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Enhancing quantum metrology for multiple frequencies of
oscillating magnetic fields by quantum control

Xin Lei(F ), Jingyi Fan(Jii#1A), and Shengshi Pang(JE &% H)
School of Physics, Sun Yat-sen University, Guangzhou 510275, China
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Quantum multi-parameter estimation has recently attracted increased attention due to its wide applications, with a
primary goal of designing high-precision measurement schemes for unknown parameters. While existing research has
predominantly concentrated on time-independent Hamiltonians, little has been known about quantum multi-parameter es-
timation for time-dependent Hamiltonians due to the complexity of quantum dynamics. This work bridges the gap by
investigating the precision limit of multi-parameter quantum estimation for a qubit in an oscillating magnetic field model
with multiple unknown frequencies. As the well-known quantum Cramér—Rao bound is generally unattainable due to the
potential incompatibility between the optimal measurements for different parameters, we use the most informative bound
instead which is always attainable and equivalent to the Holevo bound in the asymptotic limit. Moreover, we apply addi-
tional Hamiltonian to the system to engineer the dynamics of the qubit. By utilizing the quasi-Newton method, we explore
the optimal schemes to attain the highest precision for the unknown frequencies of the magnetic field, including the simulta-
neous optimization of initial state preparation, the control Hamiltonian and the final measurement. The results indicate that
the optimization can yield much higher precisions for the field frequencies than those without the optimizations. Finally,
we study the robustness of the optimal control scheme with respect to the fluctuation of the interested frequencies, and the

optimized scheme exhibits superior robustness to the scenario without any optimization.

Keywords: quantum metrology, multi-parameter estimation, quantum control

PACS: 03.65.Ta, 03.67.—-a

1. Introduction

Metrology is a subject which explores the methods to
enhance measurement precision in various parameter estima-
tion tasks. It plays a pivotal role in scientific research and
engineering applications. Metrology is rooted in the classi-
cal parameter estimation theory.l!'™! With the advancement
in quantum technologies, quantum noise has posed a new
challenge to precision measurements. To surpass the clas-
sical limit and attain higher precision in physical measure-
ments, quantum technologies are necessary to mitigate the im-
pact of quantum noise on measurement precision. Over the
past few decades, quantum metrology has made substantial
progress, both theoretically®2% and experimentally.[23-38]
For instance, researchers have employed quantum error cor-

10-15,22]

rection techniques! to counteract the effects of quan-

tum noise on measurement precision and used dynamic
decoupling!'®! to enhance the precision of parameter estima-
tion. Moreover, experiments of quantum metrology have been

s,[27] photon interferometry,[28-36-371

30-32

realized with trapped ion

etc.,[2629-381 and applied to quantum imaging,! I biologi-

B3] and so forth. In addition, researchers

cal measurements,
have also shown that an entangled ancilla can even overcome
the incompatibility completely in multi-parameter quantum
estimation. [18-34]

The parameters of interest in quantum metrology are typi-
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cally associated with the dynamical evolution of quantum sys-
tems, such as the intensity of a magnetic field or the relative
phase between two arms of an interferometer. In order to ob-
tain the parameters in the quantum dynamics, one needs to
encode the parameter into a quantum state by letting a quan-
tum system evolving through the given quantum dynamics,
and measure the final states to estimate the parameters. To
reach a high precision in estimating the parameters, the pa-
rameter estimation theory needs to be invoked. The classi-
cal parameter estimation theory is to find an appropriate esti-
mation strategy for a given probability distribution dependent
on the unknown parameters, with the goal of achieving the
highest precision for the estimate of the parameters. This pre-
cision is characterized by the Cramér—Rao bound,?*! where
the key statistics is the Fisher information which determines
the lower bound of the variance of the parameter estimates.
When the unknown parameters are encoded in a quantum sys-
tem, different measurement bases on the quantum system lead
to distinct probability distributions of the measurement out-
comes and thus different precisions of parameter estimation,
so one needs to identify the optimal measurement bases on the
quantum state to achieve the highest precision of parameter

(40411 This is the primary task of quantum parame-

estimation.
ter estimation. The maximum Fisher information over all pos-

sible quantum measurement bases is referred to as the quan-
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tum Fisher information, and the classical Cramér—Rao bound
is generalized to the quantum Cramér—Rao bound for quantum
parameter estimation. In quantum metrology, when a quantum
system undergoes a dynamical evolution and arrives at a final
state containing the unknown parameters, the quantum param-
eter estimation theory can be applied to design the optimal
quantum measurement scheme and the optimal parameter es-
timation strategy to achieve the highest precision in estimating
the parameters.

While the single-parameter quantum estimation theory
has been studied extensively, however, in practical quan-
tum metrology problems, there are often multiple unknown
parameters to estimate, as encountered in observational
astronomy,*?! quantum imaging, *3! quantum sensing,!**! and
quantum Hamiltonian identification.!*~*8) In classical param-
eter estimation, the single-parameter Cramér—Rao inequality
can be extended to the multi-parameter case, where the vari-
ance of the estimates is transformed into a covariance matrix
between different parameters, and the Fisher information be-
comes the Fisher information matrix.[*’ A notable charac-
teristic of the classical multi-parameter estimation is that the
Cramér—Rao bound can always be asymptotically achieved as
the sample size tends to be infinite. In contrast, the quan-
tum multi-parameter estimation is more intricate. For quan-
tum multi-parameter estimation, the single-parameter quan-
tum Cramér-Rao inequality can be extended to the multi-
parameter case with a lower bound determined by the quantum
Fisher information matrix. Helstrom®® and Yuen and Lax, 1]
in parallel with Belavkin,'®?! proposed the most renowned
and useful methods to define the quantum Fisher informa-
tion matrix based on the symmetric logarithmic derivatives
(SLD), which lead to the SLD-Cramér—Rao bound. But unlike
the classical multi-parameter estimation, the optimal measure-
ments for different parameters in quantum multi-parameter es-
timation are not necessarily compatible between each other,
implying that the optimal precisions for different parameters
may not be simultaneously achievable. To achieve the high-
est estimation precisions for all parameters simultaneously in
quantum multi-parameter estimation, the quantum state to be
measured needs to meet strict conditions. Currently, only a
few number of quantum models are known to satisfy the condi-
tions for simultaneously optimizing the precision for multiple
parameters: according to Suzuki’s classification in Ref. [53],
the SLD-Cramér—Rao bound can be achieved only in the clas-

[54

sical quantum statistical models,’>*! the quasi-classical quan-

5,191 and asymptotically saturated in the

tum statistical model
asymptotically classical quantum statistical models.>>! There-
fore, in more general cases, the SLD-Cramér—Rao bound can-
not be achieved generally, which is why the quantum multi-

parameter estimation is a challenging problem.

A pivotal task in quantum metrology is to design mea-
surement schemes that achieve the highest precision for un-
known parameters. Since the unknown parameters of inter-
est are often related to quantum dynamics, and quantum mea-
surements target quantum states, it is necessary to encode un-
known parameters into appropriate quantum states. The pro-
cesses of parameter estimation can be generally divided into
four steps (see the standard scheme in Fig. 1): the preparation
of the quantum system in a specific initial state, the evolution
of the quantum system under the given dynamics dependent on
the unknown parameters, the measurement on the final state of
the system and the estimation of the unknown parameters from

(411 As the final state of the quantum

the measurement results.
system’s evolution determines the precision of parameter mea-
surement, it is essential for the quantum system to evolve to a
final state that contains as much parameter information as pos-
sible. There are various methods to optimize the final state
of the quantum system, e.g., assuming the dynamical evolu-
tion fixed and enhancing the measurement precision by prepar-
ing an optimized initial state,[®>%-%51 introducing a Hamilto-
nian control that is independent of parameters to optimize the
evolution path of the quantum system to acquire the most in-
formation about the parameters (see the controlled scheme in
Fig. 1),[7:817.18.66] etc. Moreover, in recent years, researchers
have found that the additional controls on the quantum evo-
lution can not only provide a higher precision limit, but also

brings greater robustness to the estimation processes.[?33-67]

(a) Standard scheme

Preparation|—)> [H[)()\,t)] — [Measurement] — [Estimatioxﬂ —)

(b) Controlled scheme

i) =

—) [Measurement]@ﬁastimation] —)

Update the parameters in control

Fig. 1. General processes of quantum metrology: (a) standard scheme and
(b) controlled scheme. In panel (a), a probe state evolves under the encoding
Hamiltonian Hy(\,7) with the unknown parameter A. Proper measurements
are then performed on the final state to extract the information of the pa-
rameter A. (b) In panel (b), the system starts from an initial probe state.
The encoding dynamics is engineered with an adaptive Hamiltonian control
H.(X,1), where X is an approximate value of A. The final state is then mea-
sured to estimate the unknown parameters, and the control parameters are
iteratively updated by the results from the previous iterations.

While the most of existing researches on the quantum
multi-parameter estimation have focused on measuring pa-
rameters in time-independent Hamiltonians,[”-18! the investi-
gation of the multi-parameter quantum estimation for systems
with time-dependent Hamiltonians remains limited due to the
In the
present study, we bridge this gap by investigating the pre-

complexity of the quantum dynamics in this case.

cision limit of the multi-parameter quantum estimation for
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a qubit evolving in an oscillating magnetic fields with mul-
tiple unknown parameters. Since the well-known quantum
SLD-Cramér-Rao bound is generally unachievable, we in-
troduce the most informative bound® to quantify the pre-
cision limit of the multi-parameter quantum estimation by
optimizing the classical multi-parameter Cramér—Rao bound
over all possible measurement bases on the quantum system.
Note that this bound is different from the quantum Cramér—
Rao bound: while the single-parameter quantum Cramér—Rao
bound is the optimization of the classical single-parameter
Cramér—Rao bound over all quantum measurement bases, the
multi-parameter quantum Cramér—Rao bound is not the opti-
mization of the multi-parameter classical Cramér—Rao bound
but rather just a mathematical generalization of the single-
parameter quantum Cramér—Rao bound by straightforwardly
extending the single-parameter quantum Fisher information to
multi-parameter quantum Fisher information matrix.
Motivated by the aforementioned optimization ap-
proaches, we simultaneously employ the optimization of ini-
tial state preparation, Hamiltonian control and final measure-
ments to achieve the highest estimation precision. Numeri-
cal optimization algorithms include the gradient ascent pulse
engineering (GRAPE),!%8 Newton’s and the quasi-Newton
method, %] etc. Due to the slow convergence of the GRAPE
algorithm and the computational burden of Newton’s method
involving the computation of second-order derivatives, we em-
ploy the quasi-Newton method in this work, which acceler-
ates the speed of convergence by constructing a matrix ap-
proximately equal to the Hessian matrix but using only the
first-order derivatives. Through the quasi-Newton method, we
investigate the optimal scheme involving the optimal initial
state preparation, the optimal controls and the optimal mea-
surements to enhance the precision of estimating the multiple
unknown frequencies by measuring the qubit evolving in the
oscillating magnetic field. It should be noted that, as the quasi-
Newton method is essentially a gradient-based method, the
optimization here refers to local optimization similar to other
literatures.[”-81 Additionally, we also explore the robustness of
the optimized scheme against the fluctuations of the parame-
ters in the Hamiltonian, and study the trade-off between the
estimation precisions of different parameters in this problem.
The paper is organized as follows. In Section 2, we in-
troduce the general theory of multi-parameter quantum esti-
mation and the definition of the most informative bound. Sec-
tion 3 is devoted to introducing the model of a qubit interact-
ing with an oscillating magnetic field with multiple unknown
frequencies and deriving the most informative bound, as well
as corresponding gradient functions. Detailed analysis of re-

sults are given in Section 4, including optimal multi-parameter

estimation, robustness, and trade-off. Finally the paper is con-

cluded in Section 5.

2. Preliminaries

In this section, we briefly introduce the fundamental con-
cepts of parameter estimation theory and the most informative
bound.

2.1. Multi-parameter quantum estimation

A =
(A1,A2,43,...,44), one should encode them in a quantum

Generally, to estimate multiple parameters
state px, then performs a quantum measurement described
by positive operator-valued measure (POVM), IT = {II;},
where Iy > 0 and Y,;II; = I. According to the Born
rule, the probability to observe the k-th result is given by
p(k|A) =Tr[paIT;]. The parameters are estimated through an
estimator A = ():1,7[2,&,...,&:1), which is a map from the
measurement outcomes to the possible values of the parame-
ters. The precision of the estimation is typically quantified by

the covariance matrix C with the entries
Cap = Y, P(kIX) (Ao — M) (A5 — Ag). 1)
k

It can be seen that the diagonal entries of the covariance
matrix are the variances for the corresponding parameters,
thereby Tr[C] represents the sum of variances for each pa-
rameter, making it suitable for quantifying the overall preci-
sion of multi-parameter estimation. The classical Cramér—Rao

inequality, [>7%]

c>F!, ()

imposes a constraint on the covariance matrices over all possi-
ble estimation strategies in terms the classical Fisher informa-

tion matrix (CFIM) with elements
Fop = Y p(kIX) (93, logp (kX)) (I log p(k|X)).  (3)
k

Hence, to achieve a high estimation precision, it is necessary
to minimize the classical Cramér—Rao bound.

When the classical Cramér—Rao bound is applied to the
quantum parameter estimation, different measurement bases
on the quantum system leads to different probability distribu-
tions of the measurement results, and thus will have different
Cramér—Rao bounds. The quantum parameter theory tells that
for all possible measurement bases, the following inequality
always stands true for the covariance matrix C and is deter-
mined by the quantum statistical model only,

c>0!, 4
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where Q is the quantum Fisher information matrix. This in-
equality is called the quantum Cramér—Rao bound.

There are different approaches to the derivation of the
quantum Fisher information matrix. The most celebrated ones
have been pursued by Helstrom®*! and Yuen and LaxP! (in
parallel to Belavkin'>?!) by introducing the symmetric loga-
rithmic derivative (SLD) operators Li defined by d;,px =
(L3 px+ paLs)/2. And the quantum Fisher information ma-

trix is defined with elements
)

Qup =Tr [Px

LyLy +LyLy, ]
— |

The quantum Cramér—Rao bound by plugging Eq. (5) into
Eq. (4) is usually called SLD Cramér—Rao bound.

Unlike the classical Cramér—Rao bound, the quantum
Cramér—Rao bound is not always attainable, for which the in-
tuitive reason is the potential incompatibility between the op-
timal measurements for different parameters. According to

(331 the following are the major

the classification by Suzuki,
types of quantum states that can satisfy the conditions of si-
multaneous optimization for the precisions of all parameters:
(i) Classical quantum statistical models: the density matrix px
can be diagonalized by a A-independent unitary transforma-
tion, px = UANUT, where Ay is a diagonal matrix, then the
SLD Cramér—Rao bound is attainable, by taking the eigenbasis
of px as the measurement bases for all the parameters;>*! (ii)
Quasi-classical quantum statistical models: all SLD operators
commute with each other, [Lg, L] = 0, then the SLD Cramér—
Rao bound is also attainable because there is a single eigenba-
sis for all the SLD operators;>>! (iii) Asymptotically classical
quantum statistical models: all the SLD operators commute on
average over px, Tr[p AL@L%] =0, then the SLD Cramér—Rao
bound can be saturated asymptotically by a collective mea-
surement on an asymptotically large number of copies pff", in
which case the SLD Cramér—Rao bound is equivalent to the
well-known Holevo bound. 5!

2.2. Most informative bound

As the quantum Cramér—Rao bound is not saturable ex-
cept for special types of quantum states as reviewed above,
we introduce the most informative bound®¥! to evaluate the
precision of multi-parameter quantum estimation in this work,
a minimization of the classical multi-parameter Cramér—Rao
bound over all possible POVM’s,

Fyi = minTrF ’1, (6)
{M;}

where {M;} is an arbitrary set of POVM elements, and Fy

denotes the mean precision limit of all parameters. As the

considered system is an isolated qubit system, the most infor-

mative bound can be written as
F = min TrF ! /
MI My .M, ’ ( )

where M|, M, represent a pair of possible orthogonal projec-
tive operators on the qubit. It is obvious that the most infor-
mative bound is always attainable by definition, and in fact, it

is also equivalent to the Holevo bound in the asymptotic limit.

3. Model of qubit in an oscillating magnetic field

Most of the previous researches on quantum multi-
parameter estimation have focused on quantum systems with
time-independent Hamiltonians. In this work, we consider a
qubit system in an oscillating magnetic field with multiple un-
known frequencies as an example to study the multi-parameter

quantum metrology with time-dependent Hamiltonians.

3.1. Hamiltonian and unitary evolution

The Hamiltonian of the current model can be written as
H(t) = Ho(t) + He (1), (8)
where
Hy(t) = —B(cos 01107 + sin w1 03), 9)

o and o3 are Pauli matrices, and @, and @, are the unknown
frequencies to be estimated. For a controlled scheme, controls
are applied on the Hamiltonian of the qubit, which can be gen-
erally written as

3
He(t) =) Vi(1)o;. (10)
The initial state of the probe is assumed to be
|w(0)) = cos B|0) + e sin G| 1). (11)

For the simplicity of notation, we denote the two unknown
frequencies @; and @, as a vector, w = (@, @).

After a unitary evolution of time ¢ under the Hamiltonian
H(t) [Eq. (8)], the state of the qubit becomes

W (1)) = Uu (0 = )| yr(0)), (12)

where U,,(0 — ¢) is the unitary evolution operator dependent
on the frequencies @; and @,

Uw(0— 1) = Te HoH(@1dT, (13)

and T denotes the time-ordering operator.

060304-4



Chin. Phys. B 33, 060304 (2024)

3.2. Most informative bound

The orthogonal projective measurement operators on the

final state of the qubit after the unitary evolution can be written

as
My = |my)(mi], Mz = |ma)(mal, 14
where
lmy) = cos6;]0) + e'? sin6|1), (15)
lmy) = e 1 sin6;]0) —cos 6;]1). (16)

The probability to obtain the k-th result, k = 1, 2, is given by

PR(t) = [(mi wes (1)) (17)

In order to quantify the precision of estimating the un-
known frequencies, we invoke the well-known Cramér-Rao
bound from the classical parameter estimation theory, which
was reviewed in Subsection 2.1. The elements of Fisher infor-

mation matrix can be obtained by Eq. (3) as

Il
L
)
>

Fop(t) k)(t)(awalogpgf)(f))(aw,;logpff)(t))
k=1
& (|9 P (1) i) (mie| O oo (1) i)
L (el P (1)) U9
where

9o Pes (1) =0y Weo (1)) (Weo (1) [+ W () (D W (1)
i=1,2, (19)

and the Cramér—Rao bound is given by Eq. (2). As the de-
pendence of |y, (¢)) on the frequencies o, ®; stems from the
unitary evolution U, (0 — ) [Eq. (13)] in which @; and @,
have been encoded, the derivatives of |y, (¢)) with respect to
o; and @, can be written as

|9 W (1)) = [0, Ui (0 = )] [y(0)). (20)

To quantify the overall precision of estimating different
parameters, we take the trace of the Cramér—Rao bound to give
a uniformly-weighted average of the precisions for different
parameters. If we further minimize the trace of Cramér—Rao
bound over all possible measurement bases, we can obtain the

most informative bound

Fa(r) = Ag?’iﬂf;zTr[Ffl(t)]

~ min F]](t)+F22(l)
MMy (Fyy (1) Fao () — Fia(1)2) @D

3.3. Derivatives for quasi-Newton method

In order to enhance the sensitivity of estimating the un-
known frequencies of the magnetic field, it is necessary to
optimize the initial state of the qubit, the Hamiltonian con-
trol and the final measurement on the qubit, i.e., to find the
optimal set of parameters {6y, o, 01, @1, Vi(7),V2(1),V3(1)},
0 < 7 < t, to minimize the most informative bound F (7). It
can be seen from Eq. (21) that the most informative bound
Fwmi(t) is so complex that it can be hardly minimized by any
analytical approach, so we take a numerical method to carry
out the optimization.

As reviewed in Appendix A, the quasi-Newton method
has the advantage of fast convergence speed compared to the
steepest descent method and low computational complexity
compared to the Newton’s method, so we take the quasi-
Newton method to optimize the most informative bound in this
work. The crucial step of the quasi-Newton method is to cal-
culate the gradient of the objective function with respect to the
parameters to be optimized. So, we show how to obtain the
gradient of the most informative bound below.

The derivatives of the most informative bound with re-
spect to the parameters in the initial state and the measurement
basis can be straightforwardly attributed to the derivatives of
the initial state and the measurement basis, so we omit the de-
tail here. The difficulty of deriving the gradient of the most in-
formative bound lies in the computation of the first-order and
second-order derivatives of the final state with respect to the
parameters {®;, @,V (7),V2(7),V5(7)}. As these parameters
are all related to the evolution of the qubit and have been en-
coded in the unitary evolution operator U,,(0 — ¢) [Eq. (13)],
the derivatives of the final state with respect to these parame-
ters can be boiled down to the derivatives of U, (0 — ¢). Below
we show how to compute the derivatives of U, (0 — t) with re-
spect to these parameters.

For simplicity, we denote the i-th parameter from the set
{o1,0,V(1),Va(7),V3(7)} as g;. The first-order derivative
of U,,(0 — r) with respect to g; can be shown as

05,Uus (0 — 1)
t
- —i/ Uu(T = )9 H(T)Uw (0 — 7)dT,  (22)
0
by dividing U,,(0 — ¢) into minor unitary evolutions of in-
finitely many short time intervals and taking the derivative of
the minor unitary evolution in each short time interval. The

second-order derivative of U, (0 — ) with respect to g; and g

can be similarly shown as
g, 0g;Uw (0 — 1)

t T
__ / Uns (2 = 1) H(02)Uns (71 — )
T JT
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X g, H (1)U, (0 — 71)dT1d T2

—/t ® U (2 = 13 H(w2)Un (71 = 1)
><8gj.2HZI1:1)U‘_,(O —171)d11d Dy

i /0’ Uns(T = 1), 06, H(1)U (0 7)dT.  (23)

Once the derivatives of U, (0 — ¢) as well as the deriva-
tives of probe state and measurement basis with respect
to these parameters are obtained, the gradient of the most
informative bound Fyp [Eq. (21)] can be derived, and
the gradient can be then applied in the iterations of the
quasi-Newton algorithm to find the optimal parameters
{60, @0, 61,01,V (7),Va(7),V3(7) } that minimize the most in-
formative bound Fyyg.

4. Optimization results and discussion
4.1. Optimal multi-parameter estimation

Firstly, we consider the case without any optimization on
the initial state or the Hamiltonian control. We compare the
classical Cramér—Rao bound with the most informative bound
under free evolution. It can be seen from Fig. 2 that the most
informative bound is tighter than the classical Cramér—Rao
bound, so the most informative bound can provide a more
exact quantification of the highest precision that the multi-
parameter estimation of the unknown frequencies can achieve
in the current model. It should be noted that according to the
definition of the most informative bound, the most informative
bound obtained without any optimization can actually still out-
perform the classical Cramér—Rao bound due to the optimiza-
tion of the measurement basis.

Then, we turn to the scenario that only the initial state is
optimized by the quasi-Newton method. Figure 3 shows that
the precision of the scheme without any optimization (solid
blue line in Fig. 3) and that only with optimal initial state (solid
orange line in Fig. 3) are fairly close, but the precision of the
latter one performs better at certain time moments, which indi-
cates that the optimal initial state can contribute slight increase
in the precision limit of estimating the unknown frequencies.
Now if we further employ the optimal control on the Hamil-
tonian obtained via the quasi-Newton method, the most infor-
mative bound can be improved significantly, which is shown in
Fig. 3. This indicates that the controls on the Hamiltonian are
more capable of enhancing the precision limit than that on the
initial state. It should be noted that for the sake of numerical
calculation, we divide the time-continuous controls into piece-
wise controls. In the figure, the controls over the time interval
from O to the target time ¢ are divided into 50 pieces.

Figure 4 compares the most informative bound with the
SLD Cramér—Rao bound. It can be seen that the SLD Cramér—
Rao bound is not as tight as the most informative bound, which

implies the SLD Cramér—Rao bound is an over-optimistic
bound for the estimation precision of the unknown frequen-
cies and shows the superiority of the most informative bound
in quantifying the precision limit of quantum multi-parameter
estimation.

1010} —— Classical Cramér—Rao bound
Most informative bound

2

= 108

106

S\

100}

Total estimation error
(no optimization

0

\ ) .
4 6
Target time
Fig. 2. Comparison between the classical Cramér—Rao bound (the solid
blue line) and the most informative bound (the solid orange line) with-
out any optimization as functions of the target time ¢. The true values
for B, o), and @, are 1.2, 1, and 1.1, and the initial state |yp) is |0). It
can be observed that the most informative bound is tighter than the clas-
sical Cramér—Rao bound for the precision limit that the multi-parameter
estimation can achieve.

—— No optimization

—~
5 E
] g ‘With initial state optimization only
Sge! All optimization
[=]
2 2 10t} A
RN /
< 3
i s
7S A

=]
—_ . 0 . .
E = 109 + _
E‘O o

)

0 2 4 6 8 10

Target time

Fig. 3. The most informative bound as a function of the target time 7.
The solid blue line and the orange line represent the scheme without any
optimization and that only with the initial state optimized respectively,
while the solid green line denotes the scheme with both optimizations of
the initial state and the Hamiltonian control. It can be observed that the
most informative bound outperforms the classical Cramér—Rao bound,
as it implicitly includes the optimization of the measurement on the fi-
nal state by its definition. The true values for B, @;, and @, are 1.2,
1, and 1.1. It can be seen that the scheme with all optimizations can
increase the precision by several orders of magnitude.

— Most informative bound
SLD CR bound
103,

10-1}

Total estimation error
(all optimization)

0 2 4 6 8 10
Target time

Fig. 4. Comparison between the most informative bound (the solid blue
line) and the SLD CR bound (the solid orange line), both with all opti-
mizations, as functions of the target time ¢. The true values for B, ®,
and a» are 1.2, 1, and 1.1. It can be observed that the SLD Cramér—Rao
bound is an over-optimistic bound and not always attainable, so the most
informative bound can describe the precision limit of multi-parameter
estimation more exactly.
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Fig. 5. Optimal controls on the oy, 0y, 0; components of the Hamiltonian obtained by the quasi-Newton method over the time intervals from O to the target

time?=3andt=>5.

It is worth noting that the optimal initial state and op-
timal Hamiltonian controls are dependent on the target evolu-
tion time. When the target evolution time changes, the optimal
controls on the initial state and the Hamiltonian vary as well.
Figure 5 displays the optimal controls over the time interval
from O to the target time t =3 and t = 5.

4.2. Robustness

The precision limit of the unknown frequencies as well as
the optimal controls on the initial state, the Hamiltonian and
the final measurement obtained in the above calculations are
generally dependent on the unknown frequencies @; and @;.
But the unknown frequencies are the parameters to estimate,
so we can only use the estimates of these parameters which
are usually not the true values of the parameters. Due to the
discrepancies between the estimated values and the true values
of the frequencies, the real precision limit may differ from the
theoretical precision limit obtained by applying the true values
of the parameters in the optimal controls. So, it is important
to investigate how the precision limit may decrease due to this
discrepancy.

In this subsection, we study the robustness of the opti-
mized quantum metrology scheme against the deviations be-
tween the approximate values of the frequencies used in deriv-
ing the optimal controls and the true values of the frequencies.
If the precision limit of estimating the frequencies does not
decrease significantly when the true values of the parameters
lie within a vicinity of the approximate parameter values, the
optimized quantum metrology scheme can be deemed robust.
In order to characterize the robustness of the optimized quan-
tum metrology scheme obtained from the above quasi-Newton
method, we plot the range of estimation precision limit of the
frequencies in response to the deviation of the frequencies at
different target moments.

) 5
% ja: . (a) E ) (b) —w;=1and wy=1.1
:*“10 —w;=1and wy=1.1 :10
@
S = 2
£ = ey
£ £
= —-
Target time
1T ©
109 —wi=1landw=1.1 109

10°

10!

—w;=1and wy=1.1
0 2 4 [§ 8 10
Target time

Total estimation error
=
=)

Total estimation error
(most informative bound)

0 2 4 6 8 10
Target time

Fig. 6. The precision limit as a function of the target time ¢ within a vicinity
of w; or m, around ;g or y. (a) Scheme with all optimizations. The red
bars represent the ranges of the most informative bound when @; varies from
0.9 to 1.1 and , is fixed at wyg. (b) Scheme without any optimization. The
red bars represent the ranges of total estimation error Tr[F ] when @ varies
from 0.9 to 1.1 and @y is fixed at wy. (c) Scheme with all optimizations. The
red bars represent the ranges of the most informative bound when @, varies
from 1.0 to 1.2 and @y is fixed at w;p. (d) Scheme without any optimization.
The red bars represent the ranges of Tr[F~!] when @, varies from 1.0 to 1.2
and ) is fixed at @;o. The true values for B, @;, and @, are 1.2, 1, and 1.1.
It can be seen that the optimizations can not only increase the precision by
several orders of magnitude but also improve the robustness of the estimation
against the deviation between the approximate values of the parameters used
in the optimal controls and the true values of the parameters.

Figures 6(a) and 6(c) show the cases with all the opti-
mizations on the initial state, the Hamiltonian and the final
measurement basis. The solid blue line denotes the most in-
formative bound with @; = wjo and @, = wyq at every tar-
get moment, where o and @y are the estimated values of
the unknown frequencies. Applying the same optimization
scheme to other cases in which the values of w; or @, vary,
the range of the most informative bound at every target mo-
ment can be obtained. The red bars represent the range of the
estimation precision limit at different target moments when @;
varies within a range of 10% around ¢ or @, varies within a
range of 9% around wyo. Estimation results without any opti-

mization are shown in Figs. 6(b) and 6(d). Similar to the case
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with optimizations, the solid blue line denotes the most infor-
mative bound with @w; = w9 and @, = @y at every target mo-
ment, and the red bars represent the range of estimation pre-
cision limit at different target moments when ®; or @, varies.
It can be concluded by the comparison between these figures
that optimization can not only improve the precision limit of
estimating the frequencies, but also enhance the robustness of
the precision limit against the parameter deviations.

In addition, we plot the contours for the function of
Tr[F~!] versus both @; and @, so as to display the impact of
simultaneous variation of @; and @, on the precision limit of
estimating the frequencies in Fig. 7. The spacing between the
adjacent contour lines in the two subfigures are chosen to be
equal so that the two subfigures are comparable. It can be seen
that the lines in Fig. 7(b) are denser than those in Fig. 7(a), so
the quantum metrology scheme with all optimizations exhibits

better robustness than that without any optimization.

(a) All optimization

1.110
1.105 2.0
1.8
. 1.6
3 1100 1.4
1.2
1.0
1.095 { K08
0.995 1.000 1.005 1.010
w1
(b) No optimization
1110 = ——— T —
9.0
1.105
8.5
8.0
3 7.5
1.100 7.0
6.5
6.0
5.5
1.095 50

0.995 1.000

w1

1.005 1.010

Fig. 7. Contour plots for the total estimation error of the two frequen-
cies as functions of both @; and @, at target time ¢ = 7.5, with all the
optimizations or without any optimization. The color represents the
magnitude of the total estimation error. The true values for B, ®;, and
@ are 1.2, 1, and 1.1.

4.3. Trade-off

In the above sections, we have considered the most infor-
mative bound of estimating multiple frequencies with equal
weights on the unknown frequencies. In some scenarios, one
may be interested in just one or a few of those unknown pa-
rameters, so the unknown parameters can be assigned with un-
equal weights in the sum of the estimation precisions of differ-

ent parameters. This is actually the quantum estimation with

nuisance parameters.[71’72] In this case, the most informative
bound can be generalized as

Fvi(r) = min Te[WF~1(1)], (24)

MMy

where W denotes an arbitrary weight matrix which is usually
positive semi-definite and the dependence of the Fisher infor-
mation matrix F and the related most informative bound Fy
on the target time ¢ is explicitly shown. In detail, if equal

weights are assigned to both parameters, the weight matrix
10
01
ered above; if the estimation is focused on a single param-

can be written as Wy = ), which is the case consid-

eter, the weight matrix can be chosen as Wiy = ( (1) 8) or

Wor = ( 8 (1) ) , corresponding to the estimation of the first pa-

rameter or the second parameter respectively.
For the case of equal weights on the two unknown param-
eters, the most informative bound has been given by Eq. (21).
If the focus is only on the oscillation frequency of the
magnetic field along the x direction, i.e., ®;, the most infor-
mative bound can be written as

RFune, (l‘) = min TI‘[W]()F71 (t)]

M ,M,

. Fzz(l‘)
min 3 .
MI,MZ—Flz(l‘) —|—F1](l‘)F22(I)

Similarly, if the focus is only on the oscillation frequency of

(25)

the magnetic field along the z direction, i.e., a», the most in-
formative bound can be written as

Furn(t) = i TeWorF~ (1)

. Fll(t)
min .
MMy —F2(8)% + Fi1 (£) Fax (1)

Moreover, if one of the frequencies is somehow known

(26)

and the other frequency remains unknown, we just need to
measure and estimate the unknown frequency. This becomes
a single-parameter estimation problem, and the most informa-
tive bound for the two frequencies can be written as

1

singlel ( ) MM, Fy (t) -
1
slngleZ( ) ;1111’1[‘1/112 F22 (t ) ( )

Similar to the approach before, the quasi-Newton method
can be exploited to minimize Fwr e, (1), FMr,a, (1), Fingle1 (),
and Fiingle2(f), by optimizing the initial state, controls, and
measurements. Let

Fi (1) = ESPO (1), (29)
Fua(t) = ByPo (£) + Ry (1), (30)
F(t) = FShL (0) + Fh, (1), 31)

where the superscript (opt) denotes the optimization by the
quasi-Newton method. It can be expected that F (¢) stands
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for the highest precision of simultaneously estimating both
frequencies with equal weights in the average, while Fy ()
denotes the sum of the precisions of simultaneously estimat-
ing both frequencies but focusing on only one of the frequen-
cies. Fg(t) represents the sum of the precisions of estimat-
ing one of the frequencies assuming the other frequency is
known. Figure 8 indicates that even with all the optimizations,
the errors of the two multi-parameter estimation schemes, with
both frequencies unknown and equally or unequally weighted,
are always higher than that of the single-parameter estima-
tion scheme with one of the frequencies assumed to be known.
This discrepancy is a manifestation of the difference between
multi-parameter and single-parameter quantum estimations,
due to the potential incompatibility!>! between the optimal
measurements for different parameters and thereby the trade-
off of the precisions between different parameters when all
the unknown parameters are estimated simultaneously in the

quantum multi-parameter estimation.

=
-
2 E — Fu (%)
2 Q Fm‘)(t)
g s 108 Fu(t)
==
23
':_é S 10—1 ,V\'\/\’\hw'/\m\'\h 4
LR .'\N\/\AN\NN
o
~ 0 2 4 6 8 10

Target time

Fig. 8. The most informative bound as a function of the target time 7. The
solid blue line denotes the lowest total estimation error when the two fre-
quencies are unknown estimated simultaneously, i.e., the weight matrix is

=M

two frequencies are both unknown and estimated simultaneously but focus-

. The orange line represents total estimation error when the

. L . . 10
ing on one parameter each time, i.e., the weight matrix is Wjo = 00 )°"

Wor = <g (1)) The green line represents the total estimation error when

the two frequencies are estimated by single-parameter estimation schemes,
i.e., one frequency is estimated and the other is assumed to be known each
time. The true values for B, @;, and @, are 1.2, 1, and 1.1.

5. Conclusion

In this work, we considered a simple model of a qubit in
an oscillating magnetic field with multiple unknown frequen-
cies, and studied the effect of optimization on the initial state
preparation and the Hamiltonian control for the improvement
of the precision limit in simultaneously estimating the two os-
cillation frequencies. The precision limit of estimating the fre-
quencies is quantified by the most informative bound, which
minimizes the Cramér—Rao bound over all measurement ba-
sis on the quantum system and is therefore always a tight and
attainable precision bound of quantum multi-parameter esti-

mation. Results show that both the optimizations on the initial

state and the Hamiltonian control are capable of providing a
higher precision limit than without any optimization, and the
optimizations are implemented with the quasi-Newton method
from the numerical optimization theory due to the distinctive
advantage of this method compared to the steepest descent
method or the Newton’s method. In addition to the increase
of the precision limit, it is found that the optimized scheme
demonstrates better robustness in estimating the frequencies
against the deviation between the approximate values of the
parameters used in the control scheme and the true values
of the parameters than that without any optimization. More-
over, the precisions of estimating the two frequencies simul-
taneously and individually are also investigated, and the result
manifests the difference between the multi-parameter estima-

tion and the single-parameter estimation.

Appendix A: Quasi-Newton method

The optimization of the Cramér—Rao bound over all pos-
sible POVM’s in the most informative bound is generally dif-
ficult to be worked out by analytical method due to the com-
plexity of the Cramér—Rao bound, so we will resort to nu-
merical optimization methods to obtain the most informa-
tive bound in the following sections of this paper as in other
literature. [7-%-33671

There are different approaches for numerical optimiza-
tion, e.g., the steepest descent method, the Newton’s method,
etc. The quasi-Newton method is a development from the
Newton’s method.[®! The advantage of Newton’s method lies
in its second-order convergence speed, compared to the steep-
est descent method, but its disadvantage is the complexity of
calculating the Hessian matrix, which involves the second-
order derivatives of the optimized function with respect to dif-
ferent parameters. The quasi-Newton method preserves the
advantage of Newton’s method by constructing an approxi-
mate matrix for the Hessian matrix and also maintains a fast
convergence speed as the approximate matrix only involves
the first-order derivatives of the optimized function, which
keeps a good balance between the convergence speed and the
computational complexity.

Due to the above advantage of the quasi-Newton method,
we will employ the quasi-Newton method to obtain the opti-
mal initial state, the optimal Hamiltonian control, and optimal
measurement that can minimize the most informative bound in
this paper.

The procedures of the quasi-Newton algorithm for the
current multi-parameter quantum metrology problem are out-
lined as follows:

(i) Select a set of initial values %9 for the initial state, the

Hamiltonian control and the final measurement, as well as an
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initial approximate matrix By of the Hessian matrix which is
generally assumed to be the identity matrix. Let k :=0, € > 0.

(i) Compute the evolution of the quantum system under
the given Hamiltonian, the most informative bound Fl\(,ll? as
well as the gradient of the most informative bound with respect

to the parameters to be optimized, VFI\s[kI). If HVFI\%) H < g, the

algorithm terminates, yielding the solution x*). The super-
script (k) in Flf,ﬁ) denote that it is the most informative bound
at the k-th iterative step.

(iii) Solve the system of linear equations

Bid™ +VEY =0, (A1)

yielding the solution d(¥).
(iv) Determine the optimal step size parameter ¢ by lin-
ear search, and let

XD = X0 g q®), (A2)

) If HVFI\(,ﬁJr D

the solution x**1 to the problem. Otherwise, one obtains
By41 by

H < g, the algorithm terminates, yielding

By () —x0) = v (D) v ). (A3)

(vi) Let k := k+ 1, and go to step (iii).
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