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Entangling two levitated charged nanospheres through
Coulomb interaction
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Limited by the thermal environment, the entanglement of a massive object is extremely difficult to generate. Based on
a coherent scattering mechanism, we propose a scheme to generate the entanglement of two optically levitated nanospheres
through the Coulomb interaction. Two nanospheres are charged and coupled to each other through the Coulomb interaction.
In this manner, the entanglement of two nanospheres is induced either under a weak/strong optomechanical coupling regime
or under an ultra-strong optomechanical coupling regime. The charges, radius and distance of the two nanospheres are taken
into consideration to enhance the Coulomb interaction, thereby achieving a higher degree of entanglement in the absence of
ground-state cooling. The corresponding maximum entanglement can be attained as the dynamics of the system approaches
the boundary between the steady and the unsteady regimes. This provides a useful resource for both quantum-enhanced

sensing and quantum information processing, as well as a new platform for studying many-body physics.

Keywords: quantum entanglement, coherent scattering, Coulomb interaction

PACS: 42.50.Pq, 03.67.Mn

1. Introduction

Entanglement plays a pivotal role in fundamental physics,
showcasing its immense potential for applications in quantum
computation,!!! quantum networks?! and measurement be-
yond the quantum limit.[**! Quantum entanglement has been
proven at the atomic scale,”’! but generating entanglement
in macroscopic systems is difficult due to increasing noise.!®!
One available method is a levitated optomechanical system
in which optically levitated objects have negligible contact
damping thereby preserving quantum coherence from the ther-
mal environment.[>!%1 The decoherence resulting from gas
molecule collisions will be smaller than that caused by pho-
ton recoil if the residual gas pressure is sufficiently low.[!1-13]
When the optomechanical coupling is larger than the decoher-
ence rate it enables entanglement at a macroscopic scale.!!4!

Levitated optomechanical systems, capable of optically
levitating nano- and micro-objects in an ultra-high vac-
uum environment, have been behind many recent scien-
tific achievements, including the ground-state cooling of mo-
tional modes,!*!>17l strong and ultra-strong optomechan-

[18-21]

ical coupling, quantum squeezing of the motional

mode, *>23] phonon lasers, >*?>! dipole—dipole interaction be-

(261 and ultra-high sensitiv-

tween two levitated nanoparticles
ity force sensing.[*’?8] Extreme environmental isolation will
prevent decoherence of the optically levitated object, pre-
senting a promising pathway towards achieving quantum ef-
fects on a macroscopic scale.[*3!l Based on this, many
theoretical schemes have been proposed to generate quan-

tum entanglement of nanospheres, either with or without a

fCorresponding author. E-mail: zqyin @bit.edu.cn
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cavity.3>-331 However, limited by the thermal environment,
the motion of the nanosphere must be cooled to the ground
state, where the effective phonon number is far below that

[33-35] Recently, the Coulomb inter-

in current experiments.
action has been experimentally demonstrated upon sympa-
thetic cooling and squeezing of two nanospheres in a levitated
optomechanical system, showing flexible control of the mo-
tional state.[?2! Moreover, the dipole—dipole interaction can
be shut down by tuning the polarization angle of the trapping
laser.?° This means that the Coulomb interaction of two opti-
cally levitated nanospheres can be independently controlled in
a levitated cavity optomechanical system. By introducing the
Coulomb interaction into a levitated optomechanical system
it is possible to generate quantum entanglement on a macro-
scopic scale.

In this paper, we aim to prepare the entanglement of two
motional nanospheres in a levitated optomechanical system,
where two charged nanospheres are optically levitated and co-
herently coupled to an optical cavity in a high vacuum., 2%-21,36]
In comparison with other optomechanical systems, an op-
tically levitated nanosphere has no contact damping. Gas
molecule collisions are the main source for the damping of
the motional nanospheres. When the residual gas pressure is
pumped to a higher vacuum, the reduction in collisions be-
tween gas molecules and the nanosphere will allow the mo-
tional nanosphere to have an ultra-high mechanical quality fac-
tor and high isolation from the thermal environment, leading
to low decoherence on the motional nanosphere. Moreover,
strong, deep-strong and ultra-strong coupling can be achieved

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

074205-1


https://doi.org/10.1088/1674-1056/ad3229
mailto:zqyin@bit.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 33, 074205 (2024)

within the coherent scattering mechanism. [!3-21:37] In the pres-
ence of the Coulomb interaction, the steady entanglement of
two charged nanospheres is available for two-mode squeez-
ing interaction.*??%1 Compared with the scheme of Coulomb
interaction without a cavity or a cavity without Coulomb in-
teraction, ground state cooling of two nanospheres is not nec-
essary in our scheme. 3> In order to achieve the maximum
entanglement of two motional nanospheres in a steady state,
the distance, charges and radii of the two nanospheres are in-
vestigated to enhance the Coulomb interaction. The maximum
entanglement of two motional nanospheres can be generated
near the boundary of the steady and unsteady regimes.

2. Model and dynamics

As shown in Fig. 1, we consider that two uniform
nanospheres are optically levitated by two linearly polarized
dual optical tweezers in a Fabry—Perot cavity. The cav-
ity field is driven by the coherent scattering photons of two
nanospheres. The excited cavity photon number is not suffi-
cient to boost the cavity-enhanced optomechanical coupling.
Therefore, cavity-enhanced optomechanical coupling is not
considered in this paper. Moreover, the cavity-enhanced op-
tomechanical coupling depends on the phase (¢) of the cavity
field, which can be switched off by moving the nanosphere
to the position sin(2¢) = 0. By contrast, the coherent scat-
tering process will cast the system into the ultra-strong cou-
pling regime or even the deep-strong coupling regime, where
the coherent scattering coupling g between the cavity mode
and motional mode is comparable to or larger than the mo-
tional frequency Q.[>137-381 As shown in Fig. 2(b), the ratio
g1/9; > 1 can be achieved via the experimental parameters,
which enables the system to achieve the deep-strong coupling
regime.

Wey K

Fig. 1. Schematic diagram of the dual optical tweezers in a Fabry—Perot
cavity. Two charged nanospheres are optically levitated in a cavity by
the dual optical tweezers with frequency @y. The cavity mode is excited
by the scattering photons. @, and k are the cavity-mode frequency and
cavity decay rate. £; and 7; are the frequency of the center-of-mass
motion and damping rate in the jth nanosphere. With the charge Q)
and O on two nanospheres separated by a distance d, the Coulomb
interaction is induced between the two nanospheres.

The dual optical tweezers have the same frequency @y.
In order to levitate the nanosphere in a high vacuum, the fre-
quency @y of the optical tweezers is detuned to the red side-
band of the cavity mode. The enhancement of the anti-Stokes

process will cool the motional state of the nanosphere to a
low effective temperature. 43! This enables the motion of the
nanosphere to remain dynamically stable as the residual gas
pressure is pumped to a high vacuum. In this way, reduction
of the stochastic collisions of gas molecules leads to a low
damping rate and ultra-high mechanical quality factor.[!!l In
our numerical calculation, the quality factor Q of the motional
nanosphere could be more than 107, as shown in Figs. 2(c)
and 2(d). On the other hand, the ultra-high quality factor of
the motional nanosphere will preserve the quantum coherence
of the nanosphere in a steady state.[’! Nevertheless, generating
the entanglement of two nanospheres remains challenging due
to the decoherence of the thermal environment.*?! In order to
generate entanglement between two nanospheres, we resort to
the Coulomb interaction, where two nanospheres repel each
other with charges Q1 and Q,. By manipulating the distance
d and charge Q; (i = 1, 2) of two nanospheres, the entangle-
ment of two nanospheres could be induced via the enhanced
Coulomb interaction.

With respect to the interaction picture defined by the

A,A

Hamiltonian Hy = fiwyd
§20,26,36]

, the Hamiltonian for the system can
be written a:

2
A = made+ny, Qb'b+nG (b +b) (b +b)
=1

2
—nY g (6 +¢) (Bl +;), )
j=1

where ¢ and ¢ (lA); and b ;) denote the bosonic creation and an-
nihilation operators of the cavity field [center-of-mass (CoM)
motion] with the commutation relation [@,a%] = 1 ([b;,b /]

1), A = @. — ay is the detuning between the cavity fre-
quency o, and the frequency @y of the optical tweezers and
Q; = L is the CoM motion frequency of the jth

ﬂmjwjé'()

nanosphere. o; = 3V; 80 (m ;) and P; (w;) are the polar-

]
izability (mass) of the nanosphere and the power (beam waist)
of the optical tweezers. & (£r) denotes the vacuum (relative)
permittivity of the surrounding environment (nanosphere) and
c is the light speed in a vacuum. With photons of the optical
tweezers being scattered into the cavity field by the motional
nanosphere, the cavity field is modulated by the CoM mo-

tion of the nanosphere with the coherent scattering coupling

4p;
8j = OE; kyO\/ 2h£ V sm((])), where Ej= ﬂ.’wz.:,‘oc
J

plitude of the optical tweezers and V. = nLw? /4 is the cavity
volume. L and w = \/L/ k are the cavity length and the beam

is the am-

waist of the cavity field. k= and yo ’?Q, are the wave
J

number and zero-point ﬂuctuatlon of the CoM mode. V; and
A are the volume of the nanosphere and the wavelength of the

1,2,2
_ X0X0%

S e d is the induced Coulomb cou-

optical tweezers. G =
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pling between two charged nanospheres, where ¥ = Q10> and
eo is the elementary charge (see Appendix A).

2 10 -
= (a) 8 (b)
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o 1 ~
= & 4
Cf 2
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Fig. 2. The CoM motion frequency 2 (a), the ratio g;/€2; (b), the
damping rate y; (c) and the quality factor Q = Q; /7 (d) as a function
of the optical tweezers power P; and the residual gas pressure p. Param-
eters are as follows: wavelength of the optical tweezers A = 1064 nm,
beam waist of the tweezers in focus w = 1 pm, cavity length L = 10 mm,
radius of the nanosphere R; = 100 nm, relative permittivity of the
nanosphere & = 2.1, density of the nanosphere p = 2200 kg/m?, tem-
perature of the residual gas 7, = 300 K. The residual gas pressure is
assumed to be p = 10~ Pa in (a) and (b), while the optical tweezers
power P; =0.15 W in (c) and (d).

Derived from the system Hamiltonian, the dynamics
of the system can be characterized by the linear quantum
Langevin equations

db, . ny, .
9 _ (i, + 1) o
” (1 1—|—2 b1 +1ig (C —|—c)
—iG (13§+132) LT, @)
db .
T:: (192+y>b2+1g2( ‘+6)
—iG (B +b1) + VBh, ()
dé . K\ . . PO
rrinie (1A+§)c+1g1 <b1+b1)

tiga (B +hs) + Ve, @)

where k is the cavity decay rate and y; (see Appendix B) is
the damping rate of the motional nanosphere. From Eqgs. (2)-
(4), operators are already replaced by 66 — 6, where 06 rep-
resents the fluctuation of 6 = {by,by,¢}. b, b and & are
the zero-mean Gaussian noises ((33“) =0, (¢") = 0), obeying
the correlation relations (l;‘J“ (1) lAJ_i]-nT (") = (ﬁ{h +1)8(r—1")
and (¢M(r)é"(¢')) = §(r—1') in the high-temperature
regime. 0] Here /i), = {exp[€2;/(knTehy)] — 1}~ is the mean
thermal excitation number and kg is the Boltzmann constant.
Each nanosphere is considered to be coupled with its own ther-
mal bath, at temperature YL{W, leading to quantum Brownian
motion for the nanosphere. 33!

Then, operators (6) are decomposed to quadratures 84; =

517 4»5174r 51A7j75l;+. N Se+6et o se—set
H: — J = =
f , O0P; i\ﬁ,5X, 7 and oY = R

The corresponding Hermitian 1nput noises are given as q“1 =
bm me bm hmT m Ain __aint

J J Al — Xln — +C and Yl[l ==C" The
o= N V2
linearized Langevin equations can be rewritten in a compact

form as
a(r) = Aa(r) + N (1), (5)

where  al(t) = {q1(6),p1(1),q2(1), pa(1), X (1), ¥ (1)},
() - {fqan’fplaqu,fﬁan,ﬁ mv\/EYm}’

and the drift matrix

-4 9 0o 0 0 0
—.Ql —% -2G 0 2g1 0
0 0 - 0 0
= 2
A -2G 0 - —% 28> 0 ©)
o 0 0 0 -X A

2¢1 0 2g 0o -aA %

In the regime of continuous variable systems, a levi-
tated optomechanical system can be depicted via the Gaussian
state. The initial states of the two nanospheres and the cav-
ity field are assumed to be a thermal state and a vacuum state,
respectively.[*?] Both the thermal state and the vacuum state
can be characterized by the first moment (displacement vec-
tor) and the second moment (covariance matrix) of the Gaus-
sian state. Since the quantum noise {lgij“,éi“} is zero-mean
quantum Gaussian noise and the dynamics of the system is lin-
earized, the system is a zero-mean tripartite Gaussian state. [!4]
In that condition, the system can be fully depicted by a 6 X 6
covariance matrix V', where the element of V' is defined by
Vij = ({ui(eo)uj(e0) +uj(eo)ui(e0)))/2. The covariance
matrix V' can be calculated via the Lyapunov equation if the
system reaches a steady state. With this information we can
solve Eq. (§) via

AV+VAT+ D=0, @)
where
D:diag{?(Zﬁl—f—l),};(Zﬁl'i—l)a
& _ h2) K K
2(2n2+1) 2(2n2+1) 5 2}

denotes the correlation of different noises. In order to eval-

uate the steady entanglement, we introduce the logarithmic

negativity 1440

E, =max[0,—In2n"], (8)
121 1/2 .

Y(V)—[X(V)—4detV] } /V/2 is the

smallest partially transposed symplectic eigenvalue of the co-

V') =detB; +detB, —2detBs. By,
B, and Bj are the 2 x 2 block matrices of the covariance matrix

_(B1 B
(8

where N~ = {

variance matrix V and Y (
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3. Effect of the Coulomb interaction on system
stability

In order to generate the entanglement of two motional
nanospheres in a steady state, the frequency of the optical
tweezers is detuned to the red sideband of the cavity field (A ~
1), where the anti-Stokes process is extremely enhanced in
the presence of the cavity cooling mechanism.”144% In this
condition, phonons are scattered into the cavity field. The
CoM motion of the nanosphere will be cooled to a low effec-
tive temperature, thereby enhancing the stability of the system
in a high vacuum. [%-20-21-26] Tt i critical to judge the stability of
the system before the discussion on entanglement. As depicted
in Eq. (5), the system is characterized by linear Langevin equa-
tions. The stability of the system can be assessed by applying
the Routh—Hurwitz criteria to Eq. (5), which involves solving
for the eigenvalues of matrix A. If these eigenvalues have
negative real parts, it indicates that the system is stable in the
long-time limit.[*”) The corresponding stability conditions can
be analytically calculated by utilizing the auxiliary Routh ar-
ray, where the first column must be greater than 0. The analyt-
ical solution is too laborious to enumerate in this context. For
the sake of convenience, we conducted numerical simulations
to investigate the effect of Coulomb interaction on system sta-
bility.

Unsteady

g1/

0 0.1 0.2 0.3 0.4 0.5
g2/ 82

0.5
Unsteady

0.4

0.3

g1/

0.2

0.1

0.1 0.2 0.3 0.4 0.5
g2/ 2

Fig. 3. The maximum real part of the eigenvalues of the matrix A as a func-
tion of the coherent scattering coupling g;. Parts (a) and (b) depict scenarios
of the absence and presence of Coulomb interaction, respectively. The blue
(yellow) area indicates that the system is dynamically stable (unstable). Point
¢ in image (b) indicates the critical condition of scattering coupling g; on the
boundary of the steady and unsteady state. Parameters are as follows: power
of the first (second) optical tweezers Py = 0.3 W (P, = 0.25 W), radius of
nanosphere R; = 100 nm, cavity decay rate k = 0.1€, effective temperature
of CoM mode T; = 0.01 K, product of charges y = Q1 x 0 = 1.2 X 10°, dis-
tance of two nanospheres d = 3A. Other parameters are the same as those in
Fig. 2.

As shown in Fig. 3, the maximum real part of the eigen-
values of the matrix A is calculated with different coherent
scattering couplings g;. The blue (yellow) region indicates
that the maximum real part of the eigenvalues is negative (pos-
itive), denoting that the system becomes stable (unstable) in
the long-time limit. From Fig. 3, the system undergoes a tran-
sition from stability to instability as the coherent scattering
coupling increases. In the presence of Coulomb interaction,
the parametric area of the steady state (the blue area) exhibits
a distinct reduction, as seen by comparing Figs. 3(a) and 3(b).
It can be understood that the CoM motion of two nanospheres
is no longer independent under Coulomb interaction. The mo-
tion of one nanosphere is affected by the motion of the other
nanosphere, which produces additional forced vibrations on
each nanosphere. This additional forced vibration will dis-
turb the motion of the nanosphere, leading to the instability of
two motional nanospheres. Moreover, the boundary between
the stability and instability of the system is a two-dimensional
curve, which is a collection of critical points with the coherent
scattering couplings g1 and g.

4. Coulomb interaction on entanglement

Two optically levitated nanospheres are initially in two
thermal states. Entangling these two thermal states on a
macroscopic scale is very difficult with large decoherence.!'4]
There are two available ways to generate the entanglement
of two motional nanospheres as follows. One is cooling the
motional nanosphere to a low effective temperature in a high
vacuum. In this condition, the reduction of gas molecule col-
lisions on the motional nanosphere results in an ultra-high
mechanical quality factor and high isolation from the ther-
mal environment. However, the effective temperature re-
quired for the generation of entanglement between two mo-
tional nanospheres is significantly lower than that achieved in
current experiments. 33! Another method is to establish the di-
rect correlation of two charged nanospheres via the Coulomb
interaction. In this method, the two-mode squeezing interac-
tion of two nanospheres will promote the generation of mo-
tional entanglement.

Figure 4(a) shows entanglement as a function of the co-
herent scattering coupling g, in the absence of the Coulomb
interaction. The coherent scattering between the second
nanosphere and the cavity field is assumed to be fixed in
g1 =0.03Q2; and g; = 0.3Q,, allowing the system to achieve
the weak coupling regime (g;/x = 0.3) and the ultra-strong
coupling regime (g;/€2; = 0.3).37! Both rotating and anti-
rotating wave terms have to be considered in the ultra-strong
coupling regime.[*8! In this condition, entanglement could be
generated in the red sideband. In Fig. 4(a), there is no en-
tanglement between two nanospheres either in the weak cou-

pling regime or the ultra-strong coupling regime. Limited by
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the heat reservoir of the other nanosphere, entanglement E|
will decrease with increase in go, while entanglement E., will
increase for the enhanced two-mode squeezing interaction be-
tween the second nanosphere and the cavity field.

0.3 T T T T T
(a) -a- By g1=0.032, —— E,, g1=0.32,
-+- E.q g1=0.032, — E, g1=0.30
== Ewg1=0.0302y —*— E g, =0.302,
0.2
R
0.1
R
0 0.1 0.2 0.3
92/ 92
0.3
(b)
»»»»»»»»» Eugi=021 -=-E,¢=0032 — Eyg1=0.32
[ BBy g1=02 -9 E,g=0.0302 % Eqg1=0.3%2, |
Eey g1=021 == -EBp g1 =0032) — Eez g1=0.32,
0.2 W
B | P
&
/\‘
0.1t
O n r n "
0 0.1 0.2 0.3

92/92

Fig. 4. Entanglement E,, as a function of the coherent scattering cou-
pling g> in the absence (a) and presence (b) of the Coulomb interaction.
E\, denotes the entanglement of two motional nanospheres, while E;
(E.») represents the entanglement between the first (second) nanosphere
and the cavity field. Other parameters are the same as those in Fig. 3.

By contrast, in Fig. 4(b) the entanglement E,, of two mo-
tional nanospheres could be generated via the Coulomb in-
teraction either in the weak or ultra-strong optomechanical
coupling regime. On the one hand, the Coulomb interac-
tion provides the two-mode squeezing interaction (5?5; and
b1by) on two nanospheres, which enables the entanglement
of two nanospheres. On the other hand, with the state swap-
ping due to the beam—splitter interaction (Z;}LlAyz and l;]l;;), en-
tanglement E.; and E;; can be swapped via the Coulomb
interaction.!??! Both E,; and E.» become stronger under the
Coulomb interaction. When the coherent scattering coupling
held at g; = 0.3, those entanglements rapidly drop to zero
as the coherent scattering coupling g, increases to a critical
point c. Here, the critical point ¢ denotes the values of the
coherent scattering couplings g; and g» as the entanglements
drop to zero. Meanwhile, the system becomes unstable in this
condition, which corresponds to the same critical point ¢ in
the boundary of the steady and unsteady regimes as shown in
Fig. 3(b). We emphasize that the system being a steady state
is a prerequisite for evaluating the entanglement via the loga-
rithmic negativity (see Eqgs. (7) and (8)). When the system is
stable, the dynamics of the linear system in phase space is a

point or a limit cycle in the long-time limit. Maximum entan-
glement can be achieved near the boundary of the steady and
unsteady regimes. >

Based on the above discussion, the steady entangle-
ment of two motional nanospheres could be induced via the
Coulomb interaction. The two-mode squeezing interaction en-
hanced by the Coulomb interaction of two nanospheres will
promote the generation of motional entanglement. The en-
tanglement will increase with increase in the Coulomb inter-
action. On the other hand, the introduced Coulomb inter-
action disturbs the motion of each nanosphere, resulting in
the instability of the system (comparing Figs. 3(a) and 3(b)).
Therefore, there is the maximum entanglement in terms of the
Coulomb interaction and system stability. Parameters (includ-
ing charges, radius and distance of nanosphere) are chosen to
achieve the maximum entanglement in a steady state.

Figure 5 shows the entanglement of two motional
nanospheres Ep, as a function of g, with different ¥ and d.
With the increase (decrease) of ¥ (d), the Coulomb interaction
is enhanced via the Coulomb coupling G o y (G o 1/d>). On
the one hand, the enhancement of the Coulomb interaction can
disturb the dynamics of the nanosphere, resulting in the insta-
bility of the system. On the other hand, the two-mode squeez-
ing interaction will be improved. Therefore, Ey, increases with
increase (decrease) of ) (d) when the system parameters are
selectively chosen to approach the unsteady state. Even for
weak coherent scattering coupling, the entanglement of two
nanospheres can be induced via the Coulomb interaction.

0.25

(a) e = 0.9X107
020/ _____ x =1.2x10° |
it R A v ---x=1.5%10°
------ L — x=1.8x10°
0.15} :
< [ A — e
[CSJ , Ty
0.10} ' i
(NEET— :
0 ' '
0
g2/ 82
0.25
(b) —d=2.8)
0.0 ---d=3.0\

E m

.

) ) N
0 0.05 0.10 0.15 0.20 0.25 0.30
g2/ 82

Fig. 5. Entanglement Ey, of two motional nanospheres as a function
of coherent scattering coupling g, with different ¥ (a) and d (b). The
coherent scattering coupling between the first nanosphere and cavity
field is given as g1 = 0.302;. Other parameters are the same as those in
Fig. 3(b).
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In order to achieve large entanglement of two
nanospheres, the cavity decay rate k and radius R; of the
nanosphere are also worth considering. Figure 6 shows Ey, as
a function of the cavity decay rate k with different nanosphere
radii R;. With decrease of the radius R;, the Coulomb cou-
pling increases. In this condition, the system will be unstable
if the cavity decay rate k is low enough. Ep, rapidly reaches
a maximum as k increases. Then E,, decreases with increase
in x because the cavity photons quickly decay to the vacuum.
Even in the bad cavity limit k¥ > Q;, Ey, is available under the

Coulomb interaction.

0.25

.......... R; =90 nm
---R;=100 nm |
0.20 “,— R; =110 nm

H/Ql

Fig. 6. Entanglement Ey, of two motional nanospheres as a function
of the cavity decay rate x with different particle radii R;. The coher-
ent scattering couplings are assumed to be g = 0.102; and g, = 0.3Q,,
respectively. Other parameters are the same as those in Fig. 3(b).

In our scheme, two nanospheres are optically levitated in
the same cavity, and the gas molecules (or atoms) in the cavity
are at room temperature. For the sake of convenience, two op-
tically levitated nanospheres couple to the same thermal bath
provided by collisions with the surrounding gas molecules (or
atoms). The motional energy of the particle is comparable to
that of the thermal fluctuations of the bath at room temperature
Tony = T, = 300 K.[2°! In order to get rid of the decoherence
due to gas molecule collisions, the nanosphere can be optically
levitated in a high vacuum. However, with the reduction of gas
molecule collisions in a high vacuum, the accumulated heat
absorbed from the optical tweezers will amplify the thermal
motion of the nanosphere, resulting in the instability of the
system.!!!] Therefore, it is very hard to optically levitate the
nanosphere in a high vacuum. In order to generate the entan-
glement of two motional nanospheres in a steady state, cavity
cooling is adopted to cool the two motional nanospheres from
room temperature Teny to a low effective temperature 7; for
CoM motion. Figure 7 shows Ey, as a function of the effective
temperature 7; of the jth nanosphere. In the presence of the
Coulomb interaction, each of nanospheres is influenced not
only by its own effective temperature but also by the effective
temperature of the other nanosphere. The E;, induced by the
Coulomb interaction has a distinctly fragile nature in the ther-
mal environment. Cooling the CoM motion of the nanosphere
to a low temperature could promote the generation of motional

5, [32-35]

entanglement. By contrast to other similar scheme our

solution does not require such stringent ground-state cooling
and the motional entanglement can be generated in a few tens
of mK, as shown in Fig. 7.

100 0.20
0.15
10-1
0.10
10-2
0.05
10-3 0
10-3 10-2 10-1 100
)

T, (K

Ty (K)

Fig. 7. Entanglement Ey, of two motional nanospheres as a function of
the effective temperature 7;. The coherent scattering couplings are as-
sumed to g1 = 0.3Q; and g, = 0.15€;, respectively. Other parameters
are the same as those in Fig. 3(b).

5. Experimental feasibility

Based on the successful performance of the coherent scat-
tering model, we proposed an implementable scheme to pre-
pare the entanglement of two nanospheres in the presence of

20261 However, a recent experiment

the Coulomb interaction. |
has proved that the dipole—dipole coupling of two nanospheres
can be of the order of the CoM motion.[?! In order to shut
down the dipole—dipole interaction, the polarization of the
optical tweezers needs to be manipulated.?®! With this, we
can research the Coulomb interaction on two optically levi-
tated nanospheres. Moreover, parameters in this context are
all available from recent experiments and strong coupling and

18-21261 According

ultra-strong coupling have been observed.!
to the relationship between coherent scattering coupling and
the phase of the cavity field, coherent scattering coupling can
be manipulated by moving the position of the nanospheres
within the cavity.3®! In this way, the coherent scattering cou-
pling is flexible in the weak coupling, strong coupling, ultra-
strong coupling and even deep-strong coupling regimes, as
shown in Fig. 2. To consider system stability we could choose
parameters in the regime of weak coupling, strong coupling or
ultra-strong coupling.

The introduced Coulomb interaction has been widely ap-
plied in optical traps, demonstrating flexible control of the mo-

9.15.1620.261 1y general, an op-

tion of levitated nanoparticles. !
tically levitated nanoparticle can be positively ionized when
the vacuum chamber is evacuated or carry charges via corona
discharge.*! Note that an optically levitated nanosphere is
randomly charged. By driving the sinusoidal voltage signal of
the electrodes close to the mechanical frequency, the charges
can be assessed through phase measurement on the charged

26,41

nanosphere.?6*! The distance between two nanospheres can

be accurately manipulated via acousto-optical deflectors, spa-

074205-6
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tial light modulators or other auxiliary setups such as piezo-
electric actuators. 20-26]

In order to generate motional entanglement, two
nanospheres could be optically levitated in a high-vacuum
environment.[?%-263%1 The lack of collisions between gas
molecules and the nanospheres ultimately leads to dynamical
instability.['!! Based on this, the motion of the optically levi-
tated nanospheres should be reduced by cooling to a low tem-
perature. Note that sympathetic cooling of two nanospheres
near the ground state has been proven using laser cooling
technology.!??! In that condition, the quality factor of a mo-
tional nanosphere can be higher than 108 if the residual gas
pressure is of the order of 10~® mba.[!"l Based on the param-
eters in Fig. 3, the recoil heating rates from the gas molecule
collisions and photon collisions are 1.1 kHz and 3.5 kHz, re-
spectively (see Appendix C), which are smaller than the co-
herent scattering coupling of 32.6 kHz and Coulomb coupling
of 24.9 kHz. This enables the motional entanglement of two
nanospheres under the current experimental parameters.!'4]
We also adopt the logarithmic negativity to evaluate the

14,40

entanglement.[ ! In this way, the covariance matrix of two

nanospheres can be constructed via the quantum tomography

on two motional nanospheres.[®!

6. Conclusion

In summary, in this study we conducted a comprehen-
sive analysis of quantum entanglement in a three-mode levi-
tated optomechanical system in which two optically levitated
nanospheres are simultaneously coupled to each other through
the Coulomb interaction. ?%2°! We found that quantum entan-
glement of two nanospheres can be induced in the presence of
the Coulomb interaction regardless of whether the system is
in the weak/strong coupling or ultra-strong coupling regime.
Enhancing the Coulomb interaction by the charges, radii and
distance of two nanospheres and cooling the CoM motion to
the lower temperature, the entanglement of two nanospheres
can be significantly improved. In order to achieve the max-
imum entanglement of two nanospheres, it is crucial for the
dynamics of the system to approach the boundary between
steady state and unsteady state, which can be accomplished
by enhancing both the coherent scattering interaction and the
Coulomb interaction. The engineered entanglement of multi-
ple objects can be utilized to realize a matter-based quantum
network to enhance the measurement precision of a matter-
based quantum sensor network. >~

Appendix A: Coulomb interaction

In the presence of Coulomb interaction, the Hamiltonian

of two charged nanospheres can be written as?%!
N k
Ao = 1% (A1)
|d+ 51— 32|

where k. = 1/(4mep) is the electrostatic constant and d de-
notes the distance between two charged nanospheres. Expand-
ing ﬁc to the second order of 5, the effective Hamiltonian
for the Coulomb interaction is given by

AL =1hG (13{ +131) (132 +132) : (A2)

0102033
2meyd?
tween two charged nanospheres. Note that the operator ;>

where G = —

is the induced Coulomb coupling be-

- £t
has been replaced by the phonon creation operator (bl,Z)

AL

and annihilation operator (13112) via y1o = y(l)"2 (bi 5 +IA7172).

)7(1)’2 is the zero-point fluctuation amplitude of the charged

nanosphere.

Appendix B: Damping in a rare gas

In a high vacuum, the mean free path of the gas molecules
is much larger than the diameter of the spherical particles. The
damping rate of a spherical particle in a rarefied gas can be nu-

merically calculated by!#?!

__6amR  0.619
T m 0.619+Kn

(I+ck), (BI)

where 11 and R (m) are the viscosity coefficient of the gas and
the radius (mass) of the spherical particle. Kn =1I/R is the
Knudsen number, where [ is the mean free path of the gas
molecules. cx = 0.31Kn/(0.785+ 1.152Kn + Kn?) is a small
positive function of Kn.

Appendix C: Recoil heating

The recoil heating from the residual gas molecules and
photon collisions is given by!!!:36!

I—éas = 77_17 (Cl)
2
ey [ EVE 5 9
I,=———— 2
P 30h( o )kyo’ €2)

where 71 is the occupation number and V is volume of the
nanosphere. E( and yq are the amplitude of the tweezers and
the zero-mean fluctuation of the nanosphere, respectively.
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