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We investigate the higher-order topological laser in the two-dimensional (2D) coupled-cavity array. By adding stag-
gered on-site gain and loss to the 2D Hermitian array with a trivial phase, the system will emerge degenerate topological
corner modes, which are protected by bulk band gap. For such a non-Hermitian model, by adjusting the parameters of the
system and introducing the pumping into the cavity at the corner, a single-mode lasing with topological protection emerges.
Furthermore, single-mode lasing exists over a wide range of pumping strengths. No matter where the cavity is initially
stimulated, after enough time evolution, all the cavities belonging to the topological corner mode can emit a stable laser.

Keywords: topological corner modes, nonlinear saturated gain, single-mode lasing

PACS: 03.65.Vf, 03.65.Vf, 42.60.By, 42.60.—v

1. Introduction

Topological physics, as one of the important con-
cepts of fundamental physics,!!! has been fully developed in

2-14] phonon,[ls’zsl circuit, 207331 and other systems in

photon,[
recent years. Topological photonics is one of the ideal systems
for studying topological physics. For example, Liu et al. theo-
retically analyzed and experimentally verified the higher-order
topological quasicrystalline insulators in photonic systems, [36]
Li et al. utilized supersymmetric route to generate an exact
topological zero mode in a 1D waveguide structure through an

s,37] Andrea et al. observed topo-

adiabatic evolution proces
logical physics for various topological models by utilizing the
same reprogrammable photonics platform, 38! and there have
been many other studies published.**~*! Benefiting from the
introduction of non-Hermitian and nonlinear, topological pho-
tonics has been widely studied both experimentally and theo-
retically. One of the most successful applications of topolog-
ical physics is the topological laser, which has strong robust-
ness to the disorder and defects generated during operation.
On the other hand, for the topologically protected state, such
as a d-dimensional system with (d — 1)-dimensional topolog-
ical edge state, its energy level lies within the bulk band gap.
As an extension of traditional topological edge states, higher-
order topological systems have lower-dimensional edge states.
For example, the 2D breathing kagome lattice has zero-
energy states localized at three corners,[*>*! and the 2D
extended Su—Schrieffer—Heeger (SSH) model has 0D corner

46-50

states, ! | which are called second-order topological insula-

tors and beyond the traditional bulk—edge correspondence.
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The topological laser is an application in topological
physics, which means that the mode of laser emission is pro-
tected by the topological system.[’'=6!l In recent years, for
topological laser, the use of topological edge states for laser
manipulation was first proposed and experimentally proved in
ID SSH models.
is not conducive to the realization of high-power and large-

However, due to structural limitations, it
scale lasers. On the other hand, for conventional lasers, a
single-mode lasing is generated near the threshold. However,
the increase in pump strength will lead to the emergence of
multi-mode laser, which is not conducive to the stable output
of laser. In fact, topological laser based on coupled-cavity ar-
rays can achieve fascinating results. In Ref. [52], the research
is based on the Haldane-type coupled resonator array struc-
ture, which can make the system in topological edge mode by
introducing on-site gain and loss. In this case, the topolog-
ical laser mode propagates unidirectionally along the bound-
ary and is protected by the topological system during trans-
mission. Under the topological nontrivial phases, a single-
mode lasing can be maintained even if the gain level is 10
times the laser threshold. A topological insulator laser was
experimentally demonstrated in Ref. [53]. In that 2D topo-
logical cavity array, topological laser, which was immune to
defects and distributed at the boundary of the system, was ob-
served for the first time. Moreover, the contribution of higher-
order corner state to topological lasers has also attracted at-
tention. In the breathing kagome lattice, Ezawa theoretically
analyzed the stable corner state laser by combining nonlin-
ear and non-Hermitian.”! Zhang er al. studied topological

laser with low threshold in the kagome waveguide array. %%
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Xiong et al. experimentally achieved polariton corner state
lasers at room temperature based on a two-dimensional ex-
tended SSH model.[%% Besides topological edge state and cor-
ner state lasers, topological bulk lasers have also been pro-
posed. By designing topological band inversion, a bulk laser
operating at room temperature can be constructed. 263!

In this paper, based on a 2D coupled-cavity array, we in-
duce higher-order topological corner modes by adding on-site
gain and loss to a trivial system. By adding saturated gain to
the cavity at the corner of the model, we find that the eigen-
values of the other modes are almost constant except for the
topological corner modes. When the pump is increased to the
laser threshold, a single-mode lasing with topological protec-
tion is generated. Unlike conventional optical cavities, for this
system, the topological single-mode lasing can be maintained
even if the pumping strength is increased above the threshold
level. Moreover, we also show the evolution of a topolog-
ical laser system in the time domain, stimulating the cavity
at any location, after a sufficiently long time, showing stable
laser emission in the corner cavity. In fact, topological laser
based on the second-order corner state has been studied in 2D
SSH model,**% in which the eigenvalues of corner states are
mixed with these of many bulk states. The corner states are
difficult to be distinguished unless more complex coupling is
introduced. However, by introducing gain—loss and magnetic
flux into the 2D array, the bulk gap of our proposed structure
opens, making the eigenvalue of the topological corner states
significantly different from these of bulk states.

The structure of this paper is as follows: in Section 2,
we briefly introduce the non-Hermition coupled-cavity array
model. The energy spectrum diagram and eigenmode distri-
bution are analyzed. With on-site gain and loss, topological
corner modes emerge. In Section 3, a 2D topological laser ar-
ray with corner mode is explored. The dynamic evolution of
the laser system is shown. In Section 4, we present a brief

conclusion.

2. Non-Hermition coupled-cavity array model
with on-site gain—loss

We select a 2D non-Hermitian coupled-cavity array
model, as shown in Fig. 1, and this 2D model is easy to imple-
ment experimentally.[0495] Here, the effective magnetic flux
is considered to be ¢ = & for each square, which results in a
phase factor e'? on the dotted lines. When the on-site gain
(loss) is non-zero, the system is non-Hermitian. Obviously, in
Fig. 1, the 16 orbitals (dotted box) we selected can be viewed
as a unit cell, and in the experiment, the coupling between the
cavity and particle gain (loss) of the cavity can be controlled

independently.

Fig. 1. Schematic of a 2D tight-binding model made by coupled-cavity
array. All sites in orange (green) have on-site gain (loss) with i7y. There
is the magnetic flux ¢ for each unit cell, which appears to be a tunnel-
ing phase factor ¢'? on the dotted lines. Here Ky (Ar,y) represent the
tunneling between different color (same) cavities along the horizontal
and vertical directions, respectively.

The Hamiltonian in the momentum space is defined
2566671

Hyi (k) Hia(k) His(k) 0

H(k)z HZI(k) H22(k) 0 H24(k) , (1)

Hsi (k) 0  Hiz(k) Hz(k)
0 H42(k) H43(k) H44(k)
with
1y /’Lx ;Ly 0
A i 0 el
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” 0o 0 0 rKeifeih
Hay(k) = Hy (k) = K 0 0 Y 0 ;
0 Kel? 0 0
0 kel 0 0
kK 0 0 O
Hy(k)=Hizk)=| * A 4
34( ) 43( ) 0 0 0 Kxelkx ( )
0 0 x O

Here, K, and K, represent couplings between cavities of the
same color along the horizontal and vertical directions, re-
spectively. Similarly, A, are the nearest-neighbor couplings
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between cavities of the different colors. In this paper, for
convenience, we select 4, = A, = A, ¢ = n. The Hamilto-
nian H(k) satisfies —H(k)'T" = H(k) with " = 0,05 1L Ty,
o° is the Pauli matrice, which is a pseudo-anti-Hermiticity
and ensures a nontrivial topology phase with pair eigenval-
ues E(k) = —E*(k). Moreover, topological corner modes are
characterized by the winding number, which is evaluated on

the biorthogonal basis.[67-6%1

a) 4

Y Y
(c) 3 (d) 3 .
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_/"”.— (.f
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Fig. 2. Energy spectrum of the 2D non-Hermitian model composed of
optical coupled-cavity array. (a) Real and (b) imaginary parts of the en-
ergy with ¢ = m. Eigenvalues of the 2D non-Hermition model (c) with
magnetic flux ¢ = 7 and (d) with magnetic flux ¢ = 0. The common
parameters in (c) and (d) are set as A = 1.8, k, =k, = 1, y =3, and
model size L = 3 (unit cells).

(a) (b)
0.3 0.3
s s
0 0
(c) (d)
0.6 0.3
| =
= L =
= " =
| »
0 0

Fig. 3. The density distribution of an arbitrarily selected eigenstate, by
taking Y = 0 in (a) and Y = 1 in panel (b). (c) The distribution of the
topological corner mode localized at the corner cavities. (d) The distri-
bution of a bulk mode by taking y; = —7, = 3 in panels (c) and (d). The
other common parameters are same as those in Fig. 2.

In order to further understand this model, subsequently
we display the distribution of the energy spectrum under open
boundary conditions. Figures 2(a) and 2(b) show the real and
imaginary parts of the eigenenergy with respect to ¥, respec-

tively. As |y| increases or decreases, the bulk gap opens or

closes. Firstly, when we think about the system under the Her-
mitian conditions, i.e., Y = 0. Based on Fig. 2, we can see
that all eigenvalues are real numbers and their imaginary parts
are zero. Through the analysis of the system eigenstates under
this parameter, we find that the system does not have localized
states, and the system is in a metal phase or a trivial phase.!”"]
Figure 2(c) shows the eigenvalues of the 2D finite lattice with
¢ = . It is obvious that topological corner modes marked
in red are located in bulk gap and can be found easily. Dif-
ferently, Fig. 2(d) demonstrates that the energy spectrum is
almost continuous and has no corner mode with ¢ = 0. More-
over, introducing an effective magnetic flux can open the bulk
gap and form topological corner mode.

Meanwhile, Fig. 3(a) displays the density distribution of
an eigenstate, which is dispersed throughout the system. Sub-
sequently, we increase Y to 1, and just like in the Hermitian
case, no localized state appears, as seen in Fig. 3(b). Now, we
increase y to 3, which is greater than the critical value Y. for
the band gap closed. Figure 3(c) shows the distribution of a
zero-energy mode, which is mainly localized in the four cav-
ities around the corner. In this case, the density distribution
of an arbitrarily selected bulk mode is displayed in Fig. 3(d),
which is notably distributed inside the structure. Namely, the
topological corner modes can be induced by introducing on-
site gain—loss and an effective magnetic flux in this 2D model.

3. Two-dimensional topological laser array with
corner state

Here, we investigate the dynamical evolution of the 2D

laser system made of a coupled-cavity array, which is gov-
[52,53,59,69,71]

erned by a group of equations
dy,
dr

i

=Y HumWn + (1% + P ¥, (5)

where y,, is the amplitudes of n-th cavity with the system, and
n=1,2,... N in this model made up of N cavities. H,,,, repre-
sents the coupling of the 2D topological array in the real space
without on-site potential. P, stands for optical saturated gain,
which is obtained by stimulated emission,
iv8 )
L+ lyal?/n/”

Here y€ describes the amplitude of the gain and 1 indicates

By =80 ( ©)

the nonlinearity of this system. When the nonlinear parameter
1 — oo, the system becomes of a linear model. Moreover, n’
represents the corner sites. In other words, Eq. (6) indicates
that the optical saturated gain is added only at the corner cavi-
ties of the 2D array.

In order to conform to the universal phenomenon of mode
loss in optical devices, we assume that every cavity experi-
ences loss with a rate Jjoss. Obviously, an unbalanced loss
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system is equivalent to a gain—loss system, and it is easier to
realize experimentally. Then, we introduce ¥} = ¥ — ¥ioss and
Y5 = 75 — Yoss for all red and blue sites.

2

ee=5
1 16=4
0 eE=2
ot=1
& v $E=0 e
\g -2
—4
P L
-2 —1 0 1 2
Re(E)

Fig. 4. Real and imaginary parts of the spectrum with the increase pump
strength & in the linear limit 7 — oo. We have set A = 1.8, i, = K =1,
Y=0.5, Yioss = 3, and ¢ = 7.

(a) (b) ® a
0.7 0.7
= =
= =
0 0
| l
(c)® A (d)m
0.7 0.7
= =
= =
0 0

Fig. 5. The density distribution of four degenerate topological corner
modes with & = 4. The other common parameters are same as those in
Fig. 4.

Now, we first show the energy spectrum of the 2D non-
Hermitian system in the linear limit with 7 — co. Figure 4 de-
notes the changes of the real and imaginary parts of the spec-
trum at different £&. We can see that the topological corner
modes always exist in the bulk band gap. However, when &
is not large enough, the eigenvalue corresponding to the topo-
logical corner mode has a negative imaginary part, so that the
topological corner mode cannot be excited effectively. Clearly,
Fig. 4 shows that the laser threshold &y, for the topological
corner mode is slightly greater than 2. When & < &y, Im(E)
of the corner mode is negative within the band gap, and all
eigenstates are lossy modes. However, for & > &y, only the
Im(E) of the corner modes change from negative to positive,
whereas the Im(E) of the bulk modes changes very slightly.
In other words, except for the topological corner mode, all the
other modes in the system are loss modes. With increasing &,
the imaginary part of the corner modes changes significantly.

Obviously, this facilitates the construction of single-mode las-
ing based on topological corner mode with a wide range of
the pump strength £. Figure 5 displays the density profile of
the degenerate topological corner modes. It shows that the en-
ergy is mainly distributed in the four corner cavities of the 2D
system.

Then, we consider the nonlinear dynamics with n =1
of the 2D laser system. In order to analyze the stability of a
laser system, it is necessary to analyze it in the time domain.
The dynamic evolution of the laser system is described by the
Schrodinger equation. Figure 6(a) displays the time evolution
of four corner sites of this 2D tight-binding model, which are
marked as A, B, C, and D. Initially, cavity A is stimulated and
quickly reaches saturated amplitude. The amplitudes of cavi-
ties B and C, which are equidistant from cavity A, are highly
synchronized over time. When 7 = 23, the amplitudes of ||
and |yc| reach saturation and are same as cavity A. However,
for cavity D, it takes longer to reach saturated amplitude and is
eventually equal to the other three cavities. On the other hand,
we should examine the field density distribution of the system
in a steady state. As an example, Fig. 6(b) shows the density
distribution of the steady state with & = 3. One can observe
that the density distribution is homogeneously distributed on
the four cavities around the corner, similar to the eigenfield
shown in Fig. 5(a). Therefore, after a long enough time, the
system reaches a steady state and is in the single-mode re-
gion. Clearly, it indicates that the single-mode lasing can be
constructed based on the topological corner modes of this 2D

model.
(a) ! (b) m
0.8 0.7
A
_ 06| [ 4
S IBC Ip =
= [ ‘ s
04| | | =
{ |
02| | /
| 0
oL
0 50 100 150 200

t

Fig. 6. (a) Amplitudes |y,| for different cavities as a function of 7 in
this system. (b) Density distribution of the steady state after a long-time
evolution. Here wehaveset L=3,& =3,1 =18, k. =k, =1,7y=0.5,
Yoss =3, and n = 1.

Here, we also show the dynamical evolution of the sys-
tem under different initial conditions, as seen in Fig. 7. Fig-
ures 7(al)—7(a4) show the evolution of the whole system when
a corner cavity was initially stimulated. Clearly, cavities B
and C evolve synchronously. About ¢ = 100, the four corner
cavities reach the equal saturated amplitude, consistent with
Fig. 6(a). For the case that the edge cavity was stimulated ini-
tially, cavity A closest to it can get energy fastest, while cav-
ities B and D require longer time to obtain energy, as seen in
Figs. 7(b1)-7(b4). Correspondingly, the evolutions of ampli-
tude v, in cavities A, B, C, and D are displayed in Fig. 8(a),

060305-4



Chin. Phys. B 33, 060305 (2024)

which reveals that those corner cavities take different times to
reach the same saturated amplitude. Figures 7(c1)-7(c4) indi-
cate that cavities B, C, and D evolve synchronously and reach
the same steady amplitude. However, cavity A takes longer to
reach its maximum amplitude. The time for the corner cav-
ity to reach saturated amplitude is related to the distance from
the cavity stimulated initially. For the bulk cavity, due to the
complexity of the propagation path, the nearest cavity A is the
slowest to reach saturated amplitude. On the other hand, the
energy tends to transfer in the direction of the gain cavity. In

cavity, and the left side is a loss cavity. Thus, the energy tends
to flow in the direction to cavity D, and cavity A reaches the
steady state later. In Fig. 7(d), the left of the initial stimulated
cavity is a gain cavity, while the right one is a loss cavity. The
results in Fig. 7(d) are different from those in Fig. 7(c), where
cavity A reaches the steady amplitudes earlier than cavity D.
According to Figs. 7 and 8, it can be seen that regardless of
the initial conditions, the field density distribution finally con-

centrates in cavities A, B, C, and D with the same saturated

Fig. 7(c), the right side of the initial stimulated cavity is a gain ~ amplitude.

(al) t=0 (a2) t =20 (a3) t =50 (ad) t =100

[ ]
1 1 1 1
= = = =
= = = =
0 0 0 0

(b1) t=0 (b2) t=10 (b3) t =20 (b4) t =40
1 1 1 1

" = = = =
= = = =
0 0 0 0

(cl) t=0 (c2) t=30 (c3) t =160 (c4) t=90
1 1 1 1
= = = =
= = = =
0 0 0 0

(d1) t=0 (d2) t=15 (d3) t =150 (d4) ¢t =100
1 1 1 1
= = = =
= = = =
0 0 0 0

Fig. 7. Time evolution of the whole system with initially stimulated (al)—(a4) corner cavity, (b1)—(b4) edge cavity, (c1)—(c4) bulk
cavity, and (d1)—(d4) another bulk cavity. The parameters are chosen to be L=3, 1 = 1.8, k, = K,=1,7=05¢=mnandn =1

(a) 1 (b) 1 (c) 1
0.8 0.8 0.8
A(\ CD ABCD ABCD
__0.6| [} _ 06 __ 0.6} (] 7
g 3 3 |
= = = > /
0.4} || 0.4 0.4] || |
i [
0.2 J 0.2 0.2 [/ ‘H
oL 0 0 J
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
t t t

Fig. 8. Amplitudes || for different cavities as a function of ¢ under the initial condition (a) corresponding to Figs. 7(b1)-7(b4),
(b) corresponding to Figs. 7(c1)-7(c4), and (c) corresponding to Figs. 7(d1)-7(d4).
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In this section, based on the 2D non-Hermitian system,
we clearly show that in the linear limit with 7 — oo, only the
topological corner modes change significantly when the pump
strength & is increased, and the single-mode lasing can still be
maintained when the pump strength is greater than the laser
threshold. Subsequently, we combine the nonlinear with non-
Hermitian, and one can notice that no matter which cavity of
the system is excited at the initial moment, after enough time,
all the cavities of the corner state can output the laser stably.

4. Conclusions

In summary, we consider a 2D array with higher-order
topological corner modes that can be introduced by adding
staggered gain—loss and magnetic flux to this system. We
leave the system at a unbalanced global loss and add the sat-
urated gain to a few specific cavities. It is found that only
the eigenvalue Im(E) of the topological corner modes changes
from negative to positive, in which the laser threshold is easily
found. When we stimulate any cavity, the cavities belonging
to the topological corner modes have the same saturated am-
plitude when they reach the steady state. We also show the
dynamic emission of the laser in real space. Here, we show
that a high-power laser can be manufactured with topologi-
cal properties, namely, a single-mode lasing that can be main-
tained when the pumping coefficient is much higher than the
laser threshold. We hope this work can enrich nonlinear non-
Hermitian higher-order topological single-mode lasing.
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