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SPECIAL TOPIC — Heat conduction and its related interdisciplinary areas

Dynamic response of a thermal transistor to time-varying signals

Qinli Ruan(Ft 2:WN), Wenjun Liu(X]3C#), and Lei Wang(E )"

Department of Physics, Beijing Key Laboratory of Opto-electronic Functional Materials and Micro-nano Devices, and Key Laboratory of Quantum State
Construction and Manipulation (Ministry of Education), Renmin University of China, Beijing 100872, China
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Thermal transistor, the thermal analog of an electronic transistor, is one of the most important thermal devices for
microscopic-scale heat manipulating. It is a three-terminal device, and the heat current flowing through two terminals can
be largely controlled by the temperature of the third one. Dynamic response plays an important role in the application of
electric devices and also thermal devices, which represents the devices’ ability to treat fast varying inputs. In this paper,
we systematically study two typical dynamic responses of a thermal transistor, i.e., the response to a step-function input (a
switching process) and the response to a square-wave input. The role of the length L of the control segment is carefully
studied. It is revealed that when L is increased, the performance of the thermal transistor worsens badly. Both the relaxation
time for the former process and the cutoff frequency for the latter one follow the power-law dependence on L quite well,
which agrees with our analytical expectation. However, the detailed power exponents deviate from the expected values
noticeably. This implies the violation of the conventional assumptions that we adopt.

Keywords: phonon, phononics, thermal transistor, dynamic response, heat conduction

PACS: 63.22.-m, 63.20.—¢, 44.10.4+1i, 05.70.Ln

1. introduction

With the advancement of micro-electronics, the design
and manufacture of nanoelectronic devices have been rapidly
developed and have broadly facilitated many aspects of our
daily life. The potential of applying microscopic heat control
may result in comparable wealth of applications. In the past
period, phononics, a new science and engineering manipulat-
ing heat flow with electronic analogs, has been put forward
greatly.!'l Analogous to the electric components, two funda-
mental thermal devices, the thermal diode!?! with rectification
of heat flux and the thermal transistor’® with the control of
heat transport, have been proposed. The thermal transistor
is used to operate thermal switching, thermal amplification,
thermal logic,*! and thermal storage.”®! For its fundamental-
ity and versatility, it is often cited as the backbone of thermal
circuits. Over the years, various thermal transistors based on
near-field thermal radiation,!®! nonlinear phonon conduction

[7.8]

in nanoscale systems, nanoscale confined fluids, quantum

electronic systems,”~131 and Josephson junction between dif-

sl415] have been designed and some of

4.116-21

ferent superconductor:
them have been experimentally demonstrate ' In many
cases, with the help of a suitably designed electromagnetic
field, the thermal control functions can be realized more easily.

The above studies mostly focus on the systems in station-
ary states. The nonstationary properties, however, have not
received enough attention yet. Commonly, systems in non-
stationary and stationary states behave quite differently. The

parabolic Fourier equation, which is a law for stationary-state

fCorresponding author. E-mail: phywanglei @ruc.edu.cn
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heat conduction, implies infinite speed of the signal propa-
gation, thus it is inconsistent with causality and cannot well
describe nonstationary-state heat conduction. The Cattaneo—
Vernotte law!?223] has then been proposed to recover it. The
local thermal equilibrium (LTE), which is a basic assumption
for linear response theory, might also be broken in heat diffu-
sion processes induced by even infinitesimal perturbation. ¥
In a fast-varying temperature field, the generally applied qua-
sistatic assumption in conventional statistical mechanics be-
comes invalid. A physical quantity, e.g., heat current, caused
by a time-varying driving no longer equals its temporal av-
erage of static values, and additional geometric contribution
must be considered.>-27! Recently, rich and significant phys-
ical phenomena have been presented in systems with time-
varying driving, such as the heat pump induced by geomet-
ric heat flux,[?8! heat transport in the forbidden band gap of a
nonlinear chain,/?®! and the ratchet heat flux against thermal
bias'?%-331 or under zero average thermal bias. (333!

In the practical point of view, due to the capacitance at the
PN junction, an electric diode loses its rectification function to
high-frequency signals badly. The case for electric transistor is
similar. Easy to understand, the performance of thermal con-
trol devices will also be largely affected by the frequency of
input signals. The high-frequency-induced performance loss
has already been observed for a model of thermal diode. 36!
Beyond that, there are still very few studies on the dynamic
response of this or other heat control devices, in particular the
thermal transistor. Such studies help design thermal devices
with optimal performance in operating fast-varying inputs.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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In this paper, we focus on the dynamic response, the re-
sponse to time-varying signals, of this key thermal device, the
thermal transistor. The rest of the paper is organized as fol-
lows. Section 2 is devoted to the introduction for the model of
thermal transistor. Section 3 presents two types of dynamic re-
sponse of this thermal transistor. Both numerical simulations
and theoretical analyses will be provided. Discussion and con-
clusion are represented in Section 4.

2. Model of the thermal transistor

Analogous to an electric field effect transistor, a thermal
transistor consists of three terminals, source (S), drain (D),
and gate (G). The function is that when a constant tempera-
ture drop is applied between the terminals D and S, the heat
current flows from D to S is sensitively controlled by the tem-
perature of the terminal G. A model that realizes such a func-
tion was first proposed in the year 2005.53 The central part of
the model is a weak interface and the power spectra at the in-
terface depend on the temperature sensitively. The so induced
match and mismatch of power spectra at the interface induce
a sensitive temperature dependence of interfacial heat resis-
tance. The negative differential thermal resistance (NDTR),
the key factor of a thermal transistor, is thus realized. Various
theoretical models to realize NDTR with quite different under-
lying mechanisms have been proposed in recent years.[?’#0]
The above underlying mechanism is, however, still one of the
most efficient.

Here we study the dynamic response of a model of ther-
mal transistor based on this mechanism. The model consists of
three weakly coupled Frenkel-Kontorova (FK)!*? segments.
The FK model is a highly simplified model that describes a
crystalline solid derived from the coupling between the film
material and the substrate material. The setup is illustrated in
Fig. 1 and the corresponding Hamiltonian for the whole sys-
tem follows:

H = Hs + Hp + Hg + Hint + Hingg

¥ L+ L P s cos2
= —Xq ; - XS.i — XS.i— — COS XS.i
L%t s(Xs,i —xs,i—1 ox)? S.i
Q1 1 Vb
+i:21 5)521),1' + EkD(XD,i —xp,i-1)’— e COS27xp,;

Vg
—=—5 COS2TXG,;

G 1 2 1 2
+i:ZI E)CG,,'—F*](G()CG,[—XGJ;]) — (27_[)2

2

1

1
+§kint(XS,Ns —Xpp)*+ Ekintg (xsvs —XGNg)%s (D)

where xp;, xs;, and xg; denote the particles’ displacements
from their equilibrium positions in the three segments D, S,
and G, respectively. The mass of each particle has been set
to unity. Fixed boundary conditions (BC) are taken for all the

three segments, i.e., xpo = xs,0 = xg,0 = 0. To reduce the
boundary effect of the G segment, the input heat bath will be
attached to not the end particle of this segment but a particle
at a shorter distance L < Ng. Basically, only the heat resis-
tance in this part plays a noticeable role, thus L instead of Ng
is called the length of the segment G hereafter. We have con-
firmed that such a change affects the results very slightly. Un-
less otherwise stated, the parameters of the thermal transistor
are ND = Ns = 4, NG = 200, TD = 0.2, kD = 0.05, VD = 0,
kint = 0.06, Ts = 0.04, ks = 0.2, Vs = 6.0, kg = 1.0, Vg = 5.0,
and king = 1.0. The so chosen parameters guarantee that the
thermal transistor works well as a thermal switch in a wide
regime of L, and they are all in the experimentally accessible
regime. The correspondence between the real physical quan-
tities and the dimensionless ones we applied can be found in
Ref. [42].

Fig. 1. Configuration of the thermal transistor. The device consists of
three Frenkel-Kontorova type segments, D, S, and G. For fixed 7p and
Ts (Tp > Ts), Jp and Js depend sensitively on the temperature T, which
is controlled by 7. Unlike in our previous studies, the control heat bath
T is attached not to the end particle of segment G but to a particle with a
shorter distance L.

3. Dynamic response of the thermal transistor
3.1. Fundamental diagram

First of all, the fundamental diagram of the thermal tran-
sistor, i.e., the stationary-state heat currents Jp and Jg versus
the temperature 7o, is calculated. To do that, the temperatures
Tp, Ts and Tp are fixed to required values. After a transient
time typically 107 time units, the system approaches a station-
ary state, i.e., all the local temperatures become time indepen-
dent and the heat current in each segment becomes also site in-
dependent. Then the values of the heat currents are measured
and plotted in Fig. 2. We see in a quite wide regime of Tp,
the heat current Jp increases with decreasing temperature dif-
ference in this segment Tp — Tp. This is the so called NDTR.
Jp and Jg can thus equal each other at three different states,
‘on’, ‘semi-on’ and ‘off” states, for which 7o = Ty (= 0.04),
To = Tsemi-on (= 0.07), and Tp = Ty (= 0.163), respectively.
The function of a thermal switch is thus realized.'!
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Ideally speaking, if the input signal can be directly in-
jected into the particle O, then the performance of the thermal
transistor reaches its best. It is, however, practically impossi-
ble since the particle O is located inside the device. That is
why a control segment G must be considered. As we have al-
ready proven, when the effective length of the segment G is
not too long, the thermal transistor is controllable, i.e., for any
given value of Tg € [Ty, Ton) there exists only one value of

stationary-state To.!*! Throughout this paper, we study such
cases only.
Ip AN
—4 - JS "' -~ >0
2x10~4t AJ , -7
5

Fig. 2. Fundamental diagram of the thermal transistor. Stationary-state
heat currents Jp, Js and AJ = Js — Jp versus the temperature T are plot-
ted. In the three key states To = Tofr = 0.04, To = Tsemi-on = 0.07, and
To = Ton = 0.163, AJ equals zero exactly.

3.2. Switching processes

One of the main functions of the thermal transistor is
thermal switching,’! which is a basis of many other com-
plicated functions such as thermal logic gates*! and thermal
memory.°! Here we study the dynamic switching processes,
i.e., the ‘on—off” and ‘off-on’ processes, in a thermal transis-
tor. To simulate an ‘on—off” process, a heat bath with tem-
perature Tg = Ty, is initially attached to the segment G for
enough long time so as to set 7p and the temperature of the
whole segment G to To,. At the time ¢ = 0, the temperature
Tg is switched to Tygr. Then the system will asymptotically ap-
proach the ‘off” state, i.e., 7o and the temperature of the whole
segment G approach Tog. An ‘off—on’ process is similar.

The ‘on—off’ and ‘off—on’ processes are numerically sim-
ulated for a model of thermal transistor with very different
lengths of segment G, L = 10 and 200. To indicate how close
the system approaches the asymptotic states, we define the rel-
ative temperatures of the particle O,

To — T

AT, = u’ 2)
Ton - Toff
Ton — Tt

AT = 0“70’ (3)
Ton — Totr

for the ‘on—off” and ‘off—on’ processes, respectively. They are
initially unity and asymptotically approach zero in the corre-
sponding processes.

The numerically obtained AT, and AT_ versus time ¢ dur-
ing the processes are plotted in Figs. 3(a) and 3(b). We see that
in the main part of the processes, they follow exponential de-
cays with the exponents 1 and 7_, respectively, i.e., for the
‘on—off” process

AT, ~ e M, )
and likewise for the ‘off—on’ process
AT~ e M, 4)

To understand such universal exponential decays, we
study the evolution of the system during the operation pro-
cesses. For an ‘on—off” process, we have observed that the
system spends most of the time on the states that are very close
to the asymptotic state, the ‘off” state. This fact enables us to
concentrate on the close-to-off part only.

1 e

1.1 e—2:3x107% ¢

o1l 0.98 e72,5><lO’3L

0 500
t

0.1

- -5, K
47 e 9.0xX107° t

..... 3.7 eamxw*5 t ¢ %‘%
o

0.01
0

50000 100000

t

Fig. 3. The switching processes of a thermal transistor. The relative tem-
peratures AT for (a) L= 10 and (b) L = 200. In both cases, AT and AT_
follow exponential decays with time ¢ asymptotically, which is expected
by the Egs. (15) and (16).

To make a theoretical analysis, we have to apply all the
conventional assumptions, including the Fourier law of heat
conduction, LTE, and quasistatic. When Tp is sufficiently
close to Tofr, the dynamics of the local temperature distribution
T (x,t) along the G segment can be described by the following

linear differential equation:
20(x,t)
o

where x denotes the displacement relative to the heat bath, i.e.,

Koft 020(x,1)
coff Ox2

Q)

x = L for the particle O and x = 0 for the particle coupled to the
heat bath. 0(x,t) = T (x,t) — Tog, and cofr and Kyge denote the
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specific heat and the thermal conductivity of the G segment at
temperature 7Ty, respectively.
For ¢t > 0, the following boundary conditions hold:

6(0,1) =0, (7
20 (x,t
— Kot (L, 1) + Kotr (; )|x:L =0, (®)
x
where Kot = Kotr + Ko Kopp = dTo 2 |7o=t and K5y =
— |T0 7,5 According to the stability conditions, both &

and Kon must be positive. Hereafter, all the subscripts ‘off” of
the variables «, ¢, and k' are omitted for simplification.
Considering the initial condition

0 (L O) on Toffa (9)

the solutions of the Eq. (6) take the form of

ZC sm( ) p(—gg’t) (10)
where U, satisfies
K
tan (i) = P (11)

Since sin[i,, (x/L)] is an odd function of x and sin(0) = 0, we
may consider positive values of u,, only. Furthermore, be-
cause we are interested in the asymptotic behaviour of the sys-
tem, we take only the lowest positive term (;, which corre-
sponds to the mode that decays the most slowly. The coeffi-

cient C; reads

 Ton—Tore [F . /iix
€= /0 sin (K1) d, (12)

where
L .
. .o (M1X sinQui)L L
N(up) /0 sin ( I )dx m —|—2 (13)
Therefore,

0(x,t) =

4(T0n — Toff)(l — COS ,ul) . Hix K'ul
—sin(2u;) 421 - ( L ) cxp cl? !
14

In the short L limit, y; — 7/2, the relative temperature AT
of the particle O (x = L) follows:

O(Lt) 4 K’
AT, = ———— = — ——t 15
* Ton — Loff T exp ( 4c L2 ( )

In the long L limit, y; — 7+ (7&/k'L) +O(1/L?). Therefore,

2
O(L,r)  4x exp (_K?‘Ct> (16)

AT, = =
T T — T KL 12

Equations (15) and (16) well explain the above observed expo-
nential decay of AT, as shown in Fig. 3. The same derivations

also apply to the ‘off-on’ process thus the exponential decay
of AT_ can be explained in the same way.

However, something unexpected has also been revealed.
First, at the beginning of the process, the decays look much
slower. This can be observed clearly in the L = 200 case,
see Fig. 3(b).
initial state, ‘on’ or ‘off’.

It can be understood by the stability of the
Namely, around the ‘on’ or ‘off’
state when small perturbation causes a change of 7o, the in-
This makes the
Eq. (6), which applies to the asymptotic state, invalid. More

duced net heat current will push 7o back.!!

importantly, the detailed dependence of the exponents 1_ and
N+ on the length L does not agree with the expectation. In
Fig. 4, the numerically obtained 1 and 7n_ versus L are plot-
ted. They both follow power-law decays with L, the detailed
power exponents are —1.15 and —1.4, which differ from the
expected value of —2 apparently. The reasons might be the fol-
lowing. (i) In the physical aspect, the assumptions of Fourier
law, LTE, and quasistatic are in fact not well satisfied in such
a small and fast-varying system. We have numerically ob-
served that the Fourier law of heat conduction in the G seg-
ment is broken down, i.e., the heat conductivity is not a length-
independent constant but diverges with the length L by L* with
a > 0, just like what is commonly observed in 1D lattices
with momentum-conservation.#4*¢ In such cases, the local
heat current can no longer be determined by the local quanti-
ties, e.g., the local temperature and local temperature gradient,
alone. A quantitative calculation becomes much more compli-
cated. Nevertheless, qualitatively speaking, the heat resistance
in the segment G increases not as fast as L', but follows L'~
with positive & only, thus the role of the length L is weakened
greatly. The above discrepancy can be mostly attributed to
it. The effects of the breakdown of the other assumptions are
even harder to figure out. They might be considered in future
studies. (ii) In the mathematical aspect, the Eqgs. (15) and (16)
are for the short and long L limits, respectively. There exists
a factor 4 in the denominator of the exponent in the Eq. (15),
which indicates a slowdown of the decay of 1 in the medium
length L.

Furthermore, to quantitatively measure the performance
of the thermal switch, we define a relaxation time #. at which
the AT decays to a critical value 1/ ¢,

1
ATi(l‘ci) = g (17)

Compared with the values of 14 which describe the asymp-
totic part of a switching process only, the relaxation time mea-
sures the entire process more precisely. In the ideal case that
ATy ~ e~ ™ throughout the whole switching process and
N+ ~ L2, simply f.. ~ L>. The numerically measured re-
laxation time #.; and f._ are plotted in Fig. 4(b). They both
follow a power-law growth with L. This reveals quantitatively
the high importance of reducing the thermal resistance in the

056301-4
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G segment. The shorter the G segment is, the faster the opera-
tion processes can be completed. Not surprisingly, the detailed
power-exponents do not agree with the above expected value
2 very well.

In the above simulations, the lengths of the D and S seg-
ments Np and Ny are always fixed to a relatively short value 4.
To observe the universality of the above conclusions, we have
also simulated systems for longer Np and Ns. In Fig. 5, the
switching processes for Np = Ns = 50 and 200 are presented.
In all the cases, exponential decays of AT can be clearly con-
firmed. The relaxation time also follows power-law divergence

quite well, although the detailed power exponents may vary.

(a) “&.,
1073} 8.
\B .
...:B ~
N4 Q'..\‘:‘x
n .Q ~ \D\
10_4- - -.0.033 L—1.15 .'O... {l\ O
..... —1.4
0.065 L o.
"o
10 100
L
(b) Dr'
L
tc+ ,.B g
104 L o t67 5/'
- -0 LY T
..... 8.0 L1.67 I
A7
. 8"
10%F o
&
0.
S .
10 100
L

Fig. 4. (a) Exponents 1 and 71— for ‘on—off’ and ‘off-on’. The decays
of 4 and n_ satisfy the power law. (b) The relaxation time .+ and #._,
the time it takes for ATy to fall to 1/e, are plotted.

&~ (a) (b)
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o --14L ok e s

Fig. 5. The exponents n+ and relaxation time f.+ for the ‘on—off’
and ‘off-on’ processes. Left column, Np = Ns = 50. Right column,

Np = Ns

= 200.

3.3. Response to periodic inputs

Next, we study the frequency response, i.e., the response
of the thermal transistor to a periodic input signal. It measures
more precisely the performance of a thermal device under a
fast varying input signal. Here we study the simplest case,
in which the input temperature Tg takes the form of a square
wave,

TG - TO(I +A)a

2mt
A =Asgn <sinﬂ> .
P

We set the mean input temperature Ty = (Ton + Togr) /2 and the

18

19)

oscillation amplitude A = (To, — Togr) /2, thus T jumps be-
tween Ton and Tog periodically. After the 7g oscillates enough
rounds, all other modes vanish and the whole system reaches a
periodic state whose period equals that of the external driving
P. In such a case, we need only to study the periodic variation
of any quantity within a full temporal period.
The calculated To (P, T) versus the rescaled time,
t

5 (20)

T

for four representative values of P are plotted in Fig. 6(a).
Each plotted value is an average over 10* to 107 temporal peri-
ods, which consist of about 4 x 10° time units. In the very long
P case, say, P = 4 x 10°, the corresponding To (P, t) basically
forms a square wave. For a not very long P, say P = 1 x 10%,
To(P,7) changes gradually from T, to To and keeps there
a while, and then changes back to Ty, and keeps. For even
shorter P, say P = 2 X 103, the above required transient time
is too long thus Ty, and Ty can no longer be reached. To (P, 7)
can oscillate only in a narrower regime. For a very short P,
say P =4 x 107, Tp keeps basically static. Correspondingly,
the heat currents Jp(P,7), Js(P,7), and Jg(P,T) are plotted
in Figs. 6(b)-6(d), respectively. These figures illustrate how
badly the performance of the thermal transistor is affected by
the frequency of the input signal.

To measure the performance of the thermal transistor
more precisely, we calculate the standard deviation of To (P, 7),

o[To(P7)] = \//OI[TO(RT) —(To(P,T))?d7,  (21)
where

1
(To(P.7)) = /0 To(P,7)dt 22)

denotes the average of To(P,7). In the long P limit, as we
have observed, To(P, T) jumps between Ty, and Ty periodi-

cally, thus

Ton — Loff

o[To(ce, 7)) =~

(23)
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While in the short P limit, 7o (P, T) becomes a 7-independent
constant thus o [T (P, T)] approaches zero, which indicates ex-
plicitly that the output can no longer be controlled by the input.
Therefore, the relative standard deviation

_ o[To(P,7)]

= ollo (= 7) &4

(P)
takes a value within the interval (0, 1) and it quantitatively de-
scribes the control ability of the transistor to the periodically-
varying input signal.

£ -
o o1 / \ T
= P=4x10% s = P=4x10?
» P=2x10° * P=2x10°
p=10* P=10"
P=4X107 ™™ —m—— 0 YP=4X107  “emmprrarmoreermmy
0 0.5 1.0 0 0.5 1.0
T T
0.04
(0) ep=axior - p=10t (D
o [r——rm— b «P=2x10° v P=4x10°
2X10~

Js(7)

}

Ja(T)
=3

v
*P=4x10? + P=10"
* P=2X10° v P=4x10°

0 —
0 0.5 1.0 0'040 0.5 1.0

T T

Fig. 6. The periodic temperature 7o and the periodic asymptotic lo-
cal heat currents Jp s/ flowing from the heat bathes Tp /s /g versus the
rescaled phase 7 for L = 20. Data binning over contiguous 7 regimes has
been performed in order to reduce statistical fluctuations.
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Fig. 7. (a) The relative standard deviation y versus the input frequency f
for various lengths of G segment L. The horizontal dashed line stands for
Y= 1% = 1/e. (b) The cutoff frequency f versus L. A red dashed line
with slop —1.55 is plotted for reference.

The y(P) versus the input frequency f = 1/P of this ther-
mal transistor for various L is plotted in Fig. 7(a). As expected,

in all cases y(P) decays with f gradually, and the longer the
L the faster the decay. To quantitatively measure whether the
thermal transistor is still able to operate the high-frequency
input, a cutoff frequency f. is defined as the value of input
frequency for which y decays to a critical value ¥, i.e.,

1
V() =Y. (25

Here we set % = 1/e ~ 0.36788. The so calculated f. versus
the length L is plotted in Fig. 7(b). It follows a power-law de-
pendence with L, i.e., f. ~ L™ quite well. Compared with
the switching processes, the theoretical analyses for this pro-
cess are even more difficult. Besides the validity problems of
the conventional assumptions, unlike in a switching process
in which all the heat conductivities and specific heat can be
treated as constants since we are interested in the asymptotic
states only, here they are local temperature dependent. The
Egs. (6) and (8) become much more complicated. In such a
case, we conjecture the above power exponent should equal
—2, just like the one expected in a thermal diode model.?"!
The discrepancy can be mainly attributed to the anomalous
heat conduction in the G segment again.

4. Discussion and summary

The dynamic response of a thermal transistor under time-
varying input signals has been systematically studied. The
roles of the length L of the G segment have been investigated
particularly. First, in the switching processes, exponential de-
cays to the asymptotic states are clearly observed, and the ex-
ponents satisfy power-law scalings with L in all cases. These
findings agree with our theoretical analyses. The detailed scal-
ing power exponents, however, differ from the expectations
largely. The relaxation time #. of the thermal transistor, the
time that the transistor spends on completing the switch pro-
cesses, is also measured. The case is similar, i.e., the power-
law scaling with L can be correctly predicted, however, the de-
tailed values of the power exponents deviate noticeably from
the predictions.

Second, the frequency response of the thermal transistor
to a square-wave signal is investigated. The control ability of
the transistor can be represented by the standard deviation of
the key temperature 7o under the periodic input. As expected,
when the frequency of the input signal increases, the ability is
lost gradually, and the longer the L is the more rapidly the loss
enlarges. A critical frequency f; can be naturally defined as
the value, at which the performance of the thermal transistor
vanishes to an unacceptable level. We reveal numerically that
f. follows a power-law decay with L, i.e., fo ~ L™ The
important role of the heat resistance in the control segment
is clearly presented. Compared with the switching processes,
theoretical analyses for the frequency response are even more
difficult.
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This study may help designing thermal transistors that re-
alize various heat control functions in rapidly changing condi-
tions and broaden their applications. To the best of our knowl-
edge, such studies are still very rarely reported. The theoreti-
cal part of the study is still quite preliminary. We have to ap-
ply many conventional assumptions, which are in fact not well
satisfied in such a few-particle, far-from-equilibrium, and fast-
varying system. That is why the agreement with the numeri-
cal observations is not satisfying. The types of the decay and
growth, exponential or power law, have been obtained success-
fully. However, very noticeable discrepancies in the detailed
values of exponent and power still exist. More intensive stud-
ies are necessary before we can understand the findings and
determine the scaling properties more exactly.
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