )†

=
1

2N

(
I⊗N +

2

∑
i=1

√
1− γciσi⊗ I⊗N−1 + c3σ3⊗ I⊗N−1

+
2

∑
i=1

(1− γ)
N−1

2 diI⊗σi
⊗N−1 +d3I⊗σ3

⊗N−1
)
. (33)

The parameter γ determines the influence of the noise in the
channel to the quantum discord. Obviously, if γ = 0, the quan-
tum discord is preserved. It is interesting to find some non-
trivial cases, in which the quantum discord will also be kept
unchanged. According to Theorem 1, we shall distinguish four
cases from each other.

(i) N = 2.
In this case, it is easy to check that DA1;A2(ε(ρ)) = 0.
(ii) N = 2v, v ∈ N+ and (v > 1).
In this case, by Eq. (30), we have

DA1;...;A2v(ε(ρ)) = Hω(θ)+H−ω(θ)−Hϕ(θ)−H−ϕ(θ)

=
1
4
(1+ω +θ) log2(1+ω +θ)

+
1
4
(1+ω−θ) log2(1+ω−θ)

+
1
4
(1−ω +θ) log2(1−ω +θ)

+
1
4
(1−ω−θ) log2(1−ω−θ)

− 1
4
(1+ϕ +θ) log2(1+ϕ +θ)

− 1
4
(1+ϕ−θ) log2(1+ϕ−θ)

− 1
4
(1−ϕ +θ) log2(1−ϕ +θ)

− 1
4
(1−ϕ−θ) log2(1−ϕ−θ), (34)

where

θ =
√

(1− γ)(c2
1 + c2

2)+ c2
3,

ω =
√
(1− γ)2v−1(d2

1 +d2
2)+d2

3 ,

ϕ = max{(1− γ)
2v−1

2 |d1|,(1− γ)
2v−1

2 |d2|, |d3|}.

We may assume ω > ϕ > 0, since DA1;...;A2v(ε(ρ)) = 0 if
ω = ϕ , which is not our interesting case here.

Then for θ > 0, the derivative of DA1;...;A2v(ε(ρ)) with
respect to γ is

D′A1;...;A2v
(ε(ρ))

=
1
4

θ
′log2

((1+θ)2−ω2)((1−θ)2−ϕ2)

((1−θ)2−ω2)((1+θ)2−ϕ2)

+
1
4

ω
′log2

(1+ω)2−θ 2

(1−ω)2−θ 2 −
1
4

ϕ
′log2

(1+ϕ)2−θ 2

(1−ϕ)2−θ 2 , (35)

where

θ
′ =−c2

1 + c2
2

θ
≤ 0,

ω
′ =− (2v−1)(1− γ)2v−2(d2

1 +d2
2)

2ω
< 0. (36)

In the first term of D′A1;...;A2v
(ε(ρ)), we have

log2
((1+θ)2−ω2)((1−θ)2−ϕ2)

((1−θ)2−ω2)((1+θ)2−ϕ2)

= log2
(1−θ 2)2 +ω2ϕ2− (1+θ 2)(ω2 +ϕ2)+2θ(ω2−ϕ2)

(1−θ 2)2 +ω2ϕ2− (1+θ 2)(ω2 +ϕ2)−2θ(ω2−ϕ2)

< 0, (37)

hence the first term of D′A1;...;A2v
(ε(ρ)) ≤ 0. Next, we shell

verify that the rest part of D′A1;...;A2v
(ε(ρ)) is less than 0, and

hence D′A1;...;A2v
(ε(ρ))< 0.

In fact, if ϕ = |d3|, then ϕ ′= 0, and it is easy to check that
D′A1;...;A2v

(ε(ρ))< 0. Otherwise, we introduce a new function

f (x) = 1
x log2

(1+x)2−θ 2

(1−x)2−θ 2 , which is a strictly increasing function
on (0,1), since

f ′(x) = − 1
x2 log2

1+θ + x
1+θ − x

+
2

xln2
1+θ

(1+θ)2− x2

− 1
x2 log2

1−θ + x
1−θ − x

+
2

xln2
1−θ

(1−θ)2− x2

=
2

x(1+θ)ln2

( ∞

∑
n=0

( x
1+θ

)2n
−

∞

∑
n=0

(
x

1+θ

)2n

2n+1

)

+
2

x(1−θ)ln2

( ∞

∑
n=0

( x
1−θ

)2n
−

∞

∑
n=0

(
x

1−θ

)2n

2n+1

)
> 0.

(38)

If ϕ =(1−γ)
2v−1

2 |d1|, then ϕ ′=− 2v−1
2 (1−γ)

2v−3
2 |d1|. Hence,

combining with Eq. (38) yields

1
4

(
ω
′log2

(1+ω)2−θ 2

(1−ω)2−θ 2 −ϕ
′log2

(1+ϕ)2−θ 2

(1−ϕ)2−θ 2

)
=

2v−1
8(1− γ)ω

(
ϕ2ω

ϕ
log2

(1+ϕ)2−θ 2

(1−ϕ)2−θ 2

− (ϕ2 +(1− γ)2v−1d2
2)log2

(1+ω)2−θ 2

(1−ω)2−θ 2

)
<

2v−1
8(1−γ)ω

(
ϕ2ω

ω
−(ϕ2+(1−γ)2v−1d2

2)
)

log2
(1+ω)2−θ 2

(1−ω)2−θ 2

= − (2v−1)(1− γ)2v−2d2
2

8ω
log2

(1+ω)2−θ 2

(1−ω)2−θ 2 ≤ 0. (39)

Therefore, we have D′A1;...;A2v
(ε(ρ)) < 0. Similarly, if ϕ =

(1− γ)
2v−1

2 |d2|, we will get the same result.
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Moreover, for θ = 0, the derivative of DA1;...;A2v(ε(ρ))

given in Eq. (34) of γ is

D′A1;...;A2v
(ε(ρ)) =

1
4

ω
′log2

(1+ω)2

(1−ω)2 −
1
4

ϕ
′log2

(1+ϕ)2

(1−ϕ)2 .

(40)

Setting θ = 0 in Eq. (39), we get again D′A1;...;A2v
(ε(ρ))< 0.

Therefore, the quantum discord DA1;...;A2v(ε(ρ)) of the
(2v)-qubit (v > 1) sates are always monotonically decreas-
ing. The dashed lines in Fig. 2 show the dynamic behavior of
quantum discord for four-qubit states under the phase damp-
ing channel, where (a) for the case of d1 = 1/3, d3 = 1/4,
and d2 = −d1d3 = −1/12, and (b) for the case of d1 = 1/3,
d3 = 1/4, and d2 = d1d3 = 1/12.

(iii) N = 4v−1, v ∈ N+.
We consider the case of c1 = c2 = c3 = 0 and d2 =−d1d3.

Since −1≤ d1 ≤ 1, we have (1− γ)2v−1|d2| ≤ (1− γ)2v−1|d1|
for any γ . By Eq. (31), we have

DA1;...;A4v−1(ε(ρ)) = 2(H0(d3)+H0((1− γ)2v−1d1)−H0(φ)),
(41)

where φ = max{(1− γ)2v−1|d1|, |d3|}.
If φ = |d3|, we have

DA1;...;A4v−1(ε(ρ)) = 2H0((1− γ)2v−1d1), (42)

it is easy to check D′A1;...;A4v−1
(ε(ρ))< 0 with respect to γ , and

hence DA1;...;A4v−1(ε(ρ)) monotonically decreases to zero.

If φ = (1− γ)2v−1|d1| > |d3|, then 0 ≤ γ < 1− | d3
d1
|

1
2v−1 ,

we have

DA1;...;A4v−1(ε(ρ)) = 2H0(d3), (43)

which is constant under the phase damping channel during the
time interval.

(iv) N = 4v+1, v ∈ N+.
We consider the case of c1 = c2 = c3 = 0 and d2 = d1d3.

Since −1 ≤ d1 ≤ 1, we have (1− γ)2v|d2| ≤ (1− γ)2v|d1| for
any γ . By Eq. (32), we have

DA1;...;A4v+1(ε(ρ)) = 2(H0(d3)+H0((1− γ)2vd1)−H0(ψ)),
(44)

where ψ = max{(1− γ)2v|d1|, |d3|}.
If ψ = |d3|, then we have

DA1;...;A4v+1(ε(ρ)) = 2H0((1− γ)2vd1), (45)

it is easy to check D′A1;...;A4v+1
(ε(ρ))< 0 with respect to γ , and

hence DA1;...;A4v+1(ε(ρ)) monotonically decreases to zero.

If ψ = (1− γ)2v|d1| > |d3|, then 0 ≤ γ < 1− |d3/d1|
1
2v ,

we have

DA1;...;A4v+1(ε(ρ)) = 2H0(d3), (46)

which is constant under the phase damping channel during the
time interval.

Thus, we have shown that there exists frozen phe-
nomenon of the quantum discord for the (4v±1)-qubit states
under the phase damping channel, while for the (2v)-qubit
states (v > 1), this phenomenon does not appear. The solid
lines in Fig. 2 show the frozen phenomenon in the two cases:
(a) N = 3, d1 = 1/3, d3 = 1/4, and d2 =−d1d3 =−1/12; (b)
N = 5, d1 = 1/3, d3 = 1/4, and d2 = d1d3 = 1/12. A sud-
den transition of quantum discord happens at γ = 0.25 in (a)
or γ = 0.134 in (b), respectively.
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Fig. 2. The dynamic behavior of quantum discord under the phase
damping channel: (a) the three-qubit state (solid line) and four-qubit
state (dashed line), (b) the five-qubit state (solid line) and four-qubit
state (dashed line).

4. Conclusions

We have derived the explicit analytic solutions of the
quantum discord for a family of N-qubit states. For a bipartite
system, we derive a zero quantum discord which will remain
unchanged under the phase damping channel. For multiparitite
systems, the quantum discord can be classified into three cat-
egories and it is shown that the quantum discord for the odd-
qubit states can be freezing under the phase damping channel,
but for the even-qubit states, the quantum discord is always
decreasing under the phase damping channel. Moreover, the
level surfaces of the quantum discord for these N-qubit states
are illustrated in Fig. 1. We expect that our results will shed
some light on further discussion on multipartite quantum dis-
cord and its applications in quantum information processing.
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