CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Dynamical localization in a non-Hermitian Floquet synthetic system

Han Ke(F¥F), Jiaming Zhang (5K 5% #H), Liang Huo(%E K ), and Wen-Lei Zhao(i#X 3 £2)
Citation:Chin. Phys. B, 2024, 33 (5): 050507. DOI: 10.1088/1674-1056/ad36bb
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Fractional-order heterogeneous memristive Rulkov neuronal network and its medical

image watermarking application

Dawei Ding(] KA), Yan Niu(4: %), Hongwei Zhang(5K4L145), Zongli Yang(#55%37), Jin Wang(F4:), Wei
Wang(F &), and Mouyuan Wang( £ 154%)
Chin. Phys. B, 2024, 33 (5): 050503. DOI: 10.1088/1674-1056/ad322b

Parametric instability in the pure-quartic nonlinear Schrédinger equation

Yun-Hong Zhang(ik z=4L) and Chong Liu(X1##)
Chin. Phys. B, 2024, 33 (3): 030506. DOI: 10.1088/1674-1056/ad11e7

Resonance and antiresonance characteristics in linearly delayed Maryland model

Hsinchen Yu(F/(»%), Dong Bai(#1#%), Peishan He(fi[fiil ), Xiaoping Zhang(7k/)NT*), Zhongzhou Ren({F M),

and Qiang Zheng(#5#)
Chin. Phys. B, 2022, 31 (12): 120502.  DOI: 10.1088/1674-1056/ac7a0d

Dynamical stable-jump-stable-jump picture in a non-periodically driven quantum

relativistic kicked rotor system

Hsincheng Yu(F-0»¥), Zhongzhou Ren(fF-1i), Xin Zhang(5KJik)
Chin. Phys. B, 2019, 28 (2): 020504. DOI: 10.1088/1674-1056/28/2/020504

Effect of temporal disorder on wave packet dynamics in one-dimensional kicked lattices

Yuting Wang(F /i #5), Yi Gao(/512F), Peiging Tong(FE K% JK)
Chin. Phys. B, 2018, 27 (12): 120503. DOI: 10.1088/1674-1056/27/12/120503


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad36bb
https://doi.org/10.1088/1674-1056/ad36bb
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad322b
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad322b
https://doi.org/10.1088/1674-1056/ad322b
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad11e7
https://doi.org/10.1088/1674-1056/ad11e7
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac7a0d
https://doi.org/10.1088/1674-1056/ac7a0d
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/2/020504
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/2/020504
https://doi.org/10.1088/1674-1056/28/2/020504
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/12/120503
https://doi.org/10.1088/1674-1056/27/12/120503

Chin. Phys. B 33, 050507 (2024)

RAPID COMMUNICATION

Dynamical localization in a non-Hermitian Floquet synthetic system

Han Ke(7]¥T)!, Jiaming Zhang(5K 3% #)!, Liang Huo(%E )%, and Wen-Lei Zhao(#X 3 22)"7

1School of Science, Jiangxi University of Science and Technology, Ganzhou 341000, China

2Schoo] of Information Engineering, Jiangxi University of Science and Technology, Ganzhou 341000, China

(Received 19 February 2024; revised manuscript received 20 March 2024; accepted manuscript online 22 March 2024)

We investigate the non-Hermitian effects on quantum diffusion in a kicked rotor model where the complex kicking
potential is quasi-periodically modulated in the time domain. The synthetic space with arbitrary dimension can be created
by incorporating incommensurate frequencies in the quasi-periodical modulation. In the Hermitian case, strong kicking
induces the chaotic diffusion in the four-dimension momentum space characterized by linear growth of mean energy. We
find that the quantum coherence in deep non-Hermitian regime can effectively suppress the chaotic diffusion and hence
result in the emergence of dynamical localization. Moreover, the extent of dynamical localization is dramatically enhanced
by increasing the non-Hermitian parameter. Interestingly, the quasi-energies become complex when the non-Hermitian
parameter exceeds a certain threshold value. The quantum state will finally evolve to a quasi-eigenstate for which the
imaginary part of its quasi-energy is large most. The exponential localization length decreases with the increase of the
non-Hermitian parameter, unveiling the underlying mechanism of the enhancement of the dynamical localization by non-

Hermiticity.

Keywords: Floquet system, non-Hermitian physics, dynamical localization
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1. Introduction

Quantum diffusion of chaotic systems with unique quan-
tum coherence effects is a fundamental problem,““ﬂ which
has potential applications in quantum control®>~®! and quan-

tum communication.®-13

| Understanding the fingerprint of
the quantum coherence in chaotic diffusion is critical for
the resolution of the elusive issue of the quantum—classical
transition.!'4-2% For example, the dynamical localization (DL)
occurring after the Ehrenfest time demonstrates the lack
of quantum-—classical correspondence in Floquet driven sys-
tems due to the quantum coherence, which has received
extensive investigations in the past few decades.[>3-26! The
mechanism governing chaotic diffusion plays a key role in
quantum scrambling and non-equilibrium dynamics. It has
been reported that the chaotic dynamics induced by Floquet
driven potential dominates the exponentially-fast information
scrambling,>-2°! the quantum thermalization process!30-3!]
and entanglement.’>=4 In addition, the unique features of
quantum chaos have been exploited to optimize quantum algo-
rithms and enhance quantum communication, thereby advanc-
ing the practical development of quantum technologies.[3>-38

The Floquet engineering technique serves as an effective
method for creating high-dimensional synthetic spaces with-
out the need to physically introduce extra spatial degrees of
freedom, addressing a challenge encountered in traditional

(39,40

systems. | The application of Floquet synthetic systems in

quantum simulation provides an ideal platform to investigate
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rich physics, such as topologically protected transport,4!:4]

dynamical phase transition!*>**! and time crystals.[*>#¢] In-
terestingly, one can realize the synthetic space with control-
lable dimensions by adding quasi-periodical driven potential
with incommensurate frequencies to the kicked rotor model,
and observe the Anderson metal—insulator transition in differ-

[47-49] Recently, the extension of Flo-

ent effective dimensions.
quet synthetic systems to non-Hermitian regime enables the
investigations on novel physics that might not be easily achiev-
able in Hermitian settings. It is found that the combination
of non-Hermiticity and nonlinear interaction leads to super-
exponentially fast energy diffusion,’®®! the non-Hermitian
driven potential enhances the degree of DL!=* and induces
the quantum criticality of information scrambling.> The ver-
satile nature of Floquet synthetic systems opens the opportu-
nity for exploring diverse regimes of quantum behavior by tai-
loring system parameters and controlling interactions.

In this context, we investigate quantum diffusion in a
quasi-periodically driven non-Hermitian kicked rotor (QNKR)
model, where one can realize the synthetic momentum space
with arbitrary dimension by incorporating incommensurate
frequencies in the quasi-periodical modulation of kicking

434991 We concentrate on the non-Hermitian effects

potential. !
on the quantum diffusion in a four-dimension momentum
space. Interestingly, we find that the quantum coherence
in deep non-Hermitian regime can effectively suppress the

chaotic diffusion and hence lead to the emergence of the DL.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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Correspondingly, the quantum state is exponentially localized
in momentum space. Moreover, the localization length de-
creases with the increase of the imaginary part of the complex
kicking potential, indicating the enhancement of DL by the
non-Hermitian driven potential. In order to reveal the underly-
ing mechanism, we extend the Floquet theory to this quasi-
periodical system, and predict that a quantum state will fi-
nally evolve to a quasi-eigenstate with the large most value
of the imaginary part of quasi-energy. We employ the average
value of the inverse participation ratio (IPR) over an ensem-
ble of quasi-eigenstates to quantify the localization length of
quasi-eigenstates. Intrinsically, the average value of the IPR
decreases with the increase of the imaginary part of the com-
plex kicking potential, which demonstrates the enhancement
of DL by non-Hermiticity. Therefore, the localized feature of
quasi-eigenstates dominates the DL of this system.

The paper is organized as follows. In Section 2, we de-
scribe the QNKR model and show the DL in a non-Hermitian
regime. In Section 3, we reveal the mechanism of the DL in-
duced by non-Hermiticity. The conclusion and discussion are
presented in Section 4.

2. Model and main results
The dimensionless Hamiltonian of the QNKR model
reads

2
p
H:7+VK(97t)Xn:5(t—tn), (1)

with the time-dependent kicking potential

Vk(6,1) = (K +iA)

3
1+an0s(a)jt)] cos(0), (2)

j=1

where p = —ifierd/d0 is the angular momentum operator,
6 is the angle coordinate, satisfying the commutation rela-
tion [0, p] = ifesr With Fiee being the effective Planck con-
stant. Here, the parameters K and A control the strength of
the real and imaginary parts of the kicking potential, respec-
tively. Time ¢, is integer, i.e., t, = 1,2,..., indicating the
kicking number. The ®; indicates the modulation frequency
on the kicking strength, with the modulation strength denoted
by 11. When ;s are mutually incommensurate, and both are
also incommensurate with 27, the QNKR model is equivalent
to a synthetic quantum kicked rotor with a four-dimensional
momentum space. 404347481 We consider the case with @ =
27/K, 0 = 27/Kk?%, and @3 = 27/+/2, where k &~ 1.3247 is
the real root of the cubic equation. ]

The eigenequation of angular momentum operator is
p|n) = p,|n) with eigenvalue p, = nhi.g and eigenstate (0|n) =
70 /\/2 1. With this complete basis, an arbitrary state can be

expanded as |y) =Y, w,|n). Based on the features of delta-
kicking systems, the Floquet operator can be split into two
components, namely U (t) = UsUx (t), with the free evolution
operator Ur = exp(—ip?/2hegr) and the kicking term Uk (t) =
exp[—iVk(0,1)/2%eg]. The time evolution of a quantum state
over one period from #, to #,41 is governed by |y (t,11)) =
U (tn)|y(tn))-
sion, characterized by the scaled expectation value (p*(t)) =
Y, P2 W (1) 2 /N (¢), with the norm N(t) = ¥, |w,(¢)|*. Note
that this scaled mean energy eliminates the contribution of

We numerically investigate quantum diffu-

the norm which exponentially grows with time for sufficiently
large value of A. Without loss of generality, we choose the
ground state of the angular momentum operator as the initial
state, i.e., W(0,1y) = 1/+/27 for numerical simulations.
Figure 1(a) shows the time evolution of (p?) for a wide
regime of K with A = 0. One can see that, for small K the
(p?) increases during a short time duration, and eventually
fluctuates around a saturation level which increases with the
increase of K. This demonstrates the emergence of DL. Cor-
respondingly, the quantum state is exponentially localized in

|# o< exp(—|p| /&), serving as a
distinctive feature of the DL (see Fig. 1(c)). Interestingly, the

momentum space, i.e., |y(p)

(p?) exhibits a linear increase over time, i.e., (p?) = Dt when
K is sufficiently large K (e.g., K =5 and 10 in Fig. 1(a)), signi-
fying the onset of chaotic diffusion. Meanwhile, the probabil-
ity density distribution in momentum space displays the well-
known Gaussian function |y/(p)|? o< exp(—p?/{), characteriz-
ing the random walk of fully chaotic systems. Note that such
dynamical transition from DL to chaotic diffusion has been
observed in ultracold atom experiments.*?! Since the modu-
lation frequencies within the time-dependent kick strength @;
(j=1,2,3) are irrational numbers, this form of temporal mod-
ulation effectively introduces random noises (1] < 1) to the
kick strength in the time domain. It is known that random
noises can destroy DL and result in classically normal diffu-
sion, i.e., (p?) =~ K?t/2, which is confirmed by our numerical
results in Fig. 1(a) (e.g., K = 10).

To reveal the influence of the non-Hermitian driven po-
tential on quantum diffusion, we numerically investigate the
time evolution of (p?(t)) for different A. For very small A
(e.g., A = 0.1 in Fig. 1(b)), the mean energy follows well the
linear growth, i.e., (p(t)) ~ K?t/2, which demonstrates the
existence of the chaotic diffusion in the non-Hermitian regime.
Interestingly, for large values of A (e.g., A = 2.3 and 2.5),
the growth of the (p?(¢)) tends to saturate over time, with
the saturation values decreasing as A increases. The mean
energy remains almost constant in the case of a sufficiently
strong non-Hermitian driven potential (e.g., A = 5). Along
with the saturation of mean energy, the quantum state dis-

plays the exponentially localized shape in momentum space,
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v(p)|? o< exp(—|p|/&), where the localization length &

ie.,
decreases as the A increases (see Fig. 1(c)). Our numerical
results clearly demonstrate the emergence of DL induced by
non-Hermiticity in a Floquet synthetic system with a four-
dimensional momentum space which is generated by quasi-
periodical modulation.
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Fig. 1. (a) The (p?) versus time with A = 0 for K = I (black line), K =2
(cyan line), K = 5 (blue line), and K = 10 (green line). (b) The <p2>
versus time with K = 10 for A = 0.1 (green line), A = 2.3 (blue line),
A = 2.5 (cyan line), and A = 5 (black line). Red-dashed lines in pan-
els (a) and (b) indicate the chaotic diffusion <p2> ~ K%t /2. (c) Momen-
tum distributions at time # = 100. In Hermitian case, i.e., A = 0 (solid
symbols): K = 2 (circles) and K = 10 (squares). In the non-Hermitian
case (empty symbols): A = 2.5 (triangles) and A = 5 (diamonds) with
K = 10. Red-solid and cyan-dashed lines indicate the exponentially-
localized wavepackets, i.e., |w(p)|* < exp(—|p|/&) and the Gaussian
wavepackets, i.e., |W(p)|? o< exp(—p?/{), respectively. The parameters
are 11 = 0.75 and hege = 2.89.

3. Mechanism of the dynamical localization in
non-Hermitian regime
3.1. Emergence of the complex instantaneous quasi-
energies
The enhancement of DL by a non-Hermitian driven po-
tential has been reported in Ref. [54], with the underlying
mechanism unveiled by the extension of Floquet theory to the
non-Hermitian regime. Moreover, we have extended the Flo-
quet theory to the QNKR model with two incommensurate fre-
quencies and successfully predicted the freezing of quantum
scrambling in deep non-Hermitian regions. Interestingly, this
extension can also reveal the mechanism of the emergence of
DL in the synthetic system with four-dimensional momentum

space.

Based on the Floquet theory, we define the eigenequation
of the instantaneous Floquet operator as U (t + 1,1)|@¢ (1)) =
e 1€0)|@g (1)), where the quasi-energies are complex, i.e.,
€ = &+ i¢& under non-Hermitian condition. In order to verify
the appearance of the complex quasi-energies, we numerically
calculate the average value of the imaginary part of the instan-
taneous quasi-energies, i.e., |§(¢)| = 1}’:1 |£11 (¢)|/N for differ-
ent A with N indicating the dimension of the Floquet operator
matrix. Figure 2(a) shows that the value of |g] is zero for
A = 0. Interestingly, the |€(¢)| oscillates around a saturation
level for sufficiently large A (e.g., A = 2.5). We further define
the average of [€(¢)| over time, i.e., R = ¥ [&(t;)|/n, with
n being the total number of kicks, to quantify the saturation
level of |€(¢)]. Our results show that the R increases linearly
with A (see the inset in Fig. 2(a)), which evidences the emer-

gence of complex quasi-energies.
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Fig. 2. (a) Time dependence of the average value of the imaginary parts of
the quasi-energies [€;| for A = 0 (squares), 1.5 (circles), 2.5 (diamonds),
and 5 (triangles). Inset: the R versus A. Solid line indicates the linear
growth R o< A. (b) Norm A versus time with K = 10 for A = 0 (squares),
0.5 (circles), 1 (pentagrams), 1.5 (triangles), and 2.5 (diamonds). Red-
solid lines indicate the exponential increase, i.e., N = e®'. Cyan-dashed
line denotes N = 1. Inset: the growth rate ¢ of the norm versus A. The
solid line indicates the linear growth @ o A. (c) Time averaged value
N versus A for K = 10 with fieg; = 0.5 (triangles), 1.5 (diamonds), and
2.89 (squares). The arrow marks the critical value A.. Solid line denotes
N = 1. Other parameters are the same as in Fig. 1(a).

A dynamical character of the emergence of the complex
quasi-energies is the exponential growth of the norm. To con-
firm this, we numerically investigate the time evolution of the
norm N for various values of A. Figure 2(b) shows that, for

050507-3
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A =0, the norm N equals to unity with time evolution. For
sufficiently large values of A (e.g., A = 0.5), the norm N dis-
plays exponential growth over time, i.e., N' = e*, where the
growth rate o linearly increases with the increase of A (see the
inset in Fig. 2(b)). We further investigate the time averaged
value of the norm N = Y3, N(#;) /M for different hsr. Fig-
ure 2(c) shows that, for a specific fg;, the N remains at unity
for A smaller than a threshold value A., and increases rapidly
with the increase of A for A > A.. Our results demonstrate the
existence of a non-Hermitian boundary A, which separates the
real quasi-energies (for A < A.) and complex quasi-energies
(for A > A.). Interestingly, the critical value A increases with

Dy

3.2. The localized feature of quasi-eigenstates with com-
plex instantaneous quasi-energies

We have observed that the quantum state of non-
Hermitian Floquet systems tends to evolve towards a
quasi-eigenstate with the maximum imaginary part of the
quasienergy. ¥ Thus, the feature of the quasi-eigenstate influ-
ences the dynamical behaviors, such as DL and the freezing of
quantum scrambling, in these systems.[>®) We further numer-
ically investigate the fidelity between the time-evolved quan-
tum state and the quasi-eigenstates, i.e., F = [(y()|@e(1))|?
for A > A.. Figure 3(a) shows that for A =5, the fidelity
F at time ¢t = 1000 is nearly equal to unity at the maximum
& = 1.6321, indicating a high overlap between the quantum
state and the quasi-eigenstate associated with the maximum &;.
To verify this issue, we compare the probability density distri-
bution between the quantum state |y(z = 1000)) and quasi-
eigenstate |@¢(r = 1000)) with & = 1.6321 in Fig. 3(b). One
can see that the two states exhibit good consistency with each
other, both of which are exponentially localized in momentum
space, i.e., [W(p)[* < exp(—[p|/&).

A commonly used measurement of the localization of
quantum states is IPR, i.e., I = (¥, |Wx]?)?/ L, |Wa|*, which
is proportional to the localization length & for the exponen-

tially localized state. We numerically calculate the average
value of the IPR, i.e., (I(¢)) = 1}’:1 I;(t)/N, over the ensemble
of quasi-eigenstates, where [;(¢) is the IPR of the j-th quasi-
eigenstate, and N is the total number of quasi-eigenstates. Fig-
ure 3(c) shows that for A = 0, the (I(¢)) fluctuates around a
saturation level with time evolution. Interestingly, the satu-
ration level decreases with the increase of A. We further de-
fine the average of (I(r)) over time, i.e., (I) = Xi_; (I(z;))/n,
where 7 is the total number of kicks, to quantify the saturation
level. Our results show that (I) exhibits a plateau for A smaller
than a critical value A., beyond which it monotonically de-
creases with the increase of A (see the inset in Fig. 3(c)). This
demonstrates the decrease of the localization length of quasi-

eigenstates with the increase of strength of the non-Hermitian
driven potential, which leads to the DL in this system.

1.0 (a) *
& 0.5F
O =m - ) == =
0 0.5 1.0 1.5
&

107 | o (5,=1.6321)
= ¥ (t=1000)
S
a” 1076
=

—100 —50 0 50 100

Fig. 3. (a) Fidelity F at the time + = 1000 versus the imaginary part of
the quasi-energy & for K = 10 and A = 5. Red diamond indicates F ~ 1
with & = 1.6321. (b) Comparison of the probability density distribu-
tion between the state |y(r = 1000)) (circles) and the quasi-eigenstate
|@:(r = 1000)) (squares) with & = 1.6321. Solid line indicates the
exponentially-localized distribution of the form |y/(p)|? o exp(—|p|/&)
with & & 3.2. (c) The averaged value of IPR (I) versus time for A =0
(squares), 1.5 (circles), 2.5 (diamonds), and 5 (triangles). Inset: the (I)
versus A. Other parameters are the same as in Fig. 1(a).

4. Discussion and conclusion

We investigate the dynamics of quantum diffusion, quan-
tified by the scaled mean energy, i.e., { p2>, in a QNKR model
with the complex kicking potential being modulated quasi-
periodically in time. We find the suppression of linear growth
of (p2>, namely chaotic diffusion, as the increase of the non-
Hermitian parameter A, indicating the emergence of DL. The
enhancement of DL by non-Hermiticity is also reflected by the
decrease of the localization length of a quantum state with the
increase of A. We numerically investigate the quasi-energies
of the QNKR model, and find the emergence of complex
quasi-energies when the non-Hermitian parameter is larger
than a threshold value, i.e., A > A.. Interestingly, a quantum
state will finally evolve to a quasi-eigenstate with the large
most value of the imaginary part of quasi-energy, which is
verified by our numerical results of the fidelity between the
time-evolved state and quasi-eigenstates. We numerically in-
vestigate the IPR of the quasi-eigenstates and find the decrease
of the IPR with the increase of A, which demonstrates the

050507-4



Chin. Phys. B 33, 050507 (2024)

enhancement of localization of the quasi-eigenstates by non-
Hermitian kicking potential. It is reasonable to believe that the
feature of exponential localization of quasi-eigenstates deter-
mines the DL of the QNKR model. Our findings shed light on
the quantum diffusion in non-Hermitian chaotic systems.
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