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Topological insulators occupy a prominent position in the realm of condensed matter physics. Nevertheless, the pres-
ence of strong disorder has the potential to disrupt the integrity of topological states, leading to the localization of all states.
This study delves into the intricate interplay between topology and localization within the one-dimensional Su–Schrieffer–
Heeger (SSH) model, which incorporates controllable off-diagonal quasi-periodic modulations on superconducting circuits.
Through the application of external alternating current (ac) magnetic fluxes, each transmon undergoes controlled driving,
enabling independent tuning of all coupling strengths. Within a framework of this model, we construct comprehensive
phase diagrams delineating regions characterized by extended topologically nontrivial states, critical localization, and co-
existing topological and critical localization phases. The paper also addresses the dynamics of qubit excitations, elucidating
distinct quantum state transfers resulting from the intricate interplay between topology and localization. Additionally, we
propose a method for detecting diverse quantum phases utilizing existing experimental setups.

Keywords: topology, localization, superconducting circuits
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1. Introduction
The recent groundbreaking advancements in supercon-

ducting circuits have ushered in a promising era for quan-
tum computing,[1,2] quantum information processing,[3,4] and
quantum simulation.[5–7] The flexibility inherent in fabricat-
ing superconducting circuits into diverse lattice structures en-
ables the simulation of a broad spectrum of condensed mat-
ter phenomena. Examples include spin clusters,[8] topo-
logical semimetals,[9,10] quantum walks,[2,11] quantum phase
transitions,[12,13] and dynamics associated with many-body
quenching.[6] A notable experiment has achieved the precise
engineering of a chain of qubits on superconducting circuits,
featuring tunable couplings facilitated by external drivings.[14]

Utilizing this experimental setup, an in-depth investigation
successfully observed the emergence of a topological magnon
insulator and accurately determined its winding number.[15]

These experiments represent a pioneering approach to explor-
ing exotic topological properties, showcasing the potential of
superconducting circuits in advancing our understanding of
quantum phenomena.

On the other hand, topological insulators (TIs)[16–25]

have garnered significant attention in recent decades. Well-
established in the literature, TIs not only feature a bulk gap
but also exhibit symmetry-protected gapless states localized
at their boundaries. The topological properties of TIs are ro-
bust against weak disorders, including fluctuations, imperfec-

tions in device fabrications, and environmental noises. This
robust property has led to widespread application of TIs in
quantum computation and information processing. However,
when confronted with sufficiently strong disorder, the integrity
of the topological state is disrupted, giving way to a localiza-
tion state. Furthermore, moderate levels of disorder can in-
duce the topological Anderson insulator.[26–31] Exploring the
interplay between topology and localization yields intriguing
insights. Quasi-periodic disorder and dimer lattice structures
have emerged as noteworthy avenues for inducing localization
and topological states, respectively. The renowned Aubry-
André (AA)[32–35] and Su–Schrieffer–Heeger (SSH)[36–42]

models have been successfully implemented in superconduct-
ing circuits.[34,41] Consequently, the appeal lies in the design
of a qubit chain featuring staggered coupling strengths and
controllable off-diagonal quasi-periodic modulations.

In this paper, we propose a practical approach to real-
ize a one-dimensional SSH model on superconducting cir-
cuits with controllable off-diagonal quasi-periodic modula-
tions. Specifically, each transmon is driven by an external ac
magnetic flux via the flux-bias line. All parameters can be
independently adjusted by manipulating the amplitudes and
frequencies of the drivings without increasing circuits com-
plexity. Based on this method, high-fidelity quantum state
transfer[14] and topological state detection[15] have been re-
alized in experiments. Through this generalized SSH model,
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we have discovered extended topologically nontrivial, critical
localization, and co-existing topological and critical localiza-
tion phases transitions. We utilize the winding number and
inverse participation ratio (IPR) to characterize the topologi-
cal and localization properties, respectively. Additionally, we
discuss the dynamics of qubit excitations in this paper. We
observe different quantum state transfers, induced by compe-
tition between topology and localization. Finally, we address
possible experimental observations of these quantum phases.
Herein, we introduce the mean chiral displacement (MCD) as
a means to probe the winding number. Our results provide
a novel avenue for exploring exotic quantum phases and dy-
namic behaviors arising from the interplay between dimeriza-
tion and quasi-periodic disorder strengths on superconducting
circuits.

2. Model and Hamiltonian
The approach for realizing a one-dimensional SSH model

with quasi-periodicity in superconducting circuits is shown in
Fig. 1(a). We contemplate a chain of transmon qubits that
undergo capacitive coupling with their next-nearest neighbor
qubits, as shown in Fig. 1(b). The corresponding Lagrangian
is written as

ℒ= ∑
j

[
C j

2
φ̇

2
j +EJ0

j cos
(

φ j

φ0

)]
+ ∑

⟨i, j⟩

[
Ci j

2
(
φ̇i − φ̇ j

)2
]
. (1)

Here, C j and EJ0
j represent the effective capacitance and the

Josephson energy of the j-th transmon qubit, respectively. Ci j

denotes the capacitor used to couple the i-th and j-th transmon
qubits. φ j refers to the nodal flux expressed in units of reduced
flux quantum φ0 = 1/(2e). The symbol ⟨i, j⟩ indicates that
the summation runs over all pairs of nearest-neighbor sites.
With the canonical coordinate φ̂ j, the canonical momentum
q̂ j = ∂L/∂

˙̂
φ j, i.e.,

q̂ j =C j
˙̂
φ j +∑

j⟨i⟩
C j

(
˙̂
φ j − ˙̂

φ j⟨i⟩

)
, (2)

where j ⟨i⟩ represents the summation over the nearest-
neighbor sites around the j-th site. Taking into account the
experimental condition that C j ≫ {C( j−1) j,C j( j+1)}, we ap-
proximate the time derivative of the canonical coordinate as
˙̂
φ j ≈ q̂ j/C j. Through the application of the Legendre transfor-
mation, we derive the corresponding Hamiltonian

Ĥ = Ĥ0 + ĤIJ, (3)

where

Ĥ0 = ∑
j

(
q̂2

j

2C̃ j
+

φ̂ 2
j

2LJ
j
−

EJ0
j

24φ̂ 4
0

φ̂
4
j

)
, (4)

ĤIJ = ∑
⟨i, j⟩

Ci j

CiC j
q̂iq̂ j, (5)

with 1/C̃ j = (C j −C( j−1) j −C j( j+1))/C2
j and 1/LJ

j = EJ0
j /φ 2

0 .
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Fig. 1. (a) Schematic diagram of the generalized SSH model with quasi-
periodicity. g1 and g2 are the coupling strengths. (b) Schematic di-
agram of transmon qubits chain with tunable coupling strengths. All
transmon qubits are coupled with their nearest-neighbor qubits by ca-
pacitors. Φext(t) is the external ac magnetic flux. (c) Nearest-neighbor
coupling strengths as a function of the parameters f j and f j+1.

By introducing bosonic annihilation and creation opera-
tors

â j =

√
C̃ jω

0
j

2
φ̂ j + i

√
1

2C̃ jω
0
j

q̂ j, (6)

â†
j =

√
C̃ jω

0
j

2
φ̂ j − i

√
1

2C̃ jω
0
j

q̂ j, (7)

where [â j, â
†
j′ ] = δ j, j′ and ω0

j =
√

8EC
j EJ0

j with EC
j =

e2/(2C̃ j), and after applying a rotating-wave approximation,
the Hamiltonian (3) is quantized as

Ĥ0 = ∑
j

ω
0
j â†

j â j +
1
2

Vjn̂ j(n̂ j −1), (8)

ĤIJ = ∑
j

g0
j â

†
( j−1)â j +H.c., (9)

where H.c. is the Hermitian conjugate, n̂ j = â†
j â j is the particle

number operator, and

Vj = −EC
j , (10)

g0
j =

C( j−1) j

√
ω0
( j−1)ω

0
j

2
√

C( j−1)C j
. (11)

In Eqs. (8) and (9), Vj denotes the anharmonicity of each
qubit, g0

j is the coupling strength between the j-th and ( j−1)-
th qubits. Given the requirement of EC

j ≪ EJ0
j for transmon

qubits,[43] we select EJ0
j /EC

j = 50, {C( j−1) j,C j( j+1)} ≈ 0.5 fF,
and C j ≈ 100 fF. With these parameters, we derive Vj/(2π)≈
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200 MHz and g0
j/(2π)≈ 10 MHz.[44] This results in a condi-

tion that Vj ≫ g0
j . In such a case, the qubit exhibits strong an-

harmonicity, permitting only one boson to be excited per trans-
mon qubit. This implies Vjn̂ j(n̂ j−1)/2≡ 0, and â†

j |0⟩ j = |1⟩ j,

â†
j |1⟩ j = 0, â j |0⟩ j = 0, and â j |1⟩ j = |0⟩ j. As a result, the

Hamiltonian (3) is expressed as

Ĥ = ∑
j

ω
0
j â†

j â j +∑
j

(
g jâ

†
( j−1)â j +H.c.

)
. (12)

The commutation relation can be reformulated as follows:

[â j, â
†
j′ ] = (1−2n̂ j)δ j, j′ . (13)

To achieve tunable coupling strength, an ac microwave
driving is applied to each transmon qubit, a procedure exper-
imentally feasible through the flux-bias line.[14] As depicted
in Fig. 1(b), we integrate a Josephson junction into a super-
conducting quantum interference device (SQUID). Given the
equal energy of the two Josephson junctions in SQUID, the ef-
fective energy is expressed as EJ

j = 2EJ0
j . Due to the external

magnetic flux Φ j(t), a phase difference Φ j(t)/φ0 emerges be-
tween the two Josephson junctions, leading to a modification
in the potential energy of each qubit,

EJ0
j

[
cos
(

φ j

φ0
+

Φ j(t)
2φ0

)
+ cos

(
φ j

φ0
−

Φ j(t)
2φ0

)]
= EJ

j (t)cos
(

φ j

φ0

)
. (14)

In this equation, EJ
j (t) = EJ

j cos[Φ j(t)/2φ0]. The frequency of
the j-th qubit is given by

ω j(t) = ω
0
j

√
cos[Φ j(t)/2φ0].

Here we designate the external magnetic flux as

Φ j(t) = α j cos(u0
jt +φ

0
j ), (15)

where α j ≪ ω0
j , u0

j , and φ 0
j represent the amplitude, fre-

quency, and phase of the external magnetic flux, respectively.
Subsequently, we perform a Taylor expansion of the frequency
ω j(t) at Φ j(t) = 0,

ω j(t)≈ ω
0
j + ε j sin(u jt +φ j), (16)

where ε j = ω0
j α2

j /(4φ 2
0 ), u j = 2u0

j , and φ j = 2φ 0
j + 3π/2. In

experiments,[14] u j is of the order ∼ 100 MHz, which is signif-
icantly larger than g0

j . Then a unitary operator Û = ÛA×ÛB is
introduced to transform Hamiltonian (12) with the frequency
ω j(t), where

ÛA = exp

[
−i

N

∑
j=1

ω
0
j n̂ jt

]
,

ÛB = exp

[
i

N

∑
j=1

f j cos(u jt +φ j)

]
, (17)

with f j = ε j/u j and N is the number of qubits. The trans-
formed Hamiltonian can be derived as

Ĥt = Û†ĤÛ + i
dÛ†

dt
Û

=
N−1

∑
j=1

g0
j
{

e−i∆ jt exp[−i f j cos(u jt +φ j)]

× exp[i f j+1 cos(u j+1t +φ j+1)]â
†
j â j+1 +H.c.

}
, (18)

where ∆ j = ω0
j+1 −ω0

j . We select ∆ j = u j+1(−u j+1) for odd
(even) j. Subsequently, we employ the Jacobi–Anger identity

exp[i f j cos(u jt +φ j)] =
∞

∑
−∞

imJm( f j)exp[im(u jt +φ j)],

and apply the rotating-wave approximation to the Hamiltonian
in Eq. (18). Here Jm( f j) represents the m-th Bessel function of
the first kind. By neglecting the oscillating terms and setting
φ j =−π(0) for odd (even) j, we can derive

Ĥeff =
N−1

∑
j=1

g j

(
â†

j â j+1 +H.c.
)
, (19)

where the coupling strength is

g j = g0
jJ0( f j)J1( f j+1). (20)

As evident, the coupling strength g j can be tuned from
−0.25g0

j to 0.6g0
j by changing the parameters f j and f j+1 as

shown in Fig 1(c). Therefore the ratio between the two cou-
pling strengths g j/g j+1 can be tuned to arbitrary values. To
achieve the SSH model with controllable off-diagonal quasi-
periodic modulations, we set g j = g[1+λ +δ cos(2πβ j)] for
odd j and g j = g[1−λ +δ cos(2πβ j)] for even j. The param-
eter β = (

√
5− 1)/2. λ and δ indicate the dimerization and

quasi-periodic disorder strengths respectively. In this paper we
choose g = 1 as the energy unit. In the subsequent discussion,
we denote the creation (annihilation) operators of qubits with
odd and even j as â†

i (âi) and b̂†
i (b̂i), respectively, where i is

the unit cell index in the case of δ = 0. We consider the single
excitation throughout our work.

3. Phase diagram and quantum state transfer
3.1. Phase diagram

In this section, we focus on elucidating the phase diagram
arising from the interplay between quasi-periodic disorder and
dimerization strengths. We utilize a set of 50 transmon qubits
in our investigation.

When the disorder is absent in the generalized SSH
model (19), it reduces to the SSH model. The energy bands
of the SSH model are illustrated in Fig. 2(a1), revealing the
existence of degenerate zero-energy modes persisting within
the middle of the energy gap, characterized by a positive value
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of λ . The corresponding wave functions exhibit exponential
localization at the boundaries of the system, as depicted in
Fig. 2(a2). Upon activating disorder, we present the evolution
of these energy bands in Figs. 2(b1) and 2(c1). This illustrates
that with increasing δ , the energy gap near zero-energy van-
ishes within the small λ region.
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Fig. 2. Energy bands and wave functions of the N/2-th and (N/2+ 1)-th
[l = N/2,(N/2+ 1)] eigenstates for the Hamiltonian in Eq. (19) with open
boundary condition. (a1)–(c1) Energy bands as functions of λ with (a1)
δ = 0, (b1) δ = 1, and (c1) δ = 2. (a2)–(c2) Wave functions with (a2) δ = 0
and λ = 0.5, (b2) δ = 1 and λ = 0.5 and (c2) δ = 2 and λ = 0.5.

Figures 2(a2)–2(c2) demonstrate the transition of edge
states into bulk of the system as δ increases. These find-
ings highlight that strong disorder can only destroy topolog-
ical states when λ is small. This suggests that the interplay
between dimerization strength λ and quasi-periodic disorder
strength δ induces a transition from a topologically trivial to a
nontrivial phase. In the subsequent, we will provide an analyt-
ical explanation for these results.

With δ = 0, we can ansatz the edge states as

|Ψ⟩E=0 = ∑
i
(ρ i

1w1â†
i ±ρ

i
2w2b̂†

i ) |G⟩ ,

where |G⟩ represents the vacuum state. According to the
Schrödinger equation, Ĥ |Ψ⟩E=0 = 0, i.e.,

(g1ρ
i
2 +g2ρ

i−1
2 )w2â†

i |G⟩+(g2ρ
i+1
1 +g1ρ

i
1)w1b̂†

i |G⟩= 0,(21)

the edge states can be obtained as

|Ψ⟩E=0 = ∑
i

[(
−g1

g2

)i

w1â†
i ±
(
−g2

g1

)i

w2b̂†
i

]
|G⟩ . (22)

These results indicate that the state is localized in proximity to
the leftmost (i = 1) a-type site and rightmost (i = N/2) b-type
site.

Next, we introduce disorder and observe the variations in
ρ1 and ρ2,

ρ1 = −1−λ +δ cos [2πβ (2i −1)]
1+λ +δ cos [2πβ (2i)]

, (23)

ρ2 = − 1+λ +δ cos [2πβ (2i)]
1−λ +δ cos [2πβ (2i −1)]

, (24)

which depend on the qubits’ indexes. Equations (23) and (24)
indicate that the presence of non-zero δ prevents ρ1 and ρ2

from consistently being larger or smaller than 1. This implies
that the behavior of topological edge states is influenced by
δ . To characterize distinct topological phases in the case of
δ ̸= 0, we compute the topological invariant. Since the Hamil-
tonian (19) possesses chiral, time-reversal, and particle–hole
symmetries, it belongs to class BDI of the Altland–Zirnbauer
classification. The topological properties of the system can be
characterized by the winding number, which can be easily cal-
culated in momentum space for translationally invariant sys-
tems. However, in the presence of non-zero disorder strength,
translational symmetry is broken, and thus the computation of
winding number must be performed in real space using a local
quantity,[30,45]

ν =
1
2

Tr′(P̂Γ̂ X̂ P̂), (25)

where Tr′ indicates the trace over the single unit cell in the
middle of the qubit chian. P̂ = P̂+− P̂− with P̂+ (P̂−) being the
projection operator of the eigenstates with positive (negative)
eigenenergies. Γ̂ = ∑

N
i=1

(
Γ̂ e

ai
− Γ̂ e

bi

)
where Γ̂ e

di = |e⟩di ⟨e| with
|e⟩di (d = a,b) indicates the state with exciting the d-type qubit
at the i-th unit cell. X̂ is the unit-cell position operator. We nu-
merically calculate the winding number and show the topolog-
ical nontrivial and trivial phases in regions I + II (δ < 1+λ )
and III (δ > 1+λ ) of Fig. 3(a), respectively. Furthermore we
show the winding number changes from region I + II to III in
Fig. 3(b). We find the winding number ν suddenly approaches
0 from 1 as the system enters III. This indicates that the sys-
tem goes from topologically trivial to nontrivial phases. This
finding accurately demonstrates that the coexistence of strong
disorder and weak dimerization strengths can result in the an-
nihilation of topological states.

On the other hand, localization always emerges in a quasi-
periodic system. We can capture the localization property of
the n-th eigenstate |Ψn⟩ = ∑ j ψn( j) |e⟩ j (ψn( j) is the wave
function) in our system by the inverse participation ratio (IPR),
defined as IPRn = ∑ j |ψn( j)|4. For an extended (a fully local-
ized) state, IPRn ≈ (2N)−1 (IPRn ≈1). For a critically local-
ized state,[46–49] IPRn ≈ (2N)−θ , where θ ∈ (0,1) depends on
the multifractal nature of the wave function. We present the
phase diagram in Fig. 3(a) and find our system exhibits local-
ization transition boundaries, where the values of IPRn shift
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from zero in region I (δ < 1−λ∪ δ < λ −1) to finite values
between 0 and 1 in regions II + III (δ > 1−λ ∩ δ > λ − 1).
This abrupt changing of IPRn is shown in Fig. 3(c), which de-

picts the energy bands with open boundary conditions marked
by the values of IPRn. This result suggests that the localization
properties are also influenced by the strength of dimerization.
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Fig. 3. (a) Phase diagram in the λ–δ plane. I is extended topologically nontrivial phase with winding number ν = 1. II is the coexisting
topological critical localization phase with winding number ν = 1. III is the critical localization phase with winding number ν ≈ 0. (b) Winding
number as a function of δ with λ = 0.5. (c) Energy bands denoted by the values of IPRn as a function of δ with λ = 0.5.

In conclusion, the interplay between δ and λ give rise to
three distinct quantum phases: extended topologically nontriv-
ial [region I in Fig. 3(a)], coexisting topological and critical
localization [region II in Fig. 3(a)], and critical localization
[region III in Fig. 3(a)] phases. Furthermore, figure 3(c) in-
dicates the absence of mobility edges except for a few edge
states.

3.2. Quantum state transfer

In this section, we illustrate the transfer of quantum states
both in the presence and absence of quasi-periodic disorder.

In this context, we initially examine the scenario with
δ = 0, where the edge states are expressed in Eq. (22). In the
instance of an even number of qubits, these edge states localize
at both boundaries of the system. Consequently, irrespective
of the variations in λ , the quantum state localized at the left-
most boundary cannot transfer to the rightmost. Conversely,
in the case of an odd number of qubits, both boundaries con-
sist of a-type qubits, resulting in edge states localizing at the
left- and rightmost boundaries for λ > 0 and λ < 0, respec-
tively. This implies that quantum state transfer can occur as
λ changes from negative to positive values. To achieve this
change, we set λ = cos(γ) with γ ∈ [0,π]. To validate this
quantum state transfer, the periodic parameter γ is considered
as a function of time, denoted as γ = Ω t with Ω representing
the rate of change. The quantum state transfer process is re-
quired adiabatic. Therefore Ω needs to be sufficiently small.
We present the fidelity of this quantum state transfer with dif-
ferent Ω in Fig. 4(a). The initial state is chosen as the left-
most edge state, expressed as |L⟩ = |egg...g⟩. The fidelity is
denoted as F = ⟨R|ψf⟩, where |R⟩ = |gg..ge⟩ represents the
rightmost edge state and |ψf⟩ is the final state. We find the fi-
delity can persist as 1 with log10 Ω < −1.5. This implies the
final evolved state is the ideal state with Ω < 10−1.5. In the
following discussion we choose Ω = 0.01. The temporal evo-
lution of the qubits’ excitations is illustrated in Fig. 4(b). This

result demonstrates that the quantum state is effectively trans-
ferred from the leftmost boundary to the rightmost boundary
of the system through bulk as γ varying from 0 to π .

Subsequently, the effect of disorder strength δ on the
quantum state transfer is discussed. During the quantum state
transfer process, λ changes from 1 to −1 with time increasing.
When t increases to about 0.5π/Ω , λ ≈ 0. At this point, com-
pared with λ , non-zero δ is dominant for the quantum state
transfer. This may induce the final evolved state far away from
the ideal right-most edge state. Then, we present the variation
of the fidelity F with δ increasing in Fig. 4(c). As δ remains
sufficiently small, the quantum state transfer persists. How-
ever, as δ surpasses a certain threshold, the transfer becomes
unfeasible.
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Fig. 4. (a) The fidelity F as a function of log10 Ω with δ = 0. (b) Time
evolution of qubits’ excitations with δ = 0. (c) The fidelity F as a function
of δ . (d) The fidelity F as a function of log10 W . In all figures λ = cos(Ω t)
and number of the qubits is 11.

The noise in practical experiments can influence the quan-
tum state transfer. We consider noise to the coupling coeffi-
cients as g′j = g j +Wτ j, where W is the noise strength and
τ ∈ [−0.5,0.5] is a random number. We show the fidelity F
as a function of log10 W in Fig. 4(d). For log10 W < −1, a
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wide plateau appears at F = 1. As log10 W further increasing,
we find the fidelity decreases slowly. This phenomenon is a
hallmark of the topologically assisted quantum state transfer.

We then investigate the quantum state transfer while vary-
ing the strength of quasi-periodic disorder δ . Similarly to the
prior discussion, we choose δ = Ω t and adopt |L⟩ as the ini-
tial state. The temporal evolution of the qubits’ excitations
is presented in Fig. 5. It is observed that the qubits’ exci-
tations localize at the leftmost boundary when Ω t is smaller
than approximately 0.5, indicative of the system being in a
topologically extended phase, as depicted in Fig. 3(a). As
Ω t varies from 0.5 to 1.5, these excitations gradually depart
from the leftmost boundary and diffuse throughout the bulk
of the system. This scenario corresponds to the system be-
ing in a co-existing topological and critical localization phase,
as illustrated in Fig. 3(a). Thus, this diffusion arises due to
the competition between topology and localization. In the re-
gion where Ω t > 1.5, the qubits’ excitations are localized at
one or some bulk states of the system due to critical local-
ization phase with topologically trivial properties as indicated
in Fig. 3(a). These results suggest that the quantum state can
transfer from a boundary state to certain states within the bulk,
induced by the interplay between topology and localization.
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j
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Fig. 5. Time evolution of qubits’ excited states with λ = 0.5 and
δ = Ω t. The number of qubits is 10.

4. Possible experimental observation
In this section, we propose an experimental scheme for

detecting the aforementioned phases. Additionally, it is worth
noting that the quantum state transfer can be directly ob-
served. In superconducting circuits, the winding number ex-
pression (25) can be dynamically detected through the mean
chiral displacement (MCD) C,[30,50,51] where C = ν/2. The
MCD is defined as follows:

C =
1
T

∫ T

0
Cdt. (26)

In this context, the MCD is expressed as C = ⟨ψ(t)|Γ̂ X̂ |ψ(t)⟩,
where |ψ(t)⟩ = e−iĤt |ψ(0)⟩ represents the state of the sys-
tem at time t. |ψ(0)⟩ is the initial state. To detect the
MCD, we employ four qubits. Initially, we prepare the state
|ψ(0)⟩ = |gegg⟩ , where one of the middle qubits is excited
and the others are in the ground states. The subsequent time

evolution of this excitation is directly measured, as depicted
in Figs. 6(a)–6(c). In the extended topologically nontrivial
[Fig. 6(a)] and co-existing topological and critical localization
phases [Fig. 6(b)], the excitations are confined within the bulk,
whereas in the topologically trivial phase [Fig. 6(c)], the exci-
tations propagate to the boundaries of the qubit chain. Subse-
quently, the time evolution of the CD is derived, as depicted
in Fig. 6(d). The CD exhibits oscillations around −0.01 and
0.42 in topological trivial and nontrivial phases, respectively,
indicating distinct winding numbers of −0.02 and 0.84. This
observation is in close proximity to the ideal values.
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Fig. 6. Time evolution of all qubits’ excited states in two-dimensional
representation with (a) δ = 0.2, (b) δ = 1, and (c) δ = 2. (d) Time evo-
lution of chiral displacement with δ = 2 and δ = 0.2 denoted by blue
and orange curves, respectively. In all figures λ = 0.5.

To identify critical localization, the determination of IPRn

is essential. IPRn has been detected in experiments by con-
sidering Fourier transform of the experimental datas.[34] Be-
fore the detection, an initial state |χ⟩ = (|Vac⟩+ |1n⟩)/

√
2

needs to be prepared and evolves under the Hamiltonian (19),
where |Vac⟩ = |0⟩1|0⟩2 · · · |0⟩N is the vacuum state and
|1n⟩ = |0⟩1|0⟩2 · · · |1⟩n · · · |0⟩N is a Fock state. According to
Schrödinger equation, the state at time t is

|χ(t)⟩n =
1√
2

(
|Vac⟩+∑

j
ψ j,n e−iE jt |Ψ⟩ j

)
, (27)

where ψ j,n = ⟨Ψj|1n⟩ and |Ψj⟩ is the eigenstate with eigen-
energy E j. The expectation value of the Pauli matrices σ x

n

and σ
y
n in subspace can be detected directly by applying a

microwave π/2 pulse to the n-th qubit. Then the value of
ζ (n) = ⟨σ x

n ⟩+ i⟨σ y
n⟩ = (∑

j

∣∣ψ j,n
∣∣2 e−iE jt)/2 can be obtained.

|ψ j,n|2 can be measured by reading the magnitude of Fourier
transform of ζ (n). Finally, the IPRn can be directly derived.

5. Conclusion
In summary, we have presented a feasible experimental

method to realize a one-dimensional SSH model with con-
trollable off-diagonal quasi-periodic modulations in supercon-
ducting circuits. Achieving independently tunable coupling
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strengths involves applying an external ac magnetic flux to
drive each transmon qubit. Subsequently, the generalized
SSH model, featuring both dimerization and quasi-periodic
components, is constructed. Within this framework, we dis-
cover phase transitions among extended topologically nontriv-
ial, critical localization, and coexisting topological and critical
localization phases. The winding number and inverse partic-
ipation ratio (IPR) serve as characterization for the topologi-
cal and localization properties, respectively. Additionally, the
dynamics of qubits’ excitations are explored, revealing dis-
tinctive quantum state transfers resulting from the interplay
between topology and localization. Moreover, we propose
a method for detecting various quantum phases using exist-
ing experimental setups. Notably, the mean chiral displace-
ment (MCD) is introduced as a tool for probing the winding
number. These findings offer a new avenue for investigating
exotic quantum phases and dynamic behaviors arising from
the interplay between dimerization and quasi-periodic disor-
der strengths in superconducting circuits.
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