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The thorough exploration of the transverse quality represented by divergence angle has been lacking yet in the energy
spread measurement of the relativistic electron beam for laser wakefield acceleration (LWFA). In this work, we fill this
gap by numerical simulations based on the experimental data, which indicate that in a C-shape magnet, magnetic field
possesses the beam focusing effect, considering that the divergence angle will result in an increase in the full width at
half maxima (FWHM) of the electron density distribution in a uniformly isotropic manner, while the length-to-width ratio
decreases. This indicates that the energy spread obtained from the electron deflection distance is smaller than the actual
value, regardless of the divergence angle. A promising and efficient way to accurately correct the value is presented by
considering the divergence angle (for instance, for an electron beam with a length-to-width ratio of 1.12, the energy spread
correct from 1.2% to 1.5%), providing a reference for developing the high-quality electron beam source.

Keywords: relativistic electron beams, acceleration by laser–plasma interactions, finite element analysis

PACS: 41.75.Ht, 52.38.Kd, 02.70.Dh DOI: 10.1088/1674-1056/ad2dcb

1. Introduction
High energy electron beams are widely used to produce

ultraviolet light, high-energy x-rays, and gamma rays in large
scientific facilities such as synchrotron radiation sources and
free electron lasers. These beams play an important role in
revealing electron dynamics, detecting biological molecule
structures, and recording chemical reaction processes in many
research fields.[1] The quality of the electron beam can be eval-
uated by the electron charge (Q), pulse width (∆t), energy
spread (ES), and so on.[2,3]

With the development of laser technology, significant
breakthroughs have been made in laser wakefield acceler-
ation (LWFA),[4–7] providing extremely high acceleration
gradient.[8] In order to achieve the quality of electron beam
equivalent to that of conventional accelerators, a lower ES is
required, under the constraint of the Q being limited by the
beam loading effect.[1]

The energy spread is defined as the ratio of the energy
width at half maximum of the energy spectrum (δE) to the en-
ergy at the peak[10] (ES = (δE/Emax)× 100%). Researchers
are committed to pursuing lower energy spread in theory[10–12]

and in experiment.[3,13–23]

As a consequence, precise measurement of energy spread
becomes particularly important. The usual method is to deflect
the accelerated electron beam by using a stable magnetic field.
Due to the relation between the Lorentz force and velocity,
particles with different speeds (i.e., different energy values)

experience different deflection forces and curvature radii. The
particles eventually reside on different positions on the receiv-
ing screen where an image plate (IP) is placed,[23,24] and the
deflection distances can be used to infer the particle velocities.
For an electron beam, the FWHM of the electron density dis-
tribution on the receiving screen can be used to characterize
the energy spread.[1] However, the above approach does not
consider the transverse momentum due to the divergence an-
gle θ , which has a direct effect on the final deflection distance
of the electron.

In this work, we discuss the effect of the divergence an-
gle on the energy spread, obtained by numerical simulations
through using finite element methods based on experimental
data. The qualitative influence of the energy spread measure-
ments is investigated. By considering the inhomogeneity of
the magnetic field and comparing two cases (with and without
the divergence angle). The numerical simulation is based on
COMSOL Multiphysics.[25]

2. Model

Based on the experimental results, we developed a com-
plete model and used COMSOL Multiphysics to simulate the
complete flight path of the electron beam from entering the
magnet to being received by the detector. The simulation box
size is set to 20 cm×20 cm×39.8 cm, and the magnetic field
area is 2 cm×8 cm×16 cm. The simulation box is partitioned
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into 53164 tetrahedral meshes using a finite element algorithm
with adaptive partitioning as shown in Fig. 1(a).

A total of 3× 105 electrons are set to be in the electron
beam and the initial propagation direction is along the posi-
tive z axis. According to the experimental data, the transver-
sal density distribution of the incoming electron beams is as-
sumed to be a two-dimensional Gaussian distribution. Its full
width at half maximum (FWHM) in the x direction (xFWHM)
is 3.82 mm, and full width at half maxima in the y direction
(yFWHM) is 4.34 mm, with their ratio being 1.136. It is at-
tributed to the divergence of angle and size of the electron
beam moving from the source to the magnetic field region.
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Fig. 1. (a) Three-dimensional model of experimental setup after adaptive
meshing. (b) Distribution of transverse phase space (β = vx/vz) along x
direction in incident plane in magnetic field region.

The energy distribution of the electron beam is set to a
Gaussian distribution. In general, the energy spectrum can be
fitted to a linear combination of multiple Gaussian distribu-
tions by using the algorithm given in Ref. [26]. The central
energy of the electron beam is 150 MeV, the simulation time
scale is set to 1.4 ns in time steps of 1 ps and the coordinates
of all electrons can output at each time step.

In the phase space, the divergence angle is characterized
by setting the transverse momentum distribution in the inci-
dent plane.[27] Starting from an initial point source, due to the
presence of the divergence angle, the electron bunch with dif-
ferent transverse momentum components will gradually dis-
perse.

As shown in Fig. 1(b), the mean of the particle velocity
ratio (β = vx/vz) distribution in the positive direction of the
x-axis coordinate is also positive, which is consistent with the
above physical picture.[27] In a real situation, the transverse
velocity component is very small compared with the longitu-
dinal velocity component. Thus, according to β = vx/vz =

tan(θ) ≈ θ (the approximation is satisfied when the angle is
very tiny), the divergence angle can be set to be the FWHM of
β distribution. This setting leads to better robustness in parti-
cle simulation dynamic simulations.[28]

In contrast to conventional accelerators which uses
quadrupole triplets to focus the electron beam, the divergence
angle constitutes to be the key parameter for assessing LWFA.
Therefore, no pre-treatment is applied prior to the magnet.
The electron beam is incident from the center of the magnet

entrance surface and deflected along the negative y axis as it
passes through the magnet. Eventually, it resides on the detec-
tor at the top of the simulation box. Therefore, the top of the
simulation box is assumed to be taken as a frozen boundary
condition.

After completing the basic setup, the simulation program
is run to obtain the motion trajectory of each electron as shown
in Fig. 2. The numerical simulations yield an output x and y
coordinate of the particles, and the scatter density analysis is
performed by using the ‘ksdensity’ algorithm, which is widely
used in statistics, machine learning, and other fields.[29,30] As
shown in Fig. 2(d), the FWHM of the density distribution
curves,[31] xFWHM and yFWHM, respectively represent the x size
and y size of the deflected electron beam spot.
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Fig. 2. (a) Trajectory of electron beam, (b) outgoing, (c) incident electron
beam spots, (d) data processing using MATLAB, with color indicating the
number of electrons in pixel and electric charge being in atomic units.

When the electron beam’s pointing stability is less than
5 mrad, there is no discernible influence on the results within
the precision threshold of 0.1 µm. When the incident deflec-
tion angle is large, the incidence deflection angle can be mea-
sured by IP in front of the magnet, and the average deflection
angle can be used for numerical simulation.

3. Uniform magnetic field
For ease of comparison and validation, the magnetic field

is initially set to 1-T field. Although the divergence angle can-
not be zero in reality, the divergence angle is set to 0 in the
numerical simulation in order to reflect the bias caused by the
case where the divergence angle is not considered. Consid-
ering the experimental requirements, more points in a range
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from 1% to 2% are taken to obtain the xFWHM and yFWHM of
the electron distribution as shown in Fig. 3(a).
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Fig. 3. Relationship between energy spread and FWHM of electronic density
profile in the x direction and y direction on the detector surface (a) under a
uniform magnetic field, irrespective of the divergence angle, and (b) under
different divergence angles.

It can be found that the xFWHM remains essentially con-
stant, which is consistent with the physical picture that a
magnetic field in the positive x direction does not produce a
Lorentz force on the x component of the velocity. In addi-
tion, since the xFWHM remains basically unchanged, we mainly
use the aspect ratio of the two, namely the length-to-width
ratio (k = yFWHM/xFWHM). It should be noted that for elec-
tron beams with the same center energy but different energy
spreads, the xFWHM remains constant due to the absence of the
Lorentz force in the x direction. Therefore, k is a good physical
quantity to calculate the energy spread of an electron bunch.
As the energy spread increases, so does yFWHM, showing an
exponential growth trend, which indicates that the profile is
stretched and the degree of elliptical flattening is greater. It is
consistent that when the energy spread is large, the momen-
tum variance increases, and the distance variance after being
deflected by the magnetic field increases.

The divergence angle is set to 3.5 mrad based on experi-
mental data. The data obtained are given in Table 1.

First, when the divergence angle is ignored, the k remains
unchanged, still keeping the initial value. This is consistent

with the fact that a monoenergetic electron beam is deflected
in a uniform magnetic field without changing its spatial distri-
bution. It can be seen that the introduction of a divergence an-
gle leads to an increase in the FWHM, which is due to the fact
that the distribution is broadened. It increases by 605.4 µm in
the x direction and 616.0 µm in the y direction. It can be said
that both increase uniformly. This is also consistent with the
isotropy of the divergence angle in the transverse plane.

Table 1. Different divergence angle cases corresponding to FWHM data
at zero energy divergence under uniform magnetic field, irrespective of
divergence angle.

Divergence angle xFWHM (µm) yFWHM (µm) k

Disregard
3820.0 4335.6 1.1350

divergence angle
Consider

4425.4 4951.6 1.1189
divergence angle

Then, we plot the comparison graph for k with and with-
out the divergence angle. Since x and y increase equally and
the ratio is a fraction greater than one, the aspect ratio in the
case with divergence angle is less than in the case without di-
vergence angle. In general, the divergence angle will have
a suppression effect on the elliptical flattening of ellipse by
the energy spread. For a simplified energy spread calculation
without consideration the beam size (only the distance along
the y axis is used), the suppression effect induced by the diver-
gence angle can be subtracted through the above calculation.

4. Magnetic field of C-shaped magnet
In practice, we usually use a C-shaped magnet with a rel-

atively uniform magnetic field in the center of its internal re-
gion. Based on actual measurements and calibration, data of
the magnetic induction intensity (B) at different positions can
be obtained and fitted. According to the characteristic of the
C-shaped magnet, the B in the x direction can be considered
to be constant. The fitting function and parameters are as fol-
lows:

B = Bmax × exp
(
− (z−0.08)6

mpz

)
× exp

(
− y4

mpy

)
,

where Bmax represents the extreme value of magnetic induc-
tion intensity of the magnetic field, and it is 1.01 T, mpz and
mpy represent the degree of change of B in the z direction and
y direction.

The inhomogeneity of the magnetic field leads to a nar-
rowing of the yFWHM. This is due to the fact that the magnetic
field distribution also exhibits a peak in the middle and low
on both sides, which leads to a lens-like focusing effect of the
electron beam. As shown in Fig. 4, this focusing effect can
reduce the yFWHM while having no effect on the xFWHM, caus-
ing the radio k to decrease. Moreover, the peak shifts towards
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the negative y axis. This shift is mainly because the peak of
the particle number density and the magnetic field are both lo-
cated at the zero-point coordinate, which causes the particles
at the peak to have a larger offset than those at the waist of
the beam. Quantitatively, we can compare the data in Table 2
with those in Table 1. Without considering divergence angle,
yFWHM decreases from 4335.6 µm to 4083.4 µm.
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Fig. 4. (a) Magnetic field measured in the center plane (x = 0.01 m), with
color representing the magnitude of the fit and points denoting sampled data.
(b) Electron density distribution received by the detector plane at 0 energy
spread, irrespective of the divergence angle, with the peak shifting to the
negative y axis.

Table 2. Different divergence angle cases corresponding to FWHM data
at zero energy divergence under magnetic field produced by C-shaped
magnet.

Divergence angle xFWHM (µm) yFWHM (µm) k

Disregard
3820.0 4083.4 1.0690

divergence angle
Consider

4429.1 4689.1 1.0587
divergence angle

The final discussion concerns the deflection of an elec-
tron beam in an inhomogeneous magnetic field with a diver-
gence angle, which is very close to a real situation. Moreover,
comparison simulations show that space charge effects do not
obviously affect the results (within the precision threshold of
1 µm), and the computational scale is increased by a factor
of 5, which is reasonable for pC electrons in a beam spot size
of the nm scale. According to Table 2, xFWHM and yFWHM

increase by 609.1 µm and 605.7 µm respectively. Since the

magnetic field is in the x direction, only the y-axis component
of the momentum has an effect in the z direction, which is neg-
ligible in a relativistic electron beam. In addition, the magnetic
field produced by the C-shaped magnet exhibits symmetry, so
that the effect of the divergence angle on the FWHM remains
the same in both the x direction and the y direction.
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Fig. 5. Relationship between electron beam spot length-to-width radio
k and the energy spread under uniform magnetic field produced by C-
shaped magnet conditions, without (a) and with considering divergence
angle.

As shown in Fig. 5(a), it can be observed that the overall
k is smaller than that in the case of uniform magnetic field, re-
flecting the narrowing effect of the inhomogeneous magnetic
field. The data show a good correlation and by fitting the data
with two curves through using the exponential function as a
reference, we obtain two curves:

k = 0.605× e0.162Es +0.399

(without considering divergence angle),

k = 0.484× e0.162Es +0.517,

(with considering divergence angle).

The two curves obtained exhibit highly consistent varia-
tions in the exponent factor. Therefore, the divergence angle
is further studied as a variable, resulting in the following ta-
ble where the goodness of fit (mathematically representing the
degree of fitting between the regression curve and scattered
values: the closer the exponent factor is to 1, the better the
fitting degree is) is all greater than 0.99.
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As indicated in Table 3, the fit is performed in the form of
k = A · exp(B ·Es)+C, where A denotes the coefficient of the
exponential term reflecting the magnitude of the energy spread
effect, B is the exponent factor of Es, and C is the constant term
corresponding to the influence of the divergence angle.

Table 3. In magnetic field produced by C-shaped magnet, the curve
fitting of k varies with energy spread corresponding to different diver-
gence angles. The corresponding parameter table is obtained by fitting
in the form of k = A · exp(B ·Es)+C.

Divergence angle (mrad) A B C

0 0.605 0.162 0.399
2 0.554 0.162 0.458
3 0.508 0.162 0.501

3.5 0.484 0.162 0.517
4 0.459 0.162 0.547

It can be observed that the constant term (C) increases as
the divergence angle increases, while the coefficient of the ex-
ponential term (A) gradually decreases. A larger divergence
angle leads r xFWHM and yFWHM to increase, making the effect
of Es on the broadening in the y direction turn less significant.
At different divergence angles, the trend of the variation in k
follows the same exponential parameter (i.e., exp(0.162Es)),
indicating that the divergence angle and Es do not affect each
other in terms of k. Furthermore, the fact that the influence
of the divergence angle is reflected as a constant term also im-
plies the invariant influence of the divergence angle on k across
different energy spreads.

In experiment, the high-quality relativistic electron beam
obtained via the LWFA mechanism is guided through a C-
shaped magnet and directed onto a receiving screen. By calcu-
lating xFWHM and yFWHM, the length-to-width radio k is 1.12 as
indicated in Fig. 6(a), and the back-calculated energy spread is
1.2% regardless of the divergence angle. Whereas, the energy
spread is corrected to 1.5% by considering the divergence an-
gle according to the data point in Fig. 5(b). Similarly, for the
k value of 1.15, the corresponding energy spread is corrected
from 1.5% to 1.8%, as shown in Fig. 6(b).
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Fig. 6. Electron beam spot obtained on IP in experiment, with length-to-
width radio k (k = yFWHM/xFWHM) being (a) 1.12, and (b) 1.15. The x and
y coordinates denote the number of pixels in the corresponding directions,
respectively, a total of 1024×1024. Color bar represents the number of elec-
trons in each pixel.

In realistic conditions, there are multiple monoenergetic
peaks as shown in the raw data for Fig. 6. To address this is-
sue, we can draw inspiration from the variational autoencoder

(VAE) in the field of machine learning, which decomposes
the input waveform into a superposition of multiple Gaussian
distributions.[26] The VAE is a neural network model that can
map input data to a low-dimensional latent space, and the de-
coder maps the latent space vectors back to the original input
space. By decoding the energy spectrum through using the
Gaussian mixture model (GMM),[32] we can generate the cor-
responding means and variances of the Gaussian distributions
and adjust the weights to achieve the best fitting effect.
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Fig. 7. (a) Fitting of three Gaussian functions mixed model and (b) four
Gaussian functions mixed model.

The number of Gaussian distributions is set to 3 for the
Gaussian mixture model algorithm based on the energy spec-
trum as shown in Fig. 7(a). However, the fit is not good near
100 MeV, suggesting the presence of a small electron beam.
The fit is performed by using a four-component Gaussian mix-
ture model as shown in Fig. 7(b), which works well. The al-
gorithm can obtain the mean, variance (σ2), and proportional
weight, and this electron spectrum can be decomposed into
four Gaussian distributions. This means that the Gaussian
model used in the previous section can be adapted to general
electron spectra. The corresponding distribution FWHM can
be obtained using the property of Gaussian functions, that is,
the relationship between FWHM and standard deviation (σ ):

FWHM = 2
√

2ln(2)σ ≈ 2.355σ .

5. Conclusion
In this work, we fill the gap in the study of energy spread

measurements related to divergence angles by using numer-
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ical simulations. The signification of considering the diver-
gence angle in accurately measuring the energy spread of an
electron beam is demonstrated by simulating 3×105 electrons
with a central energy of 150 MeV and the divergence angle
(3.5 mrad). The present work investigated the influence of the
quasi-focusing property of the magnetic field produced by the
C-shaped magnet on the electron beam spot. Specifically, the
length-to-width ratio k of the electron beam spot is quantita-
tively analyzed as a function of the divergence angle, which
grows exponentially with energy spread.

Our proposed method can effectively correct the energy
spread of the electron beam. The modeling approach is a gen-
eral method which can be applied to different experimental se-
tups and configurations. For multi-electron spectra, the elec-
tron density profile can be decomposed into Gaussian distri-
bution by GMM algorithm. This study provides support for
precisely measuring high-quality electron bunch.
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