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Symmetry transformation of nonlinear optical current of tilted
Weyl nodes and application to ferromagnetic MnBi,Te,4
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A Weyl node is characterized by its chirality and tilt. We develop a theory of how nth-order nonlinear optical conduc-
tivity behaves under transformations of anisotropic tensor and tilt, which clarifies how chirality-dependent and -independent
parts of optical conductivity transform under the reversal of tilt and chirality. Built on this theory, we propose ferromag-
netic MnBi, Te4 as a magnetoelectrically regulated, terahertz optical device, by magnetoelectrically switching the chirality-
dependent and -independent DC photocurrents. These results are useful for creating nonlinear optical devices based on the

topological Weyl semimetals.
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1. Introduction

The gapless excitations make Weyl semimetals an ideal
platform to perform low-energy photon detection, particularly
in the infrared and terahertz regimes.!! Various nonlinear op-
tical responses, such as harmonic generations,>>! bulk pho-

6-11 UZ.131 have been

tovoltaic effect!>-'!l and four-wave mixing,
widely studied in Weyl semimetals. Furthermore, it has re-
cently been recognized that the geometry and topology of elec-
tronic band structures can have nontrivial impacts on opti-
cal conductivities. Nonlinear optical effects like bulk photo-
voltaic effects and harmonic generations can be described us-
ing topological quantities involving Berry connection and cur-
vature, which provide a unified perspective on various optical
phenomena.!'413] The circular photogalvanic effect in Weyl
semimetals, for instance, is recognized as a direct measure-
ment of the topological charge of Weyl nodes and exhibits
material-independent quantization.!®! Additionally, the giant
optical response of Weyl semimetals attributing to singularity
enhancement by geometric quantities has been studied theo-
retically and experimentally.!®1% As a result, Weyl semimet-
als have garnered substantial attention as materials of choice

for exploring innovative optoelectronic devices.
16]

17]

Weyl nodes show up in pairs due to the no-go theorem, !
and there can be as many as 160 pairs in a Weyl semimetal.
Oftentimes, the Weyl nodes in one material can be interre-
lated by discrete symmetries, including rotations (proper or
improper) and time-reversal, which furnishes links between
optical responses between symmetry-related Weyl nodes. On
the other hand, when analyzing the optical response for a sin-
gle Weyl node, the symmetry of the system (with all the nodes)
is unspecified. It might be straightforward to work out the
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relation between the optical conductivities of a pair of nodes
related by rotations. However, things become obscure when
it comes to symmetry operations involving time-reversal, and
the difficulty arises from dissipation.[®! Therefore, such sym-
metry analysis requires knowledge of a microscopic expres-
sion of optical conductivities. For nonlinear optical conduc-
tivities, the microscopic theory can be fairly complicated and
involves multiple terms that transform differently under time-
reversal. A theory to link the optical conductivities related by
discrete symmetries, including rotation and time-reversal, is
evidently needed.

A Weyl node in Weyl semimetals is characterized pri-
marily by its chirality and tilt.!'3!° In relation to optical re-
sponses, the chirality of a Weyl node determines the geomet-
ric quantities (matrix elements) that enter into the photocur-
rent, whereas the tilt of the spectrum determines the phase
space of the electron—hole response. For instance, it has been
demonstrated that finite tilt is important to generate a giant
photocurrent.!”l And the bulk photovoltaic effect shows dif-
ferent behavior in low frequencies for type I and type II Weyl
semimetals.l”] Although it is believed that the chirality and
tilt of a Weyl node have significant impacts on the direction
and magnitude of photocurrent, how these basic characteristics
of symmetry-related Weyl nodes reveal the relations of their
nonlinear optical conductivities remains to be systematically
understood. These types of relations have been largely over-
looked so far because they are generally inaccessible from ex-
periments since Weyl nodes always appear in pairs and multi-
ple Weyl nodes usually contribute to the total optical response.
However, the optical response of a single Weyl node could
be interesting when the degeneracy of Weyl pairs is lifted.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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For example, the optical response of Weyl semimetals could
come from only a single Weyl node with nonzero chirality

imbalance.20-21

I Therefore, precise statements of these types
of relations are useful for further exploration of the poten-
tial optical devices based on the nonlinear optical response of
Weyl nodes.

In this work, we systematically investigate how the tilt
and chirality of Weyl nodes together affect the sign and mag-
nitude of the nonlinear photocurrent. In Section 2, we discuss
how to relate the transformation W connecting the effective
Hamiltonians of two Weyl nodes to their optical conductiv-
ity. We propose that a general nth-order optical conductivity
of Weyl nodes can be decomposed as a chirality-independent
part 0y and a chirality-dependent part 6, according to space—
time inversion PO. We also discuss their distinct geometric in-
terpretations and show a sign-change rule of ¢y and o, when
reversing the tilt in a certain direction. We further demon-
strate the contrasting behaviors of oy and o, for odd (or even)
orders when reversing the tilt or chirality, which can be gener-
alized to multi-Weyl nodes. In Section 3, based on our theory,
we propose ferromagnetic MnBi, Tes as a magnetoelectrically
regulated optical device that carries two components of pho-
tocurrent jo and jy, the directions of which are controlled by
external electromagnetic fields. Valid parameters for experi-
mental measurements are also discussed based on the effective
Hamiltonian of the Weyl node with Landau levels.

2. Optical conductivities of a general Weyl node

Since a generic Weyl node is characterized solely by its
chirality and tilt, it would be desirable to understand how these
quantities alone, without having to consult the overall symme-
try, impact the photocurrent. Although symmetry analysis is
very useful in singling out zero elements in the optical con-
ductivity tensors, this is no longer the case if we focus on the
optical response of a single Weyl node. With a single Weyl
node, the full symmetry of the system is unspecified, and there
could be emerging symmetry at low energies. The low-energy
effective Hamiltonian has the form!!8! of

H(k:;t,A) = toka +koAapTh, (D

where indices a,b = x,y,z (summation implied when re-
peated), k is the wavevector, and 7,’s are the Pauli matrices.
The non-singular matrix A,y is referred to as the anisotropic
tensor, and correspondingly, ¥ = det A/|detA| = £1 is the
chirality of the Weyl node. The energy spectrum is &(k) =
kata + slkqAgp|, where s = £ corresponds to conduction and
valence bands, respectively. The vector ¢ tilts the Weyl node,
determining the shape of the Fermi surface. If [t,k,| < / >
|k,Aqp| when k is along the tilt direction, the system is a type-

I/type-II Weyl semimetal. A type-I Weyl semimetal has a

closed Fermi surface, whereas a type-II Weyl semimetal has
a Fermi surface comprised of electron and hole pockets.[!”]
Under the symmetry transformation, k operates as a polar c-
vector, while T functions as an axial c-vector. In this con-
text, i-/c-vectors are time-reversal symmetric/antisymmetric
respectively. Consequently, Weyl nodes associated by inver-
sion manifest opposite tilt and chirality. On the other hand,
Weyl nodes linked by time-reversal display opposite tilt while
preserving the same chirality. Analogous analyses can be ap-
plied to the cases of Weyl nodes associated by other symme-
tries. Below, we will reveal how t and A impact the general
nth-order photocurrent from a Weyl node described by Eq. (1).

The photocurrent arises from the incident light’s electric
field, which is a superposition of multiple frequency compo-
nents E,(t) = EJe~'®", where the frequency component 7 is
summed over implicitly when repeated. Here, E_ is indepen-
dent of position under the long-wavelength limit. For a Weyl
node described by Eq. (1), the total nth-order photocurrent j,
with a frequency @, can be expressed as

jil (@)= Y o @y -0y )EL-ES, ()
C(wn)
where @, = @y, + -+ + @y,, and %171 (... is the nth-order
conductivity tensor. The set C(@,) collects all possible se-
lections of n frequencies that sum to @,. Based on the length-
gauge theory of nonlinear optical response, ?>?3! the nth-order
optical conductivity in Eq. (2) can be generally written as

ot — [[dk|z e k), 3

in which we have omitted frequency variables and [dk] =

d3k/(2x)3. Tt is worth noting that the integrand X is a gauge-
invariant tensor, whose tensor component arises from the k-
derivative, 8;%. For concreteness, a detailed discussion of why
the nth-order optical conductivity can be written in the form of
Eq. (3) is presented with examples in Appendix A.

For two Weyl nodes H and H’ related through the trans-
formation H — H' : kj, — k,W,,, we find their nonlinear opti-
cal conductivities, as described by Eq. (3), have the following
relationship:

Waa! Wblb/l T anbi,
|detW| ’

in which we assume the same chemical potentials. The prod-

o@brbn (H/) _ Ga’b’ln-hf1 (H)

“

uct of W,y factors arises from the transformation of derivatives
k,- The factor of |detW | comes from the Jacobian of the mo-
mentum integral. Transformation W is spatial since it only af-
fects k. If | detW | = 1, W corresponds to a certain spatial sym-
metry operation. As a simple example, when Wy, = — &/,
Eq. (4) describes the relationship between the optical conduc-
tivities of two Weyl nodes connected by inversion P, which is
c®1bn (H') = (—1)"*1g%1bn (), where n represents the
order of response. It is essential to note that Eq. (4) discusses
the relationship between the optical conductivities of two Weyl
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nodes in the same spacetime, rather than the correspondence of
the optical conductivity of a single Weyl node in two different
spacetime coordinates. Equation (4) establishes a connection
between the transformation W applied to the effective Hamil-
tonian of the Weyl node and the associated nth-order optical
conductivity. Consequently, Eq. (4) can serve as a tool for
studying the nonlinear optical properties of Weyl nodes.

In Eq. (4), both tilt and chirality are affected by the trans-
formation W. For further isolation of the impacts of the trans-
formations of tilt and chirality on the optical conductivity, we
note that the nth-order optical conductivity for a Weyl node
described by Eq. (1) can be decomposed as

abl

O.abl"'hn — G() by +O-)(Clbl"'h)1’ (5)

where the first term oy is chirality-independent, whereas the
second term O, reverses sign upon chirality reversal, i.e.,
A — — A. Furthermore, we recognize that two Weyl nodes re-
lated by space—time inversion P® have the same ¢, while their
A differ by a sign. Therefore, we identify oy as the portion
that remains unchanged under P®, while o, represents the
portion that changes sign under P®. Additionally, the distinc-
tion between oy and oy, is closely related to their different ge-
ometric interpretations. From the discussions in Appendix A,
we can see that quantity r% r’

@ almn (Fen 18 the interband Berry

connection) is widely involved in the first-order to third-order
optical conductivities. This quantity has a geometric interpre-
tation of band-resolved quantum geometric tensor, which can
be decomposed as 1% rb = g% — (i/2)Qab 18241 gab ig the
symmetric part that corresponds to the band-resolved quan-
tum metric, while the antisymmetric part Q¢ is the band-
resolved Berry curvature. Their names come from the fact that
the Berry curvature and quantum metric can be recovered by
summing over band m, g&* =¥, ,, g% and Qi =Y, Q.
The quantum metric is a chirality-independent quantity since it
can be interpreted as the distance between different quantum
states. On the other hand, the Berry curvature reverses sign
when chirality changes, since Weyl nodes with y = £1 cor-
respond to the source (or sink) of Berry curvature in k space.
Here, we emphasize that 6p/0, does not necessarily corre-
spond to the band-resolved quantum metric/Berry curvature.
The specific correspondence should be determined through
a symmetry analysis of the microscopic conductivity expres-
sions, which is discussed with examples in Appendix B.
Equation (5) discusses the impact of chirality changes on
optical conductivity. Next, we want to explore the influence
of tilt variations on optical conductivity. Without loss of gen-
erality, we can always choose a coordinate system where A
is diagonal. In such a scenario, we discover that two Weyl
nodes, possessing the same A and tilts that are identical across
all components except for an opposite ¢ component, are linked
by the symmetry operation M, = M.P®, where M, is mirror

reflection in ¢ direction. Aided by Egs. (4) and (5), we as-
certain that the optical conductivities of these two Weyl nodes
relate as follows:

G(()zbyub,, (MCHMI) (_I)OC(-ngl...bﬂ (H),
o I MAHME) = (~D)* oK), (6)

in which ¢, marks how many times ¢ appears in superscript
aby ---b,. In Eq. (6), op and oy, exhibit distinct changes when
t. — —t.. This arises from the fact that chirality changes sign
under PO. Equation (6) can be helpful when we study the
nonlinear optical conductivities of two Weyl nodes related to
each other by transformation 7, — —t, dictated by the symme-
try relating the Weyl pair. In particular, for a Weyl node with

t. =0, t, — —t, will immediately reveal the selection rule for
ngl "'b”/c,‘(’b""b".

Table 1. Transformations of nth-order optical conductivities of a Weyl
node under @, P, and P®. Since these transformations depend only on
whether the order of response is even or odd, we use godd/even ¢4 denote
the tensor for an odd/even-order response. The plus (minus) one below
t/A/o means the sign of tilt/chirality/conductivities is unchanged (re-
versed) under the corresponding symmetry operation. We observe that,
ngd is insensitive to the reversal of tilt and chirality, while G;C’dd changes
sign due to the reversal of tilt or chirality. On the other hand, the sign of
05"/ 07'°" exclusively depends on the tilt/chirality.

(t,A) ngd GJ(C)dd vaen Giezven
) (=1,+1) +1 -1 —1 +1
P (—1,—1) +1 +1 -1 -1
PO (+1,-1) +1 —1 +1 ~1

Let us comment on how the results can be useful in ana-
lyzing optical responses in Weyl semimetals, before going to
concrete examples. Using Eqgs. (4)-(6), we can quickly de-
termine whether a conductivity tensor component of a Weyl
node should be zero and whether it corresponds to oy or Gy.
This leads to the knowledge that how optical conductivities of
a symmetry-related Weyl pair are interrelated based solely on
t and A. In particular, this is made possible regardless of the
frequency-dependence of the optical conductivity tensor and
whether the Weyl nodes are type-I or type-1I. These are done
without requiring the knowledge of complete symmetry of
the Weyl nodes or recourse to microscopic expressions of the
conductivities even if the symmetry operation involves time-
reversal. As a quick demonstration, we can work out how the
conductivities of a Weyl node transform under time-reversal
O, inversion P, and the space—time inversion P®, as shown
in Table 1. According to Eq. (5), PO changes the sign of o
while keeping oy unchanged. On the other hand, according
to Eq. (6), ® changes the sign of Gj‘c’dd
ing 0,"" and ngd unchanged. Then, how 6y and 6, change
under P can be directly deduced from the composite opera-
tion of PO and ©. It should be noted that results in Table 1
are also a consequence of how oy and o, transform under re-

and 5", while keep-

versal of chirality and how the nth-order optical conductivity
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transforms under P. Before ending this section, we emphasize
the results in Eqgs. (5) and (6) and Table 1 can be generalized

512526

to the multi-Weyl node | The detailed discussion is pre-

sented in Appendix C.

3. Magnetoelectric switch

The foregoing analysis highlights the possibility of con-
trolling the total photocurrent of the system by switching the
Weyl nodes with different combinations of tilt and chirality. In
this section, we propose a mechanism for magnetoelectrically
switching using Weyl semimetals, making use of the formu-
las we developed in the last section. We consider a magnetic
Weyl semimetal with a pair of Weyl nodes, dubbed I and II,
interrelated by inversion. Suppose the material is a soft mag-
net whose magnetization can be easily trained by an external
magnetic field B. Without loss of generality, node I tilts along
positive z-direction and with a chirality y = +1, and corre-
spondingly node II tilts in negative z-direction with y = —1.
Upon magnetization reversal by reversing the B-field, node I/I1
becomes its time-reversal counterparts I'/II', which have oppo-
site tilt and the same chirality. We also introduce an external
DC electric field Epc that is parallel (or antiparallel) to B,
which together with the B-field can induce a chemical poten-
tial difference within a pair of Weyl nodes at steady states,

ou = Myyy — Hypry o< Epc- B, (7

owing to the chirality imbalance originating from chiral
anomaly.!?>2!1 Then for a given incident photon energy %,
we can combine the chirality imbalance with the Pauli block-
ing to selectively activate Weyl node for photocurrent. As
schematically depicted in Fig. 1, the vertical electron—hole ex-
citations are allowed (solid orange arrows)/forbidden (dashed
light orange arrows) for activated/deactivated Weyl node when
an appropriate i is considered. Therefore, chirality imbal-
ance can work as a switch of the optical response of nodes I, II,
I’ and II' by reversing the directions of B-field and Epc-field,
which makes it possible for us to control the sign of tilt and
chirality of Weyl node for photocurrent. In the setup depicted,
I or I is activated for u < 0, and II or II' is activated for
op > 0. An important observation from Table 1 is that o5**"
transforms as ¢, and chve“ transforms as A. Consequently,
by selectively activating the Weyl node with B-field and Epc-
field, a magnetoelectric switch can be envisioned that couples
the tilt and chirality of the Weyl node to the direction of its
second-order photocurrent.

The magnetoelectrically switching mechanism described
above may be realized in ferromagnetic MnBiyTe4. Though
the ground state of MnBiyTes is an antiferromagnetic topo-

r,[27-29] ferromagnetic MnBi;Tey is believed

logical insulato
to host many different topological phases including axion in-

sulator, 3D Chern insulator, 3D quantum spin Hall insulator

and Weyl semimetal by manipulating the magnetization and
relative spacing.!3%! Under high magnetic field, ferromagnetic
MnBi;Te4 is computationally predicted to be Weyl semimetal

s,127291 supported by prelim-

that has only a pair of Weyl node
inary experimental data.3!) MnBi,Te; comprises negatively
charged Bi-Te layers neutralized with intercalated magnetic
Mn cations in hexagonal close packing, as shown in Fig. 2(a).
When the B-field aligns the magnetic moments in z-direction,
the magnetic point group of ferromagnetic MnBiyTey is 3/,
and the pair of Weyl nodes, which can be marked as I and
II, are bound to the high-symmetry k. axis and tilt oppositely
in the z-direction. Reversal of the B-field brings about Weyl
nodes I’ and II', which are the time-reversal images of I and
II, respectively. The tilt directions and chiralities of I, IT and
their time-reversal images are the same as those previously
proposed. In the following discussions, we will consider fer-
romagnetic MnBi;Te4 magnetized along +z-direction only.

Fig. 1. Schematic of the switching mechanism of the photocurrent by
chirality imbalance. Nodes I and II are depicted in panel (a) while nodes
II' and I’ are depicted in panel (b). A Weyl node is colored red/blue
to indicate positive/negative chirality. Solid circles indicate occupied
states while hollow circles indicate unoccupied states. Owing to the
chiral magnetic field, each pair of nodes is differently populated. The
black dashed line indicates the Fermi level without chirality imbalance.
The solid/dashed orange arrows indicate the optical transitions are al-
lowed/banned.

The electronic structure of ferromagnetic MnBi;Tey is
shown in Fig. 2(b).
symmetric lines Z-I'-Z. When reversing the direction of

Weyl nodes I and II are on the high

the B-field, the spectrum stays unchanged while the chiral-
ity of Weyl nodes is switched. First-principles calculations
were performed using Vienna ab initio simulation package
equipped with the projector-augmented-wave potentials. 3!
For structural relaxation, the exchange—correlation interac-
tions were considered in the generalized gradient approxi-
mation (GGA) with the Perdew—Burke—Ernzerhof scheme. 3!
For self-consistent calculation and band structure calculation,
we consider the modified Becke—Johnson method. The corre-
lation of 3d orbitals of Mn is partially treated with GGA + U

formalism, with an isotropic U = 4.0 eV. The spin—orbital cou-
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pling is included in self-consistant calculations. A 350 eV cut-
off energy and 6 x 6 x 6 k-point sampling are considered.

(a)

Fig. 2. Crystal and magnetic structures of ferromagnetic MnBi, Te4 are
shown in panel (a), and the DFT band structure in a 2 eV window around
the Fermi level is shown in panel (b). (a) The red arrows represent mag-
netic moments on Mn. (b) The DFT band structure is shown as blue lines.
Weyl node II on the high symmetric lines I'—Z are zoomed in and shown
in the inset. I relates to II by inverison. (c) The high symmetry points are
exhibited in the Brillouin zone with purple dots.

Since the ferromagnetic phase of MnBi,Tes requires at
least a 7.7 T B-field,[*# the effect of Landau levels should be
considered. We fit the parameters of the low-energy effective
Hamiltonian of Weyl nodes with the DFT band structure of fer-
romagnetic MnBi,Tes. Introducing the B-field in z-direction
with vector potential @ = Bxy/%, the Weyl nodes then can be

described by
H = tvik, + x[v) k0. + v (keOx + (ky +eay)oy)].  (8)

Fermi velocities in the plane are the same because of three-
fold rotational symmetry along z-direction. v, = 0.494 eV-A,
v = 0.625 eV-A and v, = 1.975eV-A. r = +1 for nodes I
and II' while r = —1 for nodes Il and I'. )y = +1 for nodes I
and I’ while y = —1 for nodes II and II'. Here, the electron
charge is —e (i.e., e > 0). Since the two Weyl nodes are well-
separated in momentum space, the relaxation time of chirality-
violating scattering 7., is much larger than that of chirality-
preserving scattering Tp. At steady states, the chiral anomaly
can be treated as the shift of chemical potential ydu /2 for the
two Weyl nodes. Then, the chemical potential of Weyl nodes
is 4= up+ xou/2 with gy = —6 meV being the chemical
potential without chirality imbalance. Validation of this treat-
ment is discussed in Appendix D. The energy of the nth (n is
an integer) Landau level at k = [ky, k] is

Ente = tvik; + xsgn (n) My, )

in which n, = ,/2|n\h2vi/€2+n“2 (n #0), £ = \/h/eB is
the magnetic length, 1o = 1 = v|k;, and the sign function

sgn(n) equals —1 if n = 0. The details of calculations of
eigenfunctions and velocity matrix elements are presented in
Appendix E, from which we can see that the optical tran-
sitions are nonzero only between Landau levels that satisfy
|m|— |n| = £1.

Now, we are in a position to verify our proposal of
magnetoelectrically regulated photocurrent in ferromagnetic
MnBi,Tey4. For a straightforward DC measurement, we con-
sider that the system is illuminated by light propagating in z-
direction. The optical electric field can be written as E(r) =
|E|(cos @t,n sinwt,0). The incident light is linearly polarized
when 11 = 0, or circular if 1 = %1, or elliptical somewhere in
between. The optical electric field E(¢) has no contributions to
the chiral anomaly since it is perpendicular to the B-field. The
total DC current in z-direction has two components j5' and

J. j34t depends only on the Epc-field while jo™ arises from

the illumination of light. j*

can be taken as background,
because it is insensitive to the change of light. Since the two
Weyl nodes are located on the high-symmetry line Z-I"-Z, the
surface normal to z-direction is topologically trivial. This fact
sparses us from distinguishing the responses from bulk Weyl
nodes and topological surface states. A more detailed discus-
sion is presented in Appendix F. Then, the dominant DC cur-
rent flows in z-direction comes from the photovoltaic effect of

the activated Weyl nodes, that is

2 (0) = jo+ My, (10)

with jo = G|E[> = (6§ + oi”)|E* and j;, = 64|E|> =
i(oy" —0;”)|E|*. Other optical conductivity components are
zero for Weyl nodes tilting in z-direction and A is diagonal ac-
cording to Eq. (6). Therefore, the validation of magnetoelec-
trically regulated photocurrent in ferromagnetic MnBi;Tey is
verified, since direction of the photocurrent jo/j, is deter-
mined exclusively by the tilt/chirality, and jo and j, can be
distinguished by varying 1. The proposed magnetoelectric
switch based on ferromagnetic MnBi,Te4 is an illustration of
analyzing the photocurrent using our result introduced in Sec-
tion 2, without the knowledge of the complete symmetry of
the Weyl nodes.

Next, we would like to discuss the experimental parame-
ters of magnetoelectric switch by computing the second-order
DC photocurrent of Weyl nodes in ferromagnetic MnBi; Tey.
Based on the length-gauge theory of nonlinear optical re-
sponse, dominant contributions of the photogalvanic effect
are from the injection current and shift current in the clean
limit.[?>231 Upon comparing the results presented in Table 1
with the symmetry analysis of injection current and shift
current, we observe that the circular shift current and lin-
ear injection current correspond to oy, while linear shift cur-
rent and circular injection current correspond to . Further,
referring to Eq. (10), we note that only the linear injection cur-
rent contributes to jy, while only the circular injection current
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contributes to j,. For the Weyl nodes described by Eq. (8),
injection current can be written as

3
Tep€
A2 102

O.abc _

[ A Y funi ot (@ = @), (1)
where T, is the relaxation time of chirality-preserving scatter-
ing, fum = fu — fm with f, = f(&,) being the occupation num-
ber of the nth band, Af,, = vi, — v with v{ being the group ve-
locity of n band, ry,,, is the interband Berry connection. Given
that the linear (circular) injection current is the real (imagi-
nary) part of the conductivity, we have 63 = Re{c**} and
G)‘Zbc = Im{c?“}. Then & and &, can be accessed by in-
serting Eq. (11) back to their definitions in Eq. (10). When
node I, IL, I’ or II is selectively activated, it is easy to show
that their 6y and &, possess the same magnitudes, albeit with
differing signs, given the same A, B and u. Specificlly,
Go(1) = Gy(II') = G (IN) = &, (I') = —Go(I') = —Gy(II) =
~6,(1) = ~G,(I).

For the Weyl node described by Eq. (8), only valid optical
transitions are from Landau level n = 1 (for y = +£1) to ze-
roth Landau level. Then the critical value for nonzero optical
transitions i@, is given by

Vi V|

ho. =
’ (v —ve)?

2% eB+ 2 (12)

VH —V ’
which is at the k, where zeroth Landau level crosses the Fermi
level. We can see that @, is smaller for Weyl node with
Fermi level p lowered by chirality imbalance within a Weyl
pair. Specifically, when the Epc-field is (anti-)parallel to the
B-field, dp > 0 (6u < 0), and the Weyl node with y = —1
(x = 1) can be activated with a smaller fi@,. Also, it should be
noted that the critical value %, is same for nodes I, II, I’ and
Il', given the same  and B.

For the range of energy of light showing the switching
effect to be not too small, du should be comparable to L.
Since py = —6 meV, here we take |dpt| =4 meV, along with a
B-field in the range from 8 T to 10 T. The Landau level spacing
sets roughly the minimum energy of light (about 10 meV). In
Fig. 3(a), we plot the summation of &y over nodes I and II as
a function of /i and B, given it = —4 meV. The two black
dashed lines represent the critical values for optical excitations
of the two Weyl nodes with different chemical potentials, re-
spectively. For a given B-field, when the energy of light is too
small to excite either one of the Weyl nodes, both 6y and G,
are zero. When the light energy increases and meets the left
black dashed line, only one Weyl node is activated for optical
response while the other is Pauli blocked due to the chiral im-
balance. In this case, 6y and 6, acquire nonzero values, the
signs of which are determined by the tilt and chirality of the
activated node, respectively. As light energy increases further

and exceeds the right black dashed line, &y and &, are zero
again since both Weyl nodes are activated. Therefore, the blue
area in Fig. 3(a) corresponds to an optical response from a sin-
gle activated Weyl node. The nonzero optical response outside
the two black dashed lines originates from the finite relaxation
time that we considered. Figure 3(b) illustrates how the total

second-order DC photocurrents jf)

vary with 11 when node
L IL I, or I’ is selectively activated. Their distinct behaviors
demonstrate the validation of identifying the signs of jo and j,

by measuring j§2) (n) at different 1, as discussed in Eq. (10).

(a) 10 10
8 9
5
& 6 <
2 9 @
q 4 9

2

85 25

—1 0 1
n

Fig. 3. Numerical demonstration of selective activation of Weyl node for
photocurrent. (a) In the presence of chirality imbalance, summation of &y
over nodes I and II as 7@ and B vary. Dashed lines indicate the upper
and lower frequency boundaries outside of which the photocurrents of two

nodes cancel out. (b) When node I, IL, I or IT is selectively activated, total

photocurrent ,,'§2> (n) varies with . The results are normalized by |jo|.

Based on the discussion above, we propose ferromagnetic
MnBi,Te4 as a magnetoelectrically regulated terahertz optical
device, as illustrated in Fig. 4. Figure 4(a), 4(b), 4(c), or 4(d)
corresponds to the configuration that node I, II, I, or T’ is
selectively activated. The direction of the B-field (Epc-field)
of each configuration is indicated by purple (orange) arrows.
Whether nodes I and II or nodes I’ and II' are present is deter-
mined by the direction of the B-field. Under a given magnetic
field, inverting the Epc-field leads to the change of activation
of the Weyl node. Let us take Fig. 4(a) as an example to il-
lustrate our proposal. When Epc-field is antiparallel to the
B-field, du < 0. Since node I has a smaller /i, compared to
node II, it can be selectively activated as discussed in Fig. 3(a)
with proper choice of parameters. In this case, the total pho-
tocurrent in z direction only comes from node I. And the di-
rection of jj (j,) depends on the sign of tilt (chirality) of Weyl
o

node I exclusively. By measuring j;”’ at different 17, we can
identify the signs of jo and j,. The other configurations in

Fig. 4 can be interpreted in a similar way. Therefore, by re-
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versing the directions of external electromagnetic fields and
selectively activating the Weyl node, we can manipulate the
directions of jo and j.

Fig. 4. Magnetoelectrically regulated photocurrents in ferromagnetic
MnBi; Tey. Panels (a)—(d) respectively show the directions of the external
electromagnetic fields and the directions of the photocurrents jo and j,
when node I, II, I', or I’ is selectively activated. Weyl nodes marked in
dark and light colors correspond to activated and deactivated Weyl nodes,
respectively. In the presence of chiral imbalance, the chemical potentials
(indicated by the black dashed lines) are different within the pair of Weyl
nodes.

4. Conclusion

Our study presents a systematic approach to character-
ize the nonlinear optical conductivity of Weyl nodes based on
their tilt and chirality. We have explored how the transfor-
mations of the tilt and chirality of the Weyl node impact its
nonlinear optical conductivity. We have shown that the gen-
eral nth-order optical conductivity of Weyl nodes can be de-
composed into a chirality-independent part oy and a chirality-
dependent part 0. Furthermore, we have discussed how oy
and o, respond to the change of tilt and chirality. Our ap-
proach can be used to characterize the optical conductivities
of Weyl nodes and to analyze the interrelation of optical con-
ductivities between a pair of symmetry-related Weyl nodes.
Remarkably, our theory does not require a comprehensive un-
derstanding of the complete symmetry or microscopic expres-
sions of the optical conductivities. To showcase the utility of
our approach, we propose ferromagnetic MnBi,Tes as a mag-
netoelectrically regulated optical device that can generate two
independent photocurrent components, jo and j,. Their signs
can be cooperatively controlled by the directions of the B-field
and EDc—ﬁeld.

Appendix A: Brief introduction to length-gauge
theory

In this section, we will briefly review the length-gauge
theory of nonlinear optical response. And we will make ex-
amples to show why the general nonlinear optical conductivity
can be expressed in the form of Eq. (3).

The perturbation of an electric field of light can be han-
dled either in velocity-gauge or length-gauge, which are two
equivalent treatments up to a unitary transformation. In the
velocity-gauge, the Hamiltonian is obtained with p—p +

eA. However, when it comes to practical calculations,
velocity-gauge treatment suffers from several troublesome
drawbacks.?>! On the contrast, the length-gauge theory de-

s[22.23] ig free from these drawbacks

veloped by Sipe and other
and is widely implemented in the study of nonlinear optical
response. In the length-gauge, the system is perturbed by the

electric dipole

H = Hy+Hga+er- E(t), (A1)

where Hj is the unperturbed Hamiltonian, Hygy represents all
the scattering effects. The electric field can be written as
E(t) = EYe~1?" in the long wavelength limit. Index ¥ in-
dicates the summation over different frequency components
of light and complex conjugate of certain frequency compo-
nent. For example, the electric field of monochromatic light
is described by E(t) = E(w)e™ ' + E(—w)e!®, where
E*(w) = E(—w).

The vital problem of length-gauge theory lies in how to
treat the position operator in the Bloch basis. The matrix ele-
ments of r are easier to handle by distinguishing its intraband
part and interband part by © = r; + .. The matrix elements
are

(nk|r? k') = 8y [8 (ke — k') &5, +i04, 8 (K — k)]

(nk|rt\mky = & (k—K') . (A2)

Here |nk) is the Bloch state, 12, = (1 — 8,,)EL , Eb is Berry
connection &% = (upe[10k, [Umk), |tmic) is the periodic part of
Bloch state. We can see that matrix elements of the intraband
part are highly singular because a kj-derivative of the Dirac
delta function is involved. Fortunately, intraband part r; only
appears in the commutators in the derivation, the matrix ele-

ment of which is no longer singular,
(uk] [17,5°) k') = & (I = K} 1(S):
(S:;m);kb = akbsrcilm _i( nn r[:lm)S;m

Here, we require that S¢ is an operator which can be easily

(A3)

handled like the interband of the position operator 7.
Based on the quantum Liouville equation
dp

i (A4)

and discussions above, we can derive the dynamical equation
in Bloch basis

d . e
Z}:n + 10pnPmn = _gEb(t)(pmn);kh
ie b _ b dPumn
+ 7 Eb(t) ; (rmlplﬂ pmlrln) + dt sczzlt7 (A9

in which @, = (&, — &,)/h and &, is the energy of band n.
The first term in the r.h.s. of the equation comes from the com-
mutator of the intraband part of position operator and density
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operator [rib, p], the second term comes from the commutator
of the interband part of position operator and density opera-
tor 2, p] and the third term corresponds to the density change
due to scattering effects [Hscat, p]. To proceed with the dis-
cussion, the scattering effects are considered with relaxation
(Pon —
T is the phenomological relaxation time and p,(n?) = O fu(€n)

time approximation dpy,/dt|sca = —7; ! p,ﬁfl,)), where
is the Fermi distribution. By iteratively solving this equa-
tion, we can access the density correction of each order as
0 1 2
Pmn = pr(nn) + pr(nn) + ngm) +
Pr(n%) into the second term of the r.h.s. of dynamical equation,

--. For example, when we insert

we will get a density correction which is linear in electric field
and can be marked as p;,, since it comes from the interband
density correction. py,, is expressed as

€ f nm rf;m

¢ _
Pmn = —3 . 1
Wy — 1T

Egefia)yl’
h Omp —

(A6)

where Som = Ju
between band n and m. If we insert p;,, into the first term

— fm is the difference of Fermi distribution

of the dynamical equation, we will get a second-order density
. In conclusion, we have p,<nln) = p,i,m + Py, for
= Pl pie, + pik, + P, for

linear density correction and py;;; =
second-order density correction. Higher order density correc-

correction pg,

tions can be accessed in a similar way.
The expectation value of electric current is

Ja=—¢€ Y ViuPrn, (A7)

n,m,k

in which v, is the matrix elements of velocity operator.
Then, the total nth-order photocurrent with a frequency

@, can be expressed as

i on) = i (@) e 7 () €,

@)= Y o (e E, (A8)
C(on)

a)}'n) EYI
where @, = @y, + -+ @y,, and 691" (... is the nth-order
conductivity tensor. The set C(®,) collects all possible se-
lections of n frequencies that sum to @,. The formula in the
second line is the Eq. (2) in the Section 2.

Below, we take some typical optical responses induced by
monochromatic light as the example to show why the general
nth-order optical conductivity derived from the length-gauge
theory can be written in the form of Eq. (3). Linear optical
conductivity is

= ot (@ w)E(@)e .

(;“b - le

opt — 7 dk Z f"’"w"m nm mna(wmn 7(’))7 (A9)

n#m

in which [dk] = d?k/(2m).
the resonant part of p,.,,, which corresponds to the second term

This photocurrent comes from

O—1 ) =P(Opn— ) +
-) represents the principal part and §(- - -)

of the decomposition (@, —
ind (@ — o). P(--
indicates the Dirac delta function. Hereafter, when we intro-
duce optical responses, the frequency dependence of the opti-
cal conductivity in the second line is omitted for brevity.

It is widely acknowledged that shift current and injection
current are two contributions that dominate the second-order
DC photocurrent when energy of light is larger than the band
gap 7w > Egyy, in the clean limit.[3%! The shift current is

]:zhlﬂ_ sahhi%t(();w’_w)Eh(w)EC(_w)v
o=~ [1ak X SR 3 (0 = ). (A10)

in which R%,, = R%b
& is the shift vector.

— R%C and R&D = idy, (logrh,) + &4, —

Shift current can be viewed as the
second-order DC photocurrent that comes from the shift of the
real space center of electron, when the electron in the valence
band absorbs a photon and jumps into conduction band. The
injection current is

Ja’ = 0 (0: 0, ~ @) Ep (0)Ec(~ @),
e’
ot =~ S5 [1aK] L funrtt(@n — @), (ATD
n,m

in which 7; is the relaxation time, A, =

=5 — V% is the differ-
ence of group velocity between band m and n. The name in-
jection current comes from the fact that this DC photocurrent
grows linearly with illumination time within relaxation time.
Recently, it is recognized that jerk current has an impor-
tant contribution to the third order DC photocurrent, when
there exists a static electric field in addition to the monochro-

matic light.[3”] The jerk current can be expressed as

]ilerk “de(();a)7—a),0>Eb(a))Ec(_w)Ed(0)7

jerk
2mtlet 2w,
O-jlélr)lid - h / dk anm akua]::i rnmrmn(s(wmn_w)a

n,m

(A12)

which grows quadratically with illumination time within re-
laxation time.

Based on the discussions above, it is easy to see that the
total nth-order photocurrent with a frequency @, can be ex-
pressed as Eq. (2) and a general nth-order optical conductivity
can be written in the form of Eq. (3).

Appendix B: Symmetry analysis of nonlinear op-
tical conductivity

Symmetry analysis of nonlinear optical conductivity is
straightforward if the symmetry operation is purely spatial. In
this case, we can directly perform tensor transformation on the
nonlinear optical conductivity tensor and see the consequence
of the symmetry operation. However, things become trou-
blesome when the symmetry operation involves time-reversal
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because of dissipation.!8! A proper analysis for such symme-
try requires knowledge of a microscopic expression of optical
conductivities. For the sake of completeness and clarity, we
paraphrase how to analyze the impact of time-reversal of the
nonlinear optical conductivity presented in previous literature
in this section and illustrate with an example.

A general nth-order optical response can be expressed as

-(")(

Ja abl"'bn(

@,) =0 Ep, (@y,). B

(Dn)Ebl ((D% ) .-

Here we define @ = @ +i7; !. For brevity, 6?11 (@,

aby-bu (@, - G
sents %1 (@, @y, - -
aby - bn(

) repre-
- @y,). In the discussions below, when
we write © @), it means o n(—@,; —@y, - —
By).

The time-reversal counterpart of Eq. (B1) is

rabrn( (B2)

i (@,) = o @n)E}, (By,) ... E}, ().

To correctly describe how Eq. (B1) transforms under
time-reversal @, the key is to realize that electric current is
generally dissipative. It means that we need to additionally re-
verse the sign of the phenomenological relaxation time g in
order to make the decay in time to the growth in time,®! i.e.,

ja(@n)%jg(d)n) = _ja(_d)n)a
Ey(®y,)—E,(@y) = Es(—@y,). (B3)

Equation (B2) can be further written as

-(")(

— s 1,aby - b,,(

—@,) =0" ®,)Ep, (—@y, ) - Ep,(—@y,). (B4)

On the other hand, we can rewrite Eq. (B1) as

P (=@y) = PP (—@,)Ep, (—@y,) ... Ep, (—@y,).  (BS)

Thus, it can be concluded that the time-reversal operation re-
quires the optical conductivity to transform as follows:

o' 1bn (@) = —g®r i (—@,). (B6)

Let us take linear injection current (the part of injection
current that corresponds to the g¢2 in the decomposition of
r¢,.r2 ) as the example to illustrate how to analyze optical

conductivity under time-reversal operation. Linear injection

current is
b 7!
anc  __ S
O'inj,L h / dk anmAmngnm (wmn_w) T -2 B7)
Here, we express the Dirac delta function as
1 7!
S (W — W) = — J , B8
( mn ) T ((Dm _ (1)) + —2 ( )

for the convenience of analyzing 7, — —Ts.

According to Eq. (B6), for the system illuminated by
monochromatic light, the second-order DC optical conductiv-
ity under the time-reversal operation is

"V (@ @y, @) = — 0 (— @y — @y, —@),  (BY)

in which @ = @ + @, @ = 0 +it; !, @ =—w+it; . Then
we have
1.abe
%ﬁ’,ﬁ
(= Tﬁ) / b (7%)71
= — [dE] <
h anm mngnm (wmn+w)2+(_fs)_2
-1
Tse / a _cb Ts
= - dk imAn &,
hz [ ]gf mn8nm (wmniw)2+l.;2
= —oW. (B10)

In the derivation above, the second equality takes into account
the exchange of the m and n indices, as well as the symmetric
property of gnm under the exchange of these indices. Through
this analysis, we have verified that the linear injection current
changes sign under time-reversal operation. Then we further
find that linear injection current is symmetric under space—
time inversion P®, which indicates it corresponds to 6y. Other
optical conductivities can be analyzed in a similar way. Here
we emphasize that, though linear injection current is identified
as 0y, linear injection current is identified as 6,. The corre-
spondence between g2,/ Q¢ and op/0; needs examination
of the microscopic expression of the conductivities.

Appendix C: Extend the discussions of Egs. (5)
and (6) and Table 1 to the multi-Weyl nodes

In addition to the normal Weyl nodes described by Eq. (1)
with chiral charges y = %1, there also exist multi-Weyl nodes
that have larger chiral charges with y = £2,+3, which are

[25

protected by rotation C4 or C.!?>! A multi-Weyl node is gen-

erally described by!?®!

M, = th,+wki +vk o +v(Kioy +K6).  (Cl)

The eigenstates of the multi-Weyl node are & = tk, + wkﬁ +

sy VK2 + vzkﬁ", where s = £1 corresponds to conduction and

valence bands, respectively. k| = |/kZ +k? and k+ = k, + ik;.
The subscript n = 2,3 denotes the double and triple Weyl
nodes, respectively. The first two terms refer to the linear
and quadratic tilting terms. Contrast to the linear tilting term,
the quadratic tilting term with w > 0 (w < 0) always pushes
up (down) spectrum for any k-plane with a given k,. When
7| > |v;|/|w| > |v|, the spectrum is overtilted, leading to a
type-Il/type-III Weyl node.

If we want to discuss how the tilt and chirality of the

multi-Weyl node affect its optical conductivity, we need to
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identify the definitions of the reversal of tilt and chirality for
the multi-Weyl node. According to the previous discussions,
for a normal Weyl node described by Eq. (1), the chirality is
reversed while the spectrum is unchanged under the space—
time inversion PO and tilt is reversed while chirality remains
unaffected under the time-reversal ®. Since Egs. (5) and (6)
and Table 1 are equivalent to the symmetry analysis, the dis-
cussions can be generalized to the multi-Weyl node by exam-
ining how they transformed under P® and ®. By doing so,
chirality reversal for the multi-Weyl node can be identified as
(vz,v) = (=v,, (—1)"v), and tilt reversal as (¢, w) — (—t,w).

Appendix D: Treatment of chiral anomaly at
steady states

In ferromagnetic MnBi, Teq4, there are only a pair of Weyl
nodes. Considering a magnetic field B = BZ and a static elec-
tric field Epc = EpcZ, both Weyl nodes can be described by

H =H + Hcy-scat + Hep-scar +e7 - Epc. (D1)

Here H = Hy(k + ea) with Hy(k) is the effective Hamilto-
nian of a unperturbed Weyl node. a is the vector potential that
describes the magnetic field. Hcy-gcar describes the chirality-
violating scattering. Hcp-scar describes the chirality-perserving
scattering.

For a cold and clean system, the interband transition due
to the static electric field Epc can be neglected. Then, the dy-
namical equations of Weyl nodes described by Eq. (AS5) reduce

to
dpf e dpf
= ——Epcoip} D2
T 5 Epc k. Py + a | (D2)
with ¥ = & marks the chirality of the Weyl nodes and p; =
Pi-
Considering the relaxation time approximation, we have
dpit | pi—pt™ 1pF—pu” O3)
dr scat TCP 2 Tev

The first term at the r.h.s. describes that the Weyl node tends
to relax to its equilibrium distribution p#°4. The tendency
for the chiral anomaly to generate an imbalanced population
between two Weyl nodes is counterbalanced by the chirality-
violating scattering, which is introduced in the second term at
the r.h.s. The factor 1/2 indicates that the dynamics of a given
Weyl node will contribute to half density difference between
two Weyl nodes. For the steady states, we have dp} /dt =0.
Then, the dynamical equation can be further written as

X_pXed | gk oK
EDC&kzpn — _pl‘l pn _ 7pﬂ pl‘l .

h Tep 2 Tey

e

(D4)

Considering ¥ = +1 and integrating over k, on both sides of
the equation, we have
INS - N

e 1 dk,
CEpe—r [ g ptt =20 " D5
nPConez | g b 2 1, (D)

where ¢ = /h/(eB) is the magnetic length, the factor
1/(2m¢?) describes the degeneracy of the Landau level, N
is the density of the Weyl node with chirality ¥ and landau
level n. The chirality-preserving scattering will not change the
density N7, thus vanishes after integration.

For the zeroth landau level, df, pg = —x8(k; —kg). Then,

we have

2
1 —1 €
Ny'—=Ny'=——=1%Epc-B.

D6
272h? (D6)

Therefore, the density difference between two Weyl nodes is
proportional to Epc - B and 7.,. This density difference of
zeroth level between two Weyl nodes refers to chirality im-
balance due to chiral anomaly. Based on the relation be-
tween density difference and chemical potential difference, 33!
the resulting chemical potential imbalance between the zeroth
Landau level of the two Weyl nodes is

_ 3e%n
4m? 'u2_|_ (mkgT)

2
vHVJ_TCV

Su=p"—u sEpc-B. (D7)
Since the two Weyl nodes are well-separated in momen-
tum space, the relaxation time of the chirality-violating scat-
tering is considered to be much larger than the relaxation time
of the chirality-perserving scattering Tcy > Tcp. At steady
states, the dynamical equations of Weyl nodes are decoupled
and the effects of chiral anomaly can be considered as the shift
of chemical potential §pt. Then, the scattering term in dynam-
ical equations are
x.eq

Lpﬁc - fp'%;p" (D8)

)
dr scat TCP

p# % is the Fermi distribution and corresponding chemical po-
tential is ¥ = py + 7557”. Uo is the chemical potential of the
unperturbed Wey node and x%“ is the shift of chemical po-
tential due to chiral anomaly. Therefore, the investigation of
optical response of Weyl nodes can be handled in the stan-
dard length-gauge theory if the optical electric field E(z) has

no contributions to the chiral anomaly.

Appendix E: Details of calculating 6, and &, of
Weyl nodes with Landau levels

Introducing the B-field in z-direction with vector poten-
tial @ = Bxy/h, the Weyl nodes in ferromagnetic MnBi, Te4
can be described by Eq. (8). Then the energy of the nth (n is
an integer) Landau level at k = [ky, k] is

Enk :tvtkz+xsgn(n)nﬂ7 (El)
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in which n, = , /2|n\h2vi/€2+n“2 (n#0), L= \/h/eB is the

magnetic length, 19 = 1 = v| k;, and the sign function sgn (n)
equals —1 if n = 0. The corresponding wavefunction is

etkytked) | sgn(n)u, Wiy - (¥)

VLyL, iw, W, (x)

where X' = x/{+ kyl, /Iy, (x) is the Hermite-Gaussian func-

tion, and the coefficients u/w, = \/; (1 j:sgn(n)m). The

W (x) = ; (E2)

Mn
velocity matrix elements that essential for nonlinear optical

conductivities are

Vink = 1XV1 [6\m|,|n\+l Sgn(m)umwn - (m AN l’l)] )

Vymnk = XV1 [5‘,,,‘,‘"‘_._1 sgn(m)upywy, + (m < I’l)] ,

Vemnk = S| |n] (% + x7)) sgn(m) sgn(n)umuy

+(%r = X )WaWm), (E3)

where ¥ = v/h. From Eq. (E3), we can see that the optical
transitions are nonzero only between Landau levels that sat-
isfy |m|— |n| = £1.

Appendix F: Influence of topological surface
states

Our work focuses on the resonant photocurrent in the ter-
ahertz frequency range under the clean limit. Typically, the
energy of terahertz light is much lower than the energy gap
between different surface states on a single surface, allowing
us to neglect the contribution of an individual surface to the
resonant photocurrent. Moreover, the photoexcitation between
surface states of the top and bottom surfaces, or between sur-
face states and bulk Weyl nodes, can also be disregarded due
to the large real space separation. Under these circumstances,
it is safe to consider that the response from the Weyl nodes is
dominant.

In certain scenarios, the contribution from the surface
may still be significant. In such cases, we can differentiate
between the contributions to the nonlinear photocurrent from
topological surface states and bulk states based on their differ-
ing symmetries. For instance, Ref. [39] indicates that for the
RhSi system, when considering light incident perpendicular
to the surface, the photocurrent from the Fermi arc is always
perpendicular to the photocurrent from the bulk states.

We also emphasize that the suggested magnetoelectrically-
regulated photocurrent in the ferromagnetic MnBi,Tey is un-
affected by topological surface states. In Weyl semimetals,
the topological surface states known as Fermi arcs connect
the projection points of two bulk Weyl nodes. In the ferro-
magnetic MnBi;Te4, the two Weyl nodes are located on the
high-symmetry line Z-I'—Z, and their z-direction projections

coincide. Therefore, the surface normal to the z-direction is
topologically trivial.

In general, the differentiation of the nonlinear optical re-
sponse of Fermi arcs and Weyl nodes is worth exploring. How-
ever, it goes beyond the scope of the present work and remains
for future works.
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