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To conveniently calculate the Wigner function of the optical cumulant operator and its dissipation evolution in a
thermal environment, in this paper, the thermo-entangled state representation is introduced to derive the general evolution
formula of the Wigner function, and its relation to Weyl correspondence is also discussed. The method of integration within
the ordered product of operators is essential to our discussion.
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1. Introduction
The optical cumulant operator eλa†a can provide the gen-

erating function for deriving various statistics, such as mean
and mean-square of photon numbers, since

∂ n

∂λ n eλa†a|λ=0 =
(
a†a
)n
, (1)

where a† and a denote the optical creation operator and anni-
hilation operator, respectively. Then, the ensemble average of(
a†a
)n for any density operator ρ is equal to

Tr
[
ρ
(
a†a
)n
]
=

∂ n

∂λ n Tr
[
ρ eλa†a

]
|λ=0 . (2)

Meanwhile, the classical Weyl correspondence function
h(q, p) of the density operator ρ is

ρ =
∫∫

∞

−∞

d pdqh(q, p)∆ (q, p) . (3)

Here, ∆ (q, p) is referred to as the Wigner operator. Substitut-
ing this expression into Tr

[
ρ
(
a†a
)n] yields

Tr
[
ρ
(
a†a
)n
]
=

∂ n

∂λ n

∫∫
∞

−∞

d pdqh(q, p)

× Tr
[
∆ (q, p) eλa†a

]∣∣∣λ=0, (4)

where Tr
[
∆ (q, p) eλa†a

]
is just the Wigner function of the cu-

mulant operator. Once it is known, the various ensemble aver-
ages of

(
a†a
)n can be directly derived. Since

(
1− eλ

)
eλa†a =

ρc and trρc = 1, we have

Tr
[
a†aρc

]
= (1− eλ )Tr

[
a†aeλa†a

]
= (1− eλ )

∂

∂λ
Tr
[

eλa†a
]

= (1− eλ )
∂

∂λ

1
1− eλ

= (e−λ −1)−1, (5)

where ρc denotes the density operator of the chaotic light
field,[1,2] so it is vital to study the Wigner function[3–5] of
the optical cumulant operator and its evolution in dissipa-
tion. This paper focuses on this topic: first, the Wigner
operator[6–8] is emphasized as a mixed state representation
by using the method of integration within ordered product
(IWOP) of operators;[9–13] then, the thermo-entangled state
representation[14–17] is introduced to derive the general evolu-
tion formula of the Wigner function; also, the relation to Weyl
correspondence[18–20] is discussed.

2. Wigner operator as mixed state representa-
tion discussed via IWOP method
In this section, the IWOP method is adopted to introduce

the Wigner operator and Wigner function. When using the
IWOP method, the completeness relation of coordinate eigen-
state |q〉 (also momentum eigenstate |p〉) can be recast into a
normal distribution within the normal product symbols as fol-
lows: ∫

∞

−∞

dq|q〉〈q|= 1√
π

∫
∞

−∞

: e−(q−Q)2
: dq = 1, (6)∫

∞

−∞

d p|p〉〈p|= 1√
π

∫
∞

−∞

d p : e−(p−P)2
: = 1, (7)

where the symbol : : denotes normal ordering,[21–24]

Q = (a+a†)/
√

2 is the coordinate operator, and P =

(a−a†)/(
√

2i) is the momentum operator. Thus, we can di-
rectly obtain

1
π

: e−(q−Q)2−(p−P)2
:≡ ∆ (q, p) (8)

†Corresponding author. E-mail: fhym@ustc.edu.cn
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and refer to it as the Wigner operator, and tr [∆ (q, p)ρ] or
tr(|ψ〉〈ψ|∆ (q, p)) is also called the Wigner function W (q, p).
Here, ρ is the density operator of a mixed state, while |ψ〉〈ψ|
is a pure state. Since the marginal integration of ∆ (q, p) is∫

∞

−∞

d p∆ (q, p) = |q〉〈q|, (9)∫
∞

−∞

dq∆ (q, p) = |p〉〈p|, (10)

the marginal distributions of the Wigner function are the prob-
ability density in q-space and p-space, respectively, as follows:∫

∞

−∞

d pW (q, p) = tr
(
|ψ〉〈ψ|

∫
d p∆ (q, p)

)
= |ψ (q)|2 , (11)∫

∞

−∞

dqW (q, p) = tr
(
|ψ〉〈ψ|

∫
dq∆ (q, p)

)
= |ψ (p) |2. (12)

Therefore, the Wigner function possesses the meaning of
pseudo-probability distribution. By using the IWOP method∫∫

∞

−∞

d pdq∆ (q, p)

=
1
π

∫∫
∞

−∞

d pdq : e−(q−Q)2−(p−P)2
: = 1, (13)

which indicates completeness, any operator in the (q, p) phase
space can be expanded as

H (Q,P) =
∫∫

∞

−∞

d pdqh(q, p)∆ (q, p) , (14)

and h(q, p) is called the Weyl correspondence of H.

Further, let Q = (a+a†)/
√

2, P = (a−a†)/(
√

2i), and
(q+ i p)/

√
2 = α , and using

: e−2a†a : = (−1)a†a , D(α) = eαa†−α∗a, (15)

equation (8) can be rewritten as

∆ (q, p)→ 1
π

: e−2(a†−α∗)(a−α) :

=
1
π

e2αa†
(−1)a†a e2α∗a−2|α|2

=
1
π

D(2α)(−1)a†a

≡ ∆ (α) . (16)

Then, by using the completeness relation of coherent
state[25–28]

∫ d2z
π
|z〉〈z|= 1, |z〉= eza†−|z|2/2|0〉, (17)

we have

Tr
[
∆ (α)∆

(
α
′)]

=
1

π2

∫ d2z
π
〈z|e2αa†

(−1)a†a e2α∗a e2α ′a†
(−1)a†a

× e2α ′∗a|z〉e−2|α|2−2|α ′|2

=
1

π2

∫ d2z
π
〈z|e2αz∗ e−2α∗a e−2α ′a†

e2α ′∗z|z〉e−2|α|2−2|α ′|2

=
1

π2

∫ d2z
π

e2(α−α ′)z∗ e2(α ′∗−α∗)z+4α∗α ′−2|α|2−2|α ′|2

=
1

4π
δ
(
α−α

′)
δ
(
α
∗−α

′∗)
=

1
2π

δ
(
q−q′

)
δ
(

p− p′
)
, (18)

which indicates the orthogonality of the Wigner operator.
Therefore, it can be concluded that the Wigner operator pro-
vides a new mixed-state representation. Then, we have

W (q, p) ≡ Tr [∆ (q, p)H (P,Q)]

= Tr
[

∆ (q, p)
∫∫

∞

−∞

d p′dq′h
(
q′, p′

)
∆
(
q′, p′

)]
=
∫∫

∞

−∞

d p′dq′h
(
q′, p′

) 1
2π

δ
(
q−q′

)
δ
(

p− p′
)

=
1

2π
h(q, p) , (19)

which is the relation between the Wigner function W (q, p) and
its Weyl correspondence h(q, p).

3. Calculating Wigner function in thermo-
entangled state representation
To conveniently calculate various Wigner functions of the

density operator’s evolution in a thermal environment, the fol-
lowing shows how to express it in entangled state representa-
tion. To this end, the two-mode entangled state[29–31] is intro-
duced as follows:

|η〉= exp
(
−1

2
|η |2 +ηa†−η

∗ã† +a†ã†
)∣∣0, 0̃〉 , (20)

where ã† denotes the thermo-mode creation operator (ficti-
tious node) accompanying a† of real mode,

∣∣0, 0̃〉 ≡ |0〉 ∣∣0̃〉,
ã
∣∣0̃〉 = 0, and

[
ã, ã†

]
= 1. The

(
a†,a

)
is independent of(

ã†, ã
)
. Respectively operating a and ã on |η〉 yields

(a− ã†) |η〉= η |η〉 , (a†− ã) |η〉= η∗ |η〉 ,
〈η |(a†− ã) = η∗ 〈η | , 〈η |(a− ã†) = η 〈η | . (21)

Since
[
(a− ã†),(a†− ã)

]
= 0, |η〉 is just the common eigen-

vector of (a− ã†) and (ã− a†). By using
∣∣0, 0̃〉〈0, 0̃∣∣ = :

exp
(
−a†a− ã†ã

)
: and the IWOP method, we have∫ d2η

π
|η〉〈η |= 1,

〈
η
′ |η〉= πδ

(
η
′−η

)
δ
(
η
′∗−η

∗) . (22)

It is remarkable that the two-mode squeezing
operator[32,33] has its natural representation in the |η〉 rep-
resentation as follows:

exp
[
λ
(
a†ã†−aã

)]
=
∫ d2η

πµ
|η/µ〉〈η | , µ = eλ , (23)

where µ is a squeezing parameter. Obviously,

|η = 0〉= ea†ã† ∣∣0, 0̃〉= ∞

∑
n=0
|n, ñ〉 , (24)
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which satisfies the following identity:

a |η = 0〉= ã† |η = 0〉 ,
a† |η = 0〉= ã |η = 0〉 ,(
a†a
)n |η = 0〉=

(
ã†ã
)n |η = 0〉 . (25)

Note that

|η〉= D(η) |η = 0〉 , D(η) = exp
[
ηa†−η

∗a
]
. (26)

By using the orthonormal property of number states in the vir-
tual Fock space 〈ñ| m̃〉= δn,m, and letting |ρ〉 ≡ ρ |η = 0〉, we
have

W (α) = Tr [∆ (α)ρ] =
∞

∑
m=0
〈m|∆ (α)ρ |m〉

=
∞

∑
m,n=0

〈n|∆ (α)ρ |m〉δn,m

=
∞

∑
m,n=0

〈n, ñ|∆ (α)ρ |m, m̃〉= 〈η = 0|∆ (α)ρ |ρ = 0〉

=
1
π
〈η = 0|D(2α)(−1)a†a |ρ〉

=
1
π
〈η = 0|D† (−2α)(−1)a†a |ρ〉

=
1
π
〈η =−2α|(−1)a†a |ρ〉= 1

π
〈ξ = 2α| ρ〉 , (27)

where |ξ 〉 is the conjugate state of |η〉,

|ξ 〉 = D(ξ )e−a†ã† ∣∣00̃
〉

= exp
(
−1

2
|ξ |2 +ξ a† +ξ

∗ã†−a†ã†
)∣∣00̃

〉
, (28)

which is related to |η〉 by

|η〉= (−1)ã†ã |ξ 〉
ξ=η

, (−1)a†a |η〉= |ξ 〉
ξ=−η

, (29)

〈η | ξ 〉= 1
2

exp
(

ξ η∗−ξ ∗η

2

)
. (30)

Equation (27) provides a new formalism to calculate the
Wigner function. Further, using Eq. (22), equation (27) can be
rewritten as

W (α) =
∫ d2η

π2 〈ξ = 2α| η〉〈η | ρ〉

=
∫ d2η

2π2 eα∗η−αη∗ 〈η | ρ〉 . (31)

Once the overlap 〈η | ρ〉 is known, its Fourier integra-
tion is performed according to Eq. (31), leading to the Wigner
function of ρ .

4. Wigner function of optical cumulant operator
The optical cumulant operator is defined as

eλa†a =
∞

∑
n=0

(
λa†a

)n

n!
. (32)

Let ρ ≡ eλa†a. Operating it on |η = 0〉 yields

ρ |η = 0〉 = eλa†a |η = 0〉= eλa†aea†ã† ∣∣00̃
〉

= eeλ a†ã† ∣∣00̃
〉
≡ |ρ〉 . (33)

Using the completeness relation of the two-mode coher-
ent state[34–36] (real mode and fictitious mode)∫ d2zd2z′

π2

∣∣z, z̃′〉〈z, z̃′∣∣= 1 (34)

with

a
∣∣z, z̃′〉= z

∣∣z, z̃′〉 , ã
∣∣z, z̃′〉= z′

∣∣z, z̃′〉 , (35)

we have

〈η | ρ〉 = exp
(
−1

2
|η |2

)〈
0, 0̃
∣∣

× exp(η∗a−η ã+aã)eeλ a†ã† ∣∣0, 0̃〉
= exp

(
−1

2
|η |2

)〈
0, 0̃
∣∣∫ d2zd2z′

π2

× exp
(
(η∗a−η ã+aã)

)∣∣z, z̃′〉〈z, z̃′∣∣eeλ a†ã† ∣∣0, 0̃〉
= exp

(
−1

2
|η |2

)∫ d2zd2z′

π2

× exp(−|z|2−|z′|2 +η
∗z−ηz′+ zz′+ eλ z∗z′∗)

= exp
(
−1

2
|η |2

)∫ d2z
π

× exp[−|z|2(1− eλ )+η
∗z−η eλ z∗]

=
1

1− eλ
exp
[
−|η |2 1+ eλ

2
(
1− eλ

)]. (36)

Then, according to Eq. (31), we have

W (α) =
∫ d2η

2π2 exp(α∗η−αη
∗)〈η | ρ〉

=
1

1− eλ

∫ d2η

2π2 exp(α∗η−αη
∗)

× exp
[
− 1+ eλ

2
(
1− eλ

) |η |2]
=

2(
1+ eλ

)
π

exp
[
−

2
(
1− eλ

)
1+ eλ

|α|2
]
, (37)

where α = (q+ i p)/
√

2. This result can be validated by re-
forming the Weyl correspondence relation in Eq. (14) as

ρ =
∫

d2
αh(α)∆ (α) , h(α) = 2πW (α) . (38)

Substituting Eq. (37) into Eq. (38) yields

ρ =
4

1+ eλ

∫
d2

α exp
[
−

2
(
1− eλ

)
1+ eλ

|α|2
]

1
π

× : e−2(α−a)(α∗−a†) :

=
4

1+ eλ

∫ d2α

π

060307-3
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× exp
[
− 4

1+ eλ
|α|2 +2α

∗a+2αa†−2a†a
]

=
1

1+ eλ

1+ eλ

4
: exp[(1+ eλ )a†a−2a†a] :

= exp
(
λa†a

)
. (39)

5. Wigner operator’s evolution in thermal envi-
ronment
Now, consider the damping master equation

dρ

dt
= κ

(
2aρa†−a†aρ−ρa†a

)
, (40)

where κ denotes the decay rate. To derive the law of how
Wigner function W (α,0) evolves into W (α, t) at time t, op-
erating the two sides of equation (40) on |η = 0〉 and letting
|ρ〉= ρ |η = 0〉 leads to

d
dt
|ρ〉= κ

(
2aρa†−a†aρ−ρa†a

)
|η = 0〉 . (41)

Using Eq. (21) and considering the commutativity between(
a†,a

)
and

(
ã†, ã

)
, equation (40) can be rewritten as

d
dt
|ρ〉= κ

(
2aã−a†a− ã†ã

)
|ρ〉 (42)

and its standard solution is

|ρ(t)〉= exp{κt(2aã−a†a− ã†ã)}|ρ0〉
= exp{κt[−(a†− ã)(a− ã†)+aã− ã†a† +1]}|ρ0〉, (43)

where |ρ0〉 ≡ ρ|η = 0〉.
Using [

aã− ã†a†,−
(
a†− ã

)(
a− ã†)]

= −2
[
−
(
a†− ã

)(
a− ã†)] (44)

and the operator identity

eλ (A+σB) = eλA exp
[
σ

(
1− e−λτ

)
B/τ

]
(45)

for [A,B] = τB, the right-hand side of Eq. (43) can be decom-
posed as

|ρ(t)〉 = eκt(aã−ã†a†+1)

× exp[(1− e−2κt)(a†− ã)(a− ã†)/2]|ρ0〉, (46)

where eκt(aã−ã†a†+1) represents a two-mode squeezing oper-
ator, and κt is considered to be a squeezing parameter. There-
fore,

〈η |exp
[
κt
(
aã− ã†a†)]= e−κt 〈

η e−κt ∣∣ . (47)

Then, using Eqs. (21) and (45), we have

〈η | ρ (t)〉= exp
(
−1

2
T |η |2

)〈
η e−κt ∣∣ ρ0〉 , (48)

where T = 1− e−2κt . Substituting Eq. (48) into Eq. (31) yields
the following time-dependent Wigner function formula

W (α, t) =
∫ d2η

2π2 exp(α∗η−αη
∗)

× exp
(
−1

2
T |η |2

)〈
η e−κt ∣∣ ρ0〉 . (49)

Further, using∫ d2ξ

π
|ξ 〉〈ξ |= 1, (50)∫ d2z

2π2 exp
(

ξ |z|2 +ξ z+ηz∗
)
=− 1

ξ
exp
(
−ξ η

ξ

)
,

Re(ξ )< 0 (51)

as well as Eq. (30) we have

W (α, t) =
∫ d2ξ

π

∫ d2η

2π2 exp
(

α
∗
η−αη

∗− 1
2

T |η |2
)

×
〈
η e−κt ∣∣ ξ = 2β 〉〈ξ = 2β | ρ0〉

=
∫ d2β

π

∫ d2η

π
exp
[
− 1

2
T |η |2 +η

(
α
∗−β

∗ e−κt)
+η

∗ (
β e−κt −α

)]
W (β ,0)

=
2
T

∫ d2β

π
exp
(
− 2

T

∣∣α−β e−κt ∣∣2)W (β ,0) , (52)

where W (β ,0) represents the Wigner function of the initial
state (or operator).

6. Evolution of cumulant operator’s Wigner
function in dissipation channel
According to Eq. (37), the Wigner function of the initial

cumulant operator is

W (β ,0) =
2

π
(
1+ eλ

) exp

(
−

2
(
1− eλ

)
1+ eλ

|β |2
)
. (53)

Substituting it into Eq. (52) yields

W (α, t) =
4

πT
(
1+ eλ

) ∫ d2β

π
exp
(
− 2

T

∣∣α−β e−κt ∣∣2)
× exp

(
−

2
(
1− eλ

)
1+ eλ

|β |2
)

=

4exp
(
− 2

T
|α|2

)
πT
(
1+ eλ

) ∫ d2β

π

× exp
[

2
T

e−κt (αβ
∗+α

∗
β )

−2 |β |2
(

1− eλ

1+ eλ
+

e−2κt

T

)]
=

4
πT
(
1+ eλ

) 1

2

(
1− eλ

1+ eλ
+

e−2κt

T

)
060307-4
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× exp




4

T 2 e−2κt

2

(
1− eλ

1+ eλ
+

e−2κt

T

) − 2
T

 |α|2
 .

(54)

From T = 1− e−2κt , we have

T
(

1+ eλ

)(1− eλ

1+ eλ
+

e−2κt

T

)

= T
(

1+ eλ

)( 1
T
− 2eλ

1+ eλ

)
= 1+ eλ −2T eλ , (55)

1−T

T 2

(
1− eλ

1+ eλ
+

e−2κt

T

) − 1
T

=
1−T

T

(
1−T

2eλ

1+ eλ

) − 1
T

=
eλ −1

1+ eλ −2T eλ
. (56)

Therefore,

W (α, t) =
2

π
(
1+ eλ −2T eλ

)
× exp

{[
2
(

eλ −1
)

1+ eλ −2T eλ

]
|α|2

}
, (57)

and when t = 0, T = 0, equation (57) reduces to Eq. (53) as
expected. Using Weyl correspondence, the final cumulant op-
erator can be further calculated as

ρ (t) = 2π

∫
d2

αW (α, t)∆ (α)

=
4

1+ eλ −2T eλ

∫
d2

α exp

{[
2
(

eλ −1
)

1+ eλ −2T eλ

]
|α|2

}
1
π

: e−2(α−a)(α∗−a†) :

=
4

1+ eλ −2T eλ

∫ d2α

π
: exp

[
−4

1−T eλ

1+ eλ −2T eλ
|α|2 +2α

∗a+2αa†−2a†a

]
:

=
1

1−T eλ
: exp

[(
1+ eλ −2T eλ

1−T eλ
−2

)
a†a

]
:

=
1

1−T eλ
: exp

[(
eλ −1

1−T eλ
a†a

)]
: =

1
1−T eλ

exp

[
a†a ln

eλ (1−T )
1−T eλ

]
, (58)

when t = 0, e−2κt = 1, T = 0, and ρ (t)→ exp
(
λa†a

)
.

From Eq. (58), the photon number distribution ρc (t) of
dissipated chaotic light can be calculated as

ρc (t) =
1− eλ

1−T eλ
exp

[
a†a ln

eλ (1−T )
1−T eλ

]
, (59)

and then its initial density operator is
(
1− eλ

)
eλa†a = ρc,

where
(
1− eλ

)
is used to make up normalization. Let

λ
′ = ln

eλ (1−T )
1−T eλ

,

1− eλ ′ = 1− eλ (1−T )
1−T eλ

=
1− eλ

1−T eλ
, (60)

then we will have

ρc (t) = (1− eλ ′)exp
(
λ
′a†a

)
. (61)

In view of Eq. (5), the photon number of dissipated chaotic
light can be derived as

Tr
[
a†aρc (t)

]
= (e−λ ′ −1)−1 =

[
1−T eλ

eλ (1−T )
−1

]−1

=
eλ (1−T )

1− eλ
=

eλ e−2κt

1− eλ
, (62)

which is just

Tr
[
a†aρc(t)

]
= (e−λ −1)−1 e−2κt

= Tr
[
a†aρc (0)

]
e−2κt , (63)

and it can be seen that the photon number decreases with
e−2κt .

7. Conclusions
In this work, it is convenient to calculate the Wigner func-

tions of the optical cumulant operator and its dissipation evo-
lution in a thermal environment by using the IWOP method.
Then, the thermos entangled state representation is introduced
to derive the general evolution formula of the Wigner function,
and its relation to Weyl correspondence is also discussed.
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