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Quantum error correction is a crucial technology for realizing quantum computers. These computers achieve fault-
tolerant quantum computing by detecting and correcting errors using decoding algorithms. Quantum error correction using
neural network-based machine learning methods is a promising approach that is adapted to physical systems without the
need to build noise models. In this paper, we use a distributed decoding strategy, which effectively alleviates the problem of
exponential growth of the training set required for neural networks as the code distance of quantum error-correcting codes
increases. Our decoding algorithm is based on renormalization group decoding and recurrent neural network decoder.
The recurrent neural network is trained through the ResNet architecture to improve its decoding accuracy. Then we test
the decoding performance of our distributed strategy decoder, recurrent neural network decoder, and the classic minimum
weight perfect matching (MWPM) decoder for rotated surface codes with different code distances under the circuit noise
model, the thresholds of these three decoders are about 0.0052, 0.0051, and 0.0049, respectively. Our results demonstrate
that the distributed strategy decoder outperforms the other two decoders, achieving approximately a 5% improvement in
decoding efficiency compared to the MWPM decoder and approximately a 2% improvement compared to the recurrent

neural network decoder.

Keywords: quantum error correction, rotated surface code, recurrent neural network, distributed strategy

PACS: 03.67.Pp, 03.67.—a, 87.64.Aa

1. Introduction

Quantum computers!’? can effectively solve problems
that are either intractable or require significant time to
solve on classical computers. They can execute quantum
algorithms!>4 that offer advantages over classical algorithms.
Noise is a major obstacle to achieving fault-tolerant quantum
computing.’! Quantum devices are very sensitive to noise.
Quantum error correction can reduce the impact of noise on
quantum systems, which is a solution to this problem. Quan-
tum states are always affected by the environment or noise,
resulting in quantum decoherence and errors. Quantum error
correction!®8! can correct these errors and restore the quantum
state to its original state. Quantum error correction includes
encoding and decoding processes.!”!%! Encoding is used to
enhance protection against errors by encoding the logical in-
formation of physical qubits. Decoding is used to identify the
type and location of errors and correct them. However, the
time budget for decoding is limited, determined by the time
of a single round of error correction,!'!! and must be pro-
cessed quickly and accurately to ensure that the quantum state
is error-free.
surface

correction codes include

g 1415

Quantum error

12,13 I bosonic codes, 10! etc. Surface

codes, 2131 color code
code is a representative method to achieve error correction
due to its high tolerance for errors.!!” It is a topological code.

Topological codes are formed by piecing together repeated
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elements. The way they are constructed makes the structure
of surface codes relatively simple and easy to understand.
Surface codes are applicable to the two-dimensional nearest
neighbor limit of many current quantum technologies, and
their error threshold is approximately 1%.['8! Rotated surface
code!"! is a variant of surface code, which is an encoding
scheme that is improved and optimized based on surface code.

Various decoding algorithms have been proposed over
the years, such as maximum-likelihood algorithm,?"! renor-
malization group (RG) algorithm, ") minimum weight perfect
matching (MWPM),!?>33] etc. The recently proposed sliding
window decoder, known as the sandwich decoder, [**] success-
fully utilizes its parallelism to address the issue of backlog that
arises with the code scales up when decoding surface codes.
In recent years, due to the development of machine learn-
ing, neural networks are used as an alternative to classical de-

25261 and they can improve decoding

coders to identify errors,|
speed. Among them, various neural networks have different
decoding methods, and various neural networks have also been
proposed, 2773% such as feedforward neural networks (FFNN),
recurrent neural networks (RNN), and convolutional neural
networks (CNN). Decoding based on neural network[3!-33]
shortens the time required for decoding and can achieve an ef-
fect similar to that of classical decoding algorithms. However,
as the code distance increases, the number of samples required

for neural network training increases exponentially.[** Com-
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pared with traditional decoding, it is more difficult to apply to
larger quantum systems. If the number of training samples is
insufficient, then it will be difficult to achieve decoding per-
formance similar to traditional decoders.!>>!

This paper is organized as follows. We first give a brief
introduction to surface codes and rotated surface codes in Sec-
tion 2. Then, the decoding ideas of this article and the con-
struction of the distributed strategy decoder are explained in
Section 3. The simulation results are discussed and analyzed
in Section 4, and finally the conclusion of this paper is sum-
marized in Section 5.

2. Background

A quantum error-correcting code is defined by three pa-
rameters [n, k, d], where n represents the number of physical
qubits, k represents the number of logical qubits allowed by
the code, and d represents the code distance.*®! The code dis-
tance is a measure of code strength and represents the mini-
mum number of physical qubits required to change the state of
a logical qubit.’”] The number of errors that can be corrected
between quantum error-correcting codes is determined by the
code distance. If the physical error rate is lower than the er-
ror threshold, then the logical error rate can be suppressed by
increasing the code distance. The code distance represents the
length of the smallest logical operator, that is, the length of
the smallest undetectable error chain. The relation between
code distance and the weight of errors (w.o.e) that can be cor-
rected successfully is represented according to the following
equation:

w.0.e = VHJ . (D)

Stabilizer codes!*®! make it possible to detect information
about errors by measuring specific Pauli stabilizer generators
without revealing the state of the encoded information. Sta-
bilizer codes consist of Pauli groups. The surface code is a

39,40

topological stabilizer code.***") The Pauli group is defined

by the following formula:

G={1X,y.Z}, 2

10 01 0 —i 10
where [ = {O 1},X[1 0},Y {i 0 ]’Z[O _1],

Y = iXZ. The n-bit Pauli group, which is composed of four
Pauli operators, represents the set of all possible Pauli opera-
tions on n qubits. It is defined as the tensor product of n Pauli
operators

G={PP,RPs®---®@P,; P, € G, Vi}. (3)

Logical X and Z operators are anticommute with each other,
but commute with all stabilizers. Errors in the data qubits can

be known by measuring the stabilizers. That is, if the error
is anticommuted with the stabilizer, the result of the stabilizer
syndrome measurement is —1.

Surface codes, first proposed by Kitaev,!*!! are one of
the most popular quantum error-correcting codes. They are
an error-correcting code that defines a family of qubits in a
two-dimensional nearest neighbor structure. Surface codes are
made up of two types of qubits, ancilla and data, which differ
only in their function in the code. The ancilla qubits are mea-
sured to detect the presence of errors, while the data qubits
are used to perform calculations. Implementing a surface code
with distance d has d data qubits per row and column. Its
qubit layout is shown in Fig. 1(a). Each lattice encodes a logi-
cal qubit. Errors in qubits are divided into bit errors and phase
flip errors. Surface codes perform detection and error correc-
tion on physical qubits using X and Z stabilizers. The X-type
stabilizer is used to detect Z errors (phase flip errors), and the
Z-type stabilizer is used to detect X errors (bit errors).[*?! The
circuits for measuring the X and Z stabilizers are shown in
Fig. 1(b).

° °®
X Y
X 7 o,
% Z Xo 4
X, T
P l0) —H—& =] x
° °
X Z4
Z3
A 7 22
° ° |0) —b—4 Z

(a) (b)
Fig. 1. (a) Qubit layouts of the surface code. Data qubits are located at the
grey dots and the ancilla qubits are located at the blue dots, which are used
to measure the stabilizers. Blue plaquettes represent X stabilizers and red
plaquettes represent Z stabilizer. (b) Up: circuit for X-type stabilizer mea-
surement. Down: circuit for Z-type stabilizer measurement.

The smallest surface codes known to be constructed are
called rotated surface codes.*3! The number of physical qubits
required for a rotated surface code with a code distance d to
encode a logical qubit is 24> — 1, which is approximately half
of that required for surface codes.[**! Therefore, 17 and 49
physical qubits are required for encoding one logical qubit by
rotated surface codes with code distances of 3 and 5, respec-
tively. The rotated surface code with a code distance of 3 con-
sists of 9 data qubits at the vertices of the grid and 8 ancilla
qubits inside the grid. Each ancilla qubit can interact with its
adjacent 4/2 data qubits. The surface code rotates the lattice at
a certain angle to form a rotated surface code. Compared with
standard surface codes, rotated surface codes reduce errors and
provide better error tolerance by rotating to eliminate errors
that may occur in different directions. Errors occurring in the

code can be detected when taking syndrome measurements.
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For example, a single X error in data qubit DQ; in Fig. 2 is
detected when measuring stabilizers DQ1DQ>DQ4DQs5. The
correction operation of the rotated surface code involves sev-

eral steps. First, the physical qubit is measured using X and

XSg
O Data qubit @ X stabilizer ® Z stabilizer

Z stabilizers. Based on the measurement results, the location
of the physical qubit where the error occurred and the type of
error can be determined. Finally, the identified error is cor-

rected.

1) X error on DQ3;= X errors on DQ, and DQs
= X error marking on ZS, and ZS,

2) X error on DQ,= X errors on DQ, and DQs= X errors on DQ, and DQs
= X errors on DQ; and DQ;= X errors on DQ, and DQ~
= X error marking on ZS; and ZS,

3) X error on DQs;= X errors on DQ, and DQsg
= X error marking on ZS; and ZS;

Fig. 2. The left part represents rotated surface code with code distance of 3. The right part represents part of the single X error and the two X
errors that produce the same Z syndrome in this d = 3 rotated surface code.

Table 1 summarizes the list of stabilizers for this d = 3 ro-
tated surface code. In this table, X; and Z; represent the Pauli
operators acting on the i-th data qubit.

Table 1. List of stabilizers of the d = 3 rotated surface code.

Index X stabilizer Z stabilizer
1 X1 X, 2073
2 XoX1X3Xy VAVAYAVA
3 X4X5X7Xg 737472677
4 XeX7 7573

3. Decoding the rotated surface code
3.1. Decoding strategy

The main criterion for a good decoder is its decoding
performance. We need a decoder that can run at high speed
to save time consumption. Therefore, the neural network
decoder*#! is used because the neural network decoder can
greatly reduce its running time after training, thereby reducing
time loss. However, to train the algorithm with a neural net-
work decoder, the demand for qubits increases exponentially
as the training continues. Therefore, we use a distributed strat-
egy decoder to reduce the number of qubits required to train
neural network.

Applying the idea of distributed decoding to neural net-
work decoders is similar to the method of renormalization
group decoding.*”*8 Our decoding idea is to decompose the
quantum error correction code to obtain small parts of the
code, and all the small parts together constitute the complete
code. By decoding these small parts one by one to obtain the
decoding information of each part, and then integrating the
decoding results of all parts, we can get all the information of
the code. As shown in Fig. 3(a), the result of decoding the four
green squares on the left is equivalent to the result of decoding
the brown square on the right.

Renormalization group decoding strategy is represented
by Fig. 3(b). Renormalization group decoding is self-adaptive
and parallelizable, and it can decode efficiently under high
noise. Stepwise tuning of the probability distribution for re-
covery from noise by progressively dividing the lattice into
smaller parts. The calculation first divides the lattice into small
blocks and calculates the error probability of the qubits within
them, then it divides into larger blocks and calculates the error
probability of all the qubits included in the block, and repeats
this process until only the last block is left itself, then the block
contains all the qubits in the code.

(b)

Fig. 3. (a) Our decoding strategy. Different colored squares represent
different sized portions of the quantum error correction code. (b) Block
segmentation of the code. The smallest level is represented by the green
blocks, the next level is represented by the brown blocks, the following
level is represented by the purple blocks, etc.
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We apply this approach to rotated surface codes. Since
parity checks cannot be broken down into constant-sized
blocks in such a way that each parity check corresponds to an
entire block, we propose overlapping blocks to ensure that the
entire parity check of the code is contained in the block. The
error rate is calculated by the belief propagation method of the
renormalization group. Belief propagation!*! is used to cal-
culate the message passing algorithm of the graph. Messages
are passed through the nodes in the graph to update the value
of variables in it. Variables are affected by the measurement
of other variables.

Let M, represent the marginal distribution of qubit g,
which is obtained from the output of the previous renormaliza-
tion group. The output message of a block at time ¢ becomes
the input message of its adjacent block at time ¢ 41

) = 5 ). @

We use a neural network decoder for distributed decoding
based on the concept of renormalization group decoder. The
iterative nature of the renormalization group decoder allows
it to gradually improve the error correction process through
training. By gradually enlarging and analyzing larger qubit
blocks, different errors in each qubit can be captured and cor-
rected, thereby effectively suppressing noise.

The main difference between the distributed strategy de-
coder and the renormalization group decoder is that it has only
one cascade. Instead of moving from small blocks to larger
blocks until the last block is left, it divides the qubit lattice
into identical sized blocks that overlap each other so that each
block contains the parity of the code. It then gets the error
information from each block, integrates the information in all
blocks, and finally gets the error information of the whole lat-
tice. Instead of computing the qubit information and forward-
ing it to the next cascade, we need to think about ways to put
it all together.

The advanced decoder mainly consists of two modules
that run in parallel to achieve fast and efficient decoding per-
formance. These two modules can both be neural networks,
or one may be a neural network and the other may be a non-
neural network. For the first module, our distributed strategy
decoder adopts a simple decoder.’% Simple decoders can be
constructed in different ways, and the decoding performance
of different constructions is also different. In order to maintain
high-speed decoding, the simple decoder adopts the simplest
design, and less consideration is given to its error correction
quality. For the second module, we use a recurrent neural net-
work to further correct and improve the decoding results of the
simple decoder.

3.2. Decoding algorithm
3.2.1. Simple decoder

The simple decoder provides naive decoding for the en-
tire lattice, and each detection event generates a chain that con-

nects boundaries of the same type. The simple decoder’s de-
coding is provided on the data qubits covered by this chain. As
Fig. 4 shows, the corrections proposed by the simple decoder
will be, XS proposes corrections to Zg, Z12 and ZS7 propose

O, 6)

corrections to Xig and Xp;.

D, \6/\ 2l
N,

N o N ) A

2) (7) (4 {17)

N o G 64

3) (8) () (5) Q3

A N o o) 4

4) (9) {14) {19) (24

5) (10) (15)

U

Fig. 4. A description of the simple decoder operation for the rotated surface
code with code distance 5. Purple dots represent detection events, and purple
lines represent data qubits that will be corrected by detection events.

The simple decoder performs error syndrome across the
entire lattice, providing a set of corrections for the lattice. It
is a quick process though because each detection event is in-
dependent of the others and they can run in parallel. However,
the simple decoder has a simple decoding process and cannot
provide high decoding accuracy in order to remain fast in de-
coding.

Therefore, we introduce a neural network for further de-
coding and improve the performance of our decoder.

3.2.2. Neural network

The neural network that we use is a recurrent neural net-
work. It can recursively process the information of qubits in
the rotated surface code, and its memory feature helps to solve
the problem of information connection before and after each
round of processing, and helps to finally get an ideal result.

The reason we use a recurrent neural network is that it can
be efficiently decoded without knowing the number of itera-
tions required for decoding. We use a recurrent neural network
architecture with long-short term memory layers,®!l which
consists of two long-short term memory layers with N£1> and
Néz) with different internal state sizes and a layer with NL(E>
neurons consisting of a fully connected evaluation layer. In
Fig. 5, when the long-short term memory layer updates the
state of a qubit, it is updated every cycle and the information
is saved for several cycles.
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Fig. 5. Architecture of recurrent neural networks. The upper head is obtained only by the syndrome increment s from the ancilla qubits,
while the lower head is obtained by the syndrome increment k from the final measurement of the data qubits. Eval means the fully connected
evaluation layers. While blocks denote input and output data, solid arrows denote data flow of the system, and dashed arrows denote the internal

memory flow of the LSTM layers.

The forget gate in the long-short term memory layer de-
termines what information in the qubit will be discarded

fi = 0(Wnhy_1 +Wyss(t) +by), (5)

where W represents the weight, b represents the bias, s(z) rep-
resents the input of the LSTM layer, and f; represents the for-
get gate information. When f; is 1, the information is retained.
When f; is 0, all information is discarded. The input gate de-
termines the information to be stored in the qubit, following
the rule

iy = o(Wiph,—1 +Wiss(t) + b;), (6)

where i, represents the input gate information. The output gate
determines the information that can be output based on the
qubit state

Oy = O_(VVoh,h't—l +Woss; +b0)7 (7

where o; represents the output gate information. In this long-
short term layer architecture, long time memory and short time
memory can be formulated as

¢; = tanh(Wephy 1 +Wess(t) + be), )
¢ =fi- -1+t Cry )
h[ =0 tanh(c,), (10)
where the operator ‘-’ represents the point-wise multiplication

of two vectors, ¢; and h, represent long-term memory and
short-term memory, respectively.

Suppose there is a logical qubit, which is an arbitrary log-
ical state |¢@.). The result measured r in the Z stabilizer is
r € {—1,1}. During the measurement process, the phase in-
formation is lost. We need information about the parity of bit
flips in stabilizers. If the bit flip parity is odd, correct the er-
ror by inverting r. The purpose of decoding is to estimate the
probability p of a logical qubit having an odd number of bit
flips.

The measurement of the ancilla qubit in this experiment is
represented by the syndrome increment s(¢), and the readout
of the data qubit can be used to calculate the final syndrome
increment vector k(7). When parity prediction is required at
time 7, the final syndrome increment k(7') is obtained from
the final syndrome k measured by the data qubit and the final
syndrome readout s(7') of the ancilla qubit

k(T)=k—s(T) mod?2. (11)

We initialize the logical qubit |¢@.) = |0) and then com-
pare with the final measured logical state to get the true bit flip
parity puue € {0,1}.

The decoder needs to be time-shift invariant, and it must
process the decoded data the same in each round. The final
syndrome of the recurrent network breaks the time translation
invariance at the end of the computation. The decoder needs
to consider the possibility of the error signal being propagated
to subsequent cycles over time. But this is different from the
final syndrome: because it is obtained directly from the mea-
surement of the data qubit, any error in the data qubit will not
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propagate forward in time, and the ancilla qubit has no effect
on the time translation invariance in terms of the error propa-
gation.

To achieve time-translation invariance of the decoder, we
train it in parallel using a single network with two heads. The
upper head estimates the probability of bit flip error parity p;
based on the syndrome increment. The data available to the
decoder after T rounds is the T syndrome s(¢) and the final
syndrome increment k(7)) computed from the final data qubit
readout. The decoder must ultimately output a single data bit,
called the final parity correction, to determine the final logic
state correction.

The recurrent neural network consists of two long-short
term memory layers with Nél) and Néz) with different inter-

nal state sizes and a layer with NIEE>

neurons fully connected
evaluation layer. The ancilla qubit measurements of the exper-
iment are represented by the syndrome measurement vector
s(t). By reading the data qubits at the end of the trial, the fi-
nal syndrome increment vector k(7') can be calculated. When
it is necessary to predict the parity of the network at time 7',
the information of the recurrent network is passed to the eval-
uation layer, and the final syndrome incremental vector s(t)
measured by the ancilla qubit. The lower head adds the infor-
mation of the final syndrome increment k(7') to estimate the
probability p, that the measurement of the final data qubits
changes the final parity.

During the training phase, the bit flip probabilities p; and
p2 €{0,1} of the upper and lower heads are compared with the
true parity probability pye. We minimize the loss function by
adjusting the weight of the network connection to make p; and
P2 close to puye. We use TensorFlowLibrary to perform this
process. If the probability of the lower head output is p < 0.5,
the probability of predicting a bit flip error is even, otherwise
it is odd.

3.3. Training dataset

To train the recurrent neural network, we create a training
dataset. Our training dataset consists of the error syndrome of
logical qubits and their logical states obtained by the simple
decoder after running a rotated surface code. The size of the
training dataset varies with code distance.

We can see that the rotated surface code with a code dis-
tance of 5 is composed of 4 overlapping rotated surface codes
with a code distance of 3 in Fig. 6.

It can be seen from Fig. 6 that each parity check involves
at most two blocks. The resulting error syndrome for the en-
tire lattice is divided into error syndrome parts for each small
block. We average the logical error rate for each small block
and find the probability of each small block’s logical state. The
four probabilities of the logical state of each small block are
used as the input of the recurrent neural network, and the re-

current neural network will output the probability of the logi-
cal state of the entire lattice when outputting.

Fig. 6. Divide a d = 5 rotated surface code into four overlapping d = 3
rotated surface codes.

The recurrent neural network is trained to effectively de-
tect logical errors resulting from error syndromes generated
by simple decoder. Based on the output of the recurrent neu-
ral network, additional corrections are applied in the form of
logical operators to eliminate any potential logical errors that
simple decoder may have made.

The problem faced by all neural network-based decoders
is the exponential growth of training samples required for ef-
fective decoding. We modified the decoding algorithm to in-
crease the number of important training samples without in-
creasing the size of the training dataset. Comparing the out-
puts of simple decoder and recurrent neural network decoder,
if the results are consistent, then it is considered that simple de-
coder has successfully corrected error syndromes. Conversely,
if the results are inconsistent, then it is considered that simple
decoder has failed to correct error syndromes. Subsequently,
by removing error syndromes that were properly corrected by
simple decoder from the training dataset, the dataset can be
further expanded, thereby generating more relevant error syn-
dromes.

The depolarizing error model is a classic noise model.
In the depolarizing error model, X, Y, Z errors have the
same probability peror/3, and the probability of no error is
(1 — perror), Which only acts on data qubits. The circuit noise
model applies depolarizing noise to the data qubits and the an-
cilla qubits. Each single-qubit gate is assumed to be perfect
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and has a probability of depolarizing noise of peror/3. Each
two-qubit gate is also assumed to be perfect and has a two-bit
depolarizing map, where the two-qubit Pauli has probabilities
Derror/ 15. The probability of no error is (1 — perror)-

4. Numerical results

In order to speed up the training process of the recurrent
neural network model and enable it to be successfully used on
a wider range of datasets, we introduce the ResNet layer as the
underlying architecture of the network, ensuring that the short-
cut output is added to the output of the stacked layer through
the residual block, we use ResNet 7 and 14 for data training.
Using ResNet can effectively alleviate the gradient disappear-
ance problem in our network and improve the performance of
the network.

The training process is shown in Fig. 7, we can observe
that as the number of iterations increases, ResNet 14 achieves
slightly better training accuracy than ResNet 7. Addition-
ally, both ResNet 7 and ResNet 14 demonstrate significant
improvements in training accuracy compared to the training
curve without ResNet. When the number of training times
reaches 300, overfitting phenomenon is prone to occur. When
the number of iterations exceeds 500, the training accuracy of
ResNet 7 and 14 will reach more than 9.9%. The size of the
training dataset varies with code distance. In the composition
of the training dataset, we use 90% of the data for training, and
the remaining 10% are used as the test set to test the learning
efficiency of the network. We use the distributed strategy de-
coder on this training set and perform a performance compar-
ison with two different decoders. In this section, we analyze
the performance of our proposed decoder by decoding rotated
surface codes with different code distances.

0.10F
—o— Original curve

0.09F —— ResNet 7

—— ResNet 14
0.08
0.07
0.06

0.05

Training accuracy

0.04
0.03

0.02 & :
0 100

200 300 400 500
Number of iterations

Fig. 7. Compare the training accuracy of the training curve without
ResNet and the training curve using ResNet 7, 14 through the recurrent
neural network.

We chose to divide the code into overlapping blocks with
code distance of 3. Because rotated surface code with code
distance of 3 is the smallest rotated surface code, it consists of
only 256 error syndromes. This is a complete training dataset
that is easy to obtain, and the error syndrome of any large code
distance rotated surface code can be composed of it without

having to study all possible error syndrome of large lattices,
which greatly simplifies the training difficulty. The only dis-
advantage of using overlapping blocks with a code distance
of 3 is that the logic state caused by some error syndrome is
very fuzzy. Suppose an error syndrome involves three adjacent
physical qubits. In a rotated surface code, the combined error
of these three qubits may correspond to a variety of possible
error conditions, such as one bit-flip error, two bit-flip errors,
or three bit-flip errors. Since the specific type of error can-
not be directly determined, uncertainty arises when correcting
the error, resulting in ambiguity in the logical state. The fre-
quency of such fuzzy errors is very low, so errors caused by
this shortcoming rarely occur.

Codes composed of overlapping blocks are important to
our study. Therefore, we used a rotated surface code consist-
ing of rotated surface code with code distance of 3 as over-
lapping blocks in our experiments. For a fair comparison, we
use the same dataset to train both decoders, so the decoding
performance between them is comparable.

As shown in Fig. 8, we decoded rotated surface code with
the code distance of 3, 5, 7, and 9 using MWPM decoder, re-
current neural network decoder, and our distributed strategy
decoder. This let us know that code distance is not the only
factor that affects the success of error correction because with
the increase of bit flip errors, the logical error rate will get
saturated. The decoding performance of rotated surface codes
composed of four overlapping blocks (d = 3 rotated surface
code) at different code distances is compared with normal ro-
tated surface codes using recurrent neural network and clas-
sical MWPM decoder. Figure 8 shows the comparison of the
physical error rate and logical error rate of the three decoders
for rotated surface codes with different code distances. It can
be seen that the logical error rate increases with the increase of
physical error rate. The decoder threshold is the physical error
rate, which indicates that a logical qubit outperforms a phys-
ical qubit. The threshold value of MWPM decoder is about
0.0049 by using ResNet network as training model to decode
d =3,5,7, 9 rotated surface codes. Using the recurrent neu-
ral network decoder to decode rotated surface codes with dif-
ferent code distances, the threshold value is 0.0051, and it is
0.0052 for our distributed strategy decoder. The MWPM de-
coder threshold is slightly lower than our scheme. The re-
sults show that rotated surface codes composed of overlapping
methods have similar performance to normal rotated surface
codes, they only have slight differences. We can see that re-
current neural network is better than MWPM decoder because
it needs less time to decode rotated surface code, while it gets
a better decoding performance. Our distributed strategy de-
coder has a better performance than recurrent neural network
decoder and MWPM decoder. In terms of decoding efficiency,
we get about 2% and 5% improvement, respectively.
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Fig. 8. The d = 3, 5, 7 and 9 rotated surface codes are decoded using MWPM, recurrent neural network and distributed strategy decoder. The
red line represents the performance of the MWPM decoder, the purple line represents the performance of the recurrent neural network decoder,
and the brown line represents the performance of our distributed strategy decoder.

5. Conclusion

In this work, we use a distributed approach to study ro-
tated surface codes. The large code distance rotated surface
code formed by overlapping small code distance rotated sur-
face codes using the concatenated code idea has almost the
same properties as the normal rotated surface code. The expo-
nential growth of the training set size required for the neural
network decoder in relation to the linear growth of the code
distance is a thorny problem. In this work, the distributed
strategy decoder we proposed based on the renormalization
group method can effectively alleviate this problem, making it
possible to study error-correcting codes with larger code dis-
tances. The near-parallel operation of our simple decoder and
recurrent neural network also makes the decoding time very
short. The network is trained through the ResNet architec-
ture to improve its decoding precision and accuracy, we use
7-layer and 14-layer residual networks to obtain a better re-
sult. In our research, the decoding efficiency of the distributed
strategy decoder is 5% higher than that of the MWPM decoder
and 2% higher than that of the recurrent neural network de-
coder. We get that the threshold of distributed strategy decoder

is 0.0052, and the thresholds of the MWPM decoder and the
recurrent neural network decoder are 0.0049 and 0.0051.re-
spectively. Future research can apply the distributed decoding
strategy to other types of topological quantum error-correcting
codes, such as cat code, bosonic code, etc. The neural network
used can also be replaced for better error correction.
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