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Dual-phase and three-phase grating x-ray interference is a promising new technique for grating-based x-ray differen-
tial phase contrast imaging. Dual-phase grating interferometers have been relatively completely studied and discussed. In
this paper, the corresponding imaging fringe formula of the three-phase grating interferometer is provided. At the same
time, the similarities and differences between the three-phase grating interferometer and the dual-phase grating interferom-
eter are investigated and verified, and that the three-phase grating interferometer can produce large-period moiré fringes
without using the analyzing grating is demonstrated experimentally. Finally, a simple method of designing three-phase grat-
ing and multi-grating imaging systems from geometric optics based on the thin-lens theory of gratings is presented. These
theoretical formulas and experimental results provide optimization tools for designing three-phase grating interferometer

systems.

Keywords: x-ray phase contrast, phase grating, moiré fringe
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1. Introduction

Conventional x-ray absorption imaging uses the absorp-
tion coefficient or the difference in thickness among different
parts of the object to create an image. This non-destructive
imaging technique allows to access the information inside
the object while preserving its structural integrity, thus being
made have a wide range of applications in various fields such
as medicine, security, and non-destructive testing.!'>! In the
hard x-ray band, the phase change of light element substance
is more significant than the absorption change. Therefore,
many researchers have conducted extensive researches on x-
ray phase contrast imaging from the perspectives of imaging
[6-8] and applications,*!!
and many valuable advances have been made.

Depending on the principle of obtaining phase informa-
tion, the existing phase contrast imaging methods are clas-
sified as five types: crystal interferometry,'?) propagation-
based imaging,!'>!'¥ diffraction-enhanced imaging,[!>-17]
grating-based phase-contrast imaging,!'®!° and coded aper-
ture imaging.>") The first two methods require high coherence
of the light source, so they can only be implemented in syn-
chrotron radiation or microfocus devices, making these two
light source-based methods unsuitable for clinical or indus-
trial applications, thus severely limiting the application of x-

methods, 331 device fabrication,
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ray phase contrast imaging. Therefore, one of the most ur-
gent issues in x-ray phase contrast imaging is to get rid of
the dependence on synchrotron and microfocus spot x-rays
and move from experimental application to clinical and rou-
tine applications. Grating-based phase-contrast imaging meth-
ods may resolve this issue. The x-ray grating phase-contrast
imaging, also known as Talbot interferometry, uses the Tal-
bot effect!?!] to obtain the first-order phase shift information
of x-rays passing through an object. Recently, grating-based
phase-contrast x-ray interferometry has been developed and
has achieved very promising results.>>~?! The Talbot—Lau in-
terferometer is compatible with large focal spot x-ray tubes,
which not only eliminates the inconvenience of using syn-
chrotron radiation, but also solves the problem of insufficient
flux of micro-focal spot x-ray sources. Dual-phase grating in-
terferometer can produce large-period imaging fringes, which
bring about a large field of view while reducing the sensitivity
of the system, which is a contradiction that needs to be further
resolved. To improve the sensitivity of grating interferometers,
phase gratings with periods as small as a few micrometers or
even submicrometers should be employed. However, hospital-
grade imaging detectors that can be used in medical imaging
have pixels of tens of micrometers. In order for a normal de-
tector to detect fringes, an absorbing grating needs to be placed
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on the front surface of the detector.

However, the absorption grating blocks more than half of
the x-rays that carry information about the object, and the only
way to obtain the same information is to increase the radiation
dose in the imaging study. At the same time, the fabrication
challenge associated with absorption gratings is significantly
greater than that associated with phase gratings, and this lim-
itation in producing absorption gratings impedes the advance-
ment of grating interferometer. Three-phase grating interfer-
ometry solves the problem about the dose inefficiencies of
Talbot-Lau interferometry. One of the unique advantages of
using three-phase gratings is that the hospital-grade imaging
detectors can be used to resolve intensity fringes produced by
fine-pitch phase gratings with no need to use absorption grat-
ings. Thus, a greater intensity is transmitted through the in-
terferometer and comparatively relaxed grating fabrication is
required in the production process of gratings. In addition, the
grating spacing is larger on a three-phase grating interferome-
ter than on a dual-phase grating interferometer, thus making it
easier to place samples, while the imaging field is much larger.
For the above reasons and the fact that there is no systematic
theoretical analysis of three-phase grating interferometers, we
hereby give a more complete imaging theory for three-phase
grating interferometer and experimentally verify it.

2. Imaging formula derivation

In this section, we will analyze and discuss the scalar
diffraction calculation of x-rays in the system. First, we use
Fresnel diffraction to derive the general expression of three-
phase grating imaging.

pr
p3

Det
D2 G3
p1 Ga nl ||
’I. d4
d3

Fig. 1. Schematic diagram of three-phase grating interferometer, with Gy,
G, and G3 denoting phase gratings with periods of p;, p», and p3 respec-
tively.

Source

In Fig. 1, an ideal monochromatic spread source is placed
at the far left of the optical path. Under the paraxial approx-
imation, the complex amplitude distribution on the front sur-
face of G grating can be expressed as

U
U (x)) = 07? exp (ikr)

_ W ik 2
=2 exp (ikd;) x exp [2611 (x1 —xs) } , (D

where k = 27 /A is the wavenumber, Uj is the light wave am-
plitude at the unit distance from the ideal light source, x; is the

horizontal coordinate of the source plane, and r; is the distance
from the point on the source plane to the point on the G grat-
ing plane. It is worth noting that in the x-ray imaging, the final
physical quantity measured by the detector is the intensity of
the x-rays, which needs to be modulo the complex amplitude
and squared. For a phase grating with a one-dimensional duty
cycle of 50%, the Fourier transform formula of its complex
amplitude can be expressed as

Z a0y exp <127mx1 > @)

Nn=—o0

where n is the diffraction order of light. In derivation, we
ignore the thickness of the grating. So, the convolution cal-
culations of light waves and grating can be simplified into a
multiplication calculation. After three Fresnel diffractions, the
complex amplitude expression of x-ray in the detector plane

can be expressed as

exp[ik (L)] in ,
4 (xa) —UOZZZ nbmhy Wexp ALX“

n om q
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where L = d| +d> 4+ d3 + dy is the total length of the system,
n, m, and ¢ are the diffraction orders of each grating, x4 is the
horizontal coordinate of the detector plane, and M, M, and
M3 are given as

di+d di+dr+ds
M = , My =0 T2TE
! d : di+dy
di+dry+ds+ds
My=—F————— 4
T T di+dy+ ds @

Please see Appendix A for detailed descriptions of the
derivation process. The fundamental frequency term deter-
mines the frequency of the entire series, while the high-
frequency component only determines the details of the se-
ries. Therefore, to calculate the period of light intensity, we
must first determine its fundamental frequency terms.?°! If the
three gratings have the same period, all of them are ps. The
conjugate coefficients of n, m, and q are setto n’, n/, ¢ respec-

tively. When n—n' = m—m' = g — ¢’ = 2, we can obtain the
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expression for the imaging fringe period of the three 7 phase
gratings as follows:

di+dy+ds+dy Py

_ Pe 5
b dtds 2 )

For the /2-7—7/2 phase grating system, when n—n’ = —1,

m—m' =2, and g—q' = —1, the imaging fringe obtains a max-

imum period, and the corresponding fringe period expression

I(x4) =

dldzd3d4L drdndsdol B P [‘2” (Mlepl -

M;p>

is given as

_di+dyt+ditdy

De. 6
|dr — ds| Pe )

Equation (5) is fully consistent with previous results. 2227281
For Eq. (3), by considering the detector pixel size pge; and the
width of the source o, we can derive the detector plane light
intensity expression as follows:

r t

m)}

S r t
MMM+ dsMoMs -+ dy + dsMi Mo P12y (pl +M, ”1)
“C par p2s P25) 3 o1y
MIM3M;3 ’
M 1
d3MoMs + dy + ds M Yap2s +dy f&*erM —_—
< C M prr Mlplr 7Lp2¢2
M%M3 b b 9
s 1 r
didige D8 i
XCI( 714 2P2 )’7p3a¢3>
3
d s

127Txg | —
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« sin l:( dz N + d3 1 ( N
el a
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. Pdel N r t
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[ <M1M2p1 M;p> Paﬂ

Ms

where s, r, and f denote the difference of the conjugate diffrac-
tion orders of each grating. So far, we have obtained the gen-
eral expression for the complex amplitude distribution of the
optical field of the three-phase grating interferometer under
extended source illumination with deviation from the source.
The detailed derivation procedure may be found from Ap-
pendix A.

3. Relation between three-phase grating system
and dual-phase grating system

In comparison with dual-phase grating imaging, three-
phase phase grating imaging has only one additional phase
grating. Therefore, we suspect that the imaging formula of a
three-phase grating system must have some relationship with
the imaging formula of a dual-phase grating system, rather

é 1 ( s
M, dy+dy \ Mipi

+r>+d4( s N r +t>”
D2 L \M\Mypy  Mapr p3

) e 2]
M3 di+dy+d3 \MiMapy  Mopr  p3

@)

than a mutually unrelated and sharply opposed relationship.
According to Fourier optics and light diffraction, most of the
energy of a light wave is concentrated in the diffracted light of
the lower order. The outline of the image is determined by the
lower-order diffracted light, while the higher-order diffracted
light, which contains less energy, only determines the details
of the image. In the next calculation, we ignore the details of
the image and only care about the period of the image, so we
can take only +1 level of diffracted light (for 7/2 we need to
take level 0 and 4=1). When [ = 0, the function C; = 1.
is an odd function when 47wAd/ pé is taken as an integer, and
an even function when 47wAd/ pé is not an integer. In the ac-
tual experiment, we cannot make 4wAd/ pg an integer, so in
the next calculation we will treat C; as an even function. The
expression for the light intensity in the detector plane can then
be rewritten as

p2
) — 20, o o > . 5 ‘o 2(_1)62,23 " ey (di+do) (d3+dy) —dy (dl+d2)g
X —_— — — Xs -
V7 ddadsdil. “ |7y \Mapz " 3 o ™ 3 L
S (d1+d2+d3)d4fd4(d1+d2)@
X 2(71) . sin 4k P2 + 2Uo cos[an4< 2 +2)+27r (pz]
— |+ — X
T P} L dydadzdsL Ms; \M\Myp1  p3 )
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(_1)51.|3 47 d (61'24'6773-1—614)—61'16174ﬂ
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where
d 2 dy 2 -2
o= "—"+— +—,
di+dry+dspy L \Mpr p3
d 2 ds 2
¢ = —+
di+dyp1 di+dy+dy Mip;

+d4( 2 +—2>
L \MiMyp, p3)’

d 2 ds 2 2
¢ = =+ +—
di+dyp1 di+dr+dys \Mip1  p2

dy 2 -2
+— -+ .
L \M\M>p>  M>p>
When the above equation and the imaging equation for a dual-
phase grating interferometer system are compared, we notice
a striking similarity. We believe that one three-phase grating

interferometer is equivalent to three dual-phase grating inter-
ferometers. The above equation can be expressed as

I6,6,6; = I6,6, + 16,6, +1G,G; - &)

For a three-phase grating imaging system, if only Gj3 is
removed without changing any other parameters, it degener-
ates into a dual-phase grating imaging system, and the distance
from G to the detector is d3 + d4, then the light intensity dis-
tribution of the system on the detector plane can be expressed
as

16,6, (x3)

U() Anbm@y by
ZZZZ d1d2 d3 +d4)

n om p m
(di+dy) (n—n +m—m/>:|
Mip P2

L

[ . d» (n’z—n2 2xs(n—n’)>}
X exp [iTA — +
P | M p? Adip;
[ di+dy) (ds+d
X exp inl( 1+ Z)L( 3+ da)

/ N\ 2 2
(Gt h) Gt o)
Mip1  p2 Mip1  p2

2% n—n' m—m’)”
. 10
+<d1+dz>A(M1p1+ i (10

X exp |127

Assuming that the three gratings all have the same period,
Pg » and all of the phase differences are 7, the fringe period of
the imaging system can be expressed as
L pg

Dt.G,Gy = &2 (1D

Similarly, for a three-phase grating imaging system, only
G is removed without changing any parameter. In this case,
the distance between the light source and the first grating be-
comes d| + d», and the fringe period of the imaging system is
given as

L pg
12
Pf£,G,G3 = d3 2 ( )
Finally, by removing G, without changing any other
parameters, the distance between the two gratings becomes
d> + d3, and the fringe period of the imaging system becomes

L De
S22, 13
dr+d; 2 (13)

Next, we run simulations in MATLAB by using the above-

PG Gy =

derived equations, and the simulation results are as follows:
dl =d4:800m,d2:
is 2.86 um. The operating voltage of the grating is 17 keV,

dz = 3.679 cm, and the grating period

which corresponds to a light wavelength of 0.073 nm and the
light source size of 5 um.

When comparing Fig. 2(a) with Fig. 2(c), the fringe pe-
riods and contrasts of the two images are the same, indicating
that without changing other conditions, the fringe images ob-
tained after only removing G grating and only removing G3
grating are the same, which once again verifies the hypoth-
esis of the principle of light path reversibility. At the same
time, figure 2(d) shows that the fringe periods of the two sim-
ulated images are the same. By comparing Egs. (5), (12),
and (13), with Fig. 2(d), we believe that the three-phase grat-
The first part is the
small period fringe formed by the G| G5 gratings. Observing

ing image fringe consists of two parts.

the imaging fringe period formula, we can find that the dual-
phase grating imaging system composed of G| G3 gratings and
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the three-phase grating system composed of G;G,G3 gratings
have the same imaging fringe period when the system length
is the same; the second part is the large fringe formed by GG,
gratings and G, G5 gratings. The space between its gratings is
only half that of G| G3, and its fringe periods are twice that of
the G1G3 grating fringe period, which is consistent with the
result from the equation.

1.4 1.3
> (a) = )
= s 1.2
‘B 1.2 @
4 g 1.1
Q -
10 £ 1.0
£os8 209
e = 0.8
< 0.6 & 0.7
0'475 0 5 0'675 0 5
z (10~ m) z (10~* m)
1.4 4.0
—a
< © z 5g @ g
‘m 1.2 a
g 530
g L0 E 25
2 os £ 20
E 0.6 z& 1.5
. Q
é x 1.0
O.K
0'4—5 0 5 —5 0 5
z (10~* m) z (10~* m)

Fig. 2. (a)—(c) Simulation results of imaging fringes with zero phase differ-
ence of three gratings. (d) Curve “a” denotes the imaging fringe of three
grating systems with the same configuration and curve “b” refer to the result
of the algebraic addition of light intensities in panels (a)—(c).

After calculation and analysis, we can conclude that when
the three grating periods are the same, the imaging formula of
the three-phase grating interferometer can be converted into
the imaging formula of the dual-phase grating under certain
conditions, and the dual-phase grating imaging is a special
case of the three-phase grating interferometer. For Eq. (8),
when d| = dy, d> = d3, the period pg, 6, = pG,G,- While in a
practical experiment, we obviously cannot guarantee that d> is
strictly the same as d3, which would result in a difference be-
tween the two: pg,6, = pc,6; +Af. Therefore, equation (8)
can be expressed as

2o (—1)° 4
1 = ——
4) = G sl 7
. [472% (d] +d2) (d3 +d4) —(dy +d2>d4:|
X sin 5 I
. [4nA (di+dr+d3)ds— (d1 +da)ds
X sin pz I

x 2cos [n’x4 (2f+Af)

27x, <d1d3 _ (datdy)dy >]
p L (di+dy+ds3)L
2nxs d3 — d
X COS [EX4Af+ % & 3 2] +16,65- (14)

In experiment, we have found that Af is related not only
to the length of the system but also to factors such as the di-
rection of the grating fringes and the parallelism between the
gratings.

4. Experimental setup, results, and discussion
4.1. Experimental setup

As shown in Fig. 3, we design a three-phase grating in-
terferometer and verify it on a laboratory x-ray phase contrast
imaging platform. For the microfocal spot source, the oper-
ating voltage and current of its light source are 40 keV and
180 pA, respectively, with a 100.00-s exposure time for each
phase step. In addition, a 0.03-mm piece of Mo is placed
on the light source to effectively filter the light source en-
ergy spectrum so that it can match the phase grating require-
ment. The detector active area is 38.75 mmx27.75 mm and
the pixel size is 4.6 um. The three 7 phase grating periods
are all 2.86 pm with a duty cycle of 50%. The specific dis-
tance parameters of the system are as follows: the distance
from light source to grating G| d; = 98.024 cm, the distance
from grating G to grating G, d» = 4.226 cm, the distance of
grating G, to grating G3 dz = 4.226 cm and the distance be-
tween grating Gz and the detector dy = 98.024 cm. We use
this system to verify the grating imaging fringe period theory
and the connection and difference theory between three-phase
grating interferometer and dual-phase grating interferometer.

Fig. 3. Physical diagram of experimental setup.

4.2. Results and discussion

We first take a set of fringe images without placing the
object. As shown in Fig. 4(a), the captured image consists of
two sets of fringes with different contrast, and the fringe pe-
riod is approximately 67.24 pm, which is consistent with the
theoretical value of 69.20 um obtained from Eq. (5).

Fig. 4. Fringe image formed by three-phase grating interferometer for (a)
placing no object and (b) fringe image.

Figure 4(b) shows another set of fringe images taken by
rotating the gratings in the plane perpendicular to the optical
axis. We observe both diffraction fringes and moiré fringes.
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The period of the moiré fringes is about 7.8 mm. We now suc-
cessfully produce large period moiré fringes without using an
analyzing grating with our three-phase grating interferometer
systems.

Some theoretical analysis and experimental verification
are performed on the appearance of moiré fringes in a three-
phase gratings interferometer. The results show that the di-
rection and period of the large fringe change as G is rotated
in a specific range, and the moiré fringe rotates 12° for each
0.02° rotation of the G, grating. For our system, the range is
roughly 0° with the grating perfectly parallel to the position of
40.43°. While the amount of change in the direction of the
large fringes due to the rotation of Gz only is much smaller
than that of G,. Due to the symmetry of the system and the
principle of reversibility of the optical path, we believe that
rotating G grating has the same effect as rotating G3 grat-
ing. From previous analysis of the connection between the
three-phase grating interferometer and the dual-phase grating
interferometer, we believe that the interaction between the G
grating and G, grating creates a set of diffraction moiré fringes
on the detector plane, while the interaction between the G»
grating and G3 grating also creates a set of diffraction moiré
fringes on the detector plane. Since the three gratings have the
same period and are very close to each other, the two sets of
diffraction moiré fringes should have approximately the same
period. The fringes we observed are the superposition of the
light intensities of these two diffraction moiré fringes of sim-
ilar periods on the detector plane. Only the G, grating is in-
volved in the formation of both diffraction moiré fringes, while
the G, grating and G3 grating are only involved in the forma-
tion of one diffraction moiré fringe. As a result, the G, grating
exhibits much higher sensitivity in generating the large fringe
than the G grating and G3 grating. We establish a Cartesian
coordinate system with the direction of the G, grating as the y
axis, and set the deflection angle of the G| grating with respect
to the y axis as 0 and the deflection angle of the G3 grating
with respect to the y axis as 6,. When p; = p» = p3 = p,
0; = 6, = |0|, the moiré fringe width can be expressed as

w=——"F
6 (16— 61])

When 6 is within +4°, the moiré fringe formed can reach

15)

the millimeter level, which is consistent with the phenomenon
we observed in the experiment. In addition, departing from
diffraction optics, we can also draw certain analytical con-
clusions about the aforementioned phenomena. Figure 5(a)
shows that for a single diffraction fringe that is both bright
and dark. We know that under multi-color illumination, the
dual-phase grating interferometer can form two kinds of inter-
ference fringes with different peaks and the same direction in
the detector plane, that is, the interference fringes are formed

by =+1 level diffraction of the phase grating and the interfer-
ence fringes are formed by —1 level and O level diffraction
light (or +1 level and O level diffraction light).

Fig. 5. Experimental results of three-phase grating and its fringe schematics.

The fringes that appear periodically along the orange ar-
row direction in Fig. 5(a) are the fringes with different peaks
caused by the spectral distribution shown by the blue arrow
(dashed line) in Fig. 5(b). The green arrow in Fig. 5(b) corre-
sponds to the large-period moiré fringe. When a phase grat-
ing is introduced, each alternate diffracted light undergoes a &
phase shift, which means that it becomes staggered by half a
period.

5. Explanation of thin lens theory

Previous researches!!82%3% indicate that the phase grat-
ing can be equivalent to a thin lens without considering its
thickness. Next, we will present a simple method to calcu-
late the period of multi-grating imaging fringes and set up the
system parameters based on the thin lens imaging theory. For

19,31

the standard Talbot-Lau interferometer, ! ! fractional Talbot

distance can be expressed as

21 +1 p}
=—=". 16
h ) (16)
The fringe period can be expressed as
d+d p1
= = 17
Pt 4 2 (17)

In previous study, it was assumed that there is a virtual
imaging plane between G grating and G, grating, which is
named the 1st image. Using this virtual imaging plane as the
intermediary, we can divide the multi-grating imaging system
into multiple imaging systems based on a single grating, and
use the thin lens imaging formula to perform simple and fast
calculations. The flow charts are as follows.

Figure 6 shows that a three-grating imaging system is de-
composed into three single grating systems (distinguished by
the background color). Using three thin lens imaging formulas
and a single-phase-grating-imaging fringe period formula, we
can calculate all the system parameters and the input parame-
ters necessary for each single grating system, ensuring that the

image (img) contrast is maximized.
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Fig. 6. Schematic diagram of three-or-multi-phase grating interferometer.

6. System design and simulation

Three-phase grating imaging systems have more design possibilities than dual-phase grating systems. We create three sets

of three-grating imaging systems based on different grating periods and grating phase differences. The relevant parameters and

simulation results are as follows.

Table 1. Design parameters of three-grating imaging system.

A (nm) p1 (pm) p2 (um) p3(pm) dy (cm) dp (cm) d3 (cm) dy (cm) pr (m)
T—n—T 0.073 2.860 2.860 2.860 98.024 4.225 4.225 98.024 69.215
T—n—T 0.049 1.190 0.600 1.190 43.185 5.413 5413 43.185 72.000
/2-n-7/2 0.049 0.600 0.600 0.600 86.371 5.398 5.398 86.371 72.000
1.5 0.45 1.8
4 (a) m—m—m (b) m—m—m (c) m/2—m—m[2
213 2 0.40 » 16
2 1.2 2 14
2 g g
B ié g 035 E 12
-j%) 0.9 2 0.30 2 1o}
< 0.8 = = o8l
2 ol 2 0.25 S
0.6 [ 0.6
0S=—3 %3 "0 2 4 00=—"""5"0 2 1 VAT 0 2 4
z (10~ m) z (10~* m) z (104 m)

Fig. 7. Fringe images obtained by simulation using the data in the above table.

7. Conclusions

In this work, we provided a more complete theoretical
formula for the imaging theory of a three-phase grating in-
terferometer and verified it, systematically analyzing the rela-
tionship between three-phase grating interferometer and dual-
phase grating interferometer. In terms of system design, a

three-phase grating interferometer has only one more phase

grating than a dual-phase grating interferometer. Therefore,
there are many connections and similarities between the three-
phase grating interferometer and the dual-phase grating inter-
ferometer, and under certain conditions, these two types of
grating interferometers can be converted into each other. At
the same time, because it does not need analyzing gratings, the
three-phase grating interferometer has the advantages of eas-
ier grating fabrication and larger field of view. In addition, we
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have experimentally demonstrated that the three-phase grat-  Introduce the U] expression into Eq. (A1) and replace it with
ing interferometer can easily produce millimeter-level moiré  the standard form of the Fourier transform equation, then the
fringes, allowing it to be detected directly with clinical medi-  resulting equation will be

cal detectors. )
UOZ exp [ik ( d1+d2)] [171( q_i_xz)]
. \/didy d1+d2 dr
Appendix A 2
. (A2)

- did> Xs n X2

The x-ray distribution on the front surface of G, grating X eXp | —IT di+dr \Adi  p1 - Ady
can be expressed as

) According to the complex amplitude distribution of the

Us (x2) = — / % { (x1) exp (ikr2) dx;. (A1)  detector plane light field, the detector plane light intensity dis-

Vil d>

tribution can be expressed as

Ix) = d|d2d3d4LZZZ Z Z Z At 4osbyt 1 Mg 41 Dy g - €Xp |:12717 < > + : -I-t)}

m g 0 rsm +rq 4 MiMapy Mapy  p3

y _,27[ { d> s+ ds ( s +r>+d4( s N r +t>”
exp | i27x; - — -+ —
P | ldi4+dapr  di+da+ds \Mipr p2 L M1M2P1 Mapr  p3
_ 2 pr pr pt
—i2mAs (20 +5) dyM\M5M5 + dsM>M3 +dy +d2M1M2M3 +d4M1 +d4M1M2
X exp > X 2172
i P 2M1M2M3
i dsMaMs + dy + dsMs 2 B2 td, LQ7+014M2@5
X exp —12xAr (2m' +7) " M, p "M pi p3r
I P3 2M§M3
D3 S I psr
ro. dys+d dy——-
—127At (2q’+t) 4t 4M]M2 pit I M2 pat
X exp > , (A3)
I D5 2M;
where n =n' +s, m =m’ +r, and g = ¢’ +t. Using the following equation: 3233
= 2 e . (—i2mi(l+2n)Ad
Z Cl (d77L7Pg7A¢g) = Z Z 81+n8y €XP ( 2p2 ) (A4)
[=—o0 |=—con=—oo0 g
and after simplification, we can obtain
U? X4 ) r t
= By y el (e )]
(xa) didadzdsL ZS"Z,"X[" P M3z \MMrp, Map> p3
« exp |i2z [ d S ds ( s +r>+d4( s 7 +t>}
X Xs — — | — —
ldi+dopr  di+dr+ds \Mipyr - po L \M\Mypy Maps p3
t
oMy M3M5 + d3s Mo M +d4+d3M1M2M3f7+d4M1ff+d4M1M2ﬂ*
x C A, p1,
< M2M2M3 ,P1 ¢1>
M s 1 t
d3M2M3+d4+d3M3—2&7+d —&7+d m 2L
% C M pir M pir ELAY RS
M%M3 ) ) )
s 1 r
d4+d4MM p%t“v‘d ﬁ&;
x a( S - ,A,p3,¢3>. (AS)
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