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Boson peak of glasses, a THz vibrational excess compared to Debye squared-frequency law, remains mysterious in
condensed-matter physics and material science. It appears in many different kinds of glassy matters and is also argued to
exist in damped crystals. A consensus is that boson peak originates from the coupling of the (quasi)-localized non-phonon
modes and the plane-wave-like phonon modes, but the coupling behavior is still not fully understood. In this paper, by
modulating the content of localized modes and the frequencies of phonon modes, the coupling is clearly reflected in the
localization and anharmonicity of low-frequency vibrational modes. The coupling enhances with increasing cooling rate
and sample size. For finite sample size, phonon modes do not fully intrude into the low frequency to form a dense spectrum
and they are not sufficiently coupled to the localized modes, thus there is no Debye level and boson peak is ill-defined. This
suggestion remains valid in the presence of thermal motions induced by temperature, even though the anharmonicity comes
into play. Our results point to the coupling of quasi-localized and phonon modes and its relation to the boson peak.

Keywords: metallic glasses, low-frequency vibrational modes, plane wave, boson peak
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1. Introduction
Unlike their ordered counterparts, long-range disordered

glasses exhibit anomalous thermal and transport properties
at low temperatures.[1–3] One of the most intriguing phe-
nomena is the significantly enhanced low-temperature heat
capacity, which is mainly ascribed to the abnormal acous-
tic excitation at the frequency of THz.[1] This excess low-
frequency vibration, which is shown as an obvious peak in the
plot of Debye-reduced vibrational density of states g(ω)/ω2,
has been widely observed in various glasses with differ-
ent scales and interactions, such as metallic glasses,[4,5] net-
work glasses,[6] polymeric glasses,[7] colloidal glasses,[8] dis-
ordered granular packings,[9] and even damped crystals.[10]

The peak, termed as boson peak (BP), attracts considerable
interests in condensed-matter physics and material science.
In the past decades, many viewpoints have been put forward
to explain the emergence of BP, including phonon–saddle
transition,[11] temporal fluctuations of atomic environment,[12]

heterogeneous elasticity induced by disorder,[13] Ioffe–Regel
limit of transverse phonons,[14] hierarchical potential energy
landscape with marginal stability,[15] smeared out van Hove
singularity,[16] and, more recently, quasi-localized vibration
of string-like dynamical defects.[17] Besides, great efforts
have been devoted to construct structural and dynamical pa-
rameters to reveal the microscopic origin of BP. These pa-
rameters contain local inversion symmetry,[18] orientational
order,[19] vibrational mean-squared displacements,[20] flexi-

bility volume,[21] and so on.
Despite much controversy in various viewpoints, it is gen-

erally accepted that BP originates from the coupling of local-
ized non-phonon modes and transverse phonon modes, which
causes a complete reconstruction of vibrational density of
states (VDOS) at low frequencies.[14,22,23] A localized mode
centers at a disordered core with length scale approaching ten
atoms, and decays away from it in the form of ∼ r−2, where
r denotes the distance from the core.[24] These disordered
cores are loosely packed[25] and highly distorted.[26] The pat-
terns of localized modes are very similar to that of Eshelby-
like shear transformations,[27] i.e., elementary rearrangement
events in glasses. Indeed, these cores have strong tendency to
undergo irreversible rearrangement under the stimuli of ther-
mal activation[28] or mechanical loading.[29–32] Thus, the dis-
ordered cores of localized modes are considered as the unsta-
ble structural defects or “soft spots”.[29] On the other hand,
phonon modes arise from the translational symmetry of sys-
tem’s Hamiltonian. In a finite-size system, their frequencies
are quantized into a discrete set of bands, which are broaden
by the intrinsic disorder of glasses.[33]

Soft spots with much lower shear resistance, distributing
randomly in the elastic matrix, destroy the homogeneous elas-
ticity of glasses in nanoscale, which is the basic assumption
of Debye theory. The heterogeneous elasticity in space results
in the significant scattering[14] and damping[34] of transverse
phonons. Thus, elastic wave is inhibited to propagate and
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continually attenuates in the propagation process, which is re-
flected by the resonant coupling of non-propagating localized
modes and propagating phonon modes form the perspective of
atomic vibration. Such competition of propagation and atten-
uation leads to the emergence of BP, which is supported by the
consistence of the frequency of BP and the Ioffe–Regel limit
of transverse phonons.[14] The transverse characteristic of BP
is also evidenced by Yang et al.[19] They found that BP corre-
lates near perfectly with a pure structural parameter, named as
orientational order to represent the easiest shear direction of
an atom, both in space and statistics.

The significant coupling of localized modes and phonon
modes at low frequencies is indicated by the spatially-
hybridized patterns of the vibrational modes: many localized
cores superpose on the plane-wave-like background. Recently,
Lerner and Bouchbinder[35] clearly observed these hybridized
patterns and produced an original method to successfully ex-
tract the localized contribution from the highly-hybridized BP
modes. By separating atomic vibrations into phonon subspace
and non-phonon subspace, Caroli and Lemaitre[23] found that
the coupling between phonon subspace and non-phonon sub-
space is necessary to account for the property of acoustic prop-
agation and attenuation. But for finite sample size, phonon
modes and localized modes at low frequencies may not cou-
ple sufficiently to each other, indicated by the well-identified
localized modes by participation ratio[36] and the discrete set
of phonon bands.[33] This insufficient coupling may influence
the boson peak at higher frequency. Therefore, the coupling
behavior is still not fully understood and deserves further in-
vestigation. In this paper, using molecular dynamics simula-
tions, we modulate the coupling effects by varying the con-
tent of localized modes with cooling rates and the frequencies
of phonon modes with sample sizes. The coupling intensity
between low-frequency vibrational modes and the shape of
VDOS are carefully investigated.

2. Simulation methods
Due to their structural simplicity, similar to the random

densepacking of spheres, metallic glasses are an ideal model
system for a large variety of glassy matters. Finnis–Sinclair
type embedded atom method potential[37] is adopted to simu-
late Cu50Zr50 metallic glasses using molecular dynamics soft-
ware LAMMPS. Periodic boundary conditions are applied on
all three dimensions. The temperature and pressure are con-
trolled with Nosé–Hoover thermostat and Parrinello–Rahman
barostat, respectively. The external pressure maintains at zero
during the sample preparation process. Firstly, a cubic sample
consisting of 10976 atoms is thermally equilibrated at 2000 K
for 2 ns that is much longer than its structural relaxation time.
Then, the equilibrated liquid is continuously cooled to 0 K
with cooling rates ranging from 1010 K/s to 1013 K/s; see

Fig. 1(a) for the cooling history. After being cooled to 0 K,
the sample is additionally in-depth relaxed to a local potential
energy minimum by conjugate gradient algorithm with fixed
simulation box. Now, we obtain a zero-temperature glass sam-
ple. Besides, an instantaneously quenched sample is prepared
by minimizing potential energy of the equilibrated liquid right
after 2-ns high-temperature relaxation. To modulate phonon
modes, we also prepare samples cooled at 1012 K/s with var-
ious atom numbers, ranging from 2048 to 10976. Ten inde-
pendent samples in each preparation condition are prepared to
reduce statistical fluctuation.

By diagonalizing dynamical matrix of the system, we ob-
tain the frequencies ω and polarization vectors 𝛹 of harmonic
vibrational modes.[31] The VDOS is obtained by the statistics
of frequencies

g(ω) =
1

3N−3 ∑
j

1√
πσ

exp

(
−
(ω−ω j)

2

σ2

)
, (1)

where N is the number of atoms and σ is the smooth parame-
ter of Gaussian function. σ is set to 0.2 to obtain a smooth and
precise VDOS. Denominator 3N−3 denotes the total number
of vibrational modes except three translational modes. Partic-
ipation ratio[38] is adopted to measure the localized degree of
each vibrational mode, which is defined as

PR =

(
∑i |𝜓i|2

)2

N ∑i |𝜓i|4
, (2)

where 𝜓i is the projection of polarization vectors 𝜓 on atom
i. Participation ratio ranges from 1/N (fully localized) to 1
(fully extended) and equals 2/3 for a plane-wave mode. A
parameter, similar to the Grüneisen parameter[39] but not nor-
malized by the vibrational frequency, is used to measure the
anharmonicity of a vibrational mode

χ =
∆ω

εv
. (3)

This parameter denotes the frequency variation ∆ω of a vi-
brational mode under volume deformation. A vanishing value
means a very small anharmonicity. To compute this param-
eter, a slight dilation with volumetric strain εv = 10−8 is ap-
plied on the zero-temperature sample and then the potential
energy is minimized. The evolution of each vibrational mode
is carefully discriminated, based on the concept of “identifi-
able mode”, the same mode at different strain configurations,
proposed by us.[31]

For a three-dimensional system, Debye level is related to
the density of atom number n, transverse velocity of sound cT,
and longitudinal velocity of sound cL, that is

AD =
(
c−3

L +2c−3
T
)
/(6π

2n). (4)

Transverse and longitudinal velocities of sound can be calcu-
lated by cT =

√
G/ρ and cL =

√
(B+4G/3)/ρ , respectively.
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G is the athermal shear modulus, B is the athermal bulk mod-
ulus, and ρ is the density of mass. To compute athermal elas-
tic moduli, a slight deformation with strain ε = 10−8 (along
direction in each of xx, yy, zz, xy, xz, yz) is applied on the
zero-temperature sample and then the potential energy is min-
imized. The moduli are obtained by the linear elastic fit of
stress–strain responses.

Another widely used method to obtain VDOS utilizes
velocity auto-correlation function (VACF) of the system in
NVT ensemble.[40] To proceed, the zero-temperature sample
is heated to a given temperature, ranging from 0.1 K to 500 K
(well below the glass transition temperature), by assigning ap-
propriate velocity to each atom. A thermal relaxation at the
given temperature for 1 ns is performed to stabilize the sample.
Then, the position 𝑥 and velocity 𝑣 of each atom are recorded
in the following relaxation process to calculate mean-squared
displacements (MSD) and VACF of the system. The MSD is

MSD(t) =
〈
(𝑥i (t0 + t)−𝑥i (t0))

2
〉

i,t0
, (5)

and the VACF is

VACF(t) = 〈𝑣i (t0) ·𝑣i (t0 + t)〉i,t0/〈𝑣i (t0) ·𝑣i (t0)〉i,t0 , (6)

where angular bracket denotes the average over atom i, the
initial time t0, and ten independent samples. Taking Fourier
transform of VACF, we get VDOS of the system.

3. Results and discussion
Figure 1(b) shows the radial distribution function (RDF)

of samples with different cooling rates. The disordered struc-
ture of samples is confirmed by the rapid decay of the fluctu-
ation of curves. The split of second peaks is a typical feature
of Cu50Zr50 metallic glasses.[41] As the cooling rate increases,
the samples become more disordered, which is indicated by
the less sharp peaks on the RDF; see inset in Fig. 1(b) for clar-
ity. During the glass formation process, structural frustration
inhibits crystallization and retains some of the structural char-
acteristics of the glass-forming liquid.[42] The higher cooling
rate results in less structural relaxation time, driving the su-
percooled liquid to deviate from internal equilibrium and en-
ter the glassy state earlier; see the increasing glass transition
temperature in Fig. 1(a). Therefore, the glass samples with
higher cooling rates inherit more free volume and structural
disorder from the glass-forming liquid, and have more high-
energy structural defects. These unstable structural defects
bring about soft localized vibrations, i.e., low-frequency quasi-
localized modes. Thus, the samples with higher cooling rates
possess more localized modes, which is consistent with the
discovery that more rejuvenated samples with higher energy
have more low-frequency localized modes.[36,43]
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Fig. 1. (a) The cooling history dependence of potential energy on tem-
perature for samples with 10976 atoms and different cooling rates. The
deflection of a curve indicates the glass transition process and the cor-
responding temperature increases with increasing cooling rate, giving
rise to more rejuvenated samples. (b) The radial distribution function
for samples with 10976 atoms and different cooling rates. Inset is the
magnification of region enclosed by red dashed window.
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Figure 2(a) shows the reduced VDOS of samples with dif-
ferent cooling rates. For samples of finite size, the phonon
modes appear as discrete frequency bands. The first and sec-
ond bands, corresponding respectively to transverse phonons
at the frequencies of 2πcT/L and 2

√
2πcT/L (L is the linear

size of system), are clearly shown as peaks in Fig. 2(a). As
suggested by Bouchbinder and Lerner,[33] phonon bands are
broadened by disorder in glasses with peaks’ width depending
on the strength of disorder σ , phonon frequency ω , degener-
acy level nb (number of phonon modes at the band), and atom
number N, i.e., ∼ σω

√
nb/
√

N. Consistent with this sugges-
tion, phonon bands become broader with increasing cooling
rates and the second bands are much broader than the first

ones. For higher frequencies, the significant damping causes
phonon modes to stop propagating and become diffusive, mak-
ing the phonon bands blur and eventually disappear.[14,44,45]

The elastic softening caused by increasing cooling rates leads
to the uplift of Debye level calculated by samples’ elastic-
ity; the data are given in Table 1. However, finite sample
size results in the first phonon band occurring at frequency
ωT = 2πcT/L much higher than zero, leading to the reduced
VDOS displays a gap near zero frequency and not reach the
calculated Debye level. Thus, there is no Debye level in the
reduced VDOS. Even though, a significant excess of low-
frequency vibration over Debye level around 3 THz is ob-
served.

Table 1. Shear modulus G, bulk modulus B, transverse velocity of sound cT, longitudinal velocity of sound cL, Debye level AD, and the lowest
frequency of transverse phonon ωT for samples with 10976 atoms and different cooling rates.

Cooling rate (K/s) 1010 1011 1012 1013 Quench

G (GPa) 25.493 25.239 24.796 24.248 22.881
B (GPa) 107.863 107.839 107.448 106.931 105.307
cT (m/s) 1858.366 1849.465 1833.660 1813.940 1763.797
cL (m/s) 4383.730 4379.027 4365.041 4347.242 4297.318

AD (10−4 THz−3) 0.951 0.965 0.990 1.023 1.113
ωT (THz) 2.027 2.017 2.000 1.978 1.922

As shown by the participation ratio plot in Fig. 2(b), lo-
calized non-phonon modes and extended phonon modes co-
exist at low frequencies. Due to the proximity and overlap
of their frequencies, strong resonant coupling between local-
ized modes and phonon modes occurs, resulting in localized
modes becoming more extend and phonon modes becoming
more localized. The resonant coupling agrees with the find-
ing that no localized modes survive within phonon bands.[33]

The coupling behavior is demonstrated in the patterns of vi-
brational modes in Fig. 3. The localized mode in Fig. 3(a)
has vibrational frequency ω = 1.563 THz and participation
ratio PR = 0.00831. Its polarization vectors localize at a dis-
ordered core and feature the Eshelby-like quadrupolar sym-
metry. The phonon mode with frequency ω = 1.871 THz in
Fig. 3(c) lies in the first phonon band. Its participation ratio
PR = 0.599 is very close to the value of a plane-wave mode
(2/3), indicating that this phonon mode is spatially extended
and has an obvious plane-wave characteristic. Clearly, there
is no sign of localization and vortex-like elastic fields are ob-
served. The vortex fields are found in many disordered solids
and carry the elastic interactions between shear transformation
events.[46] The frequency of the hybridized mode in Fig. 3(b),
that is ω = 1.761 THz, lies between the localized mode in
Fig. 3(a) and the phonon mode in Fig. 3(c). The coupling
effect allows this mode to combine the characteristics of the
localized mode and the phonon mode: a much weaker local-
ization at the disordered core superposing on a wave-like back-
ground with an intermediate participation ratio PR = 0.0819.

Hybridized modes, widely present at low frequencies, reflect
the elastic disturbance and interactions of soft spots and have
been demonstrated to be highly correlated with the onset of
plastic events[30] and the morphology of avalanche events.[31]

Note that the case shown in Fig. 3 is simple but representative.
Due to the strong coupling among many low-frequency vibra-
tional modes, a large number of hybridized modes are very
complex with many disordered cores, as observed by Lerner
and Bouchbinder.[35]

The mechanism of resonant coupling indicates that local-
ized modes couple to phonon modes of similar frequencies.[33]

As the cooling rate increases, more localized modes are in-
herited from the liquid, indicated by the elevation of the low-
frequency VDOS in Fig. 2(a). The resulting denser modes lead
to stronger coupling between them, which is evidenced by the
decrease in the difference of participation ratio between local-
ized modes and phonon modes in Fig. 2(b).

The coupling effect is also reflected in the anharmonic-
ity of the vibrational modes. As can be seen from Fig. 2(c),
the lower the frequency the greater the anharmonicity of the
modes, in agreement with the results of Xu et al.[39] Atomic
displacements along the localized mode can reach sufficiently
large values for which anharmonic effects in the interactive
potential are appreciable.[47] Thus, for vibrational modes,
stronger localization usually means stronger anharmonicity.
Compared to the localized modes, phonon modes are con-
sidered to be less anharmonic. Whereas, the strong coupling
makes the difference between them obscure. Only by coarse-
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graining the scattered points with Gaussian function, can we
see small valleys corresponding to the first phonon bands. The
coarse-grain method is performed by

log10(abs(χ (ω))) =

∑
j

h(ω−ω j) log10(abs(χ j))

∑
j

h(ω−ω j)
, (7)

where h(ω) = 1/
√

πσ exp
(
−ω2/σ2

)
is the Gaussian func-

tion with coarse-grain parameter σ = 0.1. The valley becomes
shallower with increasing cooling rates due to the enhanced
coupling effect.

(a)

(b)

(c)

z

y

x

z

y

x

z

y

x

Fig. 3. The two-dimensional (2D) projective quiver plots of three rep-
resentative coupled vibrational modes for a 1010-K/s sample sliced at
position z = 25 Å with thickness δ z = 4 Å. (a) A localized mode
with vibrational frequency ω = 1.563 THz and participation ratio PR =
0.00831. (b) A hybridized mode with ω = 1.761 THz and PR= 0.0819.
(c) A phonon mode with ω = 1.871 THz and PR = 0.599. The blue cir-
cle denotes the disordered core of the localized mode.

We modulate the phonon modes by varying the system
sizes. As the system size increases, phonons can appear at
lower frequencies and the corresponding frequency bands shift
to the left, as shown in Fig. 4. Note that the obtained phonon
bands in Fig. 4 have frequencies slightly lower than the cal-
culated phonon bands in Table 2, resulting from the reduc-
tion of frequencies caused by coupling effects as suggested

in some theories.[22,23] Figure 4(a) displays that the calcu-
lated Debye level remains unchanged; see the data given in
Table 2. A gap replacing the Debye level occurs near zero
frequency in the reduced VDOS and becomes shorter with in-
creasing sample size. Note that the second phonon band of
sample size N = 10976 shares the same frequency with the
first phonon band of sample size N = 4000. The degeneracy
level of the second band (nb = 24) is larger than that of the
first band (nb = 12). Compared to the first band of sample size
N = 4000, more phonon modes in the second band of sam-
ple size N = 10976 lead to stronger coupling effects, which is
evidenced by the smaller difference of participation ratio be-
tween localized modes and phonon modes in Fig. 4(b). With
the increase of sample size, phonon modes intrude into lower
frequency and become denser, resulting in stronger coupling
effects between vibrational modes.
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Fig. 4. (a) Reduced VDOS, (b) participation ratio, and (c) anharmonic-
ity parameter for samples with 1012-K/s cooling rate and different sam-
ple sizes. The horizontal dashed line at zero frequency in panel (a)
denotes Debye level calculated by samples’ elasticity. The curves in
panel (c) are obtained by coarse-graining the scattered points with Gaus-
sian function. The vertical dashed lines represent the frequencies of the
first phonon bands, shifting to the left with increasing sample size.

At finite sample size, the absence of Debye level implies
that BP, the breakdown of Debye prediction, is ill-defined.
This claim is confirmed by the excess of low-frequency VDOS
consisting of multiple peaks corresponding to discrete phonon
bands that depend on the sample size. It is recognized that
BP has a characteristic lengthscale of the order of a few inter-
atomic distance, comparable to the spatial extent of the hetero-
geneous elasticity.[48,49] However, BP is still ill-defined when
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sample size is larger than the BP length, e.g., the samples stud-
ied in this paper. We attribute it to the insufficient coupling
between localized modes and phonon modes, indicated by the
obvious difference of their participation ratio. Some theories
argue that the coupling of localized modes and phonon modes
causes a complete reconstruction of the VDOS and gives birth
to the BP.[22,23] By projecting atomic vibrations into phonon
subspace (corresponding to the plane-wave like phonons with
large wavelength) and non-phonon subspaces (corresponding
to the localized non-affine effects with small wavelength), Car-
oli and Lemaitre[23] found that the coupling between phonon
subspace and non-phonon subspace is necessary for correctly
capturing acoustic behavior in glasses. BP length as a natural
lengthscale separates phonon subspace and non-phonon sub-
space. For finite sample size, discrete phonons modes are fi-
nite (few for small sample size) and the phonon subspace con-
structed by these phonons is incomplete, which leads to the in-
sufficient coupling between phonon subspace and non-phonon
subspace and the rugged VDOS with multiple phonon bands.
As the thermodynamic limit is approached, phonon modes in-
trude into the low frequency to form a dense spectrum, the en-
hancement of coupling causes the localized modes to dissolve
with the phonon modes.[33,47] The reduced VDOS reaches the
calculated Debye level near zero frequency, and the rugged
multiple peaks corresponding to phonon bands merge into a
smooth peak, i.e., boson peak. Thus, the Debye level and
BP are well-defined in the thermodynamic limit, in agreement

with the experimental results.[50,51]

The vibrational modes obtained by diagonalizing the dy-
namical matrix contain only the topological information at the
minimum of potential energy. For finite temperature, the sys-
tem no longer resides at the minimum and is able to explore
the surrounding region with the help of thermal motion. The
vibrational modes obtained by VACF method reflect the real
vibrations at the current temperature and contain topologi-
cal information of the region that the system explores. Fig-
ure 5 shows the vibrational information at temperatures rang-
ing from 0.1 K to 500 K below the glass transition temper-
ature. The existence of plateau in the plot of temperature-
reduced MSD in Fig. 5(a) indicates that the atoms in system
are in a state of vibrations. The uplift of plateau with temper-
ature indicates that the anharmonicity drives the atomic vibra-
tions to deviate from the low-temperature harmonicity.

Table 2. Shear modulus G, bulk modulus B, transverse velocity of sound
cT, longitudinal velocity of sound cL, Debye level AD, and the lowest fre-
quency of transverse phonon ωT for samples with 1012-K/s cooling rate and
different sample sizes.

Atom number 2048 400 6912 10976

G (GPa) 24.807 24.775 24.786 24.796
B (GPa) 107.500 107.355 107.198 107.448
cT (m/s) 1834.159 1832.681 1833.056 1833.660
cL (m/s) 4366.403 4362.872 4360.451 4365.041

AD (10−4 THz−3) 0.990 0.992 0.991 0.990
ωT (THz) 3.500 2.798 2.332 2.000
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Fig. 5. (a) Temperature-reduced MSD, (b) VACF, (c) VDOS, and (d) reduced VDOS for samples with 10976 atoms and cooling rates 1012 K/s
at different temperatures. Inset in panel (a) is the main plot in log–log scale. Insets in panels (b) and (c) are the magnification of regions
enclosed by the red dashed window in the main plot. The dashed line in panel (d) represents the reduced VDOS obtained by diagonalizing
(Diag) dynamical matrix of zero-temperature samples.

056502-6



Chin. Phys. B 33, 056502 (2024)

In order to fully explore the low-frequency vibrations, the
integration time for the VACF needs to be long enough to be
much larger than the vibrational period of the first phonon
bands, e.g., T = 2π/ωT ≈ 3.14 ps for samples with 10976
atoms and cooling rate 1012 K/s. The integration time for
all calculation is set to be 10 ps. As shown in Fig. 5(b), al-
though the VACF has attenuated to a vanishing value after
1 ps, the long-term fluctuations containing low-frequency vi-
bration information still exist. Note that the VACF is aver-
aged on 100 initial time t0 and 10 independent samples, so
the long-term fluctuations are not due to the insufficient statis-
tics. VDOS in Fig. 5(c) shows an obvious fluctuating structure,
which appears across the entire frequency range and is partic-
ularly pronounced in the middle-frequency region. The fluctu-
ating structure even gives rise to the anti-physical appearance
that the reduced VDOS is negative at low frequency, clearly
shown in Fig. 5(d). As the temperature approaches zero, the
fluctuating structure in Fig. 5(c) becomes more pronounced,
corresponding to the more significant long-term fluctuations
of VACF in Fig. 5(b). This phenomenon may be related to
the fractal free energy landscape at low temperatures,[52,53]

where the system is not purely vibrational and undergoes weak
relaxation.[54]

At low temperatures below 10 K, the curves in Fig. 5 col-
lapse and the VDOS converges to its zero-temperature coun-
terpart obtained by the diagonalization method. This is due
to the negligible anharmonic effect caused by thermal mo-
tion, where the explored region is near the minimum of po-
tential energy and its real topology can be represented by the
topology of the minimum. As the temperature rises, the ex-
plored region expands and anharmonic effect comes into play.
Temperature-induced sample softening causes an increase of
the low-frequency vibration,[55] as shown in Figs. 5(c) and
5(d).

In the present work, the vibrational anharmonicity caused
by thermal motion is not the focus of our attention. We choose
1 K as the calculated temperature of the VDOS obtained by
the VACF method. Figures 6(a) and 6(b) show the reduced
VDOS for samples with different cooling rates and sample
sizes, respectively. Except the fluctuating structure induced
by low-temperature relaxation, the VDOS is consistent with
its zero-temperature counterpart obtained by the diagonaliza-
tion method, evidenced by their similar frequencies of phonon
bands. When the temperature induces thermal motion, the De-
bye level does not exist and the BP is ill-defined, as confirmed
by a gap near zero frequency and multiple excess peaks around
3 THz.

For finite sample sizes, the absence of Debye level is
observed in simulation[14,19] and experiment.[56] It is often
claimed that BP is present at this situation, which may be
due to the coarse-grain treatment that smears out the dis-

crete phonon bands. However, caution must be taken because
such smoothed BP may be highly dependent on the sample
size, e.g., dependence should be obvious when we smooth the
curves in Fig. 4(a). For real glasses with much lower cool-
ing rates, stable structures bring about less localized modes,
reducing greatly the coupling intensity between vibrational
modes. Thus, the sample size for which BP are well-defined
should be larger.
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Fig. 6. Reduced VDOS obtained by the VACF method at 1 K for sam-
ples with different cooling rates (a) or sample sizes (b). The red vertical
dashed lines in panel (a) represent the frequencies of the first and sec-
ond phonon bands obtained by the diagonalization method as shown in
Fig. 2. The vertical dashed lines in panel (b) represent the frequencies
of the first phonon bands obtained by the diagonalization method as
shown in Fig. 4.

4. Conclusions
To summarize, by molecular dynamics investigation of

Cu50Zr50 metallic glasses, we clearly observed the resonant
coupling of localized modes and phonon modes. Increasing
cooling rate or sample size brings about the denser vibrational
modes, resulting in the enhanced intensity of coupling effect.
For samples of finite size, phonon modes do not fill up the
low-frequency region and the coupling of phonon modes and
localized modes is not sufficiently, giving rise to the ill-defined
Debye level and BP. This situation remains valid at finite tem-
peratures, even though anharmonicity comes into play.

In this paper, we mainly consider the vibration under har-
monic regime. At a finite temperature that is not very low,
such as room temperature, the anharmonic effect caused by
thermal motion is significant and affects the shape of VDOS;
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see Fig. 5(d). In such a situation, how localized modes and
phonon modes couple to each other remains unknown. A
method capable of extracting vibrational information at fi-
nite temperatures, based on the covariance matrix of parti-
cles’ displacements,[57–60] provides a chance to investigate this
problem.
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