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By considering the negative cosmological constant Λ as a thermodynamic pressure, we study the thermodynam-
ics and phase transitions of the D-dimensional dyonic AdS black holes (BHs) with quasitopological electromagnetism in
Einstein–Gauss–Bonnet (EGB) gravity. The results indicate that the small/large BH phase transition that is similar to the
van der Waals (vdW) liquid/gas phase transition always exists for any spacetime dimensions. Interestingly, we then find
that this BH system exhibits a more complex phase structure in 6-dimensional case that is missed in other dimensions.
Specifically, it shows for D = 6 that we observed the small/intermediate/large BH phase transitions in a specific parame-
ter region with the triple point naturally appeared. Moreover, when the magnetic charge turned off, we still observed the
small/intermediate/large BH phase transitions and triple point only in 6-dimensional spacetime, which is consistent with
the previous results. However, for the dyonic AdS BHs with quasitopological electromagnetism in Einstein–Born–Infeld
(EBI) gravity, the novel phase structure composed of two separate coexistence curves observed by Li et al. [Phys. Rev. D
105 104048 (2022)] disappeared in EGB gravity. This implies that this novel phase structure is closely related to gravity
theories, and seems to have nothing to do with the effect of quasitopological electromagnetism. In addition, it is also true
that the critical exponents calculated near the critical points possess identical values as mean field theory. Finally, we con-
clude that these findings shall provide some deep insights into the intriguing thermodynamic properties of the dyonic AdS
BHs with quasitopological electromagnetism in EGB gravity.

Keywords: AdS black hole, phase transition, triple point

PACS: 04.70.Dy, 04.50.Kd, 05.70.Fh DOI: 10.1088/1674-1056/ad3342

1. Introduction
A black hole (BH), known for its strong gravity, has been

regarded as a perfect object for testing general relativity. In
recent years, the Laser Interferometer Gravitational Wave Ob-
servatory (LIGO) detected gravitational waves from binary
BH mergers,[1,2] and the Event Horizon Telescope (EHT) col-
laboration released images of supermassive BHs at the cen-
ters of galaxy M87* and the Milky Way.[3–9] Since then, a
great deal of interesting research has been attracted to work
on gravitational waves[10–13] and BH shadows.[14–22] These
studies do not only obtain some important theoretical re-
sults, but also strongly demonstrate the existence of BHs in
our universe and successfully validate the predictions of gen-
eral relativity. In fact, it has been demonstrated that a BH
is a thermodynamic system, and it possess numerous inter-
esting and important thermodynamic properties that the or-
dinary thermodynamic system does not have.[23–25] In par-
ticular, Hawking and Page in the early 1980s showed that
there is a phase transition between a stable BH and ther-
mal radiation in the Schwarzschild–AdS BH, which is known
as the Hawking–Page phase transition.[26] The anti-de Sit-
ter/conformal field theory (AdS/CFT) correspondence sug-

gests that the thermodynamic of the BH in AdS space can
be related to the thermodynamic of the dual strongly coupled
conformal field theory in the boundary of AdS space.[27–29]

Therefore, within the framework of AdS/CFT correspondence,
Witten interpreted the Hawking–Page phase transition as a
confinement/deconfinement phase transition of gauge field.[30]

Thus, the phase transition, as an interesting property of BHs
has been widely studied for a long time.[31–36]

Recently, thermodynamics of AdS BHs has been studied
in the extended phase space. In this framework, the nega-
tive cosmological constant Λ is treated as the thermodynamic
pressure of a BH, with its conjugate quantity being the ther-
modynamic volume of the BH.[37–43] Subsequently, by com-
paring with the liquidgas system, Kubizňák and Mann proved
that the BH system has the similar features, such as the same
oscillatory behavior of pressure–volume (P–V ), critical expo-
nents, and scaling relations.[44] Therefore, an accurate anal-
ogy has been established between the charged AdS BH and
the vdW system.[44] This analogy has also been generalized
to different types of AdS BHs, and then the later results show
that the small/large BH phase transitions similar to the vdW
liquid/gas phase transition are generally obtained in various
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AdS BHs.[45–50] Afterwards, a series of interesting phase tran-
sitions were discovered in the extended phase space, which in-
clude the reentrant phase transition and the triple point.[51–64]

For example, Wei et al. demonstrated that there are triple
points in 6-dimensional GB AdS BHs,[53–55] and Frassino et
al. found the reentrant phase transition in 3rd-order Lovelock
gravity.[54] In the case of higher-order gravity theories, there
are also multicritical phase transitions in AdS BHs, i.e., in
higher-order Lovelock gravity.[65–67]

The extended gravity theories, including EGB gravity,
have brought some new insights to study the property of
BHs.[68–76] As a higher-order extension of Einstein grav-
ity, the EGB gravity exhibits several striking features. In
Ref. [69], Glavan introduced a rescaled GB coupling con-
stant and defined the four-dimensional theory as a limit of
D → 4, thereby extended the Einstein–Hilbert action by in-
corporating the GB term. This framework bypasses the Love-
lock theory and avoids Ostrogradsky instability.[69] Recently,
some significant progresses have been made in the research
of BHs in the background of EGB gravity.[70–76] For instance,
in four-dimensional EGB gravity, there exist triple points in
the Born–Infeld AdS BH.[60] These studies indicate that BHs
in EGB gravity possess many interesting properties. On the
other hand, the quasitopological electromagnetism is also re-
garded as an important and interesting object in the study
of BHs.[77–81] Recently, Liu et al. proposed a new concept
of quasitopological electromagnetism, and defined it as the
square norm of the topological wedge product of Maxwell
field strength of order k (k > 2).[77] In general, quasitopo-
logical terms have no effects on either the Maxwell equa-
tions or the energy-momentum tensor. Although they are
known to have no effect on pure electric or magnetic Reissner–
Nordström (RN) BHs, their influence on the dyonic BHs can-
not be ignored. Later, Li et al. investigated the thermodynam-
ics and phase transitions of the dyonic AdS BHs with qua-
sitopological electromagnetism in EBI gravity.[82] The result
shows that the triple points can be observed, as well as a novel
phase structure composed of two separate coexistence curves.
Obviously, quasitopological electromagnetism has a signifi-
cant effect on the phase transitions of dyonic BHs.

Very recently, combining the quasitopological electro-
magnetism with EGB gravity, a solution of D-dimensional dy-
onic AdS BHs has been obtained.[83] Interestingly, the authors
found that it is thermodynamically stable in certain regions,
while unstable in others. Also, the shadow of this BH shows
that the radius of the BH shadow decreases with the GB cou-
pling constant α or the dimension D. Moreover, it shows that
the GB coupling constant α and magnetic charge Qm have
some significant effects on energy emission rates, while other
quantities have relatively small effects. Clearly, these studies

mean that the dyonic AdS BHs with quasitopological electro-
magnetism in EGB gravity have many intriguing characteris-
tics, which is worth investigating more deeply. In addition, al-
though the AdS BHs with quasitopological electromagnetism
in EBI gravity exhibit a rich variety of phase transitions, i.e.,
the triple point,[82] it remains unclear whether this types of
BHs in EGB gravity also exhibit these interesting phase tran-
sitions. Therefore, in this paper we aim at studying the ther-
modynamics and phase transitions of the dyonic AdS BHs in
EGB gravity. We hope that the results in current text can fur-
ther reveal the thermodynamic characteristics of this BH and
then further provide some new insights into understanding the
effects of both EGB gravity and quasitopological electromag-
netism on dyonic AdS BHs.

This paper is organized as follows. In Section 2, we re-
view the D-dimensional dyonic AdS BHs with quasitopologi-
cal electromagnetism in EGB gravity and study its thermody-
namics. In Section 3, we investigate the phase transitions and
phase diagrams of the D-dimensional dyonic AdS BHs. In
Section 4, we calculate the critical exponents near the critical
points. Section 5 concludes with a summary and discussion.

2. Thermodynamics of the D-dimensional dy-
onic AdS BHs
The action of D-dimensional EGB gravity minimally

coupled to the quasitopological electromagnetism can be ex-
pressed as[83]

SD =
1

16π

∫
dDx

√
−g(ℛ−2Λ +α𝒢+ℒQE), (1)

where Λ = − (D−1)(D−2)
2l2 is the cosmological constant in the

AdS space, 𝒢 = ℛ2 − 4ℛµνℛµν +ℛµνρσℛµνρσ is the GB
term, α is the GB coupling constant with dimension [length]2.
The matter field is represented by the following quasitopolog-
ical electromagnetism Lagrangian:

ℒQE =−
(1

4
ℱ2 +

1
2p!

ℋ2 +βℒint

)
(2)

with p = D−2, ℱ2 =ℱµνℱµν and ℋ2 =ℋρ1...ρpℋρ1...ρp , and
β is the coupling constant of the dimension [length]2. The in-
teraction term is given by

ℒint = δ
λ1...λD
γ1...γD ℱλ1λ2ℋλ3...λDℱ

γ1γ2ℋγ3...γD . (3)

The above action admits a BH solution with the form ex-
pressed as the following metric:

ds2 =− f (r)dt2 + f (r)−1 dr2 + r2 dΩ
2
D−2, (4)

where dΩ 2
D−2 is the (D − 2)-dimensional unit sphere. The

metric function is given by
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f (r) = 1+
r2

2α̃

(
1−

√
1+

4α̃m
rD−1 +

8α̃Λ

(D−2)(D−1)
− 2α̃

(D−3)(D−2)r2D−4 (Q
2
m +Q2

eℰ)

)
, (5)

with

ℰ = 2F1

[
1,

D−3
2(D−2)

;
7−3D
4−2D

;
−8βQ2

mΓ (D−1)2

r2D−4

]
(6)

being the hypergeometric function. Here, α̃ = (D− 4)(D−
3)α , Qe and Qm are the BH electric charge and magnetic
charge, respectively. The parameter m is interpreted as the
mass of the solution in a specific parameter space, which is
the integration constant provided by the boundary conditions.

Thus, the relevant Arnowitt–Deser–Misner (ADM) mass M is
defined as[84]

M =
(D−2)𝒱D−2

16π
m, (7)

where 𝒱D−2 = 2π
D−1

2 /Γ (D−1
2 ) is the volume of the (D− 2)-

dimensional unit sphere. Moreover, when the magnetic charge
Qm turns off, this BH will return to the charged GB AdS
BH:[47]

f (r) = 1+
r2

2α̃

(
1−

√
1+

64πα̃M
(D−2)𝒱D−2rD−1 +

8α̃Λ

(D−2)(D−1)
− 2α̃Q2

e

(D−3)(D−2)r2D−4

)
. (8)

In the extended phase space, the negative cosmologi-
cal constant Λ is treated as the thermodynamic pressure P =

− Λ

8π
.[37] The BH horizon radius rh is determined by the largest

root of the equation f (rh) = 0. It can be obtained by solving
this equation. Therefore, we can express the mass of BH in
terms of the horizon radius rh as

M =
Pπ

D−1
2 rD−1

h

Γ (D+1
2 )

+
(D−2)π

D−3
2 rD−3

h

8Γ (D−1
2 )

+
π

D−3
2 r3−D

h (Q2
m +Q2

eℰrh)

16(D−3)Γ (D−1
2 )

+
π

D−3
2 rD−5

h 𝒩1

8Γ (D−1
2 )

, (9)

where

ℰrh = 2F1

[
1,

D−3
2(D−2)

;
7−3D
4−2D

;
−8βQ2

mΓ (D−1)2

r2D−4
h

]
,

𝒩1 = (D−4)(D−3)(D−2)α. (10)

Further, based on the definition of Hawking temperature T =
f ′(rh)

4π
, the BH temperature can be obtained as

T =
{
[12+2D(D−5)+32Pπr2

h +2D(D−5)r−2
h 𝒩1

− r6−2D
h Q2

m]𝒩2 − r6
hQ2

e
}/{

[8(D−2)πrh

+16πr−1
h 𝒩1]𝒩2

}
, (11)

where

𝒩2 = r2D
h +8r4

hβQ2
mΓ (D−1)2. (12)

It is worth noting that BH mass in the extended phase space
should be regarded as the enthalpy, instead of the internal en-
ergy of the system, i.e., H ≡ M. Therefore, the other thermo-
dynamic quantities of BH, such as the thermodynamic volume
V , entropy S, electric potential Φe, and magnetic potential Φm,
can be calculated by

V =
(

∂H
∂P

)
S,Qe,Qm

=
2π

D−1
2 rD−1

h

(D−1)Γ (D−1
2 )

, (13)

S =
∫ rh

0
T−1

(
∂H
∂ r

)
P,Qe,Qm

dr

=
π

D−1
2 rD−2

h [1+2(D−3)(D−2)αr−2
h ]

2Γ (D−1
2 )

, (14)

Φe =
(

∂H
∂Qe

)
S,P,Qm

=
π

D−3
2 r3−D

h Qeℰrh

8(D−3)Γ (D−1
2 )

, (15)

Φm =
(

∂H
∂Qm

)
S,P,Qe

=
π

D−3
2 r3−D

h [2(D−2)Q2
m +(D−3)Q2

e(r
2D
h 𝒩−1

2 −ℰrh)]

16(D−3)(D−2)QmΓ (D−1
2 )

.

(16)

We treat α and β as novel thermodynamic variables by con-
sidering the dimensional characteristic of them. It is easy to
verify that these thermodynamic quantities satisfy the differ-
ential form

dH = T dS+Φe dQe +Φm dQm +Φα dα +Φβ dβ +V dP,
(17)

where

Φα ≡
(

∂H
∂α

)
S,P,Qe,Qm,β

=
π

D−3
2 rD−5

h 𝒩1

8αΓ (D−1
2 )

−
(D−3)(D−2)π

D−1
2 rD−4

h T
Γ (D−1

2 )
(18)

is the conjugate quantity to the GB coupling constant α , and

Φβ ≡
(

∂H
∂β

)
S,P,Qe,Qm,α

=
π

D−3
2 r3−D

h Q2
e(r

2D
h 𝒩−1

2 −ℰrh)

32(D−2)βΓ (D−1
2 )

(19)

is the conjugate quantity to the coupling constant β . More-
over, the Smarr relation can be derived as

(D−3)H = (D−2)T S−2PV +(D−3)ΦeQe

+(D−3)ΦmQm +2αΦα +2βΦβ . (20)

The Gibbs free energy, which is a quantity measuring the
global stability of BH system, is give as G = H −T S, i.e.,
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G = 2(D−2)r2D+2
h 𝒩3 +2r2D

h 𝒩1𝒩3 +
32Pπr2D+4

h 𝒩3

D−1
+

r8
h(Q

2
m +Q2

eℰrh)𝒩3

D−3

−
[2(D−3)(D−2)α + r2

h][(2r2D
h 𝒩4 − r8

hQ2
m)𝒩2 − r2D+8

h Q2
e ]𝒩3

[(D−2)r2
h +2𝒩1]𝒩2

, (21)

where

𝒩3 =
π

D−3
2 r−5−D

h

16Γ (D−1
2 )

,

𝒩4 = 6r2
h +D(D−5)r2

h +16Pπr4
h +(D−5)𝒩1. (22)

As is well known, the swallowtail behavior of the Gibbs free
energy indicates the occurrence of a first-order phase transi-
tion in BH systems. Multiple swallowtails mean some rich va-
rieties of phase transitions in the system, including the triple
points. Therefore, in this paper, we study the phase transitions
of BHs by analyzing the swallowtail behavior of the Gibbs free
energy.

3. Phase transitions and phase diagrams of the
D-dimensional dyonic AdS BHs
In this section, we would like to study the phase transi-

tions and phase diagrams of the dyonic AdS BHs with qua-
sitopological electromagnetism in dimensions D = 4, 5, 6 and
7 (the case of D ≥ 8 is quite complex, and we will discuss it
in our future work). Based on the equation of temperature,
Eq. (11), the equation of state for BH system can be obtained
as follows:

P =
Q2

m

32πr2D−4
h

− (D−4)(D−3)(D−2)(D−5−8πrhT )α
16πr4

h

+
(D−2)(3−D+4πrhT )

16πr2
h

+
Q2

e

32πr2D−4
h +256πβQ2

mΓ (D−1)2
.

(23)

According to Ref. [44], the specific volume can be given as
v = 4rh

D−2 , thereby the equation of state can be rewritten in the
form of

P(v,T ) =
16(D−4)(D−3)[5−D+2(D−2)πvT ]α

(D−2)3πv4

+
24D−13(D−2)4−2Dv4−2DQ2

m

π
+

3−D+(D−2)πvT
(D−2)πv2

+
Q2

e

213−4D(D−2)2D−4πv2D−4+256πβQ2
mΓ (D−1)2 . (24)

Evidently, there exists a direct proportionality between the
specific volume v and horizon radius rh. Therefore, we will
utilize the equation of state, i.e., Eq. (23), in the following
calculations. In addition, due to the thermodynamic volume
V ∝ rD−1

h , the critical point can be determined by the condi-
tions(

∂P
∂ rh

)
T
= 0,

(
∂ 2P
∂ r2

h

)
T
= 0; or

(
∂T
∂ rh

)
P
= 0,

(
∂ 2T
∂ r2

h

)
P
= 0.

(25)

Different from the Gibbs free energy G, the heat capacity with
a constant pressure CP, is a quantity used to describe the local
thermodynamic stability of BHs. Specifically, a positive value
of CP indicates that the system is locally stable, while a neg-
ative value is local instability. At a fixed pressure P, the heat
capacity CP is defined as

CP = T
(

∂S
∂T

)
P
. (26)

Further, CP can be also re-expressed as

CP = T
(

∂rh S
∂rhT

)
P
∝ (∂rhT )−1

P . (27)

Here, we only considered the range of T > 0 and S > 0 in this
paper. Therefore, it can be seen that the positive (negative)
slopes of the BH branches on the T –rh plane correspond to
the thermodynamically stable (unstable) phases, wherein their
corresponding heat capacity CP being positive (negative). In
the following, our attention will mainly focus on the phase
transitions and phase diagrams. For convenience, we will take
the case, i.e., the magnetic charge Qm = 2 and electric charge
Qe = 1, as an example to further study the phase transitions
and phase diagrams of the dyonic AdS BHs in this paper.
Specifically, we will discuss the phase transitions and phase
diagrams for different dimensions and different values of the
coupling parameters (α and β ).

3.1. For the 4-dimensional case

In this subsection, we would like to study the phase tran-
sitions and phase diagrams of the 4-dimensional dyonic AdS
BH. According to Eqs. (23) and (25), we obtain the critical
points for different values of GB coupling constant α and β as
shown in Table 1.

From Table 1, one can see that each situation has either
one critical point or no critical point. Specifically, there is no
critical point present in the region as long as β > 1, no mat-
ter what the value of α is. The critical points change slightly
with the β , while is hardly changed with α . Since there is
only one critical point for different values of parameters α and
β , we can predicate that the BH system only exhibits single
phase structure in 4-dimensional case. For convenience, we
take α = 0.5 and β = 0.1 as an example to study the phase
transitions of BHs, where the critical point reads

Tc = 0.0433165, Pc = 0.0033158. (28)

To analyze the behaviors of temperature T with respect to rh

and Gibbs free energy G with respect to T , we plot Figs. 1(a)
and 1(b) by considering some acceptable of P, i.e., P = 0.001,
0.002, 0.0033158, and 0.005.
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Table 1. Critical points for different values of coupling constants α and β , for dimension D = 4.

α β (Tc, Pc) α β (Tc, Pc)
0.01 0.01 (0.04331644704, 0.003316488235) 0.1 0.01 (0.04331644704, 0.003316488235)
0.01 0.05 (0.04331648727, 0.003315881743) 0.1 0.05 (0.04331648727, 0.003315881743)
0.01 0.1 (0.04331648854, 0.003315804969) 0.1 0.1 (0.04331648854, 0.003315804969)
0.01 0.5 (0.04331648894, 0.003315743396) 0.1 0.5 (0.04331648894, 0.003315743396)
0.01 0.9 (0.04331648895, 0.003315736546) 0.1 0.9 (0.04331648895, 0.003315736546)
0.01 1 – 0.1 1 –
0.5 0.01 (0.04331644704, 0.003316488235) 1 0.01 (0.04331644704, 0.003316488235)
0.5 0.05 (0.04331648727, 0.003315881743) 1 0.05 (0.04331648727, 0.003315881743)
0.5 0.1 (0.04331648854, 0.003315804969) 1 0.1 (0.04331648854, 0.003315804969)
0.5 0.5 (0.04331648894, 0.003315743396) 1 0.5 (0.04331648894, 0.003315743396)
0.5 0.9 (0.04331648895, 0.003315736546) 1 0.9 (0.04331648895, 0.003315736546)
0.5 1 – 1 1 –
10 0.01 (0.04331644704, 0.003316488235) 50 0.01 (0.04331644704, 0.003316488235)
10 0.05 (0.04331648727, 0.003315881743) 50 0.05 (0.04331648727, 0.003315881743)
10 0.1 (0.04331648854, 0.003315804969) 50 0.1 (0.04331648854, 0.003315804969)
10 0.5 (0.04331648894, 0.003315743396) 50 0.5 (0.04331648894, 0.003315743396)
10 0.9 (0.04331648895, 0.003315736546) 50 0.9 (0.04331648895, 0.003315736546)
10 1 – 50 1 –
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Fig. 1. (a) Temperature T vs. rh. (b) Gibbs free energy G vs. T . The red, green, orange and black isobaric curves in (a) and
(b) correspond to P = 0.001, 0.002, 0.0033158 and 0.005, respectively. Solid curves indicate stable branches, while dashed curves
represent unstable branches. (c) Phase diagram for the 4-dimensional dyonic AdS BH when α = 0.5 and β = 0.1.

Firstly, when P < Pc, it shows from Fig. 1(a) that two
extremal points can be observed on both the red and green
isobaric curves, which divide them into three branches: the
small BH branch, the intermediate BH branch, and the large
BH branch. Both small and large BH branches exhibit positive
slope, implies that their heat capacity CP is positive, and hence,
they are thermodynamically stable, which is represented by
solid curves in the figure. In contrast, the intermediate BH
branch shows a negative slope, suggests that its heat capacity
CP is negative, thereby it is thermodynamic instability, which
is represented by a dashed curve. Increasing the pressure to
P > Pc, we observe that there is no extremal point for the black
curve. This implies that the system has only one stable BH
branch in this case.

Next, we will focus on the behaviors of Gibbs free en-
ergy presented in Fig. 1(b). It should be noted that Figs. 1(a)
and 1(b) represent the same BH branchs, where the same color
curves correspond to the same pressures. When P < Pc, both
the red and green isobaric curves exhibit the swallowtail be-
havior, which indicates that a first-order small/large BH phase
transition occurs. It is worth emphasizing that the nonsmooth
points on the isobaric curves in the G–T diagram correspond to
the extremal points on the isobaric curves in the T –rh diagram,

where dashed curves represent the negative heat capacity and
solid curves denote the positive one. For the red and green iso-
baric curves, the system initially exhibits a small BH phase,
and then gradually transforms into a large BH phase as the
temperature T increases and passes through the swallowtail in-
tersection. By comparing the red, green, and orange isobaric
curves, we find that the swallowtail gradually becomes small
and eventually disappears as the pressure P increases. With a
progressive increase of pressure P, it shows that the extremal
points of the temperature on the isobaric curve gradually are
close to each other and finally overlapped at the critical pres-
sure. When the pressure reaches the critical pressure Pc, the
isobaric curve no longer exhibits swallowtail behavior. When
P > Pc, the Gibbs free energy becomes a monotonic function
of temperature, indicating that the system will not undergo any
phase transitions. Finally, the coexistence curve of the small
and large BH phases is plotted in Fig. 1(c). The P–T diagram
indicates that the area above the coexistence curve corresponds
to the small BH phase, while the area below it corresponds to
the large BH phase. It is obvious that the pressure monotoni-
cally increases with temperature, and finally stops at the crit-
ical point (Pc, Tc) at which a second-order phase transition of
BH occurs. This small/large BH phase transition is a typical
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case, which is similar to the vdW liquid/gas phase transition.
For other choice of α and β in Table 1, we have also studied
the corresponding phase transitions in 4-dimensional case, and
find that these phase transitions always are similar to the case
of α = 0.5 and β = 0.1.

3.2. For the 5-dimensional case

In this subsection, we would like to study the phase tran-
sitions and phase diagrams of the 5-dimensional dyonic AdS
BH. Similarly, the critical points for different combinations of
parameters are listed in Table 2.

Table 2. Critical points for different values of coupling constants α and β , for dimension D = 5.

α β (Tc, Pc) α β (Tc, Pc)
0.01 0.01 (0.1617879212, 0.03277316929) 0.1 0.01 (0.1167835294, 0.01899568735)
0.01 0.1 (0.1617879212, 0.03277316929) 0.1 0.1 (0.1167835294, 0.01899568735)
0.01 0.5 (0.1617879212, 0.03277316929) 0.1 0.5 (0.1167835294, 0.01899568735)
0.01 1 (0.1617879212, 0.03277316929) 0.1 1 (0.1167835294, 0.01899568735)
0.01 10 (0.1617879212, 0.03277316929) 0.1 10 (0.1167835294, 0.01899568735)
0.01 50 (0.1617879212, 0.03277316929) 0.1 50 (0.1167835294, 0.01899568735)
0.5 0.01 (0.06346110823, 0.006193085877) 1 0.01 (0.04564111900, 0.003251240167)
0.5 0.1 (0.06346110823, 0.006193085877) 1 0.05 (0.04564111900, 0.003251240167)
0.5 0.5 (0.06346110823, 0.006193085877) 1 0.1 (0.04564111900, 0.003251240167)
0.5 1 (0.06346110823, 0.006193085877) 1 0.5 (0.04564111900, 0.003251240167)
0.5 10 (0.06346110823, 0.006193085877) 1 0.9 (0.04564111900, 0.003251240167)
0.5 50 (0.06346110823, 0.006193085877) 1 1 –
10 0.01 (0.01452778369, 0.0003315037716) 50 0.01 (0.006497455295, 0.00006631401)
10 0.05 (0.01452778369, 0.0003315037716) 50 0.05 (0.006497455295, 0.00006631401)
10 0.1 (0.01452778369, 0.0003315037716) 50 0.1 (0.006497455295, 0.00006631401)
10 0.5 (0.01452778369, 0.0003315037716) 50 0.5 (0.006497455295, 0.00006631401)
10 0.9 (0.01452778369, 0.0003315037716) 50 0.9 (0.006497455295, 0.00006631401)
10 1 – 50 1 –
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Fig. 2. (a) Temperature T vs. rh. (b) Gibbs free energy G vs. T . The red, green, orange and black isobaric curves in (a) and (b)
correspond to P = 0.0045, 0.0055, 0.00619309, and 0.007, respectively. (c) Phase diagram for the 5-dimensional dyonic AdS BH
when α = 0.5 and β = 0.1.

As can be seen from Table 2, there is only one critical
point or no critical point for each choice of α and β . Specif-
ically, the critical point does not exist in the parameter region
where both α and β are all larger than or equal to 1 (> 1)
simultaneously. When α is fixed, the critical point remains
constant for different values of β . However, it will decrease
with the increase of the α for a fixed β . For convenience, we
choose α = 0.5 and β = 0.1 as an example to study the phase
transition of BHs. The critical point is given as

Tc = 0.0634611, Pc = 0.00619309. (29)

The behaviors of temperature T with respect to rh and Gibbs
free energy G with respect to T are plotted in Fig. 2.

When P < Pc, there are two extremal points on both the
red and green isobaric curves in the T –rh diagram, as well as
two swallowtails along the isobaric curves in the G–T plot, as

shown in Figs. 2(a) and 2(b). As P>Pc, this leads to the disap-
pearance of both the extremal point of the temperature in the
T –rh diagram and the swallowtail behavior in the G–T plot,
for their respective isobaric curves. The coexistence curve of
the small and large BH phases is shown in Fig. 2(c). These re-
sults indicate a typical small/large BH phase transition, which
is similar to the vdW liquid/gas phase transition. In addition,
we have also found that the similar phase transitions always
exist for other values of α and β in Table 2.

3.3. For the 6-dimensional case

In this subsection, we would like to study the phase tran-
sitions and phase diagrams of the 6-dimensional dyonic AdS
BHs. Similarly, based on Eqs. (23) and (25), the critical points
can be obtained as shown in Table 3.

Comparing Table 3 with Tables 1 and 2, we can see that
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the results in dimension D = 6 are more interesting than those
in dimensions D = 4 and 5. As α = 0.1, the system only exists
one critical point whatever β is. However, three critical points
can be observed for α > 0.5 in Table 3. In the parameter re-
gion where α > 1 and β > 1 simultaneously, all critical points
disappear. It is easy to conclude that α has some stronger

effect on the critical points by comparing with the β . There-
fore, in general, we take α = 0.1 and β = 0.1, α = 0.5 and
β = 0.1, and α = 1 and β = 0.1 as three typical examples to
study the phase transitions and phase diagrams of BHs in di-
mension D = 6, and to further discuss the influence of α and
β on BH phase transitions.

Table 3. Critical points for different values of coupling constants α and β , for dimension D = 6.

α β (Tc1, Pc1) (Tc2, Pc2) (Tc3, Pc3)
0.1 0.01 (0.1389283596, 0.02790310620) – –
0.1 0.1 (0.1389283596, 0.02790310620) – –
0.1 0.5 (0.1389283596, 0.02790310620) – –
0.1 1 (0.1389283596, 0.02790310620) – –
0.1 10 (0.1389283596, 0.02790310620) – –
0.1 50 (0.1389283596, 0.02790310620) – –
0.5 0.01 (0.06464171275, 0.006352744392) (0.06473618157, 0.006536184200) (0.06487209227, 0.00657574901)
0.5 0.1 (0.06464171275, 0.006352744392) (0.06473618157, 0.006536184200) (0.06487209227, 0.00657574901)
0.5 0.5 (0.06464171275, 0.006352744392) (0.06473618157, 0.006536184200) (0.06487209227, 0.00657574901)
0.5 1 (0.06464171275, 0.006352744392) (0.06473618157, 0.006536184200) (0.06487209227, 0.00657574901)
0.5 10 (0.06464171275, 0.006352744392) (0.06473618157, 0.006536184200) (0.06487209227, 0.00657574901)
0.5 50 (0.06464171275, 0.006352744392) (0.06473618157, 0.006536184200) (0.06487209227, 0.00657574901)
1 0.01 (0.04592800869, 0.003308303581) (0.04593268003, 0.003311035759) (0.05592461935, 0.05061099927)
1 0.1 (0.04592800869, 0.003308303581) (0.04593268003, 0.003311035759) (0.05592461935, 0.05061099927)
1 0.5 (0.04592800869, 0.003308303581) (0.04593268003, 0.003311035759) (0.05592461935, 0.05061099927)
1 1 – – –

10 0.01 (0.01452878785, 0.0003315722183) (0.01452878790, 0.0003315722265) (0.07964136252, 9.372787591)
10 0.1 (0.01452878785, 0.0003315722183) (0.01452878790, 0.0003315722265) (0.07964136252, 9.372787591)
10 0.5 (0.01452878785, 0.0003315722183) (0.01452878790, 0.0003315722265) (0.07964136252, 9.372787591)
10 1 – – –
50 0.01 (0.00649747332857, 0.0000663145587) (0.00649747332858, 0.000066314558701) (0.1182077162, 238.3354046)
50 0.1 (0.00649747332857, 0.0000663145587) (0.00649747332858, 0.000066314558701) (0.1182077162, 238.3354046)
50 0.5 (0.00649747332857, 0.0000663145587) (0.00649747332858, 0.000066314558701) (0.1182077162, 238.3354046)
50 1 – – –

3.3.1. Example I: α = 0.1 and β = 0.1

In this subsubsection, when α = 0.1 and β = 0.1, the crit-
ical point can be obtained, it is

Tc = 0.138928, Pc = 0.0279031. (30)

Figures 3(a) and 3(b) are devoted to illustrate the behavior
of temperature T vs. rh and Gibbs free energy G vs. T , re-
spectively. It can be seen that when α = 0.1 and β = 0.1 the
BH system only undergoes a small/large BH phase transition.

Also, we construct a phase diagram shown in Fig. 3(c). It is
easy to find that the phase transitions and phase diagrams in
this case is similar to those obtained in dimensions D = 4,5.

Furthermore, we also plot the G–T and P–T diagrams for
coupling constants α = 0.1 and β = 0.5 as shown in Fig. 4. It
can be seen that the system undergoes a small/large BH phase
transition in this parameter region. By comparing Fig. 4 with
Fig. 3, it can be observed that they are almost identical. This
implies that the parameter β has a little effect on the BH phase
transition in this case.

rh

(Pc, Tc)

(a) (b) (c)
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Fig. 3. (a) Temperature T vs. rh. (b) Gibbs free energy G vs. T . The red, green, orange and black isobaric curves in (a) and (b)
correspond to P = 0.02, 0.025, 0.0279031, and 0.03, respectively. (c) Phase diagram for the 6-dimensional dyonic AdS BHs when
α = 0.1 and β = 0.1.
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Fig. 4. (a) G vs. T . (b) Phase diagram for the 6-dimensional dyonic
AdS BHs when α = 0.1 and β = 0.5.

3.3.2. Example II: α = 0.5 and β = 0.1

In this subsubsection, we set α = 0.5 and β = 0.1 to study
the phase transitions and phase diagrams of the BHs. In this
case, three critical points can be obtained, i.e.,

Tc1 = 0.0646417, Pc1 = 0.00635274, (31)

Tc2 = 0.0647362, Pc2 = 0.00653618, (32)

Tc3 = 0.0648721, Pc3 = 0.00657575. (33)

Firstly, we will analyze the behavior of temperature T with re-
spect to rh. In Fig. 5(a), the temperature T is plotted as a func-
tion of rh, where pressure is considered as a variable. When
P < Pc1, the blue isobaric curve on the T –rh diagram has two
extremal points that divide it into three branches: the stable
small BH branch, the unstable intermediate BH branch, and
the stable large BH branch. For Pc1 < P < Pc2, the red isobaric
curve has four extremal points that divide it into five branches:
the stable small BH branch, the unstable small BH branch, the
stable intermediate BH branch, the unstable large BH branch,
and the stable large BH branch. For the red isobaric curve,
one can utilize Maxwell equal area laws to plot two pairs of
equal area regions at pressure P = Pt = 0.00646982, as shown
in Fig. 5(b). It should be noted that the two pairs of regions
obtained by using Maxwell equal area laws have the same
temperature T = Tt = 0.0647085. This indicates that the BH
system undergoes two phase transitions at the same pressure
and temperature. This result implies the existence of the triple
point, where small, intermediate, and large BH phases can co-
exist simultaneously. When the pressure reaches Pc2, the BH
system undergoes a second-order intermediate/large BH phase
transition.

For Pc2 < P < Pc3, two extremal points appear on the or-
ange isobaric curve. As a result, three distinct branches can

be observed: the stable intermediate BH branch, the unsta-
ble intermediate BH branch, and the stable large BH branch.
This result suggests the occurrence of the intermediate/large
BH phase transition in this pressure range. However, this first-
order phase transition turns to a second-order phase transition
as the pressure approaches Pc3. For P > Pc3, there are no ex-
tremal point on the gray isobaric curve, indicating that tem-
perature T becomes a monotonic function of rh, and thus there
exists only one BH branch.

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
0.0640

0.0642

0.0644
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0.0650
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0 500 1000 1500 2000
0.06466
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0.06476

S

T

rh

(a)

(b)

Fig. 5. (a) T vs. rh. The blue, red, black, orange, green and gray
isobaric curves correspond to P = 0.0063, 0.00646982, 0.00653618,
0.00655, 0.00657575, and 0.0067, respectively. (b) T –S diagram of
two pairs of equal area regions at pressure P = Pt = 0.00646982. The
horizontal line has a temperature T = Tt = 0.0647085.

Next, we will analyze the behavior of Gibbs free energy G
with respect to T . Here, we have plotted the behavior of Gibbs
free energy in Fig. 6. It is important to note that the nonsmooth
points on the isobaric curves in the G–T diagram correspond
to the extremal points on the isobaric curves in the T –rh dia-
gram. For P < Pc1, there is a swallowtail behavior in Fig. 6(a),
suggesting the existence of a small/large BH phase transition.
As the pressure increased to the range of Pc1 < P < Pt, two
swallowtail behaviors emerged in Fig. 6(b), which indicates
the existence of three stable BH branches, and there seems to
be two phase transitions. However, one of them will be sup-
pressed and does not participate in the phase transition since
its higher free energy. Therefore, there is only a small/large
BH phase transition as the pressure in the region Pc1 < P < Pt.
When P = Pt, as shown in Fig. 6(c), the intersection of the
two swallowtails occurs at the same position(Pt,Tt). This indi-
cates that the three stable BH branches intersect at this point.
Therefore, this result suggests that the triple point (Tt,Pt) ex-
ists for the current situation in this system, which means the
small, intermediate and large BH phases can coexist simul-
taneously. For the case Pt < P < Pc2, as shown in Fig. 6(d),
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Fig. 6. G vs. T for (a) P = 0.0062, (b) P = 0.0064, (c) P = Pt = 0.00646982, (d) P = 0.00648, (e) P = 0.00654, and (f) P = 0.0066.
The red, green, and orange curves represent small, intermediate, and large BHs, respectively.
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Fig. 7. Phase diagram for the 6-dimensional dyonic AdS BHs when
α = 0.5 and β = 0.1. (a) Entire phase diagram. (b) An enlarged view
near the triple point (Pt,Tt).

we find that two swallowtails are also observed, and all three
BH branches can participate in the phase transitions. This im-

plies that at the same pressure but different temperatures, both
the small/intermediate BH phase transition and the interme-
diate/large BH phase transition can occur simultaneously. As
Pc2 < P < Pc3, from Fig. 6(e), it shows that there is only one
swallowtail, which indicates that only the intermediate/large
BH phase transition presents. However, for P > Pc3, the Gibbs
free energy G becomes a monotonic function of T , thereby no
phase transition occurs in the system.

Finally, we construct the P–T phase diagram as shown
in Fig. 7. Specifically, Fig. 7(a) is the global phase diagram,
while Fig. 7(b) is a local one near the triple point (Pt,Tt). From
the P–T phase diagram, it can be observed in current situation
that when P<Pt, the system undergoes a small/large BH phase
transition. At P = Pt, the small, intermediate, and large BH
phases can coexist simultaneously. In the range Pt < P < Pc2,
the system undergoes both the small/intermediate BH phase
transition and the intermediate/large BH phase transition si-
multaneously. For Pc2 < P < Pc3, the system only undergoes
the intermediate/large BH phase transition.

In addition, we also investigate the phase transitions
of BH for α = 0.5 and β = 50. The results indi-
cate that the triple point (Pt = 0.006469822191382499,Tt =
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0.06470845191069557) for α = 0.5 and β = 50 is almost
identical to that obtained for α = 0.5 and β = 0.1 (Pt =

0.006469822191382416,Tt = 0.06470845191069545), with
an accuracy up to 13 significant digits. We plot the G–T di-
agram at the triple point and the P–T phase diagram near the
triple point for α = 0.5 and β = 50 in Fig. 8. By comparing
Figs. 6 and 7 with Fig. 8, there is almost no difference for the
G–T and P–T plots that can be observed. This finding implies
that when α = 0.5, the BH system always posses remarkably
similar phase transitions, irrespective of the variations of β .
This means that the parameter α plays a key role during the
studying of the phase transition of BH in dimension D = 6.
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Fig. 8. (a) G vs. T . (b) Phase diagram for the 6-dimensional dyonic
AdS BH when α = 0.5 and β = 50.

3.3.3. Example III: α = 1 and β = 0.1

In this subsubsection, by taking α = 1 and β = 0.1, there
also appears to be three critical points, i.e.,

Tc1 = 0.0459280, Pc1 = 0.00330830, (34)

Tc2 = 0.0459327, Pc2 = 0.00331104, (35)

Tc3 = 0.0559246, Pc3 = 0.05061100. (36)

Firstly, we plot the temperature T with respect to rh in
Fig. 9. When P<Pc1, the blue isobaric curve has two extremal
points that divide it into three branches: the stable small BH
branch, the unstable intermediate BH branch, and the stable
large BH branch. When the pressure belongs to Pc1 < P < Pc2,
four extremal points appear for the red isobaric curve, which
divides it into five branches: the stable small BH branch, the
unstable small BH branch, the stable intermediate BH branch,
the unstable large BH branch, and the stable large BH branch.
For Pc2 < P < Pc3, two extremal points appear for the or-
ange isobaric curve, which means the existence of three BH

branches. When P > Pc3, the gray isobaric curve does not ex-
hibit any extremal points, which implies that there is only one
BH branch.

2.0 2.5 3.0 3.5 4.0 4.5 5.0

0.045925

0.045930

0.045935

0.045940

0 1 2 3 4 5 6 7
0.040

0.045

0.050

0.055

0.060

0.065

T

rh

Fig. 9. Temperature T vs. rh for P= 0.003 (blue curve), P= 0.0033083
(purple curve), P = 0.0033097 (red curve), P = 0.00331104 (black
curve), P = 0.025 (orange curve), P = 0.050611 (green curve), and
P = 0.07 (gray curve).

Next, we would like to study the behavior of Gibbs free
energy. Therefore, the behavior of G with respect to T is plot-
ted in Fig. 10. When P < Pc1, as shown in Fig. 10(a), the
only one swallowtail indicates that the system undergoes a
small/large BH phase transition. For Pc1 < P < Pc2, as shown
in Fig. 10(b), the two swallowtails seems indicates that there
are two first-order phase transitions in the system. However,
the intermediate BH branch is suppressed by the BH branch
with lower free energy due to its higher free energy, so it can-
not participate in the phase transitions. As a result, only a
small/large BH phase transition occurs in this pressure range.
When the pressure increases up to Pc2 < P < Pc3, as shown
in Fig. 10(c), the only one swallowtail indicates that the sys-
tem only undergoes a small/large BH phase transition. Once
the pressure exceeds Pc3, the swallowtail behavior disappears,
which leads to the situation in which no phase transition occurs
in the system. In addition, we present the phase diagram in
Fig. 11, where the coexistence curve terminates at the critical
point (Pc3,Tc3). One can obviously see that there has no triple
point existing in current situation. To sum up, when α = 0.1
and 1, the BH system only undergoes a small/large BH phase
transition, which is very different from the case of α = 0.5.
Hence, it is true that the GB coupling constant α possess an
important influence on the phase transition of the dyonic AdS
BH.

In addition, we also investigate the phase transitions for
α = 1 and β = 0.5, for which the G–T diagram and P–T phase
diagram are illustrated in Fig. 12. In this case, we only present
the G–T diagram for the pressure of Pc1 < P = 0.0033097 <

Pc2, as it shows the fact that the intermediate BHs do not par-
ticipate in the phase transition, resulting in only small/large
BH phase transition occurs. In comparison of Figs. 10–12, it
can be observed that their results are almost identical, which
also implies that the parameter β has a little effect on the phase
transition. Additionally, when we further study the phase tran-
sitions for α = 10 and α = 50, it is true that the corresponding
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results are similar to that of α = 1, where only the small/large
BH phase transition occurs and β also has a little effect on it.

Finally, combined with the above results obtained in three
examples (α = 0.1 and β = 0.1; α = 0.5 and β = 0.1; α = 1

and β = 0.1), it can be concluded that in the context of 6-
dimensional case, the GB coupling constant α has a strong
effect on the phase transition of BHs, while β has a weaker
one.
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Fig. 12. (a) G vs. T . (b) Phase diagram for the 6-dimensional dyonic
AdS BH when α = 1 and β = 0.5.

In addition, when the magnetic charge turned off, we find
that the small/intermediate/large BH phase transition still oc-
curs only in 6-dimensional spacetime but is absent in the other
dimensions. Therefore, we would like to study the phase tran-
sition when the magnetic charge turned off in 6-dimensional
spacetime. In a particular parameter space (D = 6, Qe = 2 and
α = 0.5) (In fact, when the magnetic charge turned off, the
metric (5) is reduced to the form (8) which is the same as that
in Ref. [47], but has a minute difference from that in Ref. [53].
Therefore, the triple point in this case occurs at D = 6, Qe = 2,
and α = 0.5, which is also somewhat different from that in
Ref. [53]. However, the main conclusion that the triple point
observed in 6 dimensions is consistent with that in Ref. [53]),
there are three critical points that can be obtained, which are

Tc1 = 0.0646417, Pc1 = 0.00635274, (37)

Tc2 = 0.0647362, Pc2 = 0.00653618, (38)

Tc3 = 0.0648721, Pc3 = 0.00657575. (39)

The behavior of the Gibbs free energy G with respect to T is
illustrated in Fig. 13(a), and the P–T phase diagrams are plot-
ted in Figs. 13(b) and 13(c). When the pressure takes a specific
value of P = Pt = 0.00646982, it is observed that the small, in-
termediate, and large BH branches intersect at a point, which
implies that there is a small/intermediate/large BH phase tran-
sition occurring. As a result, a triple point, where small, inter-
mediate, and large BH phases coexist, i.e., (Pt = 0.00646982,
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Tt = 0.0647085), can be observed in the P–T phase diagram.

This is consistent with the previous results, as well as with the

results of the GB AdS BHs,[53–55] where the triple points are

observed only in 6-dimensional spacetime.

3.4. For the 7-dimensional case

In this subsection, we would like to study the phase tran-
sitions and phase diagrams of the 7-dimensional dyonic AdS
BH. In a similar way, the critical points can be obtained, as
listed in Table 4.

Table 4. Critical points for different values of coupling constants α and β , when the dimension D = 7.

α β (Tc, Pc) α β (Tc, Pc)
0.01 0.01 (0.3468615086, 0.1399764527) 0.1 0.01 (0.1536583170, 0.04142045303)
0.01 0.1 (0.3468615086, 0.1399764527) 0.1 0.1 (0.1536583170, 0.04142045303)
0.01 0.5 (0.3468615086, 0.1399764527) 0.1 0.5 (0.1536583170, 0.04142045303)
0.01 1 (0.3468615086, 0.1399764527) 0.1 1 (0.1536583170, 0.04142045303)
0.01 10 (0.3468615086, 0.1399764527) 0.1 10 (0.1536583170, 0.04142045303)
0.01 50 (0.3468615086, 0.1399764527) 0.1 50 (0.1536583170, 0.04142045303)
0.5 0.01 (0.1131229239, 0.2880911532) 1 0.01 –
0.5 0.1 (0.1131229239, 0.2880911532) 1 0.1 –
0.5 0.5 (0.1131229239, 0.2880911532) 1 0.5 –
0.5 1 (0.1131229239, 0.2880911532) 1 1 –
0.5 10 (0.1131229239, 0.2880911532) 1 10 –
0.5 50 (0.1131229239, 0.2880911532) 1 50 –
10 0.01 – 50 0.01 –
10 0.1 – 50 0.1 –
10 1 – 50 1 –
10 50 – 50 50 –
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Fig. 13. (a) Gibbs free energy G vs. T . The red, green and orange
curves represent small, intermediate, and large BHs, respectively. (b)
P–T phase diagram. (c) An enlarged view near the triple point (Pt,Tt).
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for the 7-dimensional dyonic AdS BH when α = 0.5 and β = 0.1.
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In Table 4, when α is fixed and β varies, the critical points
remain constant. However, when α > 1, there is no critical
point. It is no doubt that the BH system exhibits a single phase
structure in dimension D = 7. In the case, i.e., α = 0.5 and
β = 0.1, the critical point is given as

Tc = 0.113123, Pc = 0.288091. (40)

The behavior of temperature T with respect to rh and Gibbs
free energy G with respect to T are plotted in Figs. 14(a) and
14(b), respectively. From Fig. 14, it can be seen that their
behaviors are similar to those in dimensions of D = 4 and 5.
When P < Pc, the red and green isobaric curves in the T –rh di-
agram are divided into three branches by two extremal points,
and only one swallowtail appears in the G–T diagram for each
curve. For P = Pc, the system undergoes a second-order phase
transition. When P > Pc, the black isobaric curve in the T –rh

diagram becomes monotonic functions of rh. These results in-
dicate that a small/large BH phase transition occurs in the BH
system when D = 7. All of these results are similar to those of
D = 4 and 5, and the corresponding phase diagram is shown
in Fig. 14(c).

4. Critical exponents
In this section, we would like to calculate the critical ex-

ponents near the critical points. It is well known that critical
exponents provide an effective way to characterize the behav-
ior of physical quantities in the vicinity of the critical point. In
general, these exponents are universal, and the details of the
physical system would not affect it.

For simplicity, we define a few reduced parameters as fol-
lows:

t =
T
Tc

−1 = τ −1, (41)

where τ = T/Tc is the reduced thermodynamic temperature,

ω =
V
Vc

−1 = ν −1, (42)

where ν =V/Vc is the reduced thermodynamic volume, and

p =
P
Pc

(43)

is the reduced thermodynamic pressure.
Next, let us review the definitions of the critical exponents

α1, β1, γ , and δ near the critical point, which can be expressed
as follows:[44]

(1) Exponent α1 determines the behavior of the specific
heat at constant volume,

CV = T
∂S
∂T

|V ∝ |t|−α1 . (44)

(2) Exponent β1 describes the behavior of the order pa-
rameter η = Vl −Vs (the difference between the volumes of
the coexisting large and small BHs) on a given isotherm

η =Vl −Vs ∝ |t|β1 . (45)

(3) Exponent γ governs the behavior of the isothermal
compressibility κT ,

κT =− 1
V

∂V
∂P

|T ∝ |t|−γ . (46)

(4) Exponent δ reflects the following behavior on the crit-
ical isotherm T = Tc,

|P−Pc|∝ |V −Vc|δ . (47)

Now we solve these critical exponents one by one. To cal-
culate CV, we start from the definition of Helmholtz free en-
ergy F(T,V ) =G−PV , and give the expression for Helmholtz
free energy as

F(T,V ) =
π

D−3
2 rD−3

h (D−2−4πrhT )
4(D−3)Γ (D−3

2 )

+
π

D−3
2 r3−D

h (Q2
m +Q2

eℰrh)

8(D−3)2Γ (D−3
2 )

+
(D−2)π

D−3
2 rD−5

h (D−4−8πrhT )α
4Γ (D−3

2 )
. (48)

Thus, the entropy is

S(T,V ) =−
(

∂F
∂T

)
V
=

π
D−1

2 rD−2
h [1+2(D−3)(D−2)αr−2

h ]

2Γ (D−1
2 )

,

(49)

which is consistent with Eq. (14). Since S is independent of T ,
we have CV = 0, therefore the exponent α1 = 0. To compute
the exponents β1, γ and δ , we substitute the reduced param-
eters introduced in Eqs. (41)–(43) into Eq. (23) to derive the
corresponding equation of state. In the vicinity of the critical
point, the reduced pressure can be expressed as

p = A0 +A1ω +A2ω
2 +A3ω

3 +B0t +B1tω +𝒪(tω2,ω4).
(50)

The values of the expanded coefficients in Eq. (50) are calcu-
lated for various dimensions D, GB coupling constant α , and
coupling constant β . The corresponding results are listed in
Table 5.

As shown in Table 5, coefficient A0 = 1, coefficient B0 is
positive, while coefficients A3 and B1 are negative. It is worth
noting that coefficients A1 and A2 are absent in our BH sys-
tem, hence they are not listed in the table. Therefore, we can
reexpress the reduced pressure as

p = 1+A3ω
3 +B0t +B1tω +𝒪(tω2,ω4). (51)

Under the condition of fixing t < 0, differentiating the reduced
pressure in Eq. (51) yields

d p = (3A3ω
2 +B1t)dω. (52)
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In addition, the volumes of the coexisting small and large BHs
are denoted by ωs and ω l, respectively. The application of
Maxwell equal area law gives∫

ω l

ωs
ω(3A3ω

2 +B1t)dω = 0. (53)

Moreover, the coexisting small and large BHs satisfy the equa-
tion of state, which is expressed as

p = 1+A3ω
3
s +B0t +B1tωs = 1+A3ω

3
l +B0t +B1tω l. (54)

By solving Eqs. (53) and (54), we get ωs = −ω l =

−
√

B1/A3
√
−t. Therefore, the order parameter η satisfies

η =Vc(ω l −ωs) = 2Vc
√

B1/A3
√
−t, (55)

which indicates that the exponent β1 = 1/2. To compute the
exponent γ , we differentiate Eq. (51), and then get

∂V
∂P

∣∣∣
T
=

1
B1

Vc

Pc

1
t
+𝒪(ω). (56)

Thus,

κT =− 1
V

∂V
∂P

∣∣∣
T

∝ − 1
B1

Vc

Pc

1
t
, (57)

which implies that the exponent γ = 1. Finally, by setting the
reduced temperature t = 0 in Eq. (51), we obtain

p−1 = A3ω
3, (58)

which indicates that the exponent δ = 3. It can be easily ver-
ified that these critical exponents satisfy the following scaling
laws of thermodynamics:

α1 +2β1 + γ = 2, α1 +β1(1+δ ) = 2,

γ(1+δ ) = (2−α1)(δ −1), β1(δ −1) = γ. (59)

In summary, after calculating the four critical exponents of our
BH system, namely,

α1 = 0, β1 = 1/2, γ = 1, δ = 3, (60)

we conclude that our BH has the same critical exponents
which have also been obtained in the dyonic AdS BH in EBI
gravity.[82] In fact, these critical exponents possess identical
values which coincide with the mean field theory. This prop-
erty is very important and it further greatly supports the results
obtained in this paper.

Table 5. The values of the expanded coefficients in Eq. (50) for various
D, α , and β .

D α β A0 A3 B0 B1

4 0.5 0.1 1 −0.0493816 2.66660 −0.88887
5 0.5 0.1 1 −0.0184683 3.70884 −1.33622
6 0.1 0.1 1 −0.0118259 4.10056 −1.29675
6 0.5 0.1 1 −0.0190869 24.6504 −12.1297
6 0.5 0.1 1 −0.0031754 6.63092 −2.52051
6 1 0.1 1 −0.1408537 14.0260 −7.97729
6 1 0.1 1 −0.0013238 7.38146 −2.89173
7 0.5 0.1 1 −0.0903225 7.85837 −3.75320

5. Discussion and conclusion

In this work, we have investigated the thermodynamics
and phase transitions of the dyonic AdS BHs with quasitopo-
logical electrodynamics in EGB gravity, where the negative
cosmological constant Λ is regarded as the thermodynamic
pressure of BH and its conjugate quantity is introduced as the
thermodynamic volume of BH. Firstly, we treat the GB cou-
pling constant α and coupling constant β as novel thermody-
namic variables to verify the first law of thermodynamics and
derive the corresponding Smarr relation in a more general ex-
tended phase space. Then, we study the phase transitions by
analyzing the characteristics of temperature and Gibbs free en-
ergy for the dyonic AdS BHs. Specifically, we investigate the
phase transitions and phase diagrams for different dimensional
cases, i.e., D = 4, 5, 6 and 7.

In the 4-dimensional case, we observe a typical
small/large BH phase transition that is similar to the vdW liq-
uid/gas phase transition. Notably, we find that the coupling
constant β has a stronger effect on the critical points in con-
trast to α . The BH phase transition for the 5-dimensional case
is similar to the 4-dimensional one, but the effect of α on the
critical points is larger than that of β , rather than a smaller
one. Interestingly, we also discover the typical small/large
BH phase transition for the 7-dimensional case, where α has
a greater impact on the critical points by comparing with β .
However, the critical points in the 6-dimensional case are
more interesting than those in the 4-, 5-, and 7-dimensional
cases. Specifically, one can see that three critical points are
obtained in the parameter region of α > 0.5, which implies
that the system exhibits some richer phase behaviors. It can
also be seen that α has a significant effect on the values of
the critical points, while the effect of β is weaker. For con-
venience, by fixing β = 0.1, we take α = 0.1, 0.5 and 1 as
three typical examples to further study the phase transitions
and phase diagrams of the dyonic AdS BHs. For α = 0.1, we
find that there is a typical small/large BH phase transition in
this case. It shows for α = 0.5 that the system undergoes the
small/intermediate/large BH phase transitions, rather than the
small/large BH phase transition. Also, the triple point where
all three BH phases coexist is obtained, i.e., (Pt = 0.00646982,
Tt = 0.0647085). In the case α = 1, although we find three
critical points in this system, there is only the small/large
BH phase transition, thereby the triple point no longer exists.
When α > 1, i.e., α = 10 and 50, the results show that the
BH phase transition is similar to that obtained in the case of
α = 1. Meanwhile, it is true in 6-dimensional spacetime that
the coupling constant with respect to quasitopological electro-
dynamics β almost has no influence on the critical points, as
well as phase transitions. This implies that the effect of the
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parameter α on the BH phase transition is larger than that of
β in the 6-dimensional case for the dyonic AdS BHs. Finally,
when the magnetic charge turns off, we study the BH phase
transition and find that the small/intermediate/large BH phase
transitions as well as the triple point are still only observed in
six-dimensional spacetime.

Combined with the above results, we conclude that the
dimensions D and the GB coupling constant α have a signifi-
cant effect on the phase transition, while the coupling param-
eter β has a relatively smaller influence on the phase transi-
tion. Specifically, the BH phase transition is determined by
the dimensions D, and D = 6 is the condition for the appear-
ance of the triple point. This is consistent with the results in
GB AdS BHs, where the triple points are observed only in
the 6-dimensional spacetime.[53–55] In addition, as illustrated
in Tables 2–4, the GB coupling constant α determines the
number and value of critical points. As discussed above, in
6-dimensional spacetime, α = 0.5 is a specific condition for
the existence of a triple point. However, the coupling constant
β only determines the presence or absence of critical points,
but does not affect the values of the critical points. Therefore,
it can be concluded that the effect of β on the phase transi-
tion is smaller than that of α . On the other hand, it is obvi-
ous in EGB gravity that we do not find the novel phase struc-
ture that is composed of two separate coexistence curves in
EBI gravity.[82] This implies that this novel phase structure is
closely related to gravity theories, and seems to have nothing
to do with the effect of quasitopological electromagnetism.

Furthermore, after calculating the critical exponents near
the critical points, we obtain α1 = 0, β1 = 1/2, γ = 1, and
δ = 3. Clearly, the critical exponents share the same values as
mean field theory, which is also fully consistent with that of
other BH systems. Finally, we conclude that our results can
provide some deep insights into the intriguing thermodynamic
properties of dyonic AdS BHs with quasitopological electro-
magnetism in EGB gravity.

In addition, the holographic duality also provides a valu-
able approach for the study of the thermodynamics of AdS
BHs.[85,86] Therefore, it is meaningful to further study and test
the thermodynamics of dyonic AdS BHs in the framework of
AdS/CFT correspondence, which may further reveal more in-
teresting thermodynamic properties. This will be included in
our future work.
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11 110
[46] Chen S B, Liu X F, Liu C Q and Jing J L 2013 Chin. Phys. Lett. 30

060401
[47] Cai R G, Cao L M, Li L and Yang R Q 2013 J. High Energy Phys. 09

005
[48] Mo J X and Liu W B 2014 Phys. Rev. D 89 084057
[49] Zou D C, Liu Y and Wang B 2014 Phys. Rev. D 90 044063
[50] Wei S W and Liu Y X 2015 Phys. Rev. Lett. 115 111302
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