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Exceptional points and quantum dynamics in a
non-Hermitian two-qubit system

Yi-Xi Zhang(张益玺), Zhen-Tao Zhang(张振涛)†, Zhen-Shan Yang(杨震山)‡,
Xiao-Zhi Wei(魏晓志), and Bao-Long Liang(梁宝龙)
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We study the exceptional-point (EP) structure and the associated quantum dynamics in a system consisting of a
non-Hermitian qubit and a Hermitian qubit. We find that the system possesses two sets of EPs, which divide the system-
parameter space into 𝒫𝒯 -symmetry unbroken, partially broken and fully broken regimes, each with distinct quantum-
dynamics characteristics. Particularly, in the partially broken regime, while the 𝒫𝒯 -symmetry is generally broken in the
whole four-dimensional Hilbert space, it is preserved in a two-dimensional subspace such that the quantum dynamics in the
subspace are similar to those in the 𝒫𝒯 -symmetry unbroken regime. In addition, we reveal that the competition between the
inter-qubit coupling and the intra-qubit driving gives rise to a complex pattern in the EP variation with system parameters.

Keywords: non-Hermitian system, exceptional point, 𝒫𝒯 -symmetry
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1. Introduction
Non-Hermitian quantum systems are currently a frontier

research area in quantum physics.[1–8] Generally, a quantum
system isolated from the external environment is governed by
a Hermitian Hamiltonian. However, in practice, isolated sys-
tems are difficult to achieve and it is thus necessary to con-
sider systems with dissipation, which could be effectively de-
scribed by non-Hermitian Hamiltonians under proper circum-
stances. The Hamiltonian eigenvalues of a non-Hermitian sys-
tem are generally complex and the eigenvectors might not be
orthogonal,[9,10] which could yield novel characteristics and
phenomena[11–14] that are absent in Hermitian systems.

Various mechanisms[15–24] exist for the realization of
non-Hermitian quantum systems, which include introducing
mode-selective loss, embedding the desired non-Hermitian
subsystem within a larger Hermitian system or mitigating
quantum jump events in a dissipative quantum system through
measurement post-selection.[25–27] One of the most remark-
able characteristics of the non-Hermitian system is the ex-
ceptional point (EP), at which not only some of the Hamilto-
nian eigenvalues, but also the corresponding eigenvectors, are
degenerate.[28–30] Extraordinary effects emerge in the vicin-
ity of an EP, such as loss-induced transparency,[31] unidirec-
tional invisibility[32] and asymmetric mode conversion.[33,34]

In addition, EPs can be exploited to manipulate the genera-
tion and stabilization of entanglement.[35–39] For example, in
Ref. [38], the EP properties and entanglement dynamics are
studied for a non-Hermitian system consisting of two identi-
cal qubits with balanced loss and gain and coupled via Ising-

type interaction, which reveals steady-state entanglement in
the 𝒫𝒯 -symmetry broken regime and collapse-revival of en-
tanglement in the 𝒫𝒯 -symmetry unbroken regime, as well as
speeding up of entanglement generation by virtue of the non-
Hermiticity. Therefore, it is of great importance to explore the
full EP structure and the associated dynamics in more diverse
non-Hermitian quantum systems.[40–42]

In this paper, we conduct an in-depth study of the EPs
and the associated dynamic characteristics of a quantum sys-
tem consisting of a Hermitian qubit and a non-Hermitian
qubit[43,44] that are transversely coupled to each other. We
find two sets of EPs, which divide the parameter space into
3 distinct regions, respectively, corresponding to the 𝒫𝒯 -
symmetry[45–50] unbroken, partially broken and fully broken
regimes: (1) in the 𝒫𝒯 -symmetry unbroken regime, all the
Hamiltonian eigenvalues have exactly the same imaginary
part; (2) in the opposite 𝒫𝒯 -symmetry fully broken regime,
all the eigenvalues have different imaginary parts; (3) in the
intermediate 𝒫𝒯 -symmetry partially broken regime, two (and
only two) of the eigenvalues have an identical imaginary
part, which suggests that the 𝒫𝒯 -symmetry, while broken in
the whole four-dimensional Hilbert space, is nonetheless pre-
served in the two-dimensional subspace spanned by the two
eigenvectors corresponding to the eigenvalues with the same
imaginary part. Also, the real parts of the eigenvalues possess
structural features that are distinct in different 𝒫𝒯 -symmetry
regimes. We show that the quantum dynamics characteristics
are qualitatively different in the 𝒫𝒯 -symmetry unbroken, par-
tially broken and fully broken regimes, with the imaginary
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parts of the eigenvalues essentially determining whether the
system would evolve into a steady state and the real parts
determining the transient-process behaviors in the evolution.
Furthermore, we investigate the impact of the inter-qubit cou-
pling on the EP structure and reveal that a weak inter-qubit
coupling would split the third-order EP in the originally un-
coupled two-qubit system into two second-order EPs, and as
the inter-qubit coupling is far stronger than the intra-qubit
driving, the EPs are essentially determined by the coupling.
In the intermediate region where the coupling is comparable
to the driving, the competition between the two impacts gives
rise to a complex pattern in the EP variation with system pa-
rameters.

The paper is organized as follows. In Section 2, we
present the model and the Hamiltonian for the non-Hermitian
coupled two-qubit system. In Section 3, we analyze the EP
structure and the associated 𝒫𝒯 -symmetry regimes of the sys-
tem consisting of a Hermitian qubit and a non-Hermitian qubit.
In Section 4, we study the quantum dynamics characteristics
in the distinct 𝒫𝒯 -symmetry regimes. In Section 5, the impact
of the inter-qubit coupling on the EP structure is investigated.
A summary of our main results is given in Section 6.

2. Non-Hermitian coupled two-qubit system:
Model and Hamiltonian
The coupled non-Hermitian two-qubit system under con-

sideration is shown in Fig. 1. Both of the qubits contain two
free energy levels

∣∣ fµ

〉
and

∣∣eµ

〉
, with µ = 1,2 labeling qubits

1 and 2, respectively. Each qubit can be regarded as a two-
dimensional subspace of a qutrit with 3 free energy levels | f ⟩,
|e⟩ and |g⟩, where coherent transitions between | f ⟩ and |e⟩ are
allowed under external driving, and incoherent transition from
|e⟩ to |g⟩ occurs due to, e.g., spontaneous emission. By moni-
toring whether or not the qutrit is in state |g⟩ and selecting only
the “no” events,[51] the two-dimensional subspace spanned
by {| f ⟩ , |e⟩} can be treated as a qubit system governed by a
non-Hermitian Hamiltonian. Without inter-qubit coupling, the
Hamiltonian for qubit µ can be written as (h̄ = 1)[37]

H̄µ0=

(
∆µ −

iγµ

2

)∣∣eµ

〉〈
eµ

∣∣+Ωµ

(
|eµ⟩⟨ fµ |+ | fµ⟩⟨eµ |

)
, (1)

where γµ ≥ 0 denotes the dissipation rate from |eµ⟩ to |gµ⟩,
Ωµ and ∆µ represent the strength and detuning of the external
driving for the transition between

∣∣eµ

〉
and

∣∣ fµ

〉
. As the two

qubits are coupled transversely, the total Hamiltonian reads

H̄ = ∑
µ=1,2

H̄µ0 + J (| f1e2⟩⟨e1 f2|+ |e1 f2⟩⟨ f1e2|) , (2)

with J being the strength of the inter-qubit coupling. Note that
in Eqs. (1) and (2), for simplicity but without loss of general-
ity, we have assumed Ωµ and J to be real and non-negative. In

the experiment, following the idea in Ref. [51], we can imple-
ment the qutrits using the lowest energy levels |g⟩, |e⟩ and | f ⟩
of a transmon superconducting circuit in a three-dimensional
copper microwave cavity. The decay rates from | f ⟩ → |e⟩ (κ)
and |e⟩ → |g⟩ (γ) are controlled by mediating the interaction
between the circuit and the cavity electromagnetic field of a
non-uniform density of states (in our current work, the decay
rates should be tuned to guarantee that κ ≪ γ and thus κ can
be ignored). Also, as mentioned above, the ground state |g⟩
can be used to monitor the quantum jumps from |e⟩, with post-
selection being performed such that the subspace spanned by
{|e⟩ , | f ⟩} is effectively governed by the non-Hermitian Hamil-
tonian.

Ω Ω

Q Q

f1>

e1>

g1>

f2>

e2>

g2>

J 

γ1 γ2

Fig. 1. Schematic of a non-Hermitian coupled two-qubit system (inside
the red rectangular frame). Each qubit (

{∣∣ fµ

〉
,
∣∣eµ

〉}
) can be regarded

as the two-dimensional subspace of a qutrit (
{∣∣ fµ

〉
,
∣∣eµ

〉
,
∣∣gµ

〉}
, with

an incoherent transition rate γµ from
∣∣eµ

〉
to
∣∣gµ

〉
). The qubits are sub-

ject to intra-qubit driving Ωµ and inter-qubit coupling J. With γ1 ̸= 0
and γ2 = 0, qubit 1 is non-Hermitian and qubit 2 is Hermitian.

The two-qubit system evolves according to the
Schrödinger equation

ih̄
d
dt

|ψ (t)⟩= H̄ |ψ (t)⟩ . (3)

Due to the non-Hermiticity of the Hamiltonian, the evo-
lution is non-unitary and thus |ψ (t)⟩ might become un-
normalized. In accordance with the probability interpreta-
tion of quantum mechanics, ⟨ψ (t) |ψ (t)⟩ would represent
the probability of finding at time t the originally two-qutrit
system to remain in the two-qubit subspace spanned by
{| f1 f2⟩, | f1e2⟩, |e1 f2⟩, |e1e2⟩} (i.e., neither of the qutrits de-
caying into

∣∣gµ

〉
). The quantum state at time t can be nor-

malized as

|ψ̃ (t)⟩ =
|ψ (t)⟩√

⟨ψ (t) |ψ (t)⟩
= α| f1 f2⟩+β | f1e2⟩+ ε|e1 f2⟩+ζ |e1e2⟩, (4)

where |α|2 + |β |2 + |ε|2 + |ζ |2 = 1.
In this paper, we are interested in a coupled two-qubit sys-

tem consisting of a non-Hermitian qubit (qubit 1) and a Her-
mitian qubit (qubit 2, γ2 = 0), with Ω1 = Ω2 = Ω . Also, in nu-
merical simulations, it is necessary to deal with dimensionless
quantities. Therefore, we first convert γ , J, Ω and t to dimen-
sionless γ ′ ≡ γ/Ω , J′ ≡ J/Ω , Ω ′ ≡Ω/Ω = 1, t ′ ≡ t/Ω−1, and
after numerically solving all the equations, we again convert
the dimensionless quantities back to their counterparts with
actual units.
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3. Exceptional points and 𝒫𝒯 -symmetry
regimes
In a non-Hermitian quantum system, EPs typically serve

as “phase transition” boundaries in the system-parameter
space, with different “phase” regimes manifesting qualita-
tively different quantum dynamics. Both the EPs and the quan-
tum dynamics are closely related to the eigenvalues and eigen-
vectors of the non-Hermitian Hamiltonian. In this section,
by calculating the Hamiltonian eigenvectors and eigenvalues,
we investigate the EP structure and the associated “phase”
regimes of the non-Hermitian coupled two-qubit system illus-
trated in Section 2, while the quantum dynamics in different
“phase” regimes will be studied in Section 4. The system
(non-Hermitian qubit 1 + Hermitian qubit 2) parameters are
the coupling strength J, the driving amplitude Ω and the dis-
sipation rate γ1 ≡ γ of qubit 1.

In our analysis, we set the inter-qubit coupling strength
J = 1 rad/µs and the intra-qubit driving amplitude Ω =

2 rad/µs. The dissipation rate γ varies from 0 to 15 µs−1

and we calculate the Hamiltonian eigenvalues and eigenvec-
tors for each γ . By checking the number of linearly indepen-
dent eigenvectors, we find that γ = 6 µs−1 and γ = 10 µs−1

are second-order EPs, i.e., at each of the γ’s, two of the Hamil-
tonian eigenvectors coalesce and thus Me = MH − 1, with Me

being the number of linearly independent eigenvectors and MH

the dimension of the Hilbert space. For later convenience, we
designate the EPs as EP1 (γ = 6 µs−1) and EP2 (γ = 10 µs−1).

(a)

(b)

0 10 15 205
γ (ms-1)

-10

-5

0

Im
[λ

]

-5

0

5

R
e
[λ

]

0 10 15 205

Fig. 2. Imaginary parts (a) and real parts (b) of the non-Hermitian
Hamiltonian eigenvalues as functions of γ , with J = 1 rad/µs and
Ω = 2 rad/µs. The arrows serve to clarify the correspondence between
the real and imaginary parts of the eigenvalues.

The real and imaginary parts of the Hamiltonian eigen-
values, as functions of γ , are plotted in Fig. 2, which shows
that the two EPs divide the γ-parameter axis into three re-
gions. To the left of EP1 (γ < 6 µs−1), the imaginary parts
[Fig. 2(a)] of the Hamiltonian eigenvalues are all identical and
thus the system possesses 𝒫𝒯 -symmetry. In the middle of the
two EPs (6 µs−1 < γ < 10 µs−1), only two of the imaginary
parts are identical, which suggests that the 𝒫𝒯 -symmetry is
partially broken. More precisely, although the 𝒫𝒯 -symmetry
is broken in the four-dimensional Hilbert space of the two-
qubit system, it is preserved in the two-dimensional subspace
spanned by the two eigenvectors that correspond to the eigen-
values with identical imaginary parts. To the right of EP2

(γ > 10 µs−1), all eigenvalues of the Hamiltonian have dif-
ferent imaginary parts, clearly indicating a full breakdown of
the 𝒫𝒯 -symmetry. Therefore, there are three distinct “phase”
regimes of the system, i.e., the 𝒫𝒯 -symmetry unbroken, par-
tially broken and fully broken regimes, which are separated
by the two EPs. As will be discussed in Section 4, the dif-
ferent 𝒫𝒯 -symmetry regimes display qualitatively different
quantum-dynamics characteristics.

As will become clear in Section 4, the imaginary parts
of the Hamiltonian eigenvalues essentially determine whether
the system would evolve into a steady state. On the other hand,
the real parts of the Hamiltonian eigenvalues mainly determine
the transient dynamics of the system. Therefore, it is also of
interest to look into the real-part eigenvalue structure in the
different 𝒫𝒯 -symmetry regimes, as illustrated in Fig. 2(b).
We can see that: (1) in the 𝒫𝒯 -symmetry unbroken regime,
all of the four eigenvalues have distinct real parts (and iden-
tical imaginary parts); (2) in the 𝒫𝒯 -symmetry partially bro-
ken regime, two of the eigenvalues have identical real parts
(and distinct imaginary parts), while the other two eigenvalues
have distinct real parts (and identical imaginary parts); (3) in
the 𝒫𝒯 -symmetry fully broken regime, the two eigenvalues
with distinct real parts in the “partially broken” regime now
also have identical real parts (but distinct imaginary parts),
and thus there are only two distinct real parts (but four dis-
tinct imaginary parts) for the Hamiltonian eigenvalues. The
effects of the real-part structure on the transient behaviors of
the quantum dynamics will be detailed in Section 4.

The above analysis is for a simple one-dimensional pa-
rameter (γ) axis. To gain a deeper insight, we calculate the
EPs in the two-dimensional parameter (Ω–γ) plane (with J =

1 rad/µs) and plot the results as a “phase” diagram in Fig. 3.
There are two EP curves, which divide the Ω–γ plane into 3
regions, respectively, corresponding to the 𝒫𝒯 -symmetry un-
broken (lower region, green), partially broken (middle region,
blue) and fully broken (upper region, yellow) regimes.

Ω (rad/ms)

0
0

5

10

15

20

25

γ
 (
m
s-

1
) Fully broken regime

Unbroken regime

Part
iall

y brok
en re

gim
e

EP2

EP1

1 2 3 4 5

Fig. 3. Diagram of EP curves and associated 𝒫𝒯 -symmetry regimes in
the Ω–γ plane, with J = 1 rad/µs.

The mechanism for the existence of two sets of EPs can
be explained as follows. For a given Ω , without inter-qubit
coupling J, the Hermitian qubit (qubit 2) possesses no EP and
thus always has two orthogonal Hamiltonian eigenvectors with
eigenvalues ±Ω ; on the other hand, the non-Hermitian qubit
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(qubit 1) possesses one EP at γ = 4Ω and the non-Hermitian
Hamiltonian has only one eigenvector with eigenvalue −iγ/4.
As a composite four-dimensional system, the uncoupled two
qubits have one third-order EP at γ = 4Ω , with only two lin-
early independent eigenvectors (thus Me = MH − 2), respec-
tively corresponding to eigenvalues ±Ω − iΩ . Now, if we
impose the inter-qubit coupling J, the eigenvector degeneracy
in the third-order EP would be partially lifted and the third-
order EP would split into two second-order EPs, as observed
in Figs. 2 and 3. More detailed relations between the EPs and
the inter-qubit coupling will be discussed in Section 5.

4. Quantum dynamics in different 𝒫𝒯 -
symmetry regimes
The 𝒫𝒯 -symmetry regimes associated with the EPs are

closely related to the quantum dynamics characteristics of the
system. In this section, we analyze and compare the quantum
dynamics in the distinct regimes.

The quantum dynamics of the system are determined by
the Hamiltonian eigenvalues and eigenvectors (except at the
EPs), as follows. The initial state of the system can be decom-
posed into a linear superposition of the Hamiltonian eigenvec-
tors

|ψ (t = 0)⟩=
4

∑
n=1

cn |λn⟩ , (5)

where |λn⟩ are the eigenvectors with λn as the corresponding
complex eigenvalues. According to the Schrödinger equation,
the quantum state evolves as

|ψ (t)⟩=
4

∑
n=1

cn exp{Im(λn) t − iRe(λn) t}|λn⟩ . (6)

If the imaginary parts Im(λn) for non-zero cn’s in the expan-
sion of |ψ (t)⟩ are not all identical, then at sufficiently large
t only the eigenstate (|λ (min)

n ⟩) with the minimum |Im(λn)|

would survive after the normalization of |ψ (t)⟩ (all other |λn⟩
components would decay to zero), which means that the sys-
tem would eventually settle into the steady state |λ (min)

n ⟩. On
the other hand, if all Im(λn) for non-zero cn’s are identical in
Eq. (6), then no components of |ψ (t)⟩ would decay after nor-
malization and the system would typically not reach a steady
state. Therefore, the imaginary parts of the Hamiltonian eigen-
values essentially determine the steady-state dynamics charac-
teristics, i.e., whether or not the system would evolve into a
steady state and, if it does, into which steady state.

Furthermore, the real parts of the Hamiltonian eigenval-
ues would basically determine the transient behaviors in the
quantum dynamics, since the real parts would yield time-
dependent phase differences among the |λn⟩ components of
|ψ (t)⟩. Qualitatively, each time-dependent phase difference
between two components |λm⟩ and |λm′⟩ would contribute a
beat of frequency ∆ω = |Re(λm)−Re(λm′)| (or period of
2π/∆ω) in the state evolution, and there might exist more than
one beat if more than two distinct real-part values exist in the
expansion of |ψ (t)⟩.

Based on the above mechanisms, we now investigate
the quantum dynamics in the three distinct 𝒫𝒯 -symmetry
regimes. In Fig. 4, we show the evolution of the populations
in the free basis {| f1 f2⟩ , | f1e2⟩ , |e1 f2⟩ , |e1e2⟩}. With the sys-
tem initially in | f1 f2⟩, the dynamics of the system are plotted
for γ = 2 µs−1 (𝒫𝒯 -symmetry unbroken), γ = 8 µs−1 (𝒫𝒯 -
symmetry partially broken) and γ = 11 µs−1 (𝒫𝒯 -symmetry
fully broken) as the red-solid, blue-dash-dot, and black-dashed
curves. One can see that in the 𝒫𝒯 -symmetry unbroken
regime, the state keeps oscillating with no sign of stabilization,
while in both the partially broken and fully broken regimes, the
system eventually settles into a steady state. The results are
consistent with the fact that the imaginary parts of the Hamil-
tonian eigenvalues are all identical in the 𝒫𝒯 -symmetry un-
broken regime, but not in the partially broken or fully broken
regimes.

0 10 15 20
0

0.5

1.0

0 10 15 20
0

0.5

1.0

0 10 15 20

 Time (ms)  Time (ms)

0

0.5

1.0

P


P


P


P


0 10 15 20
0

0.5

1.0
(c) (d)

(a) (b)

5 5

55

γ=2 ms-1 γ=8 ms-1 (steady) γ=8 ms-1 (unsteady) γ=11 ms-1 

Fig. 4. With J = 1 rad/µs, Ω = 2 rad/µs and various γ , evolution of populations of | f1 f2⟩ (P1), | f1e2⟩ (P2), |e1 f2⟩ (P3), and |e1e2⟩ (P4) are
plotted in (a), (b), (c) and (d), respectively. The correspondence between the γ values and the 𝒫𝒯 -symmetry regimes are γ = 2 µs−1 (unbroken),
γ = 8 µs−1 (partially broken) and γ = 11 µs−1 (fully broken). For γ = 2 µs−1, γ = 8 µs−1 (steady) and γ = 11 µs−1, the initial state is | f1 f2⟩,
and for γ = 8 µs−1 (unsteady), the initial state is given in Eqs. (8) and (9).
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Moreover, for the transient (i.e., unsteady) part of the evo-
lution, in the unbroken (red-solid) and partially broken (blue-
dash-dot) regimes, multiple-beat patterns can be observed,
while in the fully broken regime (black-dashed) we only ob-
serve the one-beat pattern. This is also consistent with the
real-part eigenvalue structure in the 𝒫𝒯 -symmetry regimes:
in the unbroken and partially broken regimes, there are more
than two distinct real parts of the eigenvalues, which can lead
to more than one beat in the transient dynamics; in the fully
broken regime, there are only two distinct real parts, and thus
the transient dynamics have only one beat in the pattern.

In the 𝒫𝒯 -symmetry partially-broken regime, the initial
state | f1 f2⟩ eventually evolves into a steady state (blue-dash-
dot curve in Fig. 4) because |ψ (t)⟩ [Eq. (6)] contains eigen-
vector components with different |Im(λn)|. The system even-
tually settles into the eigenvector with the minimum |Im(λn)|.
However, in the two-dimensional subspace (named the 𝒫𝒯
subspace for convenience) spanned by the two eigenvectors
that correspond to the eigenvalues with identical imaginary
parts [Fig. 2(a)], the 𝒫𝒯 -symmetry is unbroken. Therefore,
if the initial state is a superposition of the two eigenvectors in
the 𝒫𝒯 subspace, then neither of the eigenvector components
in |ψ (t)⟩ would decay to zero after normalization. Further-
more, due to the distinct real parts of the two eigenvalues, the
state would oscillate for all time. As an example, we set the
initial state as

|ψ (0)⟩= 1√
2
|λ+⟩+

1√
2
|λ−⟩ , (7)

where

|λ+⟩ = (0.28+0.38i) | f1 f2⟩+(0.36+0.39i) | f1e2⟩
+0.53 |e1 f2⟩+(0.47−0.05i) |e1e2⟩ , (8)

|λ−⟩ = (−0.46+0.29i) | f1 f2⟩+(−0.27+0.37i) | f1e2⟩
+(0.42+0.17i) |e1 f2⟩+0.54 |e1e2⟩ (9)

are the two normalized eigenvectors in the 𝒫𝒯 subspace. The
state evolution is illustrated in Fig. 4 as the green-dash-dot
curves, which clearly show that the state does not become
steady, consistent with the preservation of 𝒫𝒯 -symmetry in
the subspace.

One of the most important quantum properties of a two-
qubit system is the entanglement, which can be measured by
the “concurrence” 𝒞,[52–54]

𝒞 = 2 |αζ −βε| , (10)

where α , β , ζ and ε are the coefficients in the normalized
state |ψ̃ (t)⟩ [see Eq. (4)]. With the same initial states and
system parameters as in Fig. 4, we plot the evolution of entan-
glement in Fig. 5. It is easy to understand that the steady-state
characteristics and the transient behaviors in the entanglement
evolution essentially reflect the corresponding features in the
quantum-state evolution (in Fig. 4).

 Time (ms)

γ=2 ms-1

γ=8 ms-1 (steady)
γ=8 ms-1 (unsteady)
γ=11 ms-1 

0 10 15 20
0

0.2

0.4

0.6

0.8

1.0

C

5

Fig. 5. Evolution of concurrence 𝒞, with the same system parameters
and initial states as in Fig. 4. The correspondence between the color–
line style of the curves and the system parameter/initial state is also
identical to that in Fig. 4.

5. Impact of inter-qubit coupling on EPs

The inter-qubit coupling plays an important role in the
EP structure of the non-Hermitian two-qubit system. In the
current section, we quantitatively investigate the impact of the
coupling on the EP characteristics.

In an un-coupled system (J = 0), qubit 2 is Hermitian and
has two orthogonal Hamiltonian eigenvectors 1√

2
(| f2⟩± |e2⟩)

with the corresponding eigenvalues of ±Ω , while qubit 1
is non-Hermitian and has two non-orthogonal Hamiltonian
eigenvectors with eigenvalues λ± = 1

4

(
−iγ ±

√
16Ω 2 − γ2

)
.

For qubit 1, if γ = 4Ω , then the two eigenvalues, as well
as the eigenvectors, are degenerate, i.e., the qubit is at
the EP and has only one eigenvalue −iΩ and one eigen-
vector 1√

2
(| f1⟩− i |e1⟩). Therefore, with γ = 4Ω , the un-

coupled two-qubit system (a four-dimensional Hilbert space)
has only two linearly independent Hamiltonian eigenvectors
1
2 (| f1⟩− i |e1⟩)⊗ (| f2⟩± |e2⟩), and the system is at a third-
order EP. Intuitively, as the inter-qubit coupling (J > 0) is im-
posed on the two-qubit system, the degeneracy in the eigen-
values and eigenvectors would be (at least partially) lifted and
the third-order EP could split into two lower-order EPs.

To verify this, setting Ω = 1 rad/µs we calculate the EPs
in the J–γ plane and plot the results as the two curves in Fig. 6.
It is clear that at J = 0 only one EP exists (γ = 4 rad/µs = 4Ω ),
and with J > 0, the EP “splits” into two distinct points, thus
yielding two distinct EP curves in the J–γ plane as J increases.
This is fully consistent with the analysis in the previous para-
graph.

For J ≫ Ω , we find that the γ on the upper EP curve ap-
proaches 4J and the γ on the lower curve tends to 0, which can
be understood as follows. We first write the Hamiltonian (2)
as a matrix in the basis {| f1 f2⟩ , | f1e2⟩ , |e1 f2⟩ , |e1e2⟩} (noting
Ω1 = Ω2 ≡ Ω , γ1 ≡ γ and γ2 = 0)

H̄ =


0 Ω Ω 0
Ω 0 J Ω

Ω J − iγ
2 Ω

0 Ω Ω − iγ
2

 . (11)
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With J ≫ Ω , the Hamiltonian can be approximated as

H̄J≫Ω =


0 0 0 0
0 0 J 0
0 J − iγ

2 0
0 0 0 − iγ

2

 , (12)

which is actually a direct sum of two 2 × 2 matrices
in the separate subspaces spanned by {| f1e2⟩ , |e1 f2⟩} and
{| f1 f2⟩ , |e1e2⟩}, respectively. In the {| f1e2⟩ , |e1 f2⟩} sub-
space, the matrix is (

0 J
J − iγ

2

)
, (13)

which possesses an EP at γ = 4J. In the {| f1 f2⟩ , |e1e2⟩} sub-
space, the matrix is (

0 0
0 − iγ

2

)
, (14)

with the EP being at γ → 0.

0 10
0

10

20

30

40

γ
E
P
 (
m
s-

1
)

Ω=1, EP1
Ω=1, EP2

JEP (rad/ms)
2 4 6 8

Fig. 6. Diagram of EP curves and associated 𝒫𝒯 -symmetry regimes in
the J–γ plane, with Ω = 1 rad/µs.

In the intermediate region between J ≈ 0 and J ≫ Ω , the
EP variation with the coupling is complex, and two sets of EPs
behave in qualitatively different characteristics. For the upper
EP curve, γ increases monotonically with J, from γ ≈ 4Ω at
J ≈ 0, to γ ≈ 4J at J ≫ Ω . In contrast, for the lower EP curve,
γ first decreases with J until reaching γ ≈ 0 at J ≈ 1.4Ω ; then
γ goes up as J further increases, reaching a maximum value
of γ ≈ 4Ω at J ≈ 2Ω ; after that, γ monotonically decreases
with J and tends to 0 at J ≫ Ω . The unusual behaviors of the
EPs can be attributed to the competition between the impacts
of the driving (Ω ) and the coupling (J).

6. Conclusion
We have studied the EP structure and the associated dy-

namic characteristics in a quantum system consisting of a non-
Hermitian qubit and a Hermitian qubit. We found that the
system possesses two sets of EPs, which divide the system-
parameter space into 3 distinct 𝒫𝒯 -symmetry regimes, i.e.,
the 𝒫𝒯 -symmetry unbroken, partially broken and fully broken
regimes. Each 𝒫𝒯 -symmetry regime manifests quantum dy-
namics qualitatively different from those in the other regimes.

The quantum dynamics characteristics are closely related to
the structural features of the eigenvalues, with the imaginary
parts determining whether the system can evolve into a steady
state and the real parts determining the transient behaviors of
the quantum dynamics. Particularly, we showed that in the
partially broken regime, while the 𝒫𝒯 -symmetry is generally
broken in the whole four-dimensional Hilbert space, it is pre-
served in a two-dimensional subspace such that the quantum
dynamics in the two-dimensional subspace is similar to that
in the 𝒫𝒯 -symmetry unbroken regime. By further analyzing
the impact of the inter-qubit coupling on the EP structure, we
revealed that a weak inter-qubit coupling would split a third-
order EP in the originally uncoupled two-qubit system into
the two second-order EPs and a sufficiently strong coupling
would overwhelm the intra-qubit driving in determining the
EP structure; while in the intermediate region, the competition
between the coupling and the driving leads to a complex pat-
tern in the EP variation with system parameters. Our work can
be helpful in the control of quantum dynamics by exploiting
the non-Hermiticity of the system.
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[31] Peng B, Özdemir Ş K, Rotter S, Yilmaz H, Liertzer M, Monifi F, Ben-

der C M, Nori F and Yang L 2014 Science 346 328
[32] Lin Z, Ramezani H, Eichelkraut T, Kottos T, Cao H and

Christodoulides D N 2011 Phys. Rev. Lett. 106 213901
[33] Shu X, Li A, Hu G, Wang J, Alù A and Chen L 2022 Nat. Commun. 13
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