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Entropy of deterministic trajectory via trajectories ensemble
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We present a formulation of the single-trajectory entropy using the trajectories ensemble. The single-trajectory en-
tropy is affected by its surrounding trajectories via the distribution function. The single-trajectory entropies are studied in
two typical potentials, i.e., harmonic potential and double-well potential, and in viscous environment by interacting tra-
jectory method. The results of the trajectory methods are in agreement well with the numerical methods (Monte Carlo
simulation and difference equation). The single-trajectory entropies increasing (decreasing) could be caused by absorption
(emission) heat from (to) the thermal environment. Also, some interesting trajectories, which correspond to the rare evens
in the processes, are demonstrated.
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1. Introduction
The entropy has played important roles in the thermody-

namic, statistical mechanics, and information theory, since it
is first introduced by Clausius in the middle of 19th century.
Clausius employed the entropy to describe the transition direc-
tion between two equilibrium states in thermodynamics.[1,2]

Boltzmann defined the entropy as a function of the num-
ber of micro-states of the system.[3–6] Later, Gibbs gave the
other definition of the entropy based on the probabilities of
the microstates.[7] The relationship between Boltzmann en-
tropy and Gibbs entropy has been discussed by Jaynes[8] and
Zupanovic.[9] Shannon employed the entropy to describe the
uncertainty of the bits in the information transition,[10] and
nowadays, Shannon’s entropy becomes the key concept in the
information theory. In Ref. [11], von Neumann introduced
quantum entropy to describe the quantity of the quantum in-
formation contained in a quantum state.

With the development of the experimental techniques,
one can track the trajectory of single molecule in matrix
or solution.[12–16] The concepts of thermodynamics are em-
ployed to study behavior of single molecules. The concept
of entropy is extended into the non-equilibrium system,[17]

such as fluid dynamical systems, nonlinear dynamical sys-
tems, thermal driving dynamical systems, and biological
systems.[12,13,15,16,18,19] In single molecule level, such as
the colloid particles, biomolecules, polymers, enzymes, and
molecular motors, in an aqueous solution,[20] dynamical be-
havior of a system demonstrates stochastic properties. This
means that the applied work, internal energy, and dissipated
heart should be considered as random variables.[21]

The probability distribution of entropy is connected to
the fluctuation theorems,[22–26] such as Jarzynski relation,[27]

Crooks theorem,[28] and Hatano–Sasa,[29] which constrains
the probability of negative entropy production. The entropy
production for the Markov stochastic processes has been stud-
ied by Qian and Qian.[30] Seifert introduced a single-trajectory
entropy for the stochastic thermodynamics,[31] and several ex-
periments showing the integral and detailed fluctuation theo-
rem are hold for finite times.[32] Recently, more experiments
study the entropy on single molecule level, in physics, chem-
istry, and biophysics.[12–16]

To understand the fluctuation theorem in single-molecule
level, the single-trajectory entropy is introduced to study
the stochastic non-equilibrium dynamics.[20,31,33] The single-
trajectory entropy extends the entropy concept from ensem-
ble to individual level, and the ensemble average over all the
single-trajectory entropy gives the classical entropy, in which
the fluctuation of the single-trajectory entropy is covered by
the averaging.[20] The fluctuation of the quantity reflects the
rare events occurring in the stochastic processes.

Many trajectory methods, such as classical trajectory
method,[34] semiclassical trajectory method, quantum trajec-
tory method,[35–37] and interacting trajectory method,[38–42]

are developed to investigate the dynamical properties of the
systems. The advantages of the trajectory methods is effec-
tively to numerically solve the corresponding partial differ-
ential equations, also to numerically simulate large quantum
systems.[34–39] The interacting trajectory method has been em-
ployed to study different dynamical processes, such as anoma-
lous diffusion process,[40] entanglement dynamics,[41] quan-
tum tunneling processes, and autocorrelation function.[42]

In this paper, we present a formulation of the determinis-
tic trajectory entropy using the trajectory ensemble, and study
the deterministic trajectory entropy of a particle moving in two
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typical potentials and viscous environment. Each trajectory
is interacting with other trajectories also exchanging energies
with other trajectories and the heat bath. The trajectory can
exchange heat with the thermal environment, which causes the
entropy changing with the evolution time. Several rare inter-
esting trajectories are found, which reflect the exchanging en-
ergies via the collision with other trajectories. The results of
the interacting trajectory method and of other numerical meth-
ods (such as Monte Carlo simulation, difference equation) are
in agreement very well. Our study could help to understand
thermal properties in the molecular reaction dynamics.

This paper organized as follows: The theoretical frame-
work of the trajectory method is given in Section 2. We present
the results of a particle in the harmonic potential and double-
well potential for one-dimensional and two-dimensional con-
ditions. Some necessary discussions are presented in Sec-
tion 3. Finally, the conclusion is given in Section 4.

2. Theoretical framework
The non-equilibrium Gibbs entropy can be written

as[31,43]

S(t) =−
∫

dΓW (Γ , t) lnW (Γ , t), (1)

where W (Γ , t) is the probability density in phase space at point
Γ and time t. Generally, the probability density W (Γ , t) can
be expressed as a series of δ function[39]

W (Γ , t) =
1
N

N

∑
j=1

δ (Γ −Γj), (2)

where N is the number of trajectories, δ (Γ − Γj) is Dirac
δ function. The generalized Dirac δ function as a
quasi-distribution function is widely employed in quantum
optics,[44] and Γj are the sample points in the phase space.

The non-equilibrium Gibbs entropy can be rewritten as

S(t) =−
∫

dΓW (Γ , t) lnW (Γ , t)

=− 1
N

N

∑
j=1

∫
dΓ δ (Γ −Γj) lnW (Γ , t)

=− 1
N

N

∑
j=1

lnW (Γj, t), (3)

where W (Γj, t) is the probability density of the jth trajectory
at time t. The deterministic trajectory entropy can be defined
as

s j(t)≡− lnW (Γj, t)

=− ln
( 1

N

N

∑
k=1

δ (Γj−Γk)
)
, (4)

Γi should satisfy a Hamilton-like equation, which could be
considered as a deterministic trajectory in phase space. A

stochastic trajectory entropy is defined based on samples of
the stochastic processes in coordinate space in Ref. [31]. Then
the Gibbs entropy S(t) is the average of the single-trajectory
entropies s j(t),

S(t) =
1
N

N

∑
j=1

s j(t). (5)

The δ function in the probability density W (Γj, t) is re-
placed by a kernel function, such as Gaussian function, Bi-
weight function, Epanechnikov function, in the kernel density
estimation theory,[38,39,45,46] namely,

W (Γj, t) =
1
N

N

∑
k=1

κ(Γj−Γk), (6)

where κ(x) is the kernel function. The single-trajectory en-
tropy can be rewritten as

s j(t) =− lnW (Γj, t). (7)

Here, we employ the Gaussian kernel function

κ(x) =
1

(2π)ℓ/2h∆
exp
(
− x2

2h2∆ 2

)
, (8)

where h > 0 is the bandwidth depending on the dimensional-
ity of the data and the kernel functions, such as ℓ-dimensional
data and Gaussian kernels, h = (4/(N(ℓ+2)))1/(ℓ+4).[45,46] ∆

is a characteristic length scale of the density function.
For stochastic processes, the probability density can be

obtained by the Fokker–Planck equation in phase space,[47–50]

∂

∂ t
W =− p

m
∂

∂q
W +V ′

∂

∂ p
W + γ0

∂

∂ p

(
p+mkBT

∂

∂ p

)
W, (9)

where V ′ ≡ ∂V/∂q is the derivative of the potential V with re-
spect to q, corresponding to the force exerting on the particle
by potential V , m is the mass of the particle, γ0 is the friction
constant, kB is Boltzmann’s constant, and T is the absolute
temperature of the heat bath.

In the phase space {q, p}, the probability of a particle ap-
pears at (q, p) to (q+ dq, p+ d p) at time t is W (q, p, t)dqdp,
where W (q, p, t) is the probability density at time t. The
particle conservation corresponding to the probability density
W (q, p, t) in the phase space satisfies the well-known continu-
ity equation

∂

∂ t
W (q, p, t)+∇ ·𝑗(q, p, t) = 0, (10)

where the divergence operator ∇ ≡ (∂/∂q,∂/∂ p), and
𝑗(q, p, t) is the probability flux in phase space, which can be
written as

𝑗(q, p, t)≡ 𝑣W (q, p, t) = (q̇, ṗ)TW (q, p, t), (11)

where superscript T represents the transpose.

063401-2



Chin. Phys. B 33, 063401 (2024)

In comparison of Eqs. (10) and (9), one can obtain the
divergence of the probability flux as follows:

∇ ·𝑗 =− p
m

∂

∂q
W +V ′

∂

∂ p
W +γ0

∂

∂ p

(
p+mkBT

∂

∂ p

)
W. (12)

Combining with Eq. (11), one could finally obtain

q̇ =
p
m
, ṗ =−V ′− γ0 p− γ0mkBT

1
W

∂

∂ p
W. (13)

The probability density W (q, p, t) in the Gaussian kernel
function can be rewritten as[45,46]

W (q, p, t) =
1
N

N

∑
j

κq(q−q j(t))κp(p− p j(t)), (14)

where

κi(x) =
1√

2πhσi
exp
{
− x2

2h2σ2
i

}
, (15)

with σi (i = q, p) are the variance of q and p directions.
Finally, one could obtain the trajectories satisfying the

equations[38–42]

q̇ j =
p j

m
,

ṗ j =−V ′− γ0 p j− γ0mkBT
1

W (q j, p j, t)
∂

∂ p
W (q j, p j, t).

(16)

For the overdamped condition γ0→∞, the corresponding
Fokker–Planck equation reads[50]

∂

∂ t
W (q, t) =− ∂

∂q

(
−µV ′(q)−D

∂

∂q

)
W (q, t), (17)

and one could obtain the evolution equation of trajectories as
follows:[31,50]

q̇ j =−µV ′− D
W (q j, t)

∂

∂q
W (q j, t), (18)

where D = µkBT is the diffusion coefficient, and the mobility
µ = 1/(mγ0).

3. Results and discussion
In this section, we demonstrate the deterministic trajec-

tory entropies of a particle traveling in harmonic potential and
double-well potential in one- and two-dimensional conditions.

3.1. One-dimensional condition

We consider a particle traveling in viscous heat bath, with
large friction constant γ0. The motion of the particle can be
described by the overdamped Langevin equation. The corre-
sponding interacting trajectory method is employed to calcu-
late the deterministic trajectory entropies.

3.1.1. Harmonic potential

The harmonic potential has been employed to describe
many phenomena in solid state physics, atomic and molecular
physics. Here, we consider the particle traveling in a harmonic
potential, the harmonic potential is choose as V (x) = 1

2 x2, and
the initial condition is choose as

W (x) =
1√
π

exp(−x2). (19)

The solution of the Fokker–Planck equation (17) under the ini-
tial condition is[51]

W (x, t) =
1√

2πσ2
s (t)

exp
[
− x2(t)

2σ2
s (t)

]
, (20)

with the time dependent variance

σ
2
s (t) =

D
2µ

[
1−
(

1− µ

D

)
e−2µt

]
. (21)

Substituting the analytical expression (20) into Eq. (1),
one could obtain the Gibbs entropy

S(t) =
1
2
+

1
2

ln
[
2πσ

2
s (t)

]
. (22)
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0.0
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Fig. 1. Probability distributions of the particle moving in parabola po-
tential, demonstrated at different times. The lines correspond to the result
obtained by the interacting trajectory method and the dots are obtained by
the analytical solution. Different colors correspond to different evolution
times t = 0 (grey), t = 0.2 (red), t = 1 (blue), and t = 2 (cyan).

In our numerical calculation, we choose the diffusion co-
efficient D = 2 and the mobility µ = 1, and the number of
trajectories N = 200. The probability distributions W (x, t) at
different times are demonstrated in Fig. 1. The solid lines cor-
respond to the results obtained by the interacting trajectory
method, and the dots stand for the results obtained by the an-
alytical expression (20). The different colors correspond to
different evolution times: t = 0 (grey), t = 0.2 (red), t = 1
(blue), and t = 2 (cyan). The probability distributions of the
interacting trajectory method and the analytical expression are
in agreement well with each other, which means that choos-
ing N = 200 in the interacting trajectory method is precise
enough to obtain the distribution, and the corresponding en-
tropies should be precise and reliable.
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1.8
S
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)

t

Fig. 2. Entropy averaged over all the trajectories versus the evolution
time t. The solid line is obtained by the probability distribution with the
Gaussian kernel estimation, and the dots are obtained by the analytical
solution.
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Fig. 3. Entropies of the trajectories versus the evolution time t. Differ-
ent lines correspond different initial locations.

The Gibbs entropy S(t) versus evolution time t are plotted
in Fig. 2. The solid line corresponds to the result of the inter-
acting trajectory approach, and the dots correspond to the ana-
lytical result. The result of the interacting trajectory approach
is in agreement well with the analytical result (22). With the
evolution time, the system finally reaches its steady state, and
the corresponding Gibbs entropy S(t) reaches a constant value.

The deterministic trajectory entropies s j(t) versus evolu-
tion time t are plotted in Fig. 3. The different solid lines cor-
respond to the different initial conditions, and the determinis-
tic trajectory entropies are “parallel” to each other, which can
be thought such that there are no energy exchanging between
trajectories. The increasing deterministic trajectory entropies
s j(t) could be caused by absorbing heat from the thermal en-
vironment.

3.1.2. Double-well potential

The double-well model is generally used to describe the
chemical reaction from the reactor to product, or the transition
process from a state to the other state. We study deterministic
trajectory entropies of a particle in double-well potential, and
the double-well potential can be written as[39]

V (x) =
a
2

x2− b
3

x3 +
c
4

x4, (23)

where a = 0.2, b = 0.3, and c = 0.1. The minima positions
of the potential appear at x = 0 and x = 2. The mass of the
particle is chosen as m = 2000.[39]

We choose the system initially at its ground state

W (x) =
1√

2πσ2
exp
(
− x2

2σ2

)
, (24)

and the variance σ = 1/
√

40.
In the calculation, the friction constant is chosen as γ0 =

1/(2π), and the corresponding mobility µ ≡ 1/(mγ0) = π ×
10−3, and kBT = 2.5×10−2, and D= µkBT = 2.5×10−5π .[39]

The probability distributions at different times are demon-
strated in Fig. 4. The red dashed lines correspond to the results
of the interacting trajectory method with N = 200, and the blue
filled areas correspond to the results obtained by the Monte
Carlo simulation method, the algorithms of the Monte Carlo
simulation are accepted as in Ref. [52]. Firstly, the system
initially in one of the potential well (say the left one), as the
time increasing, some trajectories conquer the potential con-
straint and have reached the other potential well. With the time
evolution, more and more trajectories have reached the other
potential well, finally the system could reach its steady state
and the distribution finally becomes the well-known Maxwell–
Boltzmann distribution.
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0.8

1.0

1.2

W
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,t
)

W
(x

,t
)

0.0

0.2

0.4

0.6

0.8
W

(x
,t
)

0.0

0.2

0.4

0.6

0.8

W
(x

,t
)
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0.2

0.4

0.6

0.8

-4 -2 0 2 4 6

x

-4 -2 0 2 4 6

x

(a) (b)

(c) (d)

Fig. 4. Probability distributions at different times. The dashed red lines
correspond to our interacting trajectory method, the blue bars are ob-
tained by the Monte Carlo simulation method. The evolution times are
(a) t = 5000, (b) t = 10000, (c) t = 15000, and (d) t = 20000.

The Gibbs entropy S(t) versus evolution time t is plotted
in Fig. 5. The blue dashed line corresponds to the result ob-
tained by the interacting trajectory method, and the red solid
line correspond to the result obtained by Monte Carlo simu-
lation. In the short-time region, the Monte Carlo simulation
method can not get enough evens and no enough data to ob-
tain the Gibbs entropy S(t). In the long-time region, the results
obtained by interacting trajectory approach and Monte Carlo
simulation method are consistent very well.
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Fig. 5. Averaged entropy s versus evolution time t. The grey line corre-
sponds to the result obtained by the interacting trajectory method, and
the red dots correspond to the Monte Carlo simulation result.
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Fig. 6. Entropies of all the trajectories versus the evolution time t. The
different initial conditions show different behaviors.

The deterministic trajectory entropies versus the evolu-
tion time t are plotted in Fig. 6. The deterministic trajectory
entropy changes with evolution time t, and it reads[31]

ṡ j(t) =−
∂tW (x j, t)
W (x j, t)

+
j(x j, t)

DW (x j, t)
ẋ j(t)−

µ

D
F(x j, t)ẋ j(t),

(25)
where ∂t ≡ ∂/∂ t represents the partial differential with respect
to the evolution time t. Considering the probability flux

j(x j, t) = ẋ j(t)W (x j, t), (26)

one could have

ṡ j(t) =−
∂tW (x j, t)
W (x j, t)

+
1

kBT
[γ0mẋ2

j(t)−F(x j, t)ẋ j(t)], (27)

where the first term on the right-hand side corresponds to the
interaction among different trajectories as the W (x j, t) esti-
mated by all trajectories; the term including ẋ2

j corresponds
to the power of friction force, which always increases the en-
tropy, and the last term corresponds to the power of conser-
vative force F(x j, t) from the potential V (x j, t), which cor-
responds to the exchanging of the energy (heat) with the
environment.[31]

The deterministic trajectory entropies are plotted in
Fig. 6, the different lines correspond to different initial con-
ditions. We have found that the deterministic trajectory en-
tropies demonstrate two type behaviors: one is monotone in-
creasing with evolution time t, which corresponds to the par-
ticle be confined in the initial well; the other is first increasing
and then decreasing with evolution time t, which corresponds
to the particle transition from one well to the other well. In
the short-time region, the increasing entropies are caused by
the system absorbing heat from the thermal environment, as
the system initially in its ground state. The other trajectories,
which have more kinetic energy, conquer the potential restric-
tion to reach the maximum position of the potential, which
causes the deterministic trajectory entropies still increasing
with the evolution time t. After the trajectories over potential
hill, the force works on the trajectories and the heat transfers
back to the thermal environment, causing the deterministic tra-
jectory entropies decreasing.

3.2. Two-dimensional condition

In this subsection, we consider the viscous constant being
not large enough, the motion of the particle in potential can
not be described by the overdamped Fokker–Planck equation.

3.2.1. Harmonic potential

We consider the particle with mass m = 1, traveling in the
parabolic potential V (q)= 1

2 q2, and choose the system initially
in its ground state, namely,

W (q, p) =
1
π

e−q2
e−p2

, (28)

the corresponding variances σ2
q = 1/2 and σ2

p = 1/2, which
satisfy the minimum uncertainty condition σqσp = 1/2.

Two typical trajectories with different initial condition are
plotted in Fig. 7. The stars represent the initial condition. The
trajectories demonstrate the similar behaviors, i.e., spiral mo-
tion. As we all know, in phase space, the distance from the
origin represents the energy of the particle. In Fig. 7, the tra-
jectories rotation radius increases fast at the beginning time,
which corresponds the energy of the trajectories increasing
fast at the beginning time. This means that the trajectories
absorb heat from the thermal environment, which causes the
entropy of the trajectories also increasing fast at the beginning
time. After the trajectories absorb enough heat from the the
environment, the trajectories will reach the steady state. The
entropy of the trajectories will also reach a constant value.

The Gibbs entropy S(t) versus evolution time t is plotted
in Fig. 8, the dashed line corresponds to result obtained by the
interacting trajectory approach, and the solid line corresponds
to the result of the difference equation of the Fokker–Planck
equation. The Gibbs entropies, obtained by the interacting tra-
jectory method and difference equation, demonstrate the simi-
lar behavior, namely, the Gibbs entropies increase fast with the
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evolution time t at short time, then slowly increase with evo-
lution time t and reach the steady state for the long-time limit.
The difference between the results of the two methods at short
time is caused by two parts, one is that the kernel estimation
approach can not obtain precious probability distribution for
the trajectories all close to each other, the other is that the dif-
ference equation (for fixed difference step) for the trajectories
close condition can not give precious solution. With the time
increasing, the trajectories become farther to each other, which
makes the kernel estimation approach become more precious
to obtain the probability distribution, also makes the Gibbs en-
tropies obtained by the two different methods converged in
long-time limit.

0 5 10 15 20
1.0

1.5

2.0

2.5

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
-1

0

1

0 5 10 15 20
2.0

2.5

3.0

3.5

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
-2

0

2

p

q

q

t

t

s
j

s
j

Fig. 7. Two typical trajectories and the corresponding entropies in phase
space of the particle in the harmonic potential. The stars represent the
initial points.
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Fig. 8. Gibbs entropy S(t) versus evolution time t. The solid line cor-
responds to the result obtained by the interacting trajectory approach,
and the dashed line corresponds to the result obtained by the difference
equation of the Fokker–Planck equation.

3.2.2. Double-well potential

We consider the double-well potential

V (q) =
a
2

q2− b
3

q3 +
c
4

q4, (29)

with a = 0.2, b = 0.3, c = 0.1. The minimum locations are
at q = 0 and q = 2. In our numerical calculation, we choose
the mass of the particle to be m = 1. The system is initially at
q = 0 with the distribution

W (q, p) =
1
π

e−q2
e−p2

. (30)

The corresponding variance σ2
q = 1/2 and σ2

p = 1/2, which
satisfy the minimum uncertainty condition σqσp = 1/2.

Some typical trajectories in phase space of the particle
moving in double-well potential are plotted in Fig. 9. The
stars correspond the different initial conditions. From Fig. 9,
one could find that there is three type trajectories: the first
type is losing energy in the evolution process [see Figs. 9(a)
and 9(d)]; the second type is the initial and the ending en-
ergy almost equal, but the energy “fluctuating” in the evolu-
tion process [see Fig. 9(b)]; and the last type is gain energy
in the evolution process [see Figs. 9(c), 9(e), and 9(f)]. The
trajectories exchange energies fast with other trajectories and
thermal environment at the first several time units, the corre-
sponding entropies are increasing fast at the same time region.
In Fig. 9, we also demonstrate some interesting trajectories. In
Figs. 9(d) and 9(f)], we find that the two trajectories seem not
smooth enough at some points. The points reflect the collision
between the trajectory with other trajectories, the trajectory is
stopped by collision and then continuous moving in the same
direction by the force exerting by the potential. Figure 9(c)
shows the trajectory absorbing energy and losing energy fast
at the first time, not having enough energy to conquer the po-
tential “hill” and to reach the other potential well. Then the
trajectory gains enough energy and reaches its steady state,
transiting between the two potential wells.

The Gibbs entropy S(t) is plotted in Fig. 10, the dashed
line presents the result of the numerical solution of the Fokker–
Planck equation, the solid line presents the result of the inter-
acting trajectory method. The two results show same behav-
ior, namely, monotone increasing with evolution time t. For
the short-time region, the kernel estimation approach makes
the probability distribution “diffusion” faster than that of the
Fokker–Planck equation. For the long-time region, some tra-
jectories are out of the sample region in numerical calculation,
so that we can not completely calculate all the trajectories.
This makes the difference of the entropies, obtained by the
two different methods, at short time and long time.
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Fig. 9. Some trajectories and the corresponding entropies in phase space of the particle in double-well potential. The stars represent
the initial points. [(a), (d), (b)] and [(c), (e), (f)] stand for the initial energy of the trajectory is less, equal, and greater than the finial
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Fig. 10. Gibbs entropy S(t) versus time. The solid line corresponds
to the result obtained by the interacting trajectory approach, and the
dashed line corresponds to the result obtained by the difference equa-
tion of the Fokker–Planck equation.

4. Conclusion
In this paper, we demonstrate the deterministic trajectory

entropy of the particle traveling in two typical potentials (har-
monic potential and double-well potential) with viscous envi-
ronment by the interacting trajectory method. The harmonic
potential and the double-well potential are investigated in one-
dimensional space and two-dimensional space (phase space).
The results obtained by the interacting trajectory approach are
in agreement well with the Monte Carlo and difference equa-
tion methods. The deterministic trajectory entropies are in-
creasing (decreasing) with the evolution time t, which corre-
sponds to the trajectories absorption (emission) heat from (to)
the thermal environment. Also, we demonstrate several inter-
esting and rare trajectories in the process, which could help us
to understand what is happened in the dynamical process in
single-molecule level. Sometimes, the rare occurring even is
important to stochastic processes, such as anomalous process.

The study could help us to understand the anomalous process.
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