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The aim of this study is to numerically investigate the impact of boundary slip on electroosmotic flow (EOF) in curved
rectangular microchannels. Navier slip boundary conditions were employed at the curved microchannel walls. The electric
potential distribution was governed by the Poisson–Boltzmann equation, whereas the velocity distribution was determined
by the Navier–Stokes equation. The finite-difference method was employed to solve these two equations. The detailed dis-
cussion focuses on the impact of the curvature ratio, electrokinetic width, aspect ratio and slip length on the velocity. The
results indicate that the present problem is strongly dependent on these parameters. The results demonstrate that by varying
the dimensionless slip length from 0.001 to 0.01 while maintaining a curvature ratio of 0.5 there is a twofold increase in the
maximum velocity. Moreover, this increase becomes more pronounced at higher curvature ratios. In addition, the velocity
difference between the inner and outer radial regions increases with increasing slip length. Therefore, the incorporation
of the slip boundary condition results in an augmented velocity and a more non-uniform velocity distribution. The find-
ings presented here offer valuable insights into the design and optimization of EOF performance in curved hydrophobic
microchannels featuring rectangular cross-sections.

Keywords: electroosmotic flow (EOF), curved rectangular microchannels, slip boundary conditions
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1. Introduction

In recent decades, numerous researchers have delved
into the realm of microscale transport phenomena because
of their wide-ranging applications in micromixers,[1] chemi-
cal analysis,[2] biological analysis,[3] drug delivery,[4] DNA
analysis,[5] heat transfer,[6] etc. In microchannels, liquid flow
is driven primarily by pressure gradients,[7] electric fields[8]

and electromagnetic fields.[9] Among these, electric-field-
driven electroosmotic flow (EOF) has garnered significant at-
tention owing to its advantages such as precise flow control,
plug-like flow and simple fabrication processes.

In 1852, Wiedemann[10] established a basic theory of
EOF in microchannels based on numerous experiments; the
rationality of this theory has been extensively proven many
times by scientists. Since then, numerous scholars have con-
ducted theoretical and experimental investigations on EOF
in various types of microchannels, such as parallel-plate
microchannels,[11] rectangular microchannels,[12] semicircu-
lar microchannels[13] and microannuli,[14] among others.

Although all the investigations mentioned above in-
volved straight microchannels, the significance of fluid flow in
curved microchannels has also been demonstrated. Microflu-
idic devices such as micromixers,[15] microseparators[16] and
microreactors[17] often consist of curved microchannels. In
addition, curved microchannels have the advantages of in-
creasing heat transfer,[18] enhancing mixing efficiency,[19]

changing the flow direction and increasing the effective chan-
nel length. Therefore, investigations of EOF in curved mi-
crochannels are necessary. In 2004, Luo first explored tran-
sient EOF in a curved microtube with a rectangular cross
section.[20] Luo’s team further studied the EOF in curved rect-
angular microchannels by considering secondary flows.[21,22]

The investigations conducted in Refs. [20–22] primarily fo-
cused on the start-up process of fluid flow in curved mi-
crochannels, specifically addressing the transition from a state
of rest to a state of steady flow. However, understanding
the characteristics of fully developed EOF within curved mi-
crochannels is another essential issue. Lu et al.[23] developed
a precise model to investigate the influence of curvature on
fully developed EOF and heat transfer in a corrugated curved
microtube. Their study focused on two-dimensional flows due
to the roughness of the pipe walls. Salahuddin et al.[24] con-
ducted another investigation in a corrugated curved microtube,
primarily focusing on the peristaltic EOF of a nanofluid. In
a recently published study[25] we investigated the heat trans-
fer and entropy generation of EOF in a curved rectangular
nanochannel at high zeta potentials, with consideration of the
influence of steric effects. Previous studies on EOF in curved
rectangular ducts have primarily focused on Newtonian flu-
ids. However, non-Newtonian fluids, such as protein solu-
tions, polymeric solutions and blood samples, are often manip-
ulated in microchannels. Therefore, investigations of the in-
fluence of non-Newtonian effects on EOF through curved mi-
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crochannels are also necessary. The constitutive equations of
non-Newtonian fluids differ significantly from those of New-
tonian fluids, resulting in a lack of consistency in the momen-
tum equations satisfied by the velocities, and thus leading to
distinct velocity distributions. Recently, Nekoubin[26] inves-
tigated the effect of power-law fluids and high zeta poten-
tial conditions on EOF in curved microchannels. Narla and
Tripathi[27] developed a mathematical model for blood flow
in curved microvessels. The heat and mass transfer of EOF
in a curved channel was investigated by Kolsi et al.[28] us-
ing a viscoelastic nanofluid as the working fluid. The entropy
generation of the EOF of a Williamson fluid in a curved mi-
crochannel was investigated by Khan et al.[29] Most recently,
Si et al.[30] investigated the periodic EOF of Oldroyd-B flu-
ids in a curved rectangular microchannel by considering the
effect of secondary flow. Yang et al.[31] made another signifi-
cant contribution to the study of EOF in curved microchannels
using Maxwell fluids.

The presence of surface effects in microchannels and
nanochannels is crucial for fluid flow, and the significance of
interfacial slip cannot be overlooked.[32] Additionally, the use
of a hydrophobic surface can increase the volume flow rate,
which is beneficial in practical applications of EOF. Thus,
numerous researchers have contributed to the investigation
of EOF in hydrophobic microchannels through consideration
of the slip boundary conditions. Goswami et al.[33] investi-
gated the EOF behavior of a Powell–Eyring fluid by incor-
porating the Navier slip boundary condition and observed an
amplification in the volumetric flow rate due to the presence
of slip conditions. The EOF of a two-layer fluid in a hy-
drophobic microchannel was investigated by Shit et al.,[34]

who considered the influence of wall slip effects on the flow. A
study conducted by Majhi et al.[35] demonstrated that the en-
hancement of EOF in hydrophobic structured microchannels
with nozzle-diffuser configurations could be attributed to the
boundary slip phenomenon occurring within these channels.
By considering the combined influence of ion size and slip ef-
fects, Sujith et al.[36] developed a theoretical model for EOF
and entropy generation in a hydrophobic microchannel. The
slip length in hydrophobic microchannels is another important
factor that can enhance the zeta potential, thereby influenc-
ing the estimation of the electroosmotic velocity. Recently,
considering slip-dependent zeta potentials, several scholars
have investigated the EOF of various fluids, including New-
tonian fluids,[37–39] Phan–Thien–Tanner fluids,[40] generalized
Maxwell fluids,[41,42] power-law fluids[43] and two immiscible
fluids.[44]

As previously mentioned, although EOF in curved mi-
crochannels may offer certain advantages in terms of heat
transfer and mixing, this essential problem has not yet received
sufficient attention, especially for flow in a curved hydropho-

bic microchannel. Existing studies on EOF have investigated
either the flow in curved microchannels with no-slip bound-
ary conditions or the flow in straight microchannels with slip
boundary conditions. In other words, the characteristics of
EOF in a hydrophobic microchannel with curved geometry
remain unclear. The EOF in curved rectangular microchan-
nels exhibits distinct characteristics compared with those in
straight rectangular microchannels, primarily because of the
influence of the curvature effect. Moreover, instead of em-
ploying a constant electric field as used in straight rectan-
gular microchannels, a constant electric potential is applied
along the axis in curved microchannels. These two differ-
ences ultimately lead to a unique velocity distribution for EOF
in curved microchannels. The application of a constant ex-
ternal electric potential induces varying electric field forces
on the fluid in different regions of the channel, leading to a
more non-uniform velocity distribution. Additionally, despite
the contributions of numerous researchers to the investigation
of EOF in hydrophobic microchannels,[33–44] almost all stud-
ies on EOF in rectangular microchannels have predominantly
employed no-slip boundary conditions, even in straight rect-
angular microchannels. Accordingly, the present study nu-
merically investigates the creeping Dean EOF in curved rect-
angular microchannels with slip boundary conditions for the
first time. The incorporation of slip boundary conditions may
result in different velocities and velocity distributions. How-
ever, the combined influence of slip length and curvature effect
on EOF in curved microchannels remains unexplored. The
heat transfer behavior in microchannels associated with EOF
is influenced by both the velocity and the velocity distribu-
tion. Therefore, the present study investigates the combined
effects of boundary slip and curvature on EOF, which holds
potential for future investigations into heat transfer character-
istics in such flows. The centripetal force can be neglected
in the case of the creeping Dean flow considered herein be-
cause of the typically low EOF velocity in the microchannels.
In other words, the lateral components of the velocity can be
disregarded compared with the magnitude of the main veloc-
ity. Consequently, this can be regarded as a one-dimensional
problem. The present study focuses on investigating steady
EOF in a curved microchannel with the aim of facilitating pre-
cise control of the EOF velocity. The remainder of this pa-
per is organized as follows. In Section 2, the dimensionless
governing equations and corresponding boundary conditions
for the electric potential and velocity are derived and solved
numerically using the finite-difference method. The valid-
ity of our results is verified in Section 3 by comparing them
with other reported findings, demonstrating remarkable con-
sistency. Furthermore, we delve into the details of the depen-
dence of the velocity distribution and average velocity on the
corresponding dimensionless physical parameters based on the
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actual parameter values. Section 4 presents our intriguing con-
clusions. Appendix A provides a detailed presentation of the
finite-difference schemes for the governing equations of elec-
tric potential and velocity.

2. Theoretical modeling
In this section, we present the mathematical modeling

of a fully developed EOF through a curved hydrophobic mi-
crochannel with a rectangular cross-section, in which the ef-
fect of slip length on velocity is considered. The fluid is as-
sumed to be an incompressible Newtonian fluid. The flow is
considered to be a creeping Dean flow, thereby reducing the
present problem to a one-dimensional problem. To analyze
the flow field, we set up a cylindrical coordinate system (r∗,
θ ∗, z∗), as shown in Fig. 1. The width and height are a∗ and
b∗, respectively. r∗ = r∗i and r∗ = r∗o represent the inner and
outer walls, respectively, and R∗ = (r∗i + r∗o)/2 is the radius of
curvature of the curved microchannel. The surface zeta po-
tential ζ ∗ is applied to the four channel walls. The applied
electric potential is denoted by ϕ∗.

z*

b*

a*

r*
θ*

O
R*

Fig. 1. The curved microchannel.

2.1. The electrical potential equation and its boundary
conditions

Prior to analyzing the EOF velocity in a curved rectangu-
lar microchannel, the corresponding electrical potential distri-
bution in the electric double layer should first be given. It is
governed by the following Poisson–Boltzmann equation:[43]

∇
2
ψ = K2 sinh(ψ), (1)

where ψ = ψ∗/ψref is the dimensionless electrical potential,
ψref = kBT0/(eZ) is the characteristic electrical potential, e is
the elementary charge, Z is the valence of the cations, kB is
the Boltzmann constant, T0 is the room temperature, K = κRh

is the electrokinetic width, κ = (2n0e2Z2/(εkBT0))
1/2 is the

Debye–Hückel parameter, Rh = 2a∗b∗/(a∗ + b∗) is the hy-
draulic diameter, ε is the dielectric constant and n0 is the ion
density of the bulk liquid. For the fully developed EOF consid-
ered here, the partial derivative of the variable ψ with respect
to θ is zero. Thus, Eq. (1) can be reformulated as follows:

∂ 2ψ

∂ r2 +
1
r

∂ψ

∂ r
+

∂ 2ψ

∂ z2 = K2 sinh(ψ), (2)

where r = r∗/Rh and z = z∗/Rh are the dimensionless coordi-
nates. The dimensionless boundary conditions corresponding
to Eq. (1) are expressed as follows:

ψ|r=ri
= ζ , ψ|r=ro

= ζ , ψ|z=0 = ζ , ψ|z=b = ζ , (3)

where ri = r∗i /Rh, ro = r∗o/Rh, b = b∗/Rh, and ζ = ζ ∗/ψref are
normalized parameters.

2.2. The velocity equation and its boundary conditions

Subsequently, the velocity distribution was analyzed. Be-
cause of the extremely low EOF velocity in microchannels, the
EOF in this study is considered to be a creeping Dean flow and
only along the θ ∗-direction (for details, please see Ref. [45]).
Therefore, for a fully developed EOF in curved rectangular
microchannels, considering the electric field force, the one-
dimensional Navier–Stokes equation is expressed as[45]

µ

(
∂ 2vθ∗

∂ r∗2
+

1
r∗

∂vθ∗

∂ r∗
− vθ∗

r∗2
+

∂ 2vθ∗

∂ z∗2

)
+ρeE∗ = 0, (4)

where µ represents the fluid viscosity, vθ∗ represents the ve-
locity component along the θ ∗ direction, ρe is the net charge
density expressed as[46]

ρe =−2eZn0sinh
(

eZψ∗

kBT0

)
, (5)

and E∗ represents the electric field, which is determined by
taking the partial derivative of the applied electric potential
ϕ∗ [26]

E∗ =− 1
r∗

∂φ ∗

∂θ ∗
. (6)

The electric field at the center of the channel (r∗ = R∗) is as-
sumed to be a constant, expressed as

E∗0 =− 1
R∗

∂φ ∗

∂θ ∗
= constant. (7)

Substituting Eq. (5)–(7) into Eq. (4),

µ

(
∂ 2vθ∗

∂ r∗2
+

1
r∗

∂vθ∗

∂ r∗
− vθ∗

r∗2
+

∂ 2vθ∗

∂ z∗2

)
−2eZn0 sinh

(
eZψ∗

kBT0

)
R∗

r∗
E∗0 = 0. (8)

Then, the following Navier slip boundary conditions are im-
posed at the channel walls:[35]

vθ∗ |r∗=r∗i
= β

∗ ∂vθ∗

∂ r∗

∣∣∣∣
r∗=r∗i

, vθ∗ |r∗=r∗o
= −β

∗ ∂vθ∗

∂ r∗

∣∣∣∣
r∗=r∗o

,

vθ∗ |z∗=0 = β
∗ ∂vθ∗

∂ z∗

∣∣∣∣
z∗=0

, vθ∗ |z∗=b∗ = −β
∗ ∂vθ∗

∂ z∗

∣∣∣∣
z∗=b∗

. (9)

In Eq. (9), β ∗ represents the slip length of the microchannel.
Some non-dimensional parameters are imposed to simplify the
analysis

u =
vθ∗

u∗
, u∗ =

εkBT0E∗0
µeZ

, R =
R∗

Rh
,
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δ =
a

2R
, AR =

a
b
, β =

β ∗

Rh
. (10)

Here, u∗ is the characteristic velocity, δ is the curvature ratio,
β is the dimensionless slip length and AR is the aspect ratio.
By substituting the non-dimensional parameters defined above
into Eqs. (8) and (9), the following dimensionless equation and
boundary conditions are obtained:

∂ 2u
∂ r2 +

1
r

∂u
∂ r
− u

r2 +
∂ 2u
∂ z2 −K2 sinh(ψ)

R
r
= 0, (11)

u|r=ri
= β

∂u
∂ r

∣∣∣∣
r=ri

, u|r=ro
= −β

∂u
∂ r

∣∣∣∣
r=ro

,

u|z=0 = β
∂u
∂ z

∣∣∣∣
z=0

, u|z=b = −β
∂u
∂ z

∣∣∣∣
z=b

, (12)

where

ri =
1
4

(
1
δ
−1
)
(1+AR), ro =

1
4

(
1
δ
+1
)
(1+AR),

b =
1
2

(
1+

1
AR

)
, R =

1
4δ

(1+AR). (13)

The dimensionless average velocity Q can be obtained us-
ing the following expression:

Q =
Q∗

u∗
=

1
ab

∫ ro

ri

∫ b

0
u(r,z)dzdr. (14)

Here, Q∗ is the average velocity across the rectangular cross-
section.

2.3. Numerical solutions for the electrical potential and ve-
locity

The numerical solutions for the governing equations of
the electrical potential (Eq. (2)) and velocity (Eq. (11)) under
the boundary conditions (Eqs. (3) and (12), respectively) were
obtained using the finite-difference method. Subsequently,
a solution for the average velocity Q was obtained. Ap-
pendix A presents the corresponding difference schemes. The
discretized system of the above equations was solved using
Gaussian elimination.[47] The solution was iteratively solved
starting from zero until the maximum relative error met the
predetermined convergence criterion, which is set to 10−6.

3. Results and discussion
In this section, to validate the accuracy of the obtained

results, the solution for the velocity is compared with the ex-
isting experimental data for the special case. The dimension-
less velocity and average velocity are heavily influenced by
the dimensionless slip length β , curvature ratio of the curved
channel δ , aspect ratio AR and electrokinetic width K. Hence,
we present the ranges of the aforementioned parameters based
on actual physical scenarios. Typically, the following paramet-
ric values are used:[48–51] e = 1.6×10−19 C, ρ = 103 kg·m−3,

kB = 1.38×10−23 J·K−1, ε = 6.95×10−10 C2·J−1·m−1, µ =

10−3 kg·m−1·s−1, T0 = 298 K and Z = 1. For a typical mi-
crochannel, the hydraulic diameter Rh is set to 10−5 m.[37]

Based on the data reported in previous studies,[37,39,51] it can
be inferred that the slip length β ∗ is less than 10−7 m. Thus,
the dimensionless slip length β remains up to 0.01 as per the
expression β = β ∗/Rh. For the high zeta potential under con-
sideration, the value of the dimensionless zeta potential ζ was
varied from −3 to −1. The curvature ratio of the curved
channel δ was varied from 0.2 to 0.8.[50] The aspect ratio AR

is assumed to be 1 in the subsequent analysis, unless other-
wise specified. The electrolyte concentration was varied from
10−7 M to 10−5 M, resulting in variation of the electrokinetic
width K from 10 to 100.

In Fig. 2, the results of the present average velocity are
compared with the experimental results reported by Wang et
al.,[52] who studied EOF in a straight rectangular microchan-
nel. The dimensionless slip length β of the present model
was assumed to be zero for the purpose of conducting a com-
parative analysis under identical conditions. In addition, the
curvature ratio δ was set to an exceedingly minute value
of 0.01, thereby allowing the curved microchannel to be re-
garded as straight. The values of the other parameters were
a∗ = 10−4 m, b∗ = 10−4 m, ion concentration c0 = 10−3 M
and ζ ∗ = 0.0575 V. It can be clearly observed from Fig. 2
that the present results agree very well with the previous ex-
perimental results. This comparison thoroughly confirms the
accuracy of our proposed model.

100 200 300 400 500 600 700 800

Electric field strength E (V/m) *
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Present numerical result

Wang et al.[52]

Fig. 2. Comparison of the current average velocity results with the ex-
perimental findings of Wang et al.[52] for a∗ = 10−4 m, b∗ = 10−4 m,
ζ ∗ = 0.0575 V and an NaCl concentration of 10−3 M.

The variations in the dimensionless velocity profile at
z = b/2 with different δ , ζ , K and β values are presented
in Fig. 3. As shown in Fig. 3(a), an increase in δ leads to
a higher velocity within the inner region of the microchannel
while causing a decrease in velocity within the outer region.
That is to say, increasing δ leads to a notable increase in the
difference between the axial velocity of the inner and outer re-
gions. A possible reason for this is as follows. An increase
in δ leads to an increase in the axial electric force within the
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inner region, as demonstrated by Eqs. (11) and (13), resulting
in increased velocity in the inner region. However, the ax-
ial electric force in the outer region decreases as δ increases,
resulting in a decrease in velocity in that area. The study con-
ducted by Nekoubin[26] reported similar behavior for an EOF
in a curved rectangular microchannel under no-slip conditions.
Figure 3(b) shows that the velocity increases with the absolute
value of zeta potential ζ . This is because a higher ζ indicates
greater net charge in the fluid, resulting in enhanced electric
body force and, consequently, increased velocity. As shown
in Fig. 3(c), with increasing K the velocity gradient near the
wall increases. This is because a larger electrokinetic width
K corresponds to a thinner electric double layer, which ampli-
fies the velocity gradient in the region. Moreover, the velocity
increases with K in Fig. 3(c), which can be attributed to the
amplification of the electric body force for larger values of K.
Figure 3(d) describes the influence of the slip length β on ve-
locity. The velocity increases with increasing slip length β , as
depicted in Fig. 3(d), due to the reduced resistance at the chan-
nel wall for a longer slip length. The most significant obser-
vation in Fig. 3(d) is that an increase in slip length β leads to
a more pronounced velocity enhancement near the inner wall
of the curved channel, while the magnitude of this increase in
velocity diminishes towards the outer wall region because of
the smaller electric force in the outer region. The nonuniform
velocity distribution in curved channels confers advantages for
heat transfer, and the magnitude of these benefits increases as
the velocity gradient increases.
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u u

(a)
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Fig. 3. Dimensionless velocity profile at z = b/2 for (a) different δ

values for β = 0.01, ζ = −3 and K = 100; (b) different ζ values for
δ = 0.5, β = 0.01 and K = 100; (c) different K values for δ = 0.5,
β = 0.01 and ζ = −2; and (d) different β values for δ = 0.5, ζ = −2
and K = 100.

Contour plots of the solutions for the dimensionless ve-
locity u are presented in Fig. 4 for different aspect ratios AR

at δ = 1/3, β = 0.01 and K = 10. As shown in Fig. 4, the
maximum velocity shifts towards the inner wall, with this shift
becoming more pronounced as AR increases. This is due to
the greater electric force E∗ in the inner region, which arises
from the shorter arc length within this area. The investigation
conducted by Norouzi et al.[53] of pressure-driven flow in a
curved rectangular microchannel demonstrated a similar max-
imum velocity shift phenomenon.
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Fig. 4. Contours of dimensionless velocity u for different AR at δ = 1/3, β = 0.01 and K = 10.
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Figure 5 illustrates the impact of slip length β on the
dimensionless average velocity Q for different δ values at
ζ = −3 and K = 100. The dimensionless average velocity
Q demonstrates a consistent increase as β increases, as illus-
trated in Fig. 5. This is because the velocity increases every-
where with increasing β , as illustrated in Fig. 3. Moreover, the
results depicted in Fig. 5 reveal an intriguing observation: the
average velocity Q exhibits a positive correlation with the pa-
rameter δ , indicating an upward trend. The reason for this can
be found in Fig. 3, which shows that an increase in δ leads to a
decrease in velocity in the outer region, while simultaneously
causing a greater increase in velocity within the inner region.
The combined influence of these two factors ultimately en-
hances the mean velocity Q. These results demonstrate that a
curved hydrophobic microchannel with a larger curvature ratio
δ is more suitable for achieving an increased EOF rate.

         




















Q

δ/.
δ/.

δ/.

β ↼-3↽

Fig. 5. Variations of dimensionless average velocity Q with β for dif-
ferent δ at ζ =−3 and K = 100.

4. Conclusions
In this study, creeping Dean EOF through a curved rect-

angular microchannel with slip boundary conditions was in-
vestigated. The results reveal that increasing the curvature
ratio δ leads to a higher velocity within the inner region of
the curved channel while simultaneously causing a decrease
in the velocity in the outer region. The combined influence
of these two factors ultimately results in an enhanced average
velocity. Also, consideration of the boundary slip condition
results in increase in the velocity, which becomes increasingly
significant as the curvature ratio δ and slip length β increase.
Finally, the maximum velocity shifts towards the inner wall of
the curved microchannel, with the shift becoming more pro-
nounced as the aspect ratio AR is increased.

The obtained results suggest that the velocity distribution
of EOF in a curved hydrophobic microchannel is non-uniform,
particularly for channels with large δ or AR values. This non-
uniformity, in conjunction with the high average velocity, may
endow curved hydrophobic microchannels with certain advan-
tages in terms of heat transfer.

These conclusions establish a fundamental basis for the
design of a high-efficiency electroosmotic pump by taking into
account the influence of the curvature and slip effects.

Appendix A
Partial differential equations (Eqs. (2) and (11)) with

boundary conditions (Eqs. (3) and (12)) were solved in a rect-
angular domain [ri,ro]× [0,b] in the plane using the finite-
difference method. In the horizontal direction we take M =

m−1 steps, whereas in the vertical direction we take N = n−1
steps. Thus, the mesh sizes in the horizontal and vertical direc-
tions can be expressed as h = (ro− ri)/M and k = (b−0)/N.
The centered-difference formula was used to compute the first
and second derivatives. Thus, Eq. (2) has the following differ-
ence form:[47]

ψ(r−h,z)−2ψ(r,z)+ψ(r+h,z)
h2

+
1
r

ψ(r+h,z)−ψ(r−h,z)
2h

+O(h2)

+
ψ(r,z− k)−2ψ(r,z)+ψ(r,z+ k)

k2

+O(k2)+K2 sinh[ψ(r,z)] = 0. (A1)

The grid points are (r(i),z( j)), where r(i) = ri +(i− 1)h for
1≤ i≤m and z( j) = ( j−1)k for 1≤ j≤ n. By neglecting the
higher-order infinite terms in Eq. (A1) and approximating the
solution as wi, j ≈Ψ(r(i),z( j)), we obtain

wi−1, j−2wi, j +wi+1, j

h2 +
1

r(i)
wi+1, j−wi−1, j

2h

+
wi, j−1−2wi, j +wi, j+1

k2 +K2 sinh(wi, j) = 0 (A2)

for 2≤ i ≤ m− 1 and 2≤ j ≤ n− 1. The boundary points are
governed by the following equations:

wi, j = ζ for i = 1, 1≤ j ≤ n, (A3)

wi, j = ζ for i = m, 1≤ j ≤ n, (A4)

wi, j = ζ for j = 1, 1≤ i≤ m, (A5)

wi, j = ζ for j = n, 1≤ i≤ m. (A6)

The solutions to Eqs. (A2) and (A3)–(A6) can be obtained
by applying the multivariate Newton method.[25,47] The differ-
ence form of Eq. (11) can be expressed as follows:

u(r−h,z)−2u(r,z)+u(r+h,z)
h2

+
1
r

u(r+h,z)−u(r−h,z)
2h

− u(r,z)
r2 +O(h2)

+
u(r,z− k)−2u(r,z)+u(r,z+ k)

k2 +O(k2)

= K2 sinh[ψ(r,z)]
R
r
. (A7)

By approximating the solution as vi, j ≈ u(r(i),z( j)), we obtain

vi−1, j−2vi, j + vi+1, j

h2 +
1

r(i)
vi+1, j− vi−1, j

2h
−

vi, j

r(i)2
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+
vi, j−1−2vi, j + vi, j+1

k2

= K2 sinh(wi, j)
R

r(i)
, (A8)

for 1≤ i≤m and 1≤ j≤ n. Examining Eq. (A8), it is evident
that certain terms are virtual points, such as the term vi−1, j

for i = 1. The values of these virtual points were derived by
considering the boundary equations, which are expressed as

vi, j = β
vi+1, j− vi−1, j

2h
for i = 1, 1≤ j ≤ n, (A9)

vi, j =−β
vi+1, j− vi−1, j

2h
for i = m, 1≤ j ≤ n, (A10)

vi, j = β
vi, j+1− vi, j−1

2k
for j = 1, 1≤ i≤ m, (A11)

vi, j =−β
vi, j+1− vi, j−1

2k
for j = n, 1≤ i≤ m. (A12)
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