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The dynamics of spin—orbit-coupled Bose-Einstein condensate with parity-time symmetry through a moving obstacle
potential is simulated numerically. In the miscible two-component condensate, the formation of the Kdrman vortex street
is observed in one component, while ‘the half-quantum vortex street’ is observed in the other component. Other patterns of
vortex shedding, such as oblique vortex dipoles, V-shaped vortex pairs, irregular turbulence, and combined modes of various
wakes, can also be found. The ratio of inter-vortex spacing in one row to the distance between vortex rows is approximately
0.18, which is less than the stability condition 0.28 of classical fluid. The drag force acting on the obstacle potential is
simulated. The parametric regions of Karman vortex street and other vortex patterns are calculated. The range of Karman
vortex street is surrounded by the region of combined modes. In addition, spin—orbit coupling disrupts the symmetry of the
system and the gain-loss affects the local particle distribution of the system, which leads to the local symmetry breaking of
the system, and finally influences the stability of the Kdrman vortex street. Finally, we propose an experimental protocol to

realize the Kdrmdn vortex street in a system.
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1. Introduction

Bose-Einstein condensation (BEC) is a quantum phe-
nomenon in which all atoms below a certain temperature are
gathered in the lowest energy quantum state.!!! Since the BEC

[2-41 it has provided

was first experimentally achieved in 1995,
a precisely regulated platform for studying superfluid phenom-
ena. A variety of phenomena with moving obstacle poten-
tials in the BEC have been investigated, such as generation
of vortices in trapped system,!) the Kdrmén vortex street,>7]
three-dimensional dynamics!®°! and so on. When the obsta-
cle potential moves at appropriate conditions, vortices are cre-
ated and alternately shed on either side of the obstacle, form-
ing the Karman vortex street.[!>-13 This phenomenon is not
only common in classical fluids but is also found in superflu-
ids. In 2010, Sasaki et al. theoretically researched the Kdrman
vortex street in BEC. They illustrated that vortex pairs alter-
nately arrange behind the obstacle potential.l”l Then, Saito
et al. investigated dynamics of a superfluid flow through the
obstacle,!*! the result shows that oscillation of the obstacle
modulates the vortex street. Subsequently, Stagg et al. stud-
ied vortices generated after an oval obstacle.!'>! In addition,
Karman vortex street has been reported in a two-component
BEC.!'%17] Through a series of experiments, Kwon et al. re-
ported vortices shedding from the obstacle potential by focus-
ing a repulsive Gaussian laser beam which moves at a certain
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speed in a highly oblate BEC.!!8-20]

In experiments, BEC with artificial spin—orbit coupled
(SOC) has been achieved, which also provides a platform
for exploring novel quantum phenomena. In 2011, the
87Rb BEC with SOC was realized experimentally.”?!! Then,
the same protocol has been applied to realize SOC Fermi
gases.[?>23] The experimental realization of SOC quantum
gases has stimulated interest in quantum phase transitions, >4
topological excitations?>! and spintronic devices.?! In addi-
tion, parity—time (PT) symmetry is another popular study area

27281 1n 1998, Bender and Boettcher put forward a

in physics. !
non-Hermitian Hamiltonian with PT symmetry and they found
that the energy spectrum of non-Hermitian operators remains

1.[271 Meanwhile, the potential associated with

completely rea
PT symmetric Hamiltonian should satisfy an even function for
the real part and an odd one for the imaginary part. Consider-
ing the condition of complex potential, PT symmetric Hamil-
tonian is employed to model, which aims to balance gain and
loss. The gain can be accomplished by using an atom laser to
inject atoms into the condensate.!?®! The loss is achieved via
exciting atoms to an excited state using a laser beam, they are
then jetted out from the condensate by photon recoil.?"]

In recent years, SOC and PT symmetric systems have
become research highlights in experimental and theoretical
fields. One-dimensional and two-dimensional solitons of sim-

ulating SOC with PT symmetry have been investigated.3!]
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By introducing imaginary potential, Zhang er al. theoreti-
cally studied energy band structures of one-dimensional non-
Hermitian SOC Su-Schrieffer—Heeger model.*?! In 2022,
Qin et al. showed that balancing gain and loss can com-
pound an imaginary SOC in a pseudo-spin-1/2 system with
PT symmetry.33! As far as we know, there has been no exper-
imental or theoretical research about Karman vortex street in
SOC BEC with PT symmetry. In particular, we want to know
how SOC strength and gain-loss intensity affect the stability
of the Karmén vortex street.

In this work, we investigate various wake patterns that
vortices shed from the moving obstacle potential in SOC BEC
with PT symmetry. The results indicate that vortex pairs arise
behind the obstacle, forming all kinds of wakes. The fre-
quency and magnitude of the drag force are different from
the case of scalar BEC. In addition, we simulate vortex pat-
terns systematically, which aims to determine the parameter
region corresponding to various wakes. Finally, we propose
an experimental protocol to realize Karmén vortex street in
the SOC BEC with PT symmetry. The outline of this paper
is as follows. In Section 2, we formulate theoretical model of
the system. Section 3 shows the numerical results. Finally, we
generalize the main results in Section 4.

2. Theoretical method

Within the mean-field approximation, we research the
two-component SOC BEC with PT symmetry. The Hamil-
tonian of the system is given by 343!

2 hk
2m m
8ji 4 2 2
+/dr (Z §|‘Ifj| +gr [yl )7 (1
=14

where the wave function ¥ (r) = [y;(r), | (r)]T with T and
r denote the transpose and Cartesian coordinate. m is the
atomic mass, ko indicates the SOC strength, and 6, = (oy, o)
are the 2 x 2 Pauli matrices. g;; and gj; play the roles of
the intra- and intercomponent interaction coefficients, respec-
tively. gj = 47rh2aﬂ/m, here aj;(aj = ay)) are the s-wave
scattering lengths. In experiments, BEC is usually confined in
a harmonic potential Vi = sm(@2x? + 02y* + 022%), where
oy, Oy, @, denote the trapping potential frequencies along x,
v, z directions, respectively.

In the following, we assume that the restrain along z di-
rection is stronger than any other, the energy scale of 7,
is much larger than 7@, and ha)y.[36’38] Thus, the system is
reduced to quasi-two-dimensional. Then the wave function
is rationally expressed as w;(r,t) = @(x,y,1)90(z)e 1 @/2,
and the movement of atoms along the z direction is frozen
into the ground state ¢jo(z) = (mja)z/(n?h))1/46_’"!’“’122/%.
Furthermore, the various variables are normalized by 7 =

wot, ¥ = x/ap, § = y/an, Wj = yj(xy,1)/\/no/an, & =
4nnoaj/(V2xl;), with @y = min(wy, @), I, = /7i/(mw;)
and apg = /h/(may), where ng represents the character-
istic particle number density. The total particles are N =
no [ |@|>dxdy. For convenience, the “~” on all variables
are omitted. One can obtain the dimensionless quasi-two-
dimensional Gross—Pitaevskii (GP) equation as

d 1

1% = {—2V2+V+8TT|‘VT2+8TL|‘I’¢|2] 78
+i1<<9,1//¢,

0 1

1% = {—2V2+V+gw|%2+gu|%|2] v,
+iKdsy, @

where k = koy/m/ (P ay), 0+ = d/dx+id /dy. V? is the two-
dimensional Laplacian operator. Y4 and v indicate compo-
nent 1 and 2, respectively.

The initial state is applied to the ground state, which is ob-
tained by the imaginary-time propagation method with a zero
potential velocity. The initial condition y4 = y| =1 is em-
ployed. The interaction parameters are adopted as g1+ = g | =
1 and gy, = g4+ = 0.3, which satisfy g+g,| > g%y thus the two
components are miscible.?*) A small amount of disturbance
is added to break the symmetry of system. Then, Eq. (2) will
be numerically solved by the time-splitting Fourier pseudo-
spectral method under periodic boundary conditions.*?! The
numerical domain is chosen as [—256,256] ® [—64,64] and
discretized uniformly into 2048 x 512 grids.

3. Numerical results

In the present work, an external potential V = Vg +iVf is
employed, which satisfies PT symmetry. That is, the Gaussian
obstacle potential VR is an even function while the imaginary
part V1 should be an odd one. The Gaussian obstacle potential
moves with a certain velocity v, which is expressed as!’!

-~ (x—x0r+m)2+(y+y0r)2 -~ (x+x0r—ur)2+(y7y0r)2

Ve = Vole N .G

where (£xor, +yor) is the center position of Vg at 1 = 0. V
is the peak strength and d represents width of obstacle poten-
tial. VR is generated by a repulsive Gaussian laser beam in
experiments. 819411 Then, the imaginary part of external po-

tential is adopted as*?!

_ (r=a07) >+ 0yg)?

VI:F[e a2 —e

(kg ? 40y

@
The center position of V is fixed at (4-xo;, =-yo;) when perform-
ing the nonlinear dynamical evolution. It acts as additional
gain around (xg;, —yoi) = (0,—70) or loss near (xoi,yoi) =
(0,70). But the total particles are still conserved. I is the
gain-loss intensity and d denotes the width that is the same as
the Gaussian obstacle potential.
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In order to study the various wakes, we consider that
the Gaussian obstacle potential Vg moves from (xor,Yor) =
(409.6,60) along —x direction with Vy = 100, while another
moves from (—xgr, —yor) = (—409.6,—60) along x direction
with the same peak intensity. Vortex shedding patterns are

studied by adjusting the velocity and width of the obstacle po-
tential at the SOC strength k = 0.01 and the gain-loss intensity
I' =0.02.

Figure 1 indicates the density and phase distributions of
oblique vortex dipoles and V-shaped vortex pairs. Because
wakes in the miscible two-component of SOC BEC with PT
symmetry are similar, density ||| and phase arg|y | distribu-
tions are omitted. However, we can observe the distribution
of vortex pairs in component 2 (shown in red). That is, the
atoms in component 1 fill into the central position of the vor-
tex in component 2, but this position is without fill. Thus, the
vortex center in component 2 changes into the density peak
of vortex in component 1. The composite structure emerg-
ing from two components is called ‘the coreless vortex’;*3]
that is, changed with the velocity and width of the obstacle
potential. In Fig. 1(a), it is obvious that vortex pairs formed
by the point vortex are obliquely drift and their centers are
clearly not in the same straight line. A pair of point vortices
have opposite circulation +277/m, which corresponds to di-

mensionless quantity +27. The distance between two point
vortices changes slightly with the movement of obstacle po-
tential. In addition, we note that the vortex pairs in component
2 are more than those in component 1. This is owing to that
SOC breaks the symmetry and the gain-loss intensity I causes
the distribution of atoms to be uneven in the system. When the
velocity of obstacle has suitable values, vortex pairs will shed
alternately (see Fig. 1(b)). The rotation direction of vortex—
antivortex pairs is the same as the situation shown in Fig. 1(a).
The vortex—antivortex pairs drift along the +y or —y direction
that V-shaped vortex pairs are formed. This phenomenon is
understood as follows: vortex pairs will shed from obstacle
potential when their velocity of movement exceeds a critical
value. The critical velocity varies with the width and veloc-
ity of the obstacle potential. After vortex pairs are emitted
from the obstacle, velocity of the vortices balances the main
velocity field, which leads to the velocity around the obstacle
being less than the critical velocity. Then, the vortex gradually
moves away from the obstacle, until the main velocity exceeds
the critical velocity again, which causes a new vortex pair to be
generated.** When vortex pairs are properly disturbed, vor-
tex pairs are unstable. Therefore, vortex pairs drift along the

+y or —y direction.

(a) d=1.3,v=0.46

Y
—40

—240 —200
T

(b)  d=0.7,v=0.6
40 -

—200

—240 —220 —200

.

Fig. 1. Density |V’T|2 and phase argy; distributions of the condensate.

—7 (.

The velocity and width of obstacle potential are d = 1.3, v = 0.46 in (a)

and d = 0.7, v = 0.6 in (b). The black-dotted arrows show the direction of the obstacle potential moves. The white arrows indicate the direction

that the vortex pairs move.
Figure 2 plots the density and phase distributions of

Karman vortex street and irregular turbulence. In Fig. 2(a),

periodic vortex pairs with opposite circulations are shed alter-

nately from the obstacle potential, forming the Karmén vor-
tex street. In component 2, the vortices are filled with parti-

cles from component 1 to form density peaks. It also forms
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a wake pattern similar to the Karman vortex street, which is
called “the coreless vortex street”. Two point vortices of the
vortex pair have the same circulation. The angular frequency
is 271/ (mD?).13! Here D represents the distance between the
two point vortices. It is found that the circulation of the up-
per row is +27, while the lower row is —27, as shown in the
phase distributions of Fig. 2(a). The average dimensionless
distance between the two rows of vortices is b ~ 19.74 and
the inter-vortex spacing in one row is [ ~ 111.73, which leads
to b/l ~ 0.18. This result falls into the stability condition of
Kdrmén vortex street 0.12 < b/l < 0.4. It can be seen from
Fig. 2(b) that the wake pattern is the irregular turbulence when
we take d = 2.8, v = 0.44. It is obvious that the wake pattern
has no apparent periodicity.

There are also various combined modes in the system.
Figure 3 indicates some typical combined modes of vortex
shedding from the obstacle potential which moves at various
width and velocity. Figure 3(a) shows the combined mode of
no vortex and oblique vortex dipoles. When the obstacle po-
tential moves along x direction, the obstacle is surrounded by
a stable laminar flow and no vortex is generated. Nevertheless,
we find that the vortex dipoles are obliquely drifting when the

obstacle moves along —x direction. One can see from Fig. 3(b)
that the vortex dipoles shed at different times in components
1 and 2. The vortex dipoles obliquely upward drift in compo-
nent 1 while vortex dipoles evolve into V-shaped vortex pairs
in component 2 as the obstacle potential moves along —x di-
rection. When it moves in the opposite direction, the V-shaped
vortex pairs are formed in two components. The circulation of
a single point vortex is consistent with Fig. 1(b). In Fig. 3(c),
the Kdrmén vortex street and irregular turbulence have also
formed behind the obstacle when the width d and velocity v
are fixed to 2.3 and 0.44. It is worth noting that the position
of point vortices in component 1 is different from component
2 when the Karman vortex street exists in the system. Here
the circulation of vortex pairs in the upper row is —27 and
the lower row is +27. We have also measured the distance
between two vortex rows being b ~ 18.64 and between two
vortex pairs in the one vortex row being [/ ~ 88.19 on aver-
age. Thus, the ratio b/l = 0.21 is within the range of stability
conditions. The combined modes are asymmetric because the
local symmetry of the system has been broken by the SOC and
imaginary part of external potential. The density distribution

of particles is uneven in the system.

(a) d=2.7,v=0.41
aofjin 2 e 40|argd;
o &® o & v N\ 2
SRR 8 L) e T S
20 e 20! -
175 210 245 175 210 245
—201 |[44]2 —20
- - .. - ®e
Yy ‘ .‘ > .. - X
—40{ =~ s —40
—245 —210 —175
X
(b) d=2.8,v=0.44
a0l 2 © .. g
GO e :'.‘:‘.
20 SN, 3 far S
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160 200 240
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Fig. 2. Density |y, |? and phase argy; distributions of the condensate. The velocity and width of obstacle potential are d =2.7,v = 0.41 in (a)
and d =2.8,v = 0.44 in (b). The black dotted arrows show the direction of the obstacle potential moves.

The dimensionless drag force acting upon the obsta-
cle potential of movement is defined as f = (fy,f,) =
i0, [(F'V®)dxdy. Here, ¥ = (v, )T with T stands for
transpose. Figures 4(a)—4(c) exhibit drag force correspond-

ing to the Kdrmén vortex street displayed in Fig. 2(a). f; ex-

presses the shedding frequency of the vortex pair and f, in-
dicates the frequency of upward or downward motion of the
vortex pair. One can notice that the crest value in Fig. 4(a)
corresponds to the valley value in Fig. 4(b). This means that

vortex pairs in component 1 and component 2 alternately shed
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from the obstacle potential. It can be seen from Fig. 4(c)
that F1 4+ F, denotes the drag force described by two compo-
nents. We find that f; oscillates, but f is approximately zero
for 1 < 3500, ! This indicates that the vortex pair is shed
symmetrically from the obstacle potential. Then, f; oscillates
periodically. Figures 4(d)—4(f) display the drag force corre-
sponding to the combined mode of irregular turbulence and
Karman vortex street (see in Fig. 3(c)). Same as Figs. 4(a)
and 4(b), the crest value in Fig. 4(d) corresponds to the valley
value in Fig. 4(e). It is apparent that the oscillations of f, and
fy become smaller than Figs. 4(a) and 4(b). In addition, the
periodicity of f; is not obvious compared to Fig. 4(c). Unlike
the scalar BEC,L7] fy oscillates almost from ¢ = 0 in Fig. 4,
indicating that the shedding vortex pair begins to drift from
t=0.

Figure 5 displays the parametric region of vortex shed-
ding patterns with various d and v. These patterns are clas-
sified as no vortex, oblique vortex dipoles, V-shaped vortex
pairs, Karman vortex street, irregular turbulence, and com-
bined modes. The region of Kdrman vortex street (see in
Fig. 2(a)) is 1.1 < d < 3.2 and 0.39 < v < 0.54. Its range is
rather restricted than other wake patterns. In addition, the area
of Karman vortex street is surrounded by the combined modes.
The white curve indicates the fitting curve of dimensionless
critical velocity v./vs = ¢(1/d)?, here ¢ ~ 1/2.11 and p =
1/3.43, which is consistent with the experimental results ob-
tained in the highly oblate BEC system. "] v, = \/W is
the speed of sound. The critical velocity v relies on the ve-

locity and width of the obstacle potential.

(a) d=1.6,0v=0.43
55

—130 —65

—195 —130 —65

—160

—240 —200

—180 —120

(;F\jfyf\.’\s‘\/”?
.

—180 —120

o I X .

-« I T .

Fig. 3. Density |‘VT‘2 and phase argy; distributions of the condensate. The velocity and width of obstacle potential are d = 1.6, = 0.43 in (a),
d=1.5,0=0.491n (b) and d =2.3,v = 0.44 in (c). The black dotted arrows show the direction of the obstacle potential moves.
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Fig. 4. The variation of the drag force over time. The blue-solid line and
the red-dashed line correspond to f; and fy, respectively. The parame-
ters are consistent with those in Figs. 2(a) and 3(c). F; + F; denotes the
state described by y; + .

In order to research the dynamics behavior of Karman
vortex street formation that is affected by the imaginary part
of external potential with gain and loss, Fig. 6 exhibits the dy-
namics process of Karman vortex street in the system. In the
previous stage, the moving obstacle potential does not arrive at

the position of the imaginary part. That is, the vortex pairs that
shed behind the obstacle potential are almost unaffected by
the imaginary part. During this period, vortex pairs form the
Kérman vortex street, as shown in Figs. 6(a) and 6(b). As time
goes on, the obstacle enters and then passes the region of the
imaginary part. It affects the distribution of particles, leading
to track of vortices change in the wake (see in Figs. 6(c) and
6(d)). Gain-loss intensity has less influence on vortices when
the obstacle moves away from the position of the imaginary
part. Vortex pairs with opposite circulations are re-released
alternately from obstacle potential, forming Kdrman vortex
street, as shown in Figs. 6(e) and 6(f)). It is obvious that parox-
ysmal vortex street appears in the system.

0.8

Irregular

.\L}r’t X pairs

0.6 Combined modes
2
0.4
Critical velocity curve
No vortex
0.2

Fig. 5. Dependence of the various vortex patterns on the width d and
velocity v of moving obstacle potential. The purple area is consistent
with the stable laminar flow. The light blue, green, orange, red, and
blue areas correspond to the wake patterns shown in Figs. 1(a), 1(b),
2(a), 2(b), and 3. The white curve is the fitting curve of dimensionless
critical velocity for vortex emission.

—135

225

Fig. 6. Dynamics process of the Karmdn vortex street formation behind the obstacle potential for the parameter in Fig. 2(a). The black-dotted
arrows show the direction of the moving obstacle potential. The solid curved arrows indicate the direction of rotation of vortex pairs. (a) and

(b) t =800, (c) and (d) t = 1550, (e) and (f) r = 2160.

Figure 7 shows more details of the dynamic evolutions
of wake patterns with various the SOC strength x and the
gain-loss intensity I". Because the wake patterns in the two
components are similar, density ||| distributions are omit-

ted. Here only the density |y;| distributions are considered.
For k = 0.01 and I" = 0.02, stable Kdrman vortex streets can
eventually exist behind the obstacle potential in Fig. 7(a). One
can see from Figs. 7(b) and 7(c) that irregular turbulence is
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formed when «x increases to 0.02 and 0.04. It is obvious that
increasing x affects the distribution of vortex pairs. We also
take into account the effect of I'. As shown in Figs. 7(d)-
7(f), Karman vortex street will still form behind the obstacle
as I increases. However, we note that the distance between a

pair of point vortices varies. In Fig. 7(e), the distances clearly
enlarge between two point vortices compared with Fig. 7(a)
when the obstacle potential moves along —x direction. Thus,
both k and I" have an impact on the distributions of the point
vortex and the stability of Kdrman vortex street.

(a) Kk=0.01, '=0.02 (b) ~=0.02, '=0.02 (c) k=0.04 , I'=0.02
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Fig. 7. Density distributions of condensates at width d = 2.1, velocity v = 0.44 with different SOC strength k and the gain-loss intensity I".
The black-dotted arrows show the direction of the moving obstacle potential.

To study Kdrman vortex street in SOC BEC with PT sym-
metry, we propose a way that may be implemented experimen-
tally. We consider 8’Rb in up and down hyperfine states: 1| =
If=1,my=0) and [}| = |f=1,mp=—1)2" with m; =
my = 1.45 x 107 kg. The number of atoms is N ~ 2.62 x
107 (np = 100) in condensate, which is confined in a har-
monic potential with (@, @y, ;) = 27 x (32,37,100) Hz.[4¢!
Thus, wy = 2w x 32 Hz. The oscillator length is apy =
\/M ~ 4.76 um. The s-wave scattering lengths are ad-
justed to art = aj| ~ 100.86ap and at| = aj+ ~ 110.4ap,*7)
here ap is the Bohr radius. The interaction parameters are
g1 =81 ~3.93x 107! Jand gy = g1 ~ 4.83 x 10771 J,
which correspond to dimensionless quantity g+ =g, = 1 and
g1, = &1+ = 0.3in Eq. (2). The Gaussian obstacle potential is
generated by a repulsive Gaussian laser beam, which axially
penetrates the condensate by two laser beams fixed in a labo-
ratory frame.!!819:48:491 The obstacle position is controlled by
steering the laser beam with a piezo-driven mirror.[*!] Then,
by applying a triangular waveform to the acousto-optic deflec-
tor, the two Gaussian laser beams sweep from the initial po-
sition (xg,y0) = (1.89,0.27) mm along the —x direction and
from (xg,y0) = (—1.89,—0.27) mm along the x direction at
constant velocity v = 0.062 mm-s~!, which corresponding to
the parameters used in Fig. 2(a). The repulsive optical dipole
force expels the atoms from the region of the highest laser in-
tensity and forms a cylindrical hole. The laser power controls

the size of its aperture. When the laser power is 3.6 uW, a
cylindrical hole with a diameter of d = 0.12 um is formed in-
side the condensate,*®! which corresponds to dimensionless
quantities d = 2.7. The peak intensity of the obstacle potential
is Vo = 3.36 x 103! J. The imaginary part of the PT symmet-
ric potential represents the gain-loss of atomic number. The
gain is achieved by injecting atoms into the condensate using
an atomic laser.[*”! The loss is realized by using a laser beam
to excite the atoms to an excited state and then eject them from
the condensate by photon recoil.*”! The gain-loss intensity is
I =6.72 x 10~ J, which corresponds to dimensionless quan-
tities I = 0.02. Under these conditions, the Karman vortex
street shown in Fig. 2(a) may be realized.

4. Conclusion

In summary, we simulated and analyzed various wake
patterns of the vortex shedding from the moving obstacle po-
tential in a miscible two-component SOC BEC with PT sym-
metry. Oblique vortex dipoles, V-shaped vortex pair, irregular
turbulence, and combined modes are observed. In particular,
we also found Karman vortex street, and its stability is af-
fected by the SOC strength and the gain-loss intensity. Numer-
ical results indicate that the wake pattern evolves from steady
laminar flow to irregular turbulence with increasing velocity
when the width of obstacle potential is given. We calculated
b/1, which is lower than the stability criterion 0.28 in clas-
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sical fluid. Meanwhile, the drag force acting on the obstacle
potential is calculated. The results show that the frequency
and magnitude of the drag force are different from those of the
scalar BEC without SOC and PT symmetry. The parametric
regions in which various vortex patterns emerge are presented.
Finally, we proposed a practical solution to realize the Kdrman
vortex street in experiment.
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