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Frequency-tunable single-photon router based on a microresonator
containing a driven three-level emitter
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1School of Information Engineering, Jiangxi University of Science and Technology, Ganzhou 341000, China
2Faculty of Science, Jiangxi University of Science and Technology, Ganzhou 341000, China
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We propose a frequency-tunable router of single photons with high routing efficiency, which is constructed by two
waveguides mediately linked by a single-mode whispering gallery resonator with a driven three-level emitter. Quantum
routing probability in the output port is obtained via the real-space Hamiltonian. By adjusting the resonator–emitter cou-
pling and the drive, the desired continuous central frequencies for the resonance peaks of routing photons can be manip-
ulated nearly linearly, with the assistance of Rabi splitting effect and optical Stark shift. The proposed routing system
may provide potential applications in designing other frequency-modulation quantum optical devices, such as multiplexers,
filters, and so on.
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1. Introduction
In a quantum network, the router is a very core compo-

nent for distributing quantum information.[1] In optical quan-
tum routing systems, one-dimensional optical waveguides are
used as quantum channels, and photons are transmitted as car-
riers in different channels through waveguide quantum elec-
trodynamics (wQED),[2] which can effectively control the
transmission of photons by tailoring the couplings between
photon fields and quantum emitters. Consequently, a wide
variety of studies on quantum routing are implemented in
various wQED systems, including atomic qubits,[3–7] super-
conducting qubits,[8–12] quantum dots,[13,14] optomechanical
systems,[15,16] optical cavity systems,[17–20] and chiral waveg-
uide systems.[21–25]

Generally, for an optical transmission system the incident
frequency should match the resonance frequency of the cou-
pled emitter in the router, which enables the router work effi-
ciently. Off-resonance photons do not function greatly since
there are no couplings with the quantum emitter. However,
some targeted off-resonance signals may be desired for the
port users, which may restrict their extensive applications of
these routing devices. Thus, there is considerable interest
to design a quantum router capable of transmitting some se-
lectable frequencies on demand for the input light signals. One
feasible way to address the problem is to adopt the frequency-
modulation technology to match the targeted frequencies with
good tuning controllability, which has been applied in tun-
able frequency optical combs,[26,27] single-photon diode,[28]

and tunable bandpass filters.[29–35]

Motivated by these considerations, we propose a novel

frequency-tunable router of single photons based on a double-
waveguide structure connected by a whispering-gallery-mode
resonator with a driven three-level system. To the best of our
knowledge, few studies on frequency-tunable routing for sin-
gle photons have been carried out. Compared with our previ-
ous scheme,[36] where the bandpass router is constructed by a
T-shaped waveguide linked by a driven three-level emitter, and
a reflector with the accurate phase shift is utilized to improve
the routing efficiency, the proposed routing structure only con-
sists of a single-point resonator coupled with a driven three-
level emitter, and there is not the additional reflecting mirror,
which reduces its complexity of the coupled structure. By us-
ing a real-space approach, the single-photon routing amplitude
from the bus waveguide to another is obtained analytically. By
varying the resonator–emitter coupling and the drive, the con-
tinuously resonance frequencies for the routing peaks of single
photons can shift almost linearly away from the fixed reso-
nance frequency of the microresonator, under the joint effects
of Rabi splitting and optical Stark shift, which indicates that
the tunable routing can be achieved effectively.

2. Theoretical model
The schematic diagram is shown in Fig. 1, where we con-

sider two quantum channels constructed by one bus waveguide
a and another drop waveguide b. These two waveguides inter-
act with the counter clockwise mode of a whispering gallery
resonator. Likewise, a driven three-level emitter, characterized
by the ground state |g〉, the excited state |e〉 and the metastable
state |s〉, is also coupled to the single-mode resonator through
the transition |g〉 ↔ |e〉, while another transition |s〉 ↔ |e〉 is
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performed by a classical driving field with Rabi frequency
Ω . When a single photon is launched into the bus waveg-
uide, the propagating photon will move forward or is routed
to the drop port with the help of the coupled emitter, under
the mode-matching condition of the resonator mode and the
guided-wave mode.

tb

ta

Drop waveguide b

Bus waveguide a

Vb

Va

γc
e>

g>
s>

G Ω

Incident wave

c

Fig. 1. Schematic view of a single-photon router made of two one-
dimensional waveguides coupled to a single-mode whispering gallery
resonator with a driven three-level system. A single photon is incident
from the left side of the bus waveguide a, and can be routed to the drop
waveguide b by the coupled resonator.

Under the linear dispersions of two guided-wave modes
and the rotating wave approximation, the Hamiltonian in real
space[37,38] for the coupled system can be expressed as (h̄ = 1)

H =
∫

dx
[
− iυgC†

Ra(x)
∂CRa(x)

∂x
+ iυgC†

Lb(x)
∂CLb(x)

∂x

]
+Va

∫
dxδ (x)[CRa(x)c† +C†

Ra(x)c]

+Vb

∫
dxδ (x)[CLb(x)c† +C†

Lb(x)c]

+(ωc− iγc)c†c+(ωe− iγe)|e〉〈e|+(ωs− iγs)|s〉〈s|
+Ω(|e〉〈s|+ |s〉〈e|)+G(c†|g〉〈e|+ c|e〉〈g|). (1)

Here, we focus on the single resonator-mode case in the
weak coupling regime, while the mode splitting for the single-
mode resonator from the scattered quantum emitter is not
taken into account in the strong coupling regime. The ground
state level has been considered as the energy reference. υg

is the group velocity of the propagating photon. C†
Ra(x) and

C†
Lb(x) denote creating a right-traveling (left-traveling) photon

in the waveguide a and waveguide b, respectively. ωc, ωe, and
ωs are the transition frequencies of the resonator and two high
energy-level states of the emitter, respectively. γc, γe, and γs

describe the intrinsic loss rates of the resonator and these two
states, respectively. Va(b) denotes the coupling strength be-
tween the resonator and the bus (drop) waveguide, while G is
the coupling strength between the resonator and the three-level
system.

Assume that the light signal with the energy ω = υgk en-
ters from the left port of the bus waveguide, and the three-
level emitter is initially in the ground state, then the scattering
eigenstate of the Hamiltonian (1) is

|ψ〉 =
∫

dx[φRa(x)C
†
Ra(x)+φLb(x)C

†
Lb(x)]|0a,0b,0c,g〉

+ξc|0a,0b,1,g〉+ξe|0a,0b,0c,e〉
+ξs|0a,0b,0c,s〉. (2)

Here, ξc denotes the probability amplitude of the excited state
of the single-mode whispering gallery resonator, while ξe and
ξs describe the probability amplitudes of the excited state and
metastable state of the three-level system, respectively. φRa(x)
[φLb(x)] is the wave function for the right (left) mode in two
waveguides, and their corresponding expressions are given by

φRa(x) = e ikx[θ(−x)+ taθ(x)],

φLb(x) = e−ikxtbθ(−x). (3)

Here, ta and tb represent the transmission and transfer ampli-
tudes in two waveguides, respectively. θ(x) is the Heaviside
step function, with θ(0) = 1/2.

By solving eigen-equation H|ψ〉= ω|ψ〉, the expressions
of ta and tb can be obtained as

ta = 1− 2iΓa

[∆ω + iγc + i(Γa +Γb)]−
G2

∆ωe + iγe−S(ω)

,

tb =
−2i
√

ΓaΓb

[∆ω + iγc + i(Γa +Γb)]−
G2

∆ωe + iγe−S(ω)

, (4)

where S(ω) = Ω 2/(∆ωs + iγs) stands for the optical Stark
shift. ∆ω = ω −ωc, ∆ωe = ω −ωe, and ∆ωs = ω −ωs de-
scribe the frequency detunings for the input photon from the
resonator, excited state, and intermediate state, respectively.
Γa =V 2

a /(2υg) and Γb =V 2
b /(2υg).

3. Single-photon routing via a coupled single-
mode resonator
In the two-waveguide-channel system, the routing char-

acteristics of single photons are governed by the transmission
probability Ta(b) =| ta(b) |2. As a comparison, we first inves-
tigate the bare-resonator case with G = 0, in which the three-
level system is decoupled from the resonator. When a sin-
gle photon is input from the left port of the bus waveguide,
it will move forward or transfer to the waveguide b through
the single-mode resonator. When the dissipations are not in-
cluded, the photon flow in two ports has conservation relation
Tb +Ta = 1. Figures 2(a)–2(c) show the transmission flow ex-
changes between two waveguides for different coupling ratios
P = Γb/Γa = 0.5, 1, 2. As shown in the figure, the routing
probability Tb exhibits the maximum value at the resonance
point ∆ω = 0 only for P = 1. Certainly, the maximum rout-
ing probability is easily obtained by the reduced relationship
of Tb = 4P/(P+ 1)2 = 1 from Eq. (4). Here, all parameters
are normalized by Γa for simplification. In the (∆ω , P) plane
in Fig. 2(d), Tb versus more coupling ratios in the frequency
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range are further presented. When varying P, a wide ellip-
tical region of high routing rate Tb ≥ 0.9 is exhibited in the
scattering spectra, and a routing peak almost approaching 1
emerges around P = 1. The result arises from the fact that two
symmetrical transfer paths between the coupled resonator and
two waveguides are formed for the equal waveguide–resonator
coupling, and thus the routed photon can be completely redi-
rected into the drop waveguide on resonance.
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Fig. 2. Transmission Ta (blue dashed curves) in waveguide a and routing rate
Tb in waveguide b (red solid curves) versus the detuning ∆ω . (a) P = 0.5,
(b) P = 1, and (c) P = 2. (d) Tb as a function of P and ∆ω . For convenience,
all parameters are in units of Γa.

Then we consider the coupled-resonator case for G 6= 0
and P = 1 in the absence of dissipations. When the classical
driving field is tuned off, i.e., Ω = 0, the three-level system is
reduced to a two-level qubit. In the case, the routing probabil-
ity in Eq. (4) can be simplified as

Tb =
1

1+
(∆ω2 +∆ω∆ωce−G2)2

4(∆ω +∆ωce)2

. (5)

As displayed in Figs. 3(a)–3(c), two distinct peaks ap-
proaching 100% routing efficiency for Tb and two correspond-
ing zero dips for Ta are exhibited separately at ∆ω = (−∆ωce±√

∆ω2
ce +4G2)/2 with a separation of

√
∆ω2

ce +4G2, ∆ωce =

ωc−ωe being the frequency detuning between the resonator
and the excited state. In contrast to the above bare-resonator
case, it is clear that the single routing channel is switched
to the two-resonance mode with two different Rabi-splitting
frequencies. Increasing the resonator–qubit coupling G, the
routing peak separation becomes wide, and continuous center-
frequency locations shift outward approximately linearly in
the wide frequency range, as shown in Fig. 3(d). The
resonator–qubit coupling strength can be tuned by the their
separation and mode polarization of the atomic exciton. For
instance, it can be controlled by using an external field to ori-
ent the dipole-moment direction of the atomic exciton.[37,39]

Consequently, a tunable high-efficiency router can be obtained
by varying the coupling.

T
a
↪T
b

(a) (b)

-2 0
0

.

1.0
(c)

0 0.5 1.0
G

-2

0

2 (d)

2
Dω

D
ω

-2 0 2
Dω

-2 0 2
Dω

0

.

1.0

T
a
↪T
b

0

.

1.0

T
a
↪T
b

Fig. 3. Transmission Ta (blue dashed curves) and routing rate Tb (red solid
curves) for different resonator–qubit couplings: (a) G = 0.2, (b) G = 0.5,
and (c) G = 1. Center frequencies of two peaks vary with G in panel (d).
The other parameters are P = 1 and ∆ωce = 0.5.

Further, when the classical field is employed, the three-
level system is detuned from the incoming photon by the opti-
cal Stark shift S(ω), which will result in a significant change
for the routing properties in the drop waveguide. Similarly,
the reduced formula of the routing probability in Eq. (4) is ex-
pressed as follows:

Tb =
1

1+
[∆ω(∆ω +∆ωce)(∆ω +∆ωcs)−Ω 2∆ω−G2(∆ω +∆ωcs)]

2

4[(∆ω +∆ωce)(∆ω +∆ωcs)−Ω 2]2

. (6)

Obviously, there exist three frequency values for the maximum

routing rate. As shown in Figs. 4(a)–4(c), three prefect peaks

for Tb with wider frequency scope are observed separately at

three different resonance points in the scattering spectra. Two

bilateral on-resonance peaks also move continuously, and the

separation of these two center frequencies broadens with the

increase of the drive, with the help of optical Stark shift. Sim-

ilar to the above case, peak frequency versus the drive is plot-

ted in Fig. 4(d). It shows that three on-resonance frequencies

in the drop waveguide emerge, and the middle on-resonance

frequency vary slight, while another two frequencies expand

sharply in the broad blueshift and redshift frequency ranges,

with almost linear relations for the drive. This indicates that

the input photons with two movable resonance frequencies

are completely routed to the output port, and the frequency-

tunable router can also be available by varying the drive.
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Fig. 4. Transmission Ta (blue dashed curves) and routing rate Tb (red solid
curves) for different drives: (a) Ω = 0.5, (b) Ω = 1.5, and (c) Ω = 3,
and ∆ω0 = 0.5. Center frequencies of three routing peaks vary with Ω in
panel (d), ∆ω0 = 1.5 for solid curves and ∆ω0 = 2.5 for dashed curves. Here,
ωc−ωs = ∆ωcs = ∆ωce = ∆ω0 is set. The other parameters are G = 1, and
P = 1.

To gain a deeper insight into the dependence of the pho-
ton routing capability on the waveguide–qubit coupling, fig-
ure 5 displays routing features in the (P,∆ω) planes for the
transfer Tb. Obviously, two wide elliptical region with high
routing rate Tb > 0.9 are presented in the scattering spectra
in Fig. 5(a) for the coupled-qubit case, while three elliptical
windows of high routing rates are exhibited when the drive
is included in Fig. 5(b). These asymmetrical peaks emerge
at their corresponding resonance-frequency locations with the
equal coupling ratio P = 1, since these propagating photons in
the bus waveguide is completely blocked and routed to another
waveguide through the symmetrical coupling channels.
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0
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0
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Dω

(a)

P

3

2

1

0

0.8

0.6

0.4

0.2

0

Fig. 5. Tb as a function of the detuning ∆ω and the coupling ratio P for
(a) Ω = 0 and (b) Ω = 0.5. The other parameters are G = 1, P = 1, and
∆ω0 = 0.5.

Similarly, we also examine the influence of the control
field on the resonance frequencies of routing peaks. Tb versus
different drives is presented in the (Ω ,∆ω) plane in Fig. 6.
When the drive is small, only two asymmetrical peaks occur.
When increasing the drive, two peaks move rapidly along a
red V-type track, while the middle peak appears and extends
slowly. Thus, tunable red-shift and blue-shift resonance fre-

quencies are available for the router by adjusting the driving
field of the three-level system.

-5 0 5

Dω

Ω

3

2

1

0

0.9

0.7

0.5

0.3

0.1

Fig. 6. Tb as a function of the detuning ∆ω and the drive Ω . These
parameters are the same as those in Fig. 5.

It is worth noting the dissipations are not considered in the
above investigations. In fact, the coupled system inevitably
suffers dissipations, such as atomic excited-state relaxation
and photon leakage of the resonator. Compared to the routing
spectra with no dissipations, the routing rates decrease when
increasing the dissipations, as shown in Fig. 7(a). For a high-
quality resonator with very low losses, however, it is avail-
able for high routing efficiency, such as Tb ≈ 0.85 of one side
peak at γ0 = 0.15. In addition, figure 7(b) displays the influ-
ence of the resonator–waveguide coupling on the routing Tb at
the middle resonance frequency ∆ω = −0.16. For low dissi-
pation (γ0 = Γa/20), high routing peak occurs with the equal
coupling around P = 1. While for high dissipation (γ0 = Γa),
routing peak fall sharply, and shifts to a big value about P = 2,
since photon transfer reduces due to the photon leakage and
stronger coupling Γb is expected to enhance the transfer to the
drop waveguide.

-4 -2
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(b)

.
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Dω
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b

T
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0 2 4

5
Γb/γ0

Fig. 7. (a) Tb for different dissipations: zero dissipations (solid line),
γ0 = γc = γe = 10γs = 0.15 (dash dotted line), and γ0 = 0.2 ( dashed
line). (b) Tb at the middle center frequency ∆ω = −0.16 for different
coupling-dissipation ratio Γb/γ0 at Ω = 1.5 (solid line for Γa/γ0 = 20,
dash dotted line for Γa/γ0 = 5, and dashed line for Γa/γ0 = 1). Other
parameters are G = 1, P = 1, ∆ωce = 0, and ∆ωcs = 0.5.

4. Conclusion
In summary, we have investigated the frequency-tunable

routing of single photons in a waveguide–resonator system
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with a driven three-level emitter. By a full quantum approach,
the photon routing probability transferring to the output port
is obtained exactly, and some frequency of the routing pho-
ton can be effectively manipulated on demand, with the good
tunability for the driving pump. Note that the routing photon
moves out in the left port of the drop waveguide, via the mode
matching of the guided-wave mode and resonator mode. An-
other port can be open to get two-port routing when adding an
clockwise-mode resonator system and a rearmounted reflec-
tor, with a suitable inter-resonator detuning to suppress their
crosstalk. Therefore, such proposed routers have wide poten-
tials in frequency-modulation quantum information.
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